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Summary. We investigate the L,-speed of convergence to stationarity for
a certain class of random walks on a compact connected Lie group. We give
a lower bound on the number of steps k necessary such that the k-fold
convolution power of the original step distribution has an L,-density. Our
method uses work by Heckman on the asymptotics of multiplicities along
a ray of representations. Several examples are presented.
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1 Introduction

Given a random walk on a compact group G with step distribution v one is
frequently interested in the speed of convergence of this random walk to its
stationary distribution (under mild conditions, the normalized Haar measure
on G). In this paper we investigate the distance || v, — Ag|» in L,(G) between
the k-fold convolution power v, of a certain natural probability measure v on
a compact Lie group G and normalized Haar measure A4. Besides being of
interest in its own right, such an L,-estimate gives an upper bound on total
variation distance and can frequently be derived with more precision than for
other types of estimates. This, of course, presupposes that from some kg
onward, v, does have an L,-density with respect to Haar measure for k > k,
even though the original measure v, in many cases, 1S singular.

Given a measure v on G, we are therefore faced with the following problems:

e How many steps k does it take for v, to be in L,(G)?
e If v, is in L,(G), find an estimate for || v, — Ag|,. In particular, how many
steps k does it take for || v; — Ag |5 to become small?

*This paper is based on parts of the author’s doctoral dissertation written at The Johns
Hopkins University
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We cannot answer these questions in this generality. There are of course
examples for which v, never is in L,(G) (trivially, take v to be unit mass at the
identity element e). For many random walk problems we can give a precise
answer to the second question (see [ 3] and references therein for examples on
finite groups, and [7,8] for examples on continuous groups, among many
other references). Here we will narrow our focus to the first question and
a special class of measures on a compact connected Lie group.

We will always assume G to be a compact connected Lie group. We then
consider the following class of probability measures on G: For a given closed
connected subgroup K of G, we take v¥* to be the probability measure
concentrated on the set

S¢K:= {gkg ' ge G ke K}

and induced from A, Haar measure on G, and Ax, Haar measure on K, via the
map

fO%:GxK > G, f9%(g,k)=gkg™?

forall ge G and ke K.

The goal of this paper is to give a general lower bound for the number of
steps k necessary such that the k-fold convolution power vi X of v& X has an
L,-density with respect to Ag. To determine whether v&"* is in L,(G) for
k larger than some kq and, if so, to estimate k, remain open problems.

A precise statement (Theorem 3.1) and proof of our result can be found in
Sect. 3.

In proving Theorem 3.1, we will use a special feature of the L,-norm,
namely, the Plancherel theorem. For a given irreducible representation p of G,
we denote the restriction of p from G to K by resg(p). As will be shown later,
the Fourier coefficient #9%(y) is equal to the multiplicity of the trivial
representation of K occurring in resg(p). There is a general formula for the
multiplicity of an irreducible representation of K in res§(p) (see Lemma 3.1 in
[5]), but it is too complicated to use for our purposes. We therefore resort to
the so-called asymptotic multiplicity function as defined by Heckman (1982).
This will be introduced in Sect. 2, where we also present its relevant properties.
Finally, in Sect. 4 we work out several examples.

2 Heckman’s asymptotic multiplicity function M{*

Our main tool for the proof of Theorem 3.1 is Heckman’s asymptotic multipli-
city function M X for the restriction of an irreducible representation of
a compact connected Lie group G to a closed Lie subgroup K. The main
reference throughout this section is [5]. Here we introduce M S¥ and cite
several results from [5]. For background on the representation theory of
compact, connected Lie groups see, for example, [2] or [6].

From now on let G be a compact connected Lie group and K be a closed
connected subgroup of G. We fix maximal tori Tx in K and T in G with
Tx = Tg. We will use the following notation:
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Let gk, t;, tx denote the various corresponding Lie algebras and let
g* k*, t¥, t§ denote their duals. There exists an inner product <{-,-> on
¢ which is invariant under the adjoint representation. This inner product
induces an isomorphism between g and g*, k and k*, t; and t&, and tg and t§.
From now on we will identify g with g*, etc, via {-,->. We denote the
orthogonal projection from g to tg by g.

Let Ry be the root system of G (corresponding to tg) and Ry the root
system of K {(corresponding to tg). Furthermore, let Qg be the sublattice of tg
generated by Rg and W the Weyl group of G. We define Qx and Wy
analogously. We choose sets of positive roots R¢ and Ry in the following
way. Consider the so-called parabolic root system Ry = {x € Rg: g(o) = 0};
here our notation follows Heckman [5]. Choose a set of positive roots
Ry = Ry. Choose Hy € tg such that a(H,) # 0 for all « € Rg\Rp. It can then
be shown that Rg:= {« e Rg: o(H) > 0} is a set of positive roots for R, and
R&:= Ry u{aeRg: a(Hy) > 0} is a set of positive roots for Rg.

