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A Semilinear Parabolic System in a Bounded Domain (*).

M. ESCOBEDO (**) - M. A. HERRERO (*¥**)

Summary. —~ Consider the system

U — M =P, in Q={{ x),t>0,xel},
Q) v — dv=ud, n Q,
u(0, x) = uy (), (0, 2) = vy (x) in O,

w(t,x)=vt, 2)=0, whent=0,xed,

where Q is a bounded open domain in RY with smooth boundary, p and g are positive param-
eters, and functions uy(x), vy (x) are continuous, nonnegative and bounded. It is easy to
show that (S) hos a nonnegative classical solution defined in some cylinder Qp = (0, T) X Q
with T < . We prove here that solutions are actually unique if pg = 1, or if one of the initial
functions wugy , v, ts different from zero when 0 < pg < 1. In this last case, we characterize the
whole set of solutions emanating from the initial value (ug, vy) = (0, 0). Every solution
exists for all times if 0 < pg < 1, but if pg > 1, solutions may be global or blow up in finite
time, according to the size of the initial value (ug, vy).

v

1. - Introduction and description of results.
Let © be a bounded domain in R¥ (N = 1) with smooth b(_)undary 912. We shall con-
sider here the following Cauchy-Dirichlet problem
(1.1a) u;—4du=v? whent>0, xell,
11y v,—w=u? whent>0, xel2,
1.2) u=v=0 ifit=z0, xed,
(1.3) w(0, 2) = uy (x); 20, x) =vy(x), Hxel,
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where

(1.4) p >0, ¢ >0 and uy(x), vo(x) are continuous, nonnegative and bounded real
functions.

Equations (1.1) constitute a simple example of a semilinear reaction diffusion system
exhibiting a nontrivial coupling on the unknowns u{t, &), (, x). These can be thought
of as the temperatures of two substances which constitute a combustible mixture,
where heat release is described by the power laws in the right-hand side of (1.1).
While such a model is rather crude indeed, it represents a first step towards the un-
derstanding of more realistic and complex processes, and as such it has been recently
considered by several anthors: cf. for instance [GKS1], [GKS2] and [FGl.

Local (in time) existence of nonnegative classical solutions of (1.1), (1.8) is rather
standard, and will be recalled briefly below. These will be denoted alternatively by
(ult ), v(t, ) or (u(t), v(t)) in what follows. We shall concentrate here in the study of
uniqueness and global existence for such solutions. In particular, we show

THEOREM 1. — Assume that (1.4) holds. We then have

a) If one of the initial values uy(x), vo(x), is different from zero, or if pq =1,
there exists a unique solution of (1.1)-(1.3) which is defined in some time interval
0,7) with T < + o,

b) If pqg <1 and uy(x) = vy(x) =0, the set of solutions of (1.1)-(1.3) consists
of :

bl) The trivial solution u(t, x) = v(t, x) =0,

b2) A solution (U(t, x), V(t, x)) such that U(t,x) > 0 and V(t,x) > 0 for any
1>0 and xel, .

b3) A monoparametric fomily (Uy(t, x), V. (L, x)) where u is any positive
number, U,(t, 2) = Ut — ), , ®), V,(t, x) = V((t — )4, 2) and £, = max{¢, 0}.

We then consider the question of the life span of solutions. To this end, we shall
say that u(t,x) (resp. v(t,x)) blows up in a time T < + « if

lim sup (max u(t, #)) = + ©  (resp. lim sup (max v(t, x)) = + ©).
t1TT ze) t1T xel

It is readily seen that if one of the funetions (u(t), v(t)) blows up at t =T < + », s0
does the other one. To proceed further, let A; > 0 the first eigenvalue of (— 4) in Q



M. EscoBEDO - M. A. HERRERO: A semilinear parabolic system, etc. 317

with homogeneous Dirichlet conditions, and let ¢; be such that

(1.5“) _Ang = A1¢1 in Q y
(1.5b) ;=0 in 30,
(15¢) 01> 0 inQ, [p@de=1.

Q

We then have

THEOREM 2. — Assume that (1.4) holds. Then
a) If pg <1, every solutiorn of (1.1)-(1.3) is global in time

b) If pq > 1, some solutions are global while some others blow up in finite time.
More precisely,

(1.6) There exists C > 0 such that, if ¢,(x) is given in (1.5) and

J(uo(x) + vp(2)) p1(x)da = C,
0

the corresponding solution (u(t),v()) of (1.1)-(1.3) blows up in o finite time
T,

(1.7)  There exists K > 0 such that, if
1.7 ~ l[wolloe + [lwo]l < K

the corresponding solution (u(t),v(t)) of (1.1)-(1.3) ewists for all times
t>0. '

‘We now comment briefly on our results. Blow up for nonlinear evolution equations
has deserved a great deal of interest ever since the pioneering papers [Ful], [Fu2]. In
particular, it is well known that if u#y(x) is as in (1.4), the Cauchy-Dirichlet
problem :

(1.8a) uy — du = uP “when t>0, xeld,
(1.8b) u{0, &) = uy(x) when reld,
(1.8¢) u(t, x) =0 if t=0 and xe 20,

is such that when 0 < p < 1 every solution is global in time, although uniqueness fails
if 0 <p <1 (cf. for instance [FuW]). When p > 1, there exist initial values for which
solutions blow up in finite time. However, if uy(x) is small enough, (1.8) has a unique
solution which exists for all times: see for instance [F],[MW], [L1].

