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Stieltjes Integral Inequalities of Gronwall Type 
and Applications (*). 

L. H. ERBE - QINGKAI KONG 

Summary.  - We obtain estimates ]or solutions o] integral inequalities o/Gronwall type involving 
Stielt]es integrals and their inverse inequalities. _From these we obtain some new results ]or 
integral inequalities ]or Riemann integrals and junctional integral inequalities. Extensions 
are also given to Bihari type integral inequalities. 

1. - Introduct ion .  

In the study of existence, uniqueness, stability, boundedness, and certain other 
aspects of the qualitative behavior of solutions of differential and integral equa- 
tions, integral inequalities often play a fundamentM role. Moreover, since integral 
inequalities of Stieltjes type may include, as special cases, Riemann as well as 
functional integral inequalities, it seems reasonable that  such results would be of 
use. However, there seem to be relatively few results dealing with integral inequal- 
ities of Stieltjes type. In [4] the authors obtain a result for modified Stieltjes inte- 
grals which however does not hold in general and in [5] some results are g iven  which 
are somewhat incomplete since the integrals involved may not exist (cf. Theorem 3.1 

t 

and 3.2--if u(t) has a discontinuity from the right (left) then so also does fK(a) du(a)).  
$ 

There appears to be a similar problem in [2] with Lemma 5). 
In this paper, by modifying the conditions in [5], we discuss a more general kind 

of integral inequalities of Gronwall type involving Stieltjes integrals and their in- 
verse inequalities, from which we derive some results on integral inequalities for 
Riemann integrals and functional integral inequalities of the same type. As an ap- 
plication several properties of solutions of a second order retarded differential equa- 
tion are obtained by using the given inequalities. We also indicate extensions to 
more general Bihari-type integral inequalities of Stieltjes type. 

(*) Entrata in Redazione il 18 maggio 1988. 
Indirizzo degli AA. : Department of Mathematics, University of Alberta, Edmonton, 
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Research supported by NSERC Canada. 
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2 .  - B a s i c  r e s u l t s .  

For convenience in the proofs, we first introduce two properties of Sfieltjes 
integrals. 

PI~OPEI~Tu 1. - Le t  ~(t)~ 9(t)~ C[a, b] ~nd suppose u(t) is of bounded v~riation 
t 

on [a, b]. Le t  fl(t) = ~ . + f ~ ( s )  du(s). Then 
0 

b b 

a a 

P ~ o P ] ~ u  2. - Le t  u(t)~ u(t)e C[a, b] ~nd suppose u(t) is of bounded variation 
on [a, b] ~nd fl(t) is of bounded variat ion on the r~nge of u(t) ~nd has a continuous 
derivative. Then 

b b 

f ct) a (t) = f ct),zZ( ct)). 
a a 

We now give three basic results of this paper. 

(1) 

for O < t < k  < c% then 

TL~EO]~E~ 1. - Suppose 

i) ~(t) is continuous and strictly increasing on [0, oo) and z(t)<t~ 

ii) u(t, s) is defined on [0, co)X[z(0), oo), and continuous and nondecreas- 
ing in s, 

iii) f(t) and g(t)>0 e C[0, c~), ~( t )>0 e C[z(0), oo), 

iv) x(t) -- ~(t) for t E [z(0), 0], where ~0(t) is ~ given continuous function. 

I f  

~(t) 

�9 (i) < ](t) + aCOjXCS) d,u(k, S) 
~(o) 

(2) 
0 8 

0 
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for O < t < k  ~ ~ ,  where ](t) ~ g(t) ~ 0 when t e [v(0), 0], 

~(t) 

R(t; k, x) =fx (s )  d~u(k, s) .  
~(o) 

P~ooF. F rom (1) we have 

(3) x(t)</(t) ~- g(t)R(t; k, x) . 

When O <~ s < k ~ ~ 

(4) 
8 8 

o o 

So when -r ~ c% noting tha t  R(t; k~ x) is nondeereasing in t, and by  Prop- 
erties 1 and 2, we get 

(5) 
�9 ( t )  s 

o o 

�9 (0 s s 

o 0 0 

z(O s 

= -- f R(s ; k, x) as exp [ -  f g( o) ] < 
o o 

~'(l:) s 

o o 

"r(O 

0 

�9 ( 0  s 

o o 

~(t)  

o 

-c(~) 8 

o o 
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I n t e g r a t i n g  b o t h  sides of (4) w i th  respec t  to  u(k, .) f rom 0 to  T(t), and  combin ing  
wi th  (5), we can  see when  T - ~ ( 0 ) < t < k  < 0% 

v(t) ~(t) 

R(t; ~, x)<f1(s)exp [fg(o)dau(k, a)] d,~(k, 8)+ 
0 s 

*(t) 

0 

Subs t i t u t i ng  t he  above  express ion  in to  (3), we ob ta in  the  conclusion for  T-~(0)< 

W h e n  0 ~ < t <  T-~(0) and  t < k  f rom (1) we have  

�9 ( t )  o 

g(O~(8)~ d,~(k, 8) < t(t) + g(t)f~(8) a~u(k, 8) t(O + 
~(o) ~(o). 

