
On the F-Convergence for Multiple Integrals 
Depending on Vector Valued Functions (*). 

LUCIANA NANIA 

S u n t o .  - Si  19rendono in esame successio~i di in,tegrati del tipo -F h = ]]a(x, Du)dx, o,ve ~ ~ un.a 
D 

]unzione vettoriale, e si stabitisce una condizione su]]iciente aj]inch~ per la successione _F h 
la I'-converge~za qtella topologia L ~, 1 < p  < c~, sin equivalente alla F-eon, vergenza q~ella 
topotogia L r176 Si  ]a inoltre qtn'applicazion.e dei risultati ottenuti dimostraq~do u~ teore~,a di 
converge~za delle soluzioni di disequazioni variazio,~ali relative a vincoli di til~o ostacolo. 

l .  - I n t r o d u c t i o n .  

The aim of this  pape r  is to show the  results  we have  obta ined on the  / : c o n -  
vergence,  in different topologies, of sequence of h n c t i o n a l s  

(1.1) f h(9, u) = f i b ( x ,  Du)  dx 
i2 

where D is an open bounded  set  in /~', with a smooth  boundary ,  u is a vector  of 

H~,*(Y2, Rz~), p > l ,  and  D u  denotes  the  gradient  os u, i.e. the  vector  (D~u~), 
= l ,  ..., n, i = 1 ,  ..., 2g, D ~ =  5/~z~. 

We shall  suppose t h a t :  

(1.2) 

(1.3) 

for any  h, /h: / 2 X : g  ,,N -->/~ is a mesnrable  funct ion in x for each ~ e / ? ~ '  

and  convex in $ for a lmost  every  x ~ .(2; 

the re  exists a real  n u m b e r  A ) I  such t h a t :  

-w �9 

For  example ,  under  our hypotheses  we have,  for p = 2, the  quadrat ic  Iunc- 
tion~ls : 

(1.4) 
,] U,r fl ' 

D 

(*) Ent ra ta  in Redazione il 12 giugno 1982; coloia revisionata ricevuta il 7 gennaio 1983. 
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where A ~ ( x )  ~(A ~'~.~,~, = A~7.~ ) are bounded continuous functions and 

In  the general case of functionMs (1.1) and under  assumptions (1.2) and (1.3), 
CAmiSOlE and S~olcDo~E[5]--(generalizing the results of DE GIo~aI[8],  S~o]r 
DO~E [17] and also, for the quadratic case, S~AGI~0L0 [18], TA~A~ [19], ~AlCCEI~LI~I- 
SBOI~DO~E [14], ]V[AX~CELLI~I [13], ZHIIs T 'E~  57GOA~ [ 2 0 ] ) -  
have proved the  existence of a subseq~lence F-converging (see Definition 2.1) in 
the strong topology of L~ and  in the  weak topology of H ~,v to an integral:  

(1.5) 2~(~, u) = f f(x, Du) dx 
s 

with ] verifying hypotheses of type  (1.2) and (1.3). To simplify, we shall still denote 
this subsequence 2~h; then  we have, for any  u ~ C1(t9, ~ ) :  

(1.6) tv(zg, u) = F -  (s --  Lv(Y2, RN)) lira Ph(t), U) = 
h 

= F-(w--HI, , (D,  R~)) lira F~(s u) = F-(w --H~'~([2, R~v)) limF~(t?, u ) .  
h h 

In  general, we cannot assert tha t  the same result holds in L ~ too. 
In  the  scMar case 2V ---- 1, DE GIO~GI has proved the equivalence of the  F-con- 

vergence in the  strong topology of Z 1 and L ~ for integrals of the type:  

(1.7) f ](x, u, Du) dx . 

But,  the general conditions assumed by DE GIO~GI do not  enable us to obtain the  
result in the vector case N > 1. 

We note tha t ,  in particular,  for a single functional  (i.e., if ]~ = ]), the  integral 
(1.5) is F-cdnverging to itself with respect to a topology i]f it is a lower-semicon- 
timlous function in the  same topology. 