To our knowledge, no such a complete picture of the situation concerning unique-
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ness and blow up was available for (1.1)-(1.4) prior to this work. For instance, unique-
ness is indeed straightforward if p = 1 and ¢ = 1, and rather easy to prove if pg = 1

- (ef. Lemma 2.1 below). However, it requires of some elaboration in the case -
0 < pg < 1. On the other hand, the blow-up result in Theorem 2 can be proved by
means of a technique already used in [GKS2] if p > 1 and ¢ > 1. A somewhat different
method is required though when one of the constants p, g, is allowed to be less than
one.

We wish to conclude this Introduction by comparing (1.1)-(1.4) and (1.8) with the
corresponding Cauchy problems in the whole space. This last situation is character-
ized by the onset if critical blow-up parameters, ie., by the fact that in some range of
the parameters p and ¢ (resp. p), every nontrivial solution blows up in finite time. In
particular, if we replace (1.8) by

(1.9a) u, — M = u?f if t>0, xeRY, N=21,
(1.95) w(0, ) = uy(x) if xeRY,

where uy(x) is as before, it turns out that every solution of (1.9) with u,(x) # 0 blows
up in finite time if 1 < p <1 + 2/N, whereas global existsence and blow up coexist if
p > 1+ 2/N. Indeed, solutions are global if 0 < p < 1, but non unique if %y(x) = 0 and
0 < p < 1; cf for instance [Full, [KST], [AW], [AE], .... A similar situation holds for
the Cauchy problem (CP) corresponding to (1.1), (1.3), (1.4), where every nontrivial
solution blows up in finite time if pg>1 and max{p, ¢} 22/N(pg—1) -1
(see [EH1]). We refer to [L2] for a survey on the role of critical parameters in evolu-
tion problems, and to[EL] for recent work on more general systems.
As to the number of solutions of (CP), it has been proved in [EH2] that

i) If up(x)#0 or vy(x)#0, solutions are unique. Uniqueness also holds in
pq > 1 when uy = v, = 0.

ii) When 0 < pg < 1, the set of solutions of (CP) with zero initial value is given
by '

u(t; 8) = Cy(t — )P0, at; 5) = Gyt — 8)4+ /A2,

0<ss<t, CIM=1-pgPTp+1)g+D7?, C=C{1-pglg+D)7".

Notice the analogy between these results and those in Theorem 1. However, the
core of the proof of uniqueness (which consists in the analysis of the situation where
0 < pg < 1) is different for the cases Q = R" and Q bounded. In particular, our argu-
ments of [EH2] do not carry through here.

Finally, the plan of this paper is as follows. Some preliminary facts (including
suitable comparison tools) are gathered in Section 2 below. Uniqueness is then
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proved in Section 3 in the case 0 < pg < 1, while global existence and blow up make
the content of Section 4.

2. — Preliminaries.

In this Section we shall state some basic facts and obtain auxiliary results which
will later be used in the main proofs. By a nonnegative classical solution of (1.1)-(1.3)
(a nonnegative solution, for short) in some cylinder Q7 = (0, 7') X Q with T'< + o,
we shall mean a pair of nonnegative C% 2 funetions (u(t, x), (¢, x)) such that they sat-
isfy (1.1)-(1.3) in S;. Existence and uniqueness of nonnegative solutions is straight-
forward if p 21 and ¢ = 1. For instance, consider the associated integral system

t
@2.10) u(t) = St ug + j St — 8)|v(s) [P~ u(s) ds = @, (v),
0

12
(2.1b) w(t) = S(t) vy + f St — 8)|u(s) |7 L uls) ds = Py(u),
0

where for any function fe L1(Q), S(t) f denotes the solution of

u, — du =0 in (0, @) X Q,
u(0, ) =f(x) inQ, w(t, ) =01in [0, ©) X Q.

This notation will be retained henceforth. As in [EH1], we now take T > 0 fixed, but
otherwise arbitrary, and consider the set

Er={(u, v):[0, T]— L=(Q) x L*(Q) such that ||(z, v)|| < + =}
where

lICw, )} = sup (Ju®)w + o)) -
0<t<T

For simplicity, we shall often write |||| instead of || ||... Clearly, E is a Banach space,
and Pr={(u,v)eEr:u=20,v=0} is a closed subset of E,. Let Bz=
= {(u, v) € Ep: ||(u, v)|| < R}. One then readly sees that, if R > 0 is large enough and
T > 0 is sufficiently small, (u, v) = (@,(v), P5(u)) is a strict contraction of By N Ey
into itself, whence the result.