= ](t) + g(t)R(T-~(O); k, ip). 

~Toting t h a t  ](t) -~ g(t) =-- 0 when  t e [T(0), 0], we see (2) is also t rue  for  0 < t  < T-~(0) 

and  t ~ k .  

T m ~ o ~ . ~  2. - Suppose  

i) T(t) is con t inuous  and  s t r ic t ly  increas ing on [0, cr and  T( t )>T,  

ii) u(t, S) is def ined on [0~ oo)•  oo), and  con t inuous  and  nondeerea~-  

ing in s, 

iii) i(t), g(t)>O e O[0, oo). 

I f  

for  0 < t < k ~ 0% t h e n  

](t) + g(t)fx(8) d,u(k, s) x(t) 
~(o) 

�9 (t) ,(t) 

~(t)>/(t) + g(t)f](8)exp [ fg(a)d~u(k, s)] a.u(k, 8) 
v ( 0 )  s 

for  0 < t < k ~  c~. 
T h e  p roof  of T h e o r e m  2 is s imilar  to  t h a t  of T h e o r e m  i so we shall  omi t  i t  here .  

Tm~ORE~ 3. - Suppose  

i) ~( t )  (i : 1, 2, . . . ,  ~) is cont inuous  and  s t r ic t ly  increasing,  ~(t)<t ,  T.(t)~.  
: m i n  {v,(t)}, 
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ii) u~(t, s) (i = 1, 2 , . . . ,  n) ~re defined on [0, 0r • [T~(0), oo) and continuous 
and nondecreasing in s, 

If 

(6) 

iii) /(t) and g,(t)>0 (i = 1 ,  2, ..., n) e C[0, o~), and x( t )>0 e C[~.(0), oo], 

iv) x ( t ) ~  9(0 for t e [V.(O), 0], where 9(t) is a given continuous function. 

for 0 < t < k < o% then 

v,(t) 

x($)<](t) + ~=lgi(t)yx(s)dsui(k, s) 
~,(0) 

(7) x(O<An+l(]) + ~. A._,+~(H,) 
~=1 

for 0 < t < k <  0% where As(v) (i = 1,2,  . . . , n  + 1) are defined as follows: 

A d v )  = v( t )  , 

0 0 

for O<t< o% and 

(8) A,(V(0) 0 for t e [~,(0), 0 ] ,  

and 

T,(O 

0 

0 

R~(T~-~(O); }, 9) =fg(s) d.u,(/r e). 
z,(O) 

PROOF. -- We can easily see by induction tha t  the functions A,(v) (i = 1, 2, ... 
..., n + 1) defined by  (8) satisfy tha t  for v~(t)>0, v2(t)>O, 

(9) i) A,(vl + v,) ---- A,(vl) + A,(v~), and 

ii) A,(vlv~)(t)<(A~(v~)v2)(t) if v~(t) is nondecreas ing .  
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Clearly, (7) holds for n = 1 by  Theorem 1. Assume tha t  (7) holds for n = r -- 1 
( l < r < n + l ) .  Then for n = r ,  f rom (6) we have 

3,(0) ~dO) 

According to the assumption and (9) we get 

x < X ,  l § g xd~u,(k, s) + ~,A,_dHi) <A,(]) § ~, A,_~(Hi) + A,(g,) d,u,(k, s).  
~:=1 i = 1  

~,(0) ~,(0) 

Using Theorem 1, we get 

r - - !  

x <a,(l) + ~ A,_,(H,) + H, + 
4 = 1  

0 

exp 

So (7) holds for q* ---- r. This completes the proof. 

v,(t) 

[fAr(g,)&u(k,~)]dsu(k,z)= 
$ 

f* 

---= _4,+~(]1 + ~ 2,-i+d~,). 
I - I  

COrOLLArY 1 . -  Suppose 

i) u(t, s) is defined on [0, c~) X [0, oo), and continuous and nondecreasing in s, 

ii) f(t), g(t)>O and x(t)>O ~ C[O, oo). 

i) I f  

for O < t < k <  ~ ,  then  

for O < t < k <  ~ ;  
ii) If  

t 

x(t) </(t) + g(Ofx(s) d,u(~, s) 
0 

0 s 

x(t) > 1(0 + g(Ofx(s) d,u(k, s) 
0 
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for  O < t ~ k ~  co, t h e n  

t t 

0 s 

for  0 < t < k <  oo. 