Therefore, from De Giorgi's theorem we deduce also t ha t  L 1 lower-semicontinuity 
of F is equivalent,  in the  scalar case, to L ~~ lower-semicontinuity. 

On the  contrary,  there exists a counterexample due to EISE~r [10] (which we 
shall refer to in w ~) to the  s R N) lower-semicontinuity of an integral of the  
kind (1.7) which is C~ t~ N) lower-semicontinuous. 

Therefore, when N > 1, we cannot expect in general tha t  from F-convergence 

in L~ we get F-convergence on L ~176 
The main purpose of this paper is to p rove . tha t ,  under  hypotheses (1.2), (1.3) 
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and ~ssuming furthermore: 

I f(x, ~) is strictly convex in ~ for almost any x ~ ~2 and the gradient 
(1.8) 

fdx, ~) exists, is a Caratheodory function and is bounded for $ bounded,  

for any u e C~(tg, R~), we have: 

(1.9) F-(L'(~2, R~))lim )7~(t0, u) ----/~-(L~(Y2, R ~) lim )7~(Y2, u) .  
h h 

In order to prove (1.9), in section 3 we show, by  using some recent 3ieycr's 
type [151 regularity results of GIAQUINTA and GI~STI [111, that,  for any 
u ~ C~(~, RN), there exists a positive number e such that:  

)7(9, u) = F - ( w -  H~,~+~(~9, Ru))lira )7~,(Y2, u) .  
h 

In the last section, we make an application of the results obtained, showing the 
convergence of solutions of some variational inequalities. 

To this purpose, we point out that  results of this type have been obtained pre- 
viously, in the case N = I  (BE~S0~SS.~N-LIO~'S-PAPA~IC0LA01: [2], BOCC~_~DO-MA~CEL- 
LINI [31, ~IAI~CELLINI-SB01~DO:NE [141, B O C C A R D O - M ~ A T  [41, ATT01:CI~-PIC~]) [1]), 
sometimes by means of different methods: for example, the It61der-continuity the- 
orem for solutions of uniformly elliptic equations has been used (see BOCCA~DO- 
!V[AI~0ELLINI [3]), but  it is known that such a H61der-contimfity does not hold for 
solutions of elliptic systems [12]. 

I wish to thank Prof. P. 3[A~CELLI~I for having suggested to me this hint of 
research and for his very useful advices. 

2. - Prel iminary recalls.  

DEFIS"ITION 2.1 [91. -- Let (V, T) be a topological space, z a metrizable topology, 
FT~: V - * R u  {-~ c~, --  co} a sequence of iunctionals; the functional E:  V -+/~W 
w {+ c~,- -c~} is the /"-(3) limit of F~ on V 

)7(u) -~ I'-(T) l im )7~(u) Vu ~ V 
h 

i l i  

i) Yu~, u~  V: u~-~ u ~)7(u)~l iminf /~(uh) ,  
h 

ii) Vue V 3 u ~  V: u~-5~ u and E(u) ---- lim)7~(uD. 
h 
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Under suitable assumptions,  the  F - (z )  convergence implies the  convergence of 
minima points and v~lues of / ~  (see Dr, G I o ~ I - F ~ z o ~ z  [9], w 2). Under  our 
hypotheses  of convexity and ec~uibmlndedness (1.2), (1.3) for funetionals (1.1), the  
F-convergence in the  weak topology of H~,~ can be characterized in terms of con- 
vergence of minima points and values of the  integrals 2~ (see :BOCCA.~DO-~V[AI~CEL- 
L ~  [3], theorems 2.5 and 2.7). 

Tn-EO~E~ 2.1 ([3], theorem 2.7). - Let  / ~ ,  F satisfy (1.2) and (1.3), then 
F = F - ( w  - -  H~ '~) lira Fh on H~ '~ i l l  Vv* e H-~'~'ua(v *) -7"- u(v*) in w - -  H~o '~, where  
u~(v*) (resp. u(v*)) is the  minimum point in Ho ~'~ of v - + / ~ ( v ) -  @*, v} (resp. 
~(v) - (v*, v)). 