We now have

LEMMA 2.1. ~ Assume that (1.4) holds. Then there exists T < + «© such that (1.1)-
(1.3) has a nonnegative solution (u(t, x), w(t, x)) in Qp. Movreover, such solution is
unique if pg = 1.
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ProoF. — We have just recalled the case p = 1 and ¢ = 1. If one of the parameters
P, q is less than one, but pg = 1, it is still possible to set up a contraction mapping ar-
gument. Indeed, assume for definiteness that 0 <p <1 < (1/p) <gq, and for any
given T > 0, set Xp = {u[0, T'] —> L *(2) such that [jul| = Sup lu@) < + =}, X7 =

={ueXr:u=0}and By = {u e X7 = ||u|| < R}. Recalhng (2 1), it will suffice to show
that for R > 0 large enough and T > 0 small enough, the mapping

t s P
D(u)(t) = SE)up + j S(t — ) (S(s)v0+ j S(s - c)u(c)qda) ds,
0 0

is a strict contraction from Br N X7 into itself. Using mean value theorem, it follows
that

0

t 8 . p—-1
@22)  (Bum) — @)D < pq j St —s) ( j S(s — o)(ou + (1 — 0) @) da) :
0 .

( fS(s —o)ou+ (1 - 0w (u— E)dcr)ds)

0

for some 6 = 6(s) € (0, 1). We now notice that

2.3) For any nonhegative and integrable functions f, g, and any r 21, there
holds

5@t) fg < £l (Styg™ M.
Let us assume (2.3) for the moment and continue. It then follows from (2.2) and
(2.3) that, if u, w e Bg N X7,

12
6w — @G| < palu — | J I1S(s — o)(6u + (1 — )BT dolfp -
0

: j I15(s = o)(ou + (1 — )@ [[¢ Y4 dods <
]

(pg—1)/q
-stids <

< pallu = [|| [ SGs = o6u + (1 - DY@ ds
o llo

< paflu ~ ul| R~ C(T),

where C(T') — 0 as T — 0, whence the result. To check (2.3), we set w(t) = (S(t) f),
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w1(t) = ||fll. S(t)g", and notice that
(@)~ M) =-rr-1)w"?|Vu|*<0,
(w1); = Mewy) =0,
w"=w; =0 in [0, )X 32,

whereas »” (0, z) = (fy)"(«) < || f][2 97(®) = ©1(0, @), so that the result follows at once
by comparison. Finally, existence is obtained for the case pq < 1 by means of an ap-
proximation procedure as in [EH1], Theorem 2.1: if, for instance, 0 <p <1 and g = 1,
we replace (1.1a) by :

U —du=¢g,v) whent>0, xel

where, for any positive integer =, g, (+) is a nondecreasing function such that g, (r) =
=rPifr=1/2n,|g,(r) — g, (12)| <€ C,|r, = r;| foranyr; = Oandr, = 0,andg, (s) T s?
at any s = 0 as n — . Replacing also v, by (v, + 1/n), we obtain a unique solution
(u,(t, ), v,(t, x)) of the corresponding Cauchy-Dirichlet problem. Furthermore,

U, (t, ) < u,(t, x), vt x) vt x) ifrnzm

and the conclusion follows by letting # — . We omit further details. =
The following comparison result will be useful in the sequel

LEMMA 2.2. — Assume that (1.4) holds, and let (u(t, x), v(, %)) be a solution of
(1.1)-(1.3) in a cylinder Qr = (0, T) X Q with T > 0. Suppose that (u,(t, x), vo(t, x)) is
a solution of (1.1) in Qp such that

(0, ) > up(x), 0,100, 2) >v,(x) in O,
u (t, ) >0, vy (t, ) >0 m [0, T) X 3Q .

Then

w (t, x) >ult,2) and v (& x) > x) in Qr.

Proor. - It suffices to consider the case where u,(0, x) = uy(2) + 4, (0, x) =
= yp(a) + dand u, (¢, x) = v, (t, ®) =3 on [0, T') X 3Q, where ¢ is any fixed (but other-
wise arbitrary) positive constant. Then, by continuity, there exists >0 such
that

u (t, ) >u(t,z) and v (¢t 2) >0, 2) in Q. =02 X% (0,7).
We now argue by contradiction. Let
o; = inf{¢: there exists x € Q such that u, (¢, x) < u(t, 2)}

co = inf{t: there exists x € Q such that v, (¢, x) < (¢, 2)}
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and let o =min{sy, 05}. Clearly, o> 0 and either u,(s, ¥) = u(s, ) or v,(s, y) =
= v(o, ¥) at some y e . Setting z = u; — 4, 6 = v; — v, one readily checks that

zt_Az>0 inQa., Gt—A0>0 inQG.

and since z, 6, are positive at the parabolic boundary of @, it follows that 2(s, ) > 0,
6(c, x) > 0 everywhere in Q. This concludes the proof. =

We next specialize to the case 0 <pg <1, and consider the auxiliary func-
tions

(240) () = (a + CLPYEHD pyE+1/A-po)

(2.4b) W) = (B + CL P/ arD pya+D/A-po)

where

(24c) Cy = (1 — pg)~PO/®+D (5 4 1)~1/A-PD (g 4 1)=P/0L=PD
(2.4d) Cy = (1 — pg)@*+D/1-p0) (g 4 1)~1A=PD (py 4 1)~9/A~PD
24e) COO S g 41, SO [ 41,
24f) o= ‘BCI(I‘PQ)/@HD.Cz(pq"l)/(q+1).