C O R O L L A R Y  2 . - -  Suppose  

i) u~(t, s) (i ~ 1, 2, .. . ,  •) are  def ined on [0, oo) •  oo) a n d  con t inuous  and  

nondee reas ing  in s, 

ii) ](t), g,(t)>O (i ----- 1, 2, .. . ,  n) and  x(t)>O ~ C[0, oo). 

I f  

for O < t < k <  ~ ,  t h e n  

t 

x(t)<](t)  + ~=lgt(t) (s)d~u~(k, s) 
i 

0 

x(t) < A.+I(]) 

for  0 < t < k <  oo where  A~(v) (i = 1, 2, . . . ,  n - ~  1) are  def ined as fol lows:  

A~(v) = v ,  

t t 

0 s 

I~E~AI~K. -- Corol la ry  1, i) includes  Th.  3.2 in [5] (for modif ied  condi t ions)  as a 
$ 

special  case.  I n  fac t ,  l e t t i ng  g(t) --  1, u(k, s) z f K ( a ) d a  in Corol la ry  1, i), we o b t a i n  
0 

T h e o r e m  3.2 in [5]. F u r t h e r m o r e ,  we also ob t a in  resul ts  on the  inverse  inequa l i t y  

a n d  the  i nequa l i t y  w i th  n l inear  t e rms .  

3. - Special  cases  o f  t h e  above  Theorems .  

1. On ]unctional integral inequalities. 

F o r  t he  p u r p o s e  of proofs  we need  the  fol lowing l e m m a .  

L E N A .  - F o r  func t ions  g~{t) > 0 (i = 1, 2, .. . ,  n) e Cl[a, b], t he r e  ex is t  func t ions  
q~(t) (i -~ 1, 2) e C~[a~ b], nondecreas ing  func t ions  g~(t) (i : 1, 2, .. . ,  n) ~ C~[a, b] a n d  
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nonincrea.sing func t ions  fl,(t) (i ---- 1, 2, ..., n) ~ C:[a, b], such t h a t  g,(t) = q~(t)a~(t) = 
= q~(t)fi,(t), (i : 1 , , . . . ,  n). 

t 

[f ] P~ooF .  - D e n o t e  w:(t)--~ m i n  {gdt)/g~(t)}, q~(t)= exp wJs)ds ,  and  a~(t)= 
l ~ i ~ n  a 

g~(t)/q:(t) (i --~ ]., 2, ..., n) for  t G [a, b]. Obviously ,  q~(t) > 0 a~(t) > 0 G C~[a, b], and  

~(t) -~ [g,(t)/q:(t)]'-- g~(t)q:(t)--gdt)q:(t)w:(t) 
q~(t) 

g~(t)-gdt)(g~(t)/gdt)) -~ O. 
q:(t) 

So a,(t) (k = 1, 2, . . . ,  n) are  nondecreas ing.  
Similar ly ,  if we deno te  

= : . ' , ( , ) / . , ( , ) > ,  
a 

fl~(t) = g~(t)/q~(t) 

(i = 1, 2, ..., n),  t G [a, b] 

t h e n  q~(t)> O, fl~(t)> O~ C:[a, b] and  we can p rove  t h a t  fli(t)~O, the re fore  fl~(t) 
(i -~ 1, 2, . . . ,  n) are  nonincreas ing.  

I n  the  sequel,  we assume t h a t  Ti(t) (i = 1, 2, . . . ,  n) ~ C:[a, ~ ) ,  and  w',(t) > O. 
Deno t e  w . ( t ) =  ra in  {w~(t)}, z*(t)--~ m a x  {v,(t)}. 

Tn-EO~EM 4. - Suppose  

i) ](t) G C[0, oz), g,(t) > 0 (i = 1, 2, ..., n) E C:[0, ~ ) ,  x(t)>O ~ C[r . (0) ,  co), 
h,(t, s)>~O (i ~ 1~ 2, ...,n) are  nondecreas ing  in t on [0, z<~), and  cont inuous  in s 
o n  [0, oo), 

ii) w~(t)<t and  T~(0) = T2(0) . . . . .  w,(0). 

I f  

(lo) 

0 

x ( t )  = f ( t )  , t s [T,(o), o] 

t h e n  

x(t)<](t) § ~eg,(t)fhdt, s)i(T~(s)) 
TT:(O) 

,i-:(o) 

§ 

, t ~ O  

-cTl(r*(t)) 

exp [~l~(t) f ql(T(a)) hj(t, a) da] ds § 

~T:(~,(8)) 
,i-:(~*(t)) 

( ~ gdt) f hdt, s)~(Tds)) ds) exp [~=~ ~(t) f q:(~:,(s))h,(t, s) ds] , 
0 I"j'1(0) 

t ~O ,  
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w h e r e  qdt) a n d  a d o  (i = 1, 2, . . . ,  n)  a re  de f i ned  as  i n  t h e  Lemma, and q~(t)---0 
w h e n  t < O. 