Thereufter,  we shall use the  following: 

Tn~O~E~ 2.2 ([3], theorem 2.7). - Let  ~ satisfy (1.2) and (1.3), if :  H~"-~ 
--> [0, c~J and let Ko be a dense subset  of ~orr~'~. I f  i) holds (with r weak topology 

of 1 Ho' ) and if ii) holds for every  u ~ K0, then iv : / ' - ( w -  H~ '~) li~n ~h on //~,~ 

3. - 2"-convergence in the weak topology of  H~,~+~(~, R~v). 

Let 's  consider the  integrals 2~a and /~ as defined in the  Introduct ion,  under 
convexity and boundedness assumptions (1.2), (1.3) and (1.8). For  any  h, we set 

(3.1) 

{h(x ,  2) 
g~(x, 2 ) =  121~ 

](x, ~1 
g(x, 2) = 121~ 

x ~ R n - - ~  , 2@R n:v ; 

Let  ~9' be an open bollnded set in ~ compact ly  containing z9; then,  let 's consider 
the  sequence: 

(3.3) G (Y2', u) =fan(x, Du) d x .  
.Q , 

LE~vrA 3.1. -- For  any u ~ CI(~,  R~),  

(3.4) r u) = fg(x, Du) 
F2' 

dx -= I~-(w - -  Hl,~(t) ', RN)) lira Gh(~9', u ) .  
h 

PlcooF. - We begin by  observing tha t  i) of Definition 2.1 follows in ~Q from (1.6) 
and in /2'--~O from lower-semieontinuity of the  integral 

f [Du[~ dx . 
t 2 ' - - f 2  
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To check ii), we use Theorem 2.1 of [5] (with the  assumption of equiboundedness 
(1.3) the  result  of Carbone and Sbordone holds in the  s t rong topology of L~, in 
addit ion to the  L ~ topology, therein  considered). Consequently, there  exists 
sequence uh, u ~ - + u  in L~(~2,/~'~) ~nd spt (u~- -u)c /2 ,  such tha t  

lim p~(x,~. Du~)dx =fl(x, Du) dx. 
.o .O 

By set t ing uh = u in zg ' - -zg,  we obtain the  assertion. 
5Tow we can prove the  following 

TI-I:EORE~ 3.1. -- I~'or any u ~ C~(~, RN), i] (1.8) holds, there exists a positive num- 
ber s such that: 

P~ooF. - Le t  G(z9', v) be the  funct ional  defined by  (3.4) and u a vector  of 
H~,~(~9 ', ~ ) .  Since ] is convex, it  follows t h a t  for almost  every  x ~ Y2' 

(3.5) g(x, ~) - ~,g~(x, v) .~:>g(x,  ~) - ~,g~(x, ~) "v: y~, ~ ei~,,~. 

If  u ~ C~(D ', Its), by  set t ing ~ =- Dv, ~ = Du and integrat ing (3.5) over zg', we have 

(3.6) f f 
D'  ~9' 

Therefore,  u minimizes on H o' ( D , / ~ )  ~- u the  funct ional  

(3.7) L(~2', v) = f (g(x, Dv)--~gr Du).Dc, v~) dx . 

Such a minimum is unique, since ] is s tr ict ly convex with respect  to ~. For  any  h, 
let  u~ be the  minimum point  of the  funct ional  

(3.8) 

We set M = m~x Ig,(x, Du(x))l; if k --- min {�89 IDvl,-- M]Dvl} , we have 

]DvI~-- M]Dvl> l ]DvI~_k 
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and f rom this we get:  

(3.9) �89 IDvP-- k < g~(x, De) --  ~ gr Du). D~v ~ < M + c~ fDv]v. 