A routine computation shows then that
2.5a) w—Mm=u=v" forany t>0,
(2.5b) w—M=v=u? foranyt>0.

From Lemma 2.2, we obtain the. following comparison result

2.6) Let (u(®),v(t)) be a solution of (1.1)-(1.4) in some cylinder @, with 7 > 0, and
assume that 0 < pg < 1. Then

w(@®) <u(t) and @) <o) in Qp.

Notice that (2.6) implies that any solution of (1.1)«(1.4) can be continued for all times
in the case 0 < pg < 1. We next show

LEMMA 2.3. — Assume that 0 <pg <1 and uy(x)#E or v(x)#0 in Q. Then
2.70) u(t) = Cyt®V/A-P08 (1)  in Q for any t >0,
(2.7b) wt) = Cpt O VAP (1)  in Q for any t >0,

where Cy and Cy are given in (2.14), and h = S;(t) is the solution of k; — Ah =0 in
(0, ©) X Q which satisfies h(0,x) =1 in Q and h(t,x) =0 in(0, ©) X Q.
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ProoF. — Suppose for definiteness that u,(x)# 0 and 0 <p < g < 1. To show a),
we first observe that

2.8) If0<g<1l, (St uy) =8t uf.
The proof of (2.8) is similar to that of (2.3) and will be omitted. We then argue as
in [EH2], Lemma 2. Since u(t) = S(t)u, in £, it follows from (2.1) that
V t
w(t) = JS(t — 8)(S(s)ud)ds = tSE) uf
0

whence

t
u(t) = Js”S(t — 8)S(s)ud )P ds =

0

tp+1 S(t g
p+1 Juf

which in turn yields

1 ) 1 (p+1)+1 2
v(t)?(p_l_l) (q(p+1)+1)t‘”’ Sty ug”.

Iterating the previous procedure, we obtain

(2.90) w(t) 2 Agyy Bt S (up P

where

(2.9) ve= @+ D((pg)* + (pg)* ' + ... + pg + 1)

2.9¢) Apr = (fH: (p + D((pgy + gy + .. +pg + 1))

2.9d)B,.,; = (p + 1)~ - @ D/A=pD (1 4 pg)~ @ (pg)* + (pg)l* ' + ... + 1)1,

Since

, By =(p+1)y"Va-ro(1— pg)/ P

1 - pg p/(1—pg)
=
arv= (2]

letting k- o, it follows from (2.9) that
u(t) = C t@+A-PD Q) v(uy) in Q for any ¢t >0,

where C; is given in (24) and y(uy) = 1 where u, > 0, and zero otherwise. If w,(x)
vanishes somewhere, we still have that «({) > 0 and v(f) > 0, for any ¢ > 0. In particu-
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lar, for any sequence {t,} of positive numbers such that 7}}?& t, =0, we see that
u(t +t,) = C @ V/A-p8 (¢) in Q for any t >0,
so that (2.7a) follows by letting % — «. The proof of (2.7b) is similar. = ®

We next show that (1.1)-(1.4) has a maximal solution if 0 < pg < 1.

LEMMA 2.4. — Assume that 0 < pq < 1. Then there exists a solution (uy(t), vy ()
of (1.1)-(1.4) such that, if (u(t), v(t)) is any other solution there holds

wt) Suy(t)  and o) vy in Q=(0, ®»)x Q.

PRroOF. — Let u(t), ¥(t) be the functions given in (2.4). We now define the se-
quences {u,}, {v,} as follows. To start with, ;, and v»; solve respectively

u; — Ay =v°P in Q, v — A =ul in @,

u(0, x) =uy(x) in Q, (0, ) =v(x) in Q,

u(t, x) =0 in [0, ®)XQ o, x)=0 in [0, ©)XQ
whereas, for j = 2, u; and v; are the respective solutions of

w—bu=vl, inQ, w-=ul, in@,

w(0, ) =up(x) in Q, (0, x) =v(x) in Q,

u(t, x)=0 in [0, ©)X3Q o(t,x)=0 in [0, ©)X3Q.

It is then readily seen that, for any » = 3

5]
\\%

UL Z U 2 00Uy 2= .0

<
L\

MSVW2 ..V, 2 ...
and that for any 7 > 0, we may select C = C(T, ug, vy) > 0 such that

SUPT(“un(t)||H1(9)+ v, O m@) SC< + .