P~OOF. -- F r o m  (10)  we have 

re(t) 

~(t) <l(t) + ~  g~(t)f<t, ~r (~))(~rlu)) 'xu) 
n(o) 

L o t  

da. 

u(t, s) = ~ zq(t) h,(t, TT~(a))(m:j~(c,))'da �9 

0 

Aocor4ing to the Lemma,  not ing tha t  a~(t) and h,(t, s) (i = 1, 2, ..., n) are non- 

decreasing in t, we get 

T*(t) 

x(t) </(t) + q,(t)lx(s) d~ ~t(k, 8) 
,*(0) 

for 0 < t <  k < oo. Using Theorem i and letting k = t, we obtain 

(11) 
�9 *(t) ~*(t) 

0 s 

~*(t) 

~- ql(t)R(z*-~(O); t, o~) exp [ f ql(t)d~u(t, s)] = 
0 

�9 *(t) ~*(t) 
=/(t) § q~(t) f l(s) exp [~  ~(t) f q~(s)hj(t, ~7~(a)) (~7~(a))' da] " 

0 s 
0 

" ( i ~ l ~ i ( t ) ] ~ i (  t ,  T71(8))(ti'l(8))') d8 § ] * )  �9 
,*(o) 

r*(t) 

�9 exp[j~l~j(t)fql(s)hj(t, z71(s))(z71(s))'ds ] = 
0 

r71(~*(0) ~T~(~*(t)) [b,+ ] - -  ](t) + ~=xgjt halt , s)l(T~(s)) e x p  .= ~(z~(s))h~(t, a)da as - - J -  

�9 F 1(o) ~i -1(~(s)) 
~i-I(o) ,T1(~*(t)) 

§ ( ,~fdt) f  h,(t, s)~(zds))ds) exp [,~ aj(t)fq,(~j(s))hj(t, s)ds] . 
o GI(o) 
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T m ~ o ~ E ~  5. - Suppose  

i) ](t) a n d  x ( t )>O e C[O, ~ ) ,  gdt) > 0 (i = 1, 2, . . . ,  n) e C~[O, ~ ) ,  h,(t, s ) > O  

(i = 1, 2, .. . ,  n) a re  non inc reas ing  in t on [0, c~) a n d  con t inuous  in s on [0, c~). 

ii) ~ , ( t )>  t (i = 1, 2 , . . . ,  n),  a n d  ~'~(0) = ~2(0) - -  - -  ~.(0).  

If: 

02) 
t h e n  

0 

ds , x > 0 ,  

] x(t)>~/(t) § ~g,(t) h~(t, s)](~(s)) e x p  j(t) q2(s)hAt , a)da ds, t>O, 
o ~71(~,(~)) 

where  q~(t) and fl~(t) (i = I, 2, ... , n )  a re  def ined as in t he  L e m m a .  

COROLLA~u 3. -- i) I n  add i t i on  to  t he  condi t ions  of T h e o r e m  4, if g,(t)-~ 1 
(i = 1, 2, . . . ,  n),  f(t) is nondeereas ing ,  t h e n  the  solut ions of (10) sa t i s fy  

~TqO) ~71(~*(0) 

x(t)~<[](t) § fh~(t, ,')~(z~(s))as] exp [~1 f6(~/a))h/t, a)da] 
o ~-1(o) 

where  

(5(t)= i i t>o 
t 0 t < O ;  

ii) in add i t ion  to  the  condi t ions  of T h e o r e m  5, if g~(t)~ 1 (i = 1, 2, .. . ,  n) 

](t) is nonincreas ing ,  t h e n  the  so lu t ion  of (12) sa t i s fy  

fh~(t,s)ds 1 
0 

, t ~ O .  

P ~ o o v .  - i) The  solut ions  of (10) sa t i s fy  (11). Since g,(t)=--1, ](t) is non-  

decreas ing ,  and  z*(t)<t, in v i ew  of q l ( t ) ~ 0  w h e n  t <  0, we see 

~*(t) ~*(t) 

x(t) </(t)[1 + fexp [f ~(a)dou(t, a)]C~t(t, s)] + 
0 s 
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�9 ~*(t) **(t) ~*(0 

§ R(~*-l(O), t, ~) exP [ f ~(8)<~(t, s)] = ](t) [1--f  ds exp [ f ~(s) aou(t, a)]] § 
0 0 s 

v*( t )  

0 

~*(t) ~*(t) 

= ?(t) exp [ f  6(s)dou(t, a)] + t~(v*-l(o); t, ~) ~xp.[f 6(s)a~u(t, s)] = 
0 0 

*rl(**(0) 
- -  [/(t) 

o ,71(ol 

The  proof  of ii) is similar.  