Consequently, on ~ '  the  assumptions of Theorem 4.1 of GIAQLTINTA and GlVSTI [11] 
1,~+~ , R~) are checked, therefore  u A e Hie o (~Q, for some s > 0 ; in addition, there  exists 

a constant  e2 such t ha t  

(3.10) Ill + IDu~l H L - o ( . , ~ ) <  e~(1 -t- i[Dua ]1 . (~ , ,~ ) )  �9 

(3.11) lipf(gh(x, Dub)- 
T2, 

Since uh is a sequence of min imum points,  we have IIDuhlIL~(~,,R~)<eS and f rom (3.10) 
it follows tluhI[H ..... < e  4. By Theorem 2.5 in [3], the  sequence uh is converging with 
respect  to the  weak topology of nl .v+~ro,  RN) to the  unique minimum point  u (here 

we use the  str ict  convexi ty  of ]) and moreover  

dx. 
f2' 

Therefore,  

since, a priori 

we deduce also 

(3.12) 

liminf f gh(x, Dub)ax>fg(x, Du) dx 

limf/~(x, Dub)dx =f](x, Du)dx. 

Therefore,  if) of Definition 2.1 is checked;  clearly i) is t rue,  since the topology 

is stronger.  

4. - F-convergence in the topology L~ R~'). 

We begin this section showing by  means of an example that ,  in the  vector  case 
N > 1, there  is no equivalence between the  F-convergence in Lv (or in iH 1,~ weakly) 

t 

and in L ~176 (contrarily to what  happens in the  case X ~-1 ,  like DE GIOlCGI has 

proved (IS], theorem 1)). 
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The  s ta r t ing  point  is the  eounte rexample  of Eisen, where he considers the  vector  

case N = 2, n = 1 and  the  following integral :  

1 

f (u~. (~)')~ dx 
0 

and  constructs  t hen  a vec tor  funct ions sequence on (0, 1), so t ha t :  u ~ -->1 = u ~, h 
2 q~2 u~ - + x  = in the  s t rong topology of s for any  p, and  u~.u 2 ~  ~ = 0 a.e. We have :  

1 1 

l i ~  inf (u~(u~)') ~ = 0 < 
0 0 

On the  cont ra ry ,  we ver i fy  t h a t  such an  in tegra l  is L ~176 lower-semicontinuous.  

Indeed ,  since for h larg% u ~ >  l - - e ,  we have :  h 

l 1 1 

0 o 0 

dx.  

Since e is a rb i t ra ry ,  we have  the  assertion. 
We actual ly  show t h a t  the  assumpt ions  we have  made  enable  us to p rove  the  

following: 

T~EO~E~{ 4.1. - For any u ~ C~(~, l~v), 

F(.O, u) = r(L~(t2,/t'~')) Jim F~(t2, u) = F(L2(9 ,  R~)) l i p  F~(n,  u ) .  

P~.ooF. - By  Theorem 3.1, we deduce the  existence of a sequence of functions ua 

converging to u weakly  in Hl,~+~(f2, R N) such t h a t  

(5.1) ]il mf]h(x ~ DUb)dx-~f](x, Du)dx; 
-t~ I2 

for any  h, we set:  

(4.2) flu -u,I d x  = ~TJ , 

(4.3) ~'~ = {x e ~ :  lul - ='1 > oR}, 

Glearly, we have  for any  i: 

o~>o ; 

i=- l , . . . , N .  

Jim ~ = 0 ; 
h 

(4.4) 19~] < ~ .  
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i Let  also be fin(t) =- (fib(t)) a sequence of functions in C~(R, 1~ ~) verifying the con- 
ditions : 

(4.5) 

d i 0 <  ~ ( t ) < l  V t e R ,  

~ ( t )  = t Itl < e~,  

d 
~ n ( t )  - -  0 Itl > 2e~. 

W i Now, we define ~ sequence w~ ~- ( h )  by  sett ing: 

�9 [ ~ i ( u i  o (~t.6) ~vl = u~ + -~, ~ - -  U') 

We observe at  once tha t ,  by  the  th i rd  of (4.5) ~nd (4.6) we huve:  

(4.7) i [ ~ -  u I[~ = sup l~(t)  l < 2 levi ~ o .  
teR 

By (4.3), (4.5) and (1.3) we deduce moreover:  

f(/~( x, Dw~) - - ]~ (x ,  Dub)) 

U ~ U -~ 
i i 

U ~'~ U e, ~ 
i i 

, .  ] < A . 2 , - 1  I~l" (1 + I]Dui]oo) + ~ I~ l  1/~ ]IDuaIIL,+. , 
p §  

q- pUT:l/" 

Therefore,  we have,  as h--+ co: 

since, on the  other  hand,  

we have finally 

F(~, u)<li~inff]~(x, Dw~) dx 
~2 

F ( ~ ,  u) = lim ffn(x, Dw~) dx. 
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5. - Convergence of solutions of obstacle problems. 