=

Therefore there exist functions (uy, vy ) such that

we®) = lim u,®),  w(®) = lim v, (1),

(uy (8, ), v (t, 2)).  solve (1.1)-(1.4).

Let now (u,v) be any other solution of (1.1)-(1.4). By Lemma 2.2, we certainly
have

uw(t) <u(t), o@)<vi) in Q.
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Assume now that » < u;, v<v; in Q for some j= 1. Then
(Ujeq —u)y— Mty —w) =0 —vP20 in Q,
i1 —u=0 ifreQandt=0or xed? and t>0,

where upon #;,; = % in @, and similarly v;,; = v in Q. Letting j — o, the last state-
ment in the Lemma follows. ®

Let now a(t, x), b(t, ) be smooth functions such that, for some = > 0,
© (2.10a) ~-1<at,2)<1 in Q. =[0,7] xQ,
(2.100) -1<bt,z)<1 in Q.
and consider the system
(2.11a) u— Mu=a(t, x)v? in Q,=(0,7) X2,
(2.11b) v —du = b(t, ©)u? in Q,,
(2.11¢) initial and boundary conditions (1.2), (1.3), under assumptions (1.4).
We then have
LEMMA 2.5. - Assume that conditions (2.10) hold, and let (uy (L), vy (t)) be the

maximal solution of (1.1)-(1.4) obtained in Lemma 2.4. Then, if (u(t), v(t)) is a non-
negative solution of (2.11), we have

w(t) Suy @), viE)<svy@®) in Q..

Proor. - Let (u,, v,) be the sequence leading to (u;,, vy) in the proof of Lemma
24. Set u; = u, v; = v. We first observe that

2.12) w<u and v<v in Q..

Indeed, u < % (resp. v < v) holds in 2 at ¢ = 0, and is satisfied at dQ for any ¢ > 0.
Then (2.12) follows by means of a contradiction argument as in the proof of Lemma
22. We then proceed by induction as in the comparison result in Lemma
24, =

Let 2; > 0 be the first eigenvalue of (— 4) with homogeneous Dirichlet conditions,
and let ¢;(x) be a function such that

(2.13a) =M=y in Q,
(2.13b6) Y1=0 in 0Q,
(2.13¢) 0s¢;<1, [V¢:| is bounded in Q.
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We are now prepared to show that maximal solutions are positive, thus extending the
corresponding result obtained in [FuW] for the scalar problem (1.8).

LEMMA 2.6. - Suppose that 0 < pg < 1, dnd let (uyy, vyr) be the solution obtained
in Lemma 2.4. Then

(2.14) uy () >0 and vy (E)>0 in Q=(0, ®)xQ.
Moreover, there exist ¢ > 0 and ¢ > 0 such that ‘
(2.15a) upy (t, &) = (et (2)2)2V/A-PD 4y Q. =(0,0) X Q,
(2.15b) vy (t, ) = (et ()2) VAP0 iy Q.

PRrOOF. - It suffices to examine the case where %y = v, = 0. Consider the auxiliary
functions

u (t, 1) = (etipy ()2 )P+ D/GA—Pa
v, (t, ) = (etihy ()2 )+ D/A=P0)
Clearly, u, = v, =0 in Q if t =0, and in 3Q if ¢ > 0. Furthermore,

()~ u.=a (d,2)v? in Q,

where

(vs)t - A’Us = bs(ty x)ug in Q’
Al p+1Y) , [2p+1) . {2+ -1 (%)2
as(t7x)_((1_pq)sbl+( 1____pq Altsz'l l_pq ax t <,

- 2

1- 1-pgq ox
so that (2.11) holds provided that ¢ and ¢ are small enough. It then follows from Lem-
ma 2.5 that

uyt, ) zu(t,x), wEx)ze,d,x) inQ,

for some &> 0 and ¢ > 0 small enough, and this in turn implies (2.14). ®

3. — End of the proof of Theorem 1.

In this Seetion we shall conelude our analysis of uniqueness of solutions of (1.1)-
(1.4). In view of Lemma 2.1, it only remains to consider the case where 0 < pg <1, an
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assumption to be retained henceforth. Moreover, it will suffice to show that positive
solutions are unique. This is done in our next result

‘LEMMA 3.1. — There exists o unique solution (u(t),v(t)) of (1.1)-(1.4) such that
u(t) >0 and v(t) >0 in Q = (0, 0) X Q.

PROOF. - The existence statement has been already proved in Lemma 2.4. As to
the uniqueness we shall proceed by contradiction, and assume that (u;, v;) and
(ug, v2) are two such solutions. We shall distinguish two cases

Case I: uy=v,=0.
By (2.6), we have that, for i =1,2
v (8) < (8 + C{PO/@tDa+D/A-p) i Q

where 5, Cy, are given in (2.4). Using the integral equation (2.1a), we obtain
t
u; (1) < IS(t — N8+ C§L PP+ D pypa+ D/A=PD gy <
0
1 t
< (B + C§L—Po/atDypa+D/A-pg) ,[Sl (t — r)dr = (8 + C§* ~P0/a+ D yplg+1/A=pg) f&(”") dr
0 0

with S;(¢) defined in (2.7), and 7 = 1, 2. Since
t
AISl(r)dr=Sl(t)— 1,
0
it follows that, for any given 7' > 0 and any m > 1,
t
[S$idre L=, 1 wH@)
0

whence

t
(B + C{PO/g+D )g+D/A-p0) I S, (v) dr
0

3.1a)

—-0 ast—0,
@

and analogously,

3.1b) —0 asit—0.