Theorems  4 and  5 a nd  Corol lary 3 do no t  a p p l y  to  the  case when  ~(0)  = T~(0) = 

. . . . .  ~.(0) is no t  satisfied. I n  t h a t  case we have  a n  i n d u c t o r y  es t imate  expres- 

sion for  the  solutions of inequa l i ty  (10). 

Tm~ORE~r 6. - Suppose  

i) ](t) is con t inuous  and  nondecreas ing  in [0, ~ ) ,  x(t)>OeC[r.(O),  oo), 
]~(t, ~)>0 (i = 1,2, . . . ,n)  are nondeereas ing  in t on  [0, ~ ) ,  and  con t inuous  in s 

on  [0, ~ ) ,  

ii) ~ ( t ) < t  (i = 1, 2, ..., n). 

I f  

t 

0 

x(t) = ~(t) , t e [4,(o/,  o ] ,  

t h e n  the  solut ions o f  ( 1 0 ) s a t i s f y  

x(t) < B,~+I(]) § ~_, B,_,+,(H~) 
i = l  

where  B~(v) (i = 1, 2, ..., n + 1) are  defined as follows: 

Bl(v) = v(t) ,  

~(t) 

.,+,(v) = e. p [ fB,(t)h,(t, 
0 

t>o. . , .  

(i = 1, 2, ..., n) 
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for  0 < t  < 0% ~nd B,(1)----- 0 (i = 1, 2, ..., n) for  t e [z~(0), 0], 

~7~(o) t 

0 v 7 1 ( 0 )  

O(t) is defined a.s in Corol lary  3. 

I ~ o o F .  - F r o m  (10) we have  

x(t) </(t) + 
i = 1  

D e n o t e  

~,(~) 

f h,(t,  ~7~(~1) (~l(o)),x(~) 
~d0) 

d~ .  

8 

u,(t, s) =fh,(t, vrl(~))(z:l(~)), d~. 
0 

N o t i n g  t h a t  h~(t, 8) (i = 1, 2, . . . ,  n) are  nondecreas ing  in t, we ge t  

~,(o) 

for  0 < t < k < co. Accord ing  t o  Theo rem 3, 

t t  

x(t)<A.+,(/) + X a._,+,(H,) 
i = 1  

for  0 < t < k < 0% where  

Al(v) = v(t) , 

*c(~) ~(*) 

A,+,(v) = A , ( v ) +  A,(1)fA,(v)exp [fA,(X)d.u,(k, .)] d,u,(k, s) 
0 s 

(i = 1, 2, ..., n) 

fo r  0 < t  < 0% a n d  A,(v) ----- 0 for  t e [v,(0), 0], and  

0 ~dO 

�9 ~(0) 0 

~71(o) 

0 .71(0) 
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When  k = t, we can easily prove t ha t  Ar(v)<Br(v)  (t = 1, 2, . . . , n  + 1) if v(t) is 

nondecreasing. I n  fact ,  A~(v) = B~(v) = v(t). Assume tha t  A, (v )<B, (v )  for l < i < n .  

Then f rom (9) we have  

~'dt) .c,(t) -cdt) 

A,+,(v)<v(t)A,(Z)[1-fexp [ fA,(1)a~u,(k, ~)] a.( fA,(1)d~u,(k, a))] = 
0 $ s 

rdO 

0 

0 

Therefore A.+l(v)<B,,+~(v) if v(t) is nondecreasing. Since ](t) and  H(t) are non- 
decreasing, the  conclusion follows. 

2. On Gronwall's inequalities ]or R iemann integrals. 

$ 

Let t ing  u(t, s ) = f h ( s ) d s  in Corollary 1, we obta in  the well-known Gronwall 's  
0 s 

inequal i ty  and  its inverse inequal i ty ;  let t ing u , ( t , s ) = f h , ( s ) a s  (i = 1, 2, . . . , n )  in 
0 

Corollary 2, we obrain Theorem 1 in [3]; le t t ing ~ , ( t ) ~ t  (i = 1, 2, ..., n) in Theo- 
rem 6, we obta in  a be t t e r  result  t han  Theorem Z in [1] and  [6] under  the same 
condition. We  nex t  derive new es t imate  expressions for the solutions of Gronwall 's  

inequal i ty  wi th  n l inear te rms  and its inverse inequal i ty  f rom Theorems 4 and 5 
and  Corollary 3. 