Let 's  consider the  following closed convex sets in H~'~(tg,/~): 

K1 = {veH~"(~ ,  R:v): v~>v ~ on E ~, i = 1, ..., N} ,  

K 2 = { v ~  Hl'~l[2o ~ ' ~N): v i ~ ) i  on f~, i ~ 1, ..., N} , 

where ~ ~- (~i) is a measurable function such tha t  K1 and K~ are not empty  and E i 
are compact sets of ~9. 

Fur thermore ,  we set for any  h and 9~L/ (~2 ,  12~')(1/p + 1/p '= 1) 

(5.1) ~ ( ~ ,  u) = F~(9, u) ~f~u dx , 
~9 

(5.2) ~(~9, u) = F(9, u) --f~u dx , 
9 

from (1.6), it follows tha t  

~)(Y2, u) -~ F - ( w - -  H~o '~ (~Q, R~)) l im r u ) .  
h 

We want  to prove the  following: 

T~OI~E]g 5.1. - / ]  uh(9) minimizes over K~ (K~) the junctional (5.1), then, as 
h -~ c~, u~(q~) converges in w --  HI'~(T2, R N) and strongly in L~(9, R N) to u(?), where 
u(~) is the vector which minimizes over K~ (K~) the junctional (5.2). 

P~ooF. - Set (~x~(u) = 0 if u e K~ and ~x.(u) = oo if u ~ K~. To prove the asser- 
tion, it suffices to show, by  Theorem 2.1: 

(5.3) ~b + ~ = F - ( w -  H~"(Y2, RN)) lim (r + 8~).  

We shall demonstrate  (5.3) by  using Theorem 2.2. To this aim, we observe tha t ,  
if u~, ueH~'"(9,  R ~) and u~,-+u in w--H~o'~'(~2,22~), we have:  

(5A) r u) < l i m  inf r u~) 
h 

and consequently we obtain i). 
Besides, we set 

go = {ue r R-v): qs'(ui), uS> F~-F e' on g ' } .  

We observe t ha t  Ko is dense in K~. 
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For  any  u e Ko, b y  using Theorem 4.1, there  exists u~ such t h a t  

(5.5) l im !lu~--u]IL~ -=- O, lira ~ ( t 9 ,  u~) =- qs(tg, u) ; 

therefore ,  for h l~rge~ u~ e K~ and so 

(5.6) lira (q)~(u~) q- ~ (u~) )  = ~(u)  q- 6~r~(u). 
h 

This proves  the  assert ion for K~, a f te r  observing t ha t  u~ is bounded  on H~o'~(~,/~) 

and  so converges in the  weak  topology of H~o'~(~2, R~). 

For  K~, ~s in the  previous case, we p rove  t h a t  

(5.7) q~(9, u) + ~K~(u)<lim inf (q)~(f2, u~) § ~(u~,)) ; 
h 

now, we consider the  set  Ko dense in K~: 

Ko = {u e C~($2, R~): VE ~ cc 9, ~e~(u "~, E~), u ~ > y~ ~- s ~ on E~}. 

i =  m~x { h, ~},  we have  t h a t  [33 w ~ - + u  in I f  u~ verifies (5.5), b y  set t ing % 

w - -  H~'~(Y), R s) and  q~(f2, u) ---- lira q~s(tg, w~) ; since w~ e K~, it  follows finally, for 
any  u e Ko 

@(f2, u) q- 8~,(u) = lira (q~(f2, w~) + 6x,(w~)) 
h 

and this  proves  the  theorem.  
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