(82X ()

t
(a + CA—PO/@+D pya+D/1-pg) f S, (r)dr
0

Let ¢;(x) be a function satisfying (2.13). It then follows from (3.1) that
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For any C > 0, there exists £, such that, if £ <,
t N
(3.20) (8 + C§-P9/@+D pya+1/1=pg) ISl (8)ds<Cy; in Q,
0

4
(3.2b) (o + c{l-w/@*”t)@“’/ﬂ—m)jsl (s)ds<Cy, inQ.
0

On the other hand, by comparison
3.3 Si)ze My () in Q.

Therefore, taking into account (2.7), (8.2) and (3.3), it follows that

(84) For any fixed se (0,1), there exist v = 7(s) such that lin(l) 7(s) = 0 and, for
t<r, =

w(t+9) — w20, up(t+s)—u® =0,
nE+8) =120, v{E+s)—v,{#)=0.
We now fix T'> 0, and for ¢ e [0, T] we set
wt) =u, G +s+(s)), wt)=v(t+s+(s)
B =up(t+ <), @) =+ ().
Recalling (3.4), we have that
35) w0) > @0),  w(0)>a(0).

Suppose now that 0 < p, ¢ < 1. We then consider the equation for (w — w), multiply
both sides there by (w — w), and integrate over Q. Using mean value theorem as well
as (2.7) and (3.3), we arrive at

@60 & [@-wh o+ [ 1D@-w). 1" = [@ -0 - w), do <
o 0 ' Q

SIOJ(GE+(1 —0)2)’"_1(5“9)+(77)—@_0)+dwscj o - o) (- w), de <
Q Q

< [@-wtdn+ e[ ot @-whds,
) Q

where ¢ > 0, 6 e (0,1), and here and henceforth C will denote a generic constant de-
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pending only on s, p and ¢. Arguing in a similar way, we -obtain

(3.6b) g-t- j(a~g)2+ de +J 1D - w), |2da <
Q

< g f(ii; —w) dx + Csf¢%‘q‘1>(a —w) dx.
Q Q

We now observe that, by Hardy’s inequality (cf. for instance [LM], p. 76) and stan-
dard properties of the eigenfunction ¢, we have that, if # e H} (Q),

J

for some K = K(2) > 0. Since 0 < p, ¢ < 1, we may select ¢ > 0 small enough such
that adding up (3.6a) and (3.6b) yields that E(¢) = j (& — w)2 dx satisfies
Q

E'(t) = CE(t)

h

¢

2
dx SKJ’ | Dh|?de
g

whereas, by (3.5), E(0) = 0. Therefore E(t) =0 for t [0, T], whence w(t) < w(t) and
o(t) < w(t) in [0, T]. Letting s | 0 we finally obtain

ug (£) < uy (1), w)<v () in [0, T]

and, since the roles of %, and u, (resp., v; and v;) can be exchanged, we also have that
1 (t) < ug (t) and v;(¢) € vy (t) in [0,T] under our current assumptions. The case
where, say, p <1 < ¢, is similar.

Case II: (uy, vy) % (0, 0).

We argue again by contradiction, and assume that (1.1)-(1.4) has two different sol-
utions, namely (u(f),v(t)) and the maximal solution (uy(£), vy () constructed in
Lemma 2.4. Clearly, it will suffice to show that

3.7 uy(t) Su), wvy@)<ovt) in Q.
To this end, we set
wi(8) = up (@) —u®),  wa(8) =vy ) — o)
and suppose to start with that 0 < p, ¢ < 1. Then w;, w, satisfy
(3.8a) (w, )y —dwy <wd in Q,
(3.8b) (wg); —dws <wf in Q,
(B8c) wi(t, x)=wy(t,2)=0 if¢t=0and xeQ, orif {>0 and xedQ.
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Let (v, wg) be the unique positive solution of
(3.90) (@)~ 4oy =0} inQ,
(3.95) (w2) — dwp = 0§ in Q,
BI9¢c) w;t,x)=aws(t,x)=0 ift=0and xecQ, orif t>0 and xe30.
By Lemma 2.5, we certainly have that
wr <o, WSwy inQ.
We then define functions f and g as follows
f=wi—wi=w;—uyt)+u(d)=0,
g=ws— Wy = wg — Vy(t) +v(t) =0
and claim that f and g satisfy
(3.10a) fi—Afzg? in Q,
(3.100) 9:—4g=f" inQ,
3100 fG,x)=gt,x)=0 ift=0andxeQ, orift>0 and xel.