Tnm .om ~  7. - Suppose ](t) and  x(t)~>0 e C[0, o~), g,(t) > 0 (i = 1, 2, ..., n) e 

e CLIO, oo), h~(t, s)>O (i = 1, 2, ..., ~) are nondeereasing in t on [0 i ~ )  and  con- 
t inuous in s on [0, c~). I f  

t 

- f (13) x(t) <](t) + ~ g,(t).= . h,(t, s)x(s) as 

0 

then  

, x > O ,  

t t 

o $ 

ds , x > O  , 

where ql(t), a,(t) (i = 1, 2, ..., n) are defined as in the Lemma .  

TtlJEORE/r 8 .  -- Suppose 1(t) and x(t) > 0 e C[O, c~), g,(t) > 0 (i =- 1, 2, ..., n) e 
e C1[0, cr h , ( t , s )>O (i-= 1 ,2 ,  . . . , n )  are noninereasing in t on [0, c~) and  con- 
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t inuous in s on [0, c~). I f  

t 

(1~) x(~)>f(t) + ~g~(t)  h~(t, 6')x(s)ds , 
0 

then 

x > O ,  

t 

x(t)>~t((t) t-~lg~(t  h~(t~ s)i(s) exp ~(t) h~(t, a)ct~(a)da ds 
0 s 

, x > 0 ,  

where q~(t), fig(t) (i-~ 1, 2, ..., n) are defined as in the Lemma.  

CO~OLLAnu 4. - i) In  addit ion to the conditions of Theorem 7, if g~(t)=-1 
{i-~ 1, 2, ..., n), ](t) is nondeereasing, then  the solutions of (13) satisfy 

t 

0 

, x > O ;  

ii) in addit ion to the conditions of Theorem 8, if g~(t)---= 1 (i = 1, ..., n), ](t) 
is noninereasing, then  the  solutions of (14) satisfy 

x~>O . 

The importance of Theorems 7 and 8 and Corollary 4 lies in the fact  tha t  they  
offer explicit  expressions, ra ther  than  inductory  expressions as given by  [1, 3, 6], 
to est imate the solutions of GronwMl's inequal i ty  with n linear terms and its inverse 
inequali ty.  Therefore it  is more convenient  to use them. And in m a n y  cases the 
est imates are quite sharp. 

E X A ~ E .  - Consider the inequal i ty  

t 

0 0 

With  simple computa t ion  we see, f rom Corollary 4 i), 

x( t )<exp  [3t @ 2t.]; 

and from Theorem 1 in [5], 
t 

x(t) <2(1 § t) exp t § :i § 2 (:~ § s) ~ exp s § ~- 

0 



L. H,  :ERBE - QI~GKAI KONG: Stielt~es integral inequalities, ere. 91 

a nd  the la t ter  is greater  t han  

~(1 + t )  exp + z  t-'+ ~t~ . 

The difference between the two results is quite large. 

4. - Bihari's  type  o f  integral  inequalit ies .  

DE~I~IOX.  - A funct ion g(u) is said to belong to the class ~- if g(u)> 0 is 
nondeereasing and continuous on (-- ~ ,  + c~) and g(u)<vg(u/v) for u >  0 and v > 1. 

o o  

Clearly, if g e ~- then  f(1/g(s))ds = + ~ .  

THEORE~ 9. - Suppose 

i) ~(t) is continuous and str ict ly increasing on [0, ~ )  and ~'(t)<t, 

ii) u(t, s) is defined on [0, c~)• [v(0), c~), and nondecreasing in s, 

iii) ](t) > 0 is nondeereasing on [0, c~), x(t) e C[r(0), c~), 

iv) w(u) e ~'. 

I f  

(15) 
T(0 

x(t) </( t )  + fw(x(s)) d,u(k, s) 
~(o) 

for 0 < t < k <  c% and x(t)-~9(t) for t e  [z(0), 0], where ~f(t)is a given continuous 
function. Then 

o z(~) 

(16) x(t) _/(t) ' 

�9 (0) o 

for O < t < k <  ~ ,  where 

~(t)={ :t t>o 
0 t < 0 ,  

PROOF. -- i) We prove tha t  (16) holds for ~-l(O)<t<k< c~ first. The proof is 
similar to Theorem 1. Denote  ](t)~](O) where t~ [T(0) ,0 ] .  Then ](t) is non- 
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decreasing oa [7(0), co). F rom  (15), when O<t<k ~ co 

]]((:I x(t)~](O) -J~f ](O) w(x(s))d~t(k, s) F~) 
~(o) 

Since ](O)/](t)~], and w(u)~ ~', we have 

~(t) 

r176 ~(t)<f(o) + (w (r ~(~)) d~(~,, ~) 
~(t) J \/(8/ 

~(o) 
Hence 

i.e., 

= R(z(t); R, ,~:). 