To check (3.10a), we notice that f, — Af = w§ — v}y + vP. We then take advantage of
the following elementary inequality, which is recalled for instance in [AE], Corollary
2.20

(8.11) Let wg, vy and v nonnegative quantities such that w, + v 2 vy ws S vy and
v < vy Then if 0 <p <1, wf—vf+ 0P = (wg — vy + V)P,

Obviously, the same argument yields (3.10b) at once. We now remark that (3.9)
and (3.10) strongly suggest that
3.12) fzZw; and g¢gZwy; inQ,

which in turn implies (3.7) by the very definition of f and g. However, to derive (3.12)
some care is needed. The crucial point consists in showing that

(3.13) f>0 and g¢g>0 in Q.

Actually, if (3.18) fails, we should have f=¢ =0 in Q, = (0, 7) X 2 for some 7> 0.
But then, recalling the definition of f and g, we would obtain

(wq + u)f’ =uf =) — Wy =(wz + V), — Mo+ V) =w{+u? in Q,
(wa + VP =uly= (upy )y — Mupy = (w1 +u) ~ Moy +u) =wd+u? in Q,

which is impossible, since by assumption w;, wq, # and v are strictly positive in Q..
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We then may repeat the arguments in Lemma 2.3 to show that
(3.14a) f=Ctet/A-mg 1y in Q for any t>0,
(3.14b) g = Cot@ /=P G (t)y in Q for any ¢ >0,
(ef. (2.7)). As next step, we proceed by showing that

(3.15) There exists a solution of (3.9), (w;, ws), such that
C, t@tD/A-pD g (1) < w1 <f in@Q,
CotTtV/A-rIS () <By<g in Q.

Once (3.15) is obtained, the proof is concluded under our current assumptions. In-
deed, by the uniqueness result established in Step 1, we have that v, = w;, ws = ws,
so that (3.12) follows. To show (8.15), we notice that, if we set A (f)=
= Ct®+V/A-PI S (1), hy(t) = Cpt@D/1-PD S, (¢), there holds
G+l

] tPA+ /-0 § (§) < (Cot @t V/A-rD 8, (1)) = hY
- Pq

(b)) — dhy =

and, in a similar way
(hy); — Ahy < B{.

We now define sequences {w]},{w}} as follows. To begin with, w} solves

(8.16a) w—du=g? in@Q,
(3.16b) u=0 t=0,zeland if £ >0 and x3Q2.
In view of (3.15), we readily see that
317 ' hy(t) € 0l Sf.
As to w}, it solves
=f? in@
together with (3.16b), so that
(3.18) hy(t) Swi<g.

The sequence {w]} (resp. {w} }) is then defined by induction as in the proof of
Lemma 24. Namely, for j = 2, o] solves (3.16a) (with g? replaced by wj D) and
(8.16b). In this way, (3.17) holds for any w{, and since (8.18) is satisfied for any w3,
the result follows by letting j — . This concludes the proof in the case where 0 < p,
g<l1.

It then remains to consider the situation where, for instance, 0 < p <1 < g. Some
modifications are required for the previous argument to work in such case, and we
now proceed to sketch them briefly. Let (u(t), v(t)) and (uy (t), vy (¢)) be as before.



332 M. EscoBeEDO - M. A. HERRERO: A semilinear parabolic system, etc.

We first claim that we may assume without loss of generality that there exists 7 > 0
such that

upy () — w(t)? -
up () — ult)

Indeed, set w = Auy, w = Boy, w = 2y and o = B, where A and 3 are real parameters
to be determined presently. We have that

8.19) ift<T.

(@ — w), — A5 — w) = 187 (@F — w?) < 38 P (@ — )P,

(z;—w)t—A(a—w)=5x—q(-"?’f—”“ﬁ3)(@—w).

w—w

Furthermore

1
ﬁ,\—q(w_"_"?l)_q) =;3;—qu(0@ +(1-0)w)? tde<qgsr M,
w—w 0 :

for some M > 0, which depends only on the bound for uy in Q. It therefore suffices to
select 2 and 8 such that
Ml<l, ¢gr'M<1

to obtain that functions w; (%), w,(t) defined just as before satisfy (3.8) with ¢ =1
there. We then set ¢ = 1 from (3.8) on, and notice that the previous approach contin-
ues to work under the present circumstances. For instance, one still has that

(3.20) oy < Uy

in (3.11), although (w;, ws) and (uy, vy ) satisfy now different systems of equations.
Indeed, if {3} and {vj; } are the sequences leading to w, and vy, in the proof of Lem-
ma 2.4, we see that, since C, < 1,

vl = (1 + C{ P/ D)@+ D/A-p0) > (1 4 CH-PLREHA-P = )L

and this first inequality provides the foothole whereupon a suitable iteration argn-
ment leading to (3.20) can start. We omit further details. =

We conclude this Section by stating the following description of solutions of (1.8)
in the sublinear case p < 1, which can be obtained by means of a simplified version of
our previous arguments.