W ](s) 

w((l(0)/t(t))~(t)) < ~ 
~(R(t; 4, ~)) 

for O<t<k,~ co. 
v - ~ ( 0 ) < t < k  < co 

-c(t) . 

(~((i(o)/l(~))x(.)) 
J w(R(s; k, ~)) d~u(k, ~) 

O 

Hence 

In tegra t ing  f rom 0 to T(t) with respect to u(k, .), we get for 

~(t) T(O 

= f  d~(R(s; ~, x)) ~fd~u(k, 8). ~v(R(s; k, x)) 
0 0 

o(R(~(t); 4, ~)) - o(R(0; 4, x))<fa~(~,  8), 
0 

~'(t) 

0 

o ~(0 

r(O) o 

Therefore the conclusion is t rue for v-l(O)<t<k< oo. 

ii) When  0 < t <  ~-1(0) and t<k, f rom (15) we have 

x(t) <l(t) +fw(~(s)) a~u(~;, 8) < 
~(o) 

0 

~F05 G-1 

0 

~(o) 

Noting tha t  8( t ) -~0  for t e [T(0), 0], we see (2) is t rue  for 0 < t ( z - l ( 0 )  and t<k. 
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T I I E O ] ~  10. - Suppose  

i) ~t($) ( i - - - - - 1 , 2 , . . , , n )  a re  con t inuous  a n d  increas ing,  ~ t ( t )< t ,  r . ( 0 =  

= m i n  (~t(t)}, 
l~<~<n 

ii) ~t(t, s) (i = 1, 2, ... ~ n) a re  def ined on [0, oo) • [~(0), oo) a n d  nondecreas -  

ing in s, 

iii) ](t)> 0 is con t inuous  a n d  nondec reas ing  on [0, oo), x(t)e C[v,(O), o0), 
iv) wi(u) ~ Y (i = 1, ~, . . . ,  n).  

I f  
n(O 

i = l  
�9 , (0) 

for  0 < t <  k < 0% a n d  x(t)~ q~(t) for  t e I t . (0 ) ,  0], where  ~(t) is a g iven  con t inuous  

func t ion .  T h e n  

(18) x(t)  ~ ~r + ~)l~ 

for  0 < t < k  < 0% where  ~.(~+~)H~ is def ined b y  induc t ion  as fol lows: 

(19) ~ (1){a ~' ----- U($,  k )  

0 

_ o r  

n(o) 
nO) 

+ E~)~(l)f~(s)d, ui(k, s)], 

0 

where 0(t) is given by Theorem 9, and 

PI~ooF. - E~)k(u) (i ---- 1, 2~ ... ~ n -~ 1) obv ious ly  sa t i s fy  t h a t  for  u~ v e R 

/~r + v) =(~.)(~) (') 

t,k 

a n d  E~)(1) a re  nondee reas ing  in t. B y  T h e o r e m  9 we k n o w  the  conclus ion is t r ue  
for  ~ ---- 1. A s s u m e  the  conclusion is t r ue  for  ~ = r -  1 (1 < r < n). T h e n  for  n = r 

~dO n(O 

x()<.[f(t) 2cfwr(x(s))dsur(k,s)] 2c:~: fwi(x(s))d,~ti(k,s). 
�9 ~(o) n(o) 
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According to the assumption we have 

~',(t) 

,r(O) 

~,(t) 

<') ~5(1)f~,(x(~)) ~,u,(k, ~) < = BI,~(i) + 
T,(o) 

: ~,( t)  

~.~E(')-~,,~,,, +f~,(x(~)) a~[E(;'.)~(ll~,(k,, ~)] . 
~,(o) 

B y  Theorem 9 we get for 0~<t<~k~ 

o ~, (0  

~r(0) 0 
0 ~t(t) 

(") E ~') :L s E~':.~(] )j~(s) d~u,(k, - -  

-~ Eo.,( ] ~ 
�9 ~ r ( O )  0 

(r+l)/ t~ . E t , k  w )  

This completes the proof. 

5.  - E x a m p l e s  o f  a p p l i c a t i o n s .  

Using the above inequalities, we can not only solve problems about the existence, 
uniqueness, continuous dependence on the initial values (functions), but  also solve 
problems concerning boundedness and stability of the solutions of differential equa- 
tions. Here we indicate only the latter ease. 

EXAMPLE 1.  - Consider equation 

(20) [~(t)y~, ~ ) I  = 1(t, ~(~(t)) ) 

where /(t, u) e C[[0, oo) x (-- cr c~)], 

If(t, ,~(~(0))1 < b(t) I,~(~:(0) I,  

and a(t) > 0 e C'~[0, c~), b(t)>~0 e C[0, ~ )  and T(t) e C1[0, ~) ,  T'(t) > 0, T(t)<t. 

RESULT i. - If there is a M > 0 such that 

t 

f (t-- ~)m-1 (21) t~- la ( t )<M for t > 0  and limt_~oo ~ a(T(s))b(s)ds~M, 
~-~(o) 

then all solutions of eq. (20) are bounded, and the zero solution is stable. 
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PROOF. -- Assume t h a t  x(t) is a solut ion of eq. (15) which  satisfies t h a t  x(t) = ~(t) 

for  t e [~(0), O] a n d  

~(t)! I~=o 

T h e n  f rom (15) we have  

64_1 x(t) a(t)~= I.=~ (i - - 1 )  T 

H e n c e  

Ix(t)]<a(t)r (i--~T)! 

Using T h e o r e m  4, we ge t  

~-~(o) 
Ic~-ll 

Ix(t)[< a(t) ~ (i 1) I 
i = l  - -  . 

= Ci (i = ~, 2, ..., m - - I )  . 

t 

- -  u-~+ ~(t)f ( t -~ )~- i  ,~ x(~(~)))d8 ~_-53,:- Its, 
0 

t 

f t --  s) ~-1 - -  t~ -~+  <t )  i ; ; - 2 ~  " b(~)tx(~(~))Ida. 
0 

(t - -  s) ~-1 

0 

t 

(t - -  a ) ~ - ~  

v - ~ ( o )  

Therefore ,  when  (21) holds,  x(t) is obvious ly  bounded .  F u r t h e r m o r e  for  a n y  s > 0, 

if we let  @(t)] < s for  t e [z(0), 0], and  IC~I < e (i = 1, 2, ..., n), t h e n  the re  is a N >  0 

such t h a t  

�9 Ix(t) l < ~ s ,  

therefore  the  zero solut ion is ~able. 

EXA~rPLE 2. -- Consider equa t ion  

(22) �9 "+  

where  ](t, ul, . . . ,u ,)  is con t inuous  on R+ x R" a n d  

(231 EI( , . . . ,  

v~(t) (i = 1, 2, ..., ~) ~ CI[0, oc), 7:~(t)<t and v'l(t ) > O. Deno te  ~:.(t) ---- m m  {v,(1)}, 

v*(t) = m a x  {~',(t)}. Assume  t h a t  •(t), fi(t) and  ~( t )  ( i  ---- 1, 2, ..., n) are  con t inuous  

o n  [0,  ~). 



0 

f 
~=.* 
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0 O 0 0 

0 0 0 0 

= (~)i 

o, orI 

= (~)x 

~.o~ o& 'o~oui oouo ~ o~. 0 mo.I3 ~op!s q~.oq ~ut~a~o%u I 

0 0 

�9 ,,, (((** ,... ,((,),~)~ ,,)~ [o,, (~),,f-] ~xof+ [,, (.,f-] ,~oo 
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0 0 

�9 (((,).. ,... ,((,),. ,,)~ [,,, (,),q ] ~,~o = ,([,p (,),,f ] ,,xo ,,,) (~) 

o% ~UOI~A.tUbO s.~ (gg) uo!%gub X - "aooucI 

�9 oiq~s s! 
uo!~nlOS o~oz oq~ uoq~ '0 ~ (~)~ J.~ puu 'popunoq oau (gg) "bo ~o suot~nlos I[U uoq, 

o 0 0 

$ ~ 00 

0 0 

R oo 
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If  (24) holds, we can prove B,(1) (i = 1, 2, . . . , n )  defined as in Theorem 6 are 
bounded. In  fact,  B~(1)~<I is bounded. Suppose IB~(1)]<N~ for ].<i<~n. Then 

~:,(t) 
]B,+I(1)[ 4 IB,(1)] exp [ f [Bi(1)]h,(t, Ti-l(8))(Ti-l(s)) t ~t~] ~. 

0 

< N, [lv,fh (t, s)es] < 
~71(o1 

= Ni+ 1 < oo.  

Because ](t) and H~(t) (i-= 1, 2, ..., n) are nondecreasing and bounded, according 
to Theorem 6, we get 

lx(t)l<~B.+~(]) + ")[. B._~+x(H,)<~B.+I(]_)] + B._~+x(1)H,, 
i = 1  i = l  

therefore x(t) is bounded.  
~Tl(o) 

I f  fl(t) ~ O, since f h,(t, s) ds < M3. 
0 

t ~ [T,(O), O] and [e[ < e, then 

Then for any e > O ,  if we let  ]~ ( t ) [<s  for 

i = l  i = l  

Therefore, the  zero solution is stable. 

I t  appears difficult to obtain the results 1 and 2 without  the integral inequalities 
in this paper.  
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