COROLLARY 3.2. — Assume that 0 < p < 1. Then, if uo(x) # 0, there exists a unique
solution of (1.8). When uy = 0, the set of solutions of (1.8) comsists of
1) the trivial function u(t,x) =0,
2) a solution U(,x) which is positive in @ = (0, ) X Q,
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3) a monoparametric family {U (t, 2)}, where u is any positive number and
U, @, ©) = Ut - w), , o).

4. — Global existence and blow up.

We have already seen that every solution is global if 0 < pg <1 (ef. the remark
following (2.6)). If, say, p < 1, there holds

4.1) If (ut),v(®)) is a solution of (1.1)-(1.3), and 0 < pq < 1, the function 2(¢) =
= o(t) + S(t)ui’? is such that
— Az < 200-P(1 + )12P1 < 24P (1 + £)9(1 + 2).

The proof of (4.1) follows from the representation formulae (2.1) and the concavity
estimate (2.8); see [EH1], Lemma 3.1 for details.

When pq > 1, global existence of solutions spreading from small 1n1tlal values fol-
lows from a slight modification of a well known argument for the scalar equation (1.8).
Let pg(x) be the unique solution of

—4po=1 in 02,
go=0 in 0Q.
Clearly, 0 < ¢y < C for some C > 0. If we define now
@) =al +99(@), z)=0b1+gy(),
with @ > 0, b > 0, we readily check that
w— At —vP=0, #-A-u?=20 inQ@

provided that 0 < @™ ' < (1 + C) *P? and bP < (1 + C)~**P*P9, Then if ||uyl|. <
< a/2 and ||vg | < b/2, the corresponding solution (u(t), v(t)) exists for all times, as can
be seen by means of the argument in the proof of Lemma 2.2.

We finally consider the case of large initial values, and prove

LeEMMA 4.1, — Assume that pq > 1, and let gol(x) be the function defined in (1.5).
Then there exists C > 0 such that, if

J(uo(x) + (%)) 91 (x)da 2 C,
Q
the corresponding solution (u(t),v(®)) of (1.1)-(1.4) blows up in finite time.

Proor. -~ The case where p > 1 and ¢ > 1 can be obtained as in [GKS2]. To deal
with the general situation, we suppose without loss of generality that 0 <p <1 <g
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and uy(x)#0. We then make use of (2.1), (2.8) and Hélder’s inequality, to
obtain

t s P
42)  ult) = S(t)ue + jsu - 3) ( f S(s — o) u(c)qdc) ds =
0 0
> S ug + sP 18(t - s)( j S(s — a)u(c)‘”’dc) ds =
> S(t)ug + j sP18(t ~ s)( j S(s — cr)u(c)pqdcr) ds =

= S(t) ug + J j sP718(t — o) u(c)P dods .

00

Write now

(u(t), 91) = j u(t, %) o (@) de .
0

Multiplying both sides in (1.1a) by ¢;(x), and integrating in space and time
yields

(), p1) = e M (uy, 1).
We then deduce from (4.2) that

t s
(u(t), 1) = e " (up, 91) + ”s’”“e‘““"’(u(a)”q, 1) dods =
00

t s

e i (g, 1) + [ [ 87716 M2 (u(o), 9, dods

09
whence
t s
43) e Mi(ut), 9;) = (g, p1) + ffsrle-M<1~?q>(e—wu(a), o1 dods .
60
Se not
t s
h(t) = JJs”“le"la“”q”(e“’u(a), 01 )Pdsds,
o

x(&) = MO0 f(1) = (eMPult), 91) -
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We readily check that

t
Rt = t”‘lfx(S)f(S)p"ds,
0

Wiy = e - (272 ) v
whence
(f™) = @"?h'),
that is to say
2PEPRY) =2 (ugy 91) T
ie.,
PR = x((ug, 91) + R

If we write now

ag = (ug, 1),  g(t) = (ug, p1) + A(t).
We are finally led to
4.4) t'rg' () = x(t)g(t)P‘I.

We now conclude as in[K], Thm. 1. Suppose that u(f,x) can be continued for all
times, and in particular is well defined for ¢ e [1, 2). From (4.4), we deduce that there
exists m > 0 such that

t
U Pg P =g' (172 +2 J (s'7Pg'(s)(s' P9’ (s)) ds =
1

t [

=g (12 + ZJsl"px(s)g(s)”qg’(s)ds =g (172 + ZmJg(s)’”qg'(s)ds =

1 1

=" (12 + 2 (gt — g(1pe+)

1+ pg
whence, setting ¢ =2
9(2) y 2
' 2m 1 -12 ~1
(4.5) J(g 1) + (rPatl — g(1)Pet ) dr = J’s” ds>0.
1+
o(1) pa 1

Since [(1+7#7*1)""2dr < + oo, we see at once that (4.5) cannot possibly hold if g'(1)
0
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is large enough, which in turn holds if (ug, @) is sufficiently large. m
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