Correspondingto R¢ and R§ we have C¢ and C, the fundamental Weyl
chambers. We denote the set of integer lattice points in C¢ by P¢ and the set
of integer lattice points in C§ by Pg. Recall that P} is in one-to-one
correspondence with the irreducibles of G and P is in one-to-one corres-
pondence with the irreducibles of K. Take ue P§ and consider the corres-
ponding irreducible representation p, of G. The restriction of p, from G to
K decomposes into

resg(p,) = @ mg (o), 1)
cePy

where m5*: P{ — N is the multiplicity function and =, denotes the irredu-
cible representation of K corresponding to ¢. As pointed out in the introduc-
tory Sect. 1, there exists a formula for m§*(c), but it is too complicated to use
for our purposes. We will use the so-called asymptotic multiplicity function
MS X, as defined by Heckman [5], instead. Let 4 = q(R¢\Ry)\Rx. We
treat A as a multiset; that is, we allow each element o € 4 to occur with
a multiplicity m, in A. (The multiplicities arise from different elements in
R§\Rj having the same orthogonal projection onto t,.) Assume that g and
k have no simple ideals in common and that rank(4\{a}) = rank(4) for all
a € A. (4 consists of lattice points; by the rank of a lattice we mean the
dimension of the subspace spanned by the lattice points.)
Assuming these conditions, Heckman defines the function

Mg'K:tK - R

(see [5,(3.16)]), which is called the asymptotic multiplicity function in light of
the following theorem. Recall that by the support of a function we mean the
closure of the set of points on which the function is unequal to zero.

Theorem 2.1 [5] There exists a constant Cg x > 0 such that for pe P§ and
geq(u+ Q¢)nPg

Imi (o) — M7 (o) £ Co k(1 + |pl) ™, @
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where s = card(R&) — card(Rg) — rank(4) and || denotes the Euclidean
norm of (.

The function M SX has compact support and is piecewise polynomial on ty
and satisfies the homogeneity relation

M GK(ra) = rM$ (o) (3)
forallr >0, uets and o € tg.

The homogeneity property (3) of M * will be crucial here. We also need to
understand the support of M $"¥, denoted by supp(M §-¥). It can be seen from
the exact definition of M $* (see [5, (3.16)]) that M ¥ is always zero in case
u lies on a wall of the fundamental Weyl chamber C§. We will need the
following results from [ 5] (see Lemmas 7.2 and 7.3 and Corollary 7.4 therein).

Lemma 2.2 [5] For ue Cé and 64,6, € Cg we have

1 1
MEX <§o‘1 + Eaz) > 2 Smin{M S *(0;), M$¥(a,)}, (4)
where s is defined as in Theorem 2.1.

Lemma 2.3 [5] For u in the intersection of P ¢ and the interior of C & we have:
(a)
{supp(m;" )N P} < {supp(Mi-")n P }. (5)
(b) The set supp(M & *)nCy is a convex polytope.

3 Statement and Proof of Results

Let G be a compact connected Lie group, K a closed connected subgroup and
v& K the measure defined in Sect. 1. We will use the notation introduced in
Sect. 2 for the remainder of this chapter. Also, recall that 4 = g(RG\R#)\
R¥ is a multiset.

Theorem 3.1 Suppose that g and k have no simple ideals in common and that
rank(A\{c}) = rank(A) for all o € A. If there is at least one u € P ¢ (interior of
C¢) for which M$¥(0) # 0 and 0 € q(u + Qg), then it takes at least

_ card(Rg) +1
" card(Rg) + rank(4)

steps for the k-fold convolution power vE* of v&X to have an L,-density with
respect to Haar measure Ag.

Proof. The measure v®X is conjugacy invariant, ie., v&¥(U) = v¥-¥(gUg 1)
for all g € G and all measurable subsets U = G. Therefore, by Schur’s lemma,
the Fourier transform

79 (p) = [ pilg)dv®¥(g)
G
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is a scalar for each irreducible representation p; of G and equal to
(1/d) 9% ()14, (where d; denotes the dimension of p;, and y; denotes the
corresponding character). Thus, by the Plancherel theorem, the measure
vg¥ has an L,-density with respect to Haar measure A¢ if and only if

9% (1)

d;

2k

d} < . (6)

00

YRR =¥
i=0

i=0

We first compute #¢¥(y) for a fixed irreducible character y (corresponding to
p) of G. From the definition of v&* we see that

§9K () = Kf 2(K)d g (K).

But res§(p) = D ,epym®*(o)m, (recall (1)), so that

WEp = Y m*Mo) [ xodix,
K

cePg

where the y, on the right-hand side are irreducible characters of K. By the
orthonormality property of the irreducible characters of a compact Lie group,
we clearly get

ﬁG,K(X) — mG’K(O). (N

From now on we use the points in P¢ (the highest weights) to index the
irreducibles of G. We will analyze

G.K 2k
my " O\,
d
u§§< du > !

by considering a particular ray of representations, i.e., we will pick an appro-
priate pe P$ and show that

© G.K 2k +
my; "~ (0) s card(R¢) + 1 .
d;, = fi th .
Z < dw ) ru o0 or k<Cal‘d(RE)—|—rank(A) w1 kENO (8)

r=1

We now make use of the asymptotic multiplicity function M%¥(-), whose
existence is guaranteed by the conditions we impose in Theorem 3.1 (see [5]).
For a fixed peP¢n(interior of C¢) for which M$¥0)#0 and
0eq(u + Qg), it follows from Theorem 2.1 that

m&E(0) = r* MSE(0) + 0 Y)

for all r > 0; here s = card(R¢) — card(R£) — rank(4). On the other hand,
the dimension d, for ue P¢ n(interior of C¢§) is a polynomial of degree
exactly card(R &) in the components of . This can easily be seen with the use
of Weyl’s dimension polynomial.

B Lo, p+ >
d“_agg Loy
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where = 33 ,.rz o We thus see that

G.K 2k
<mru ) 42 =< p2 (card (RE) ~k(card (R§) +rank (4)))
d s

i

for large r and fixed p € P¢ n(interior of C¢). From this (8), and hence also
the statement of Theorem 3.1, follow directly. []

4 Examples

Here we present several examples illustrating the use of Theorem 3.1. In each
case, G is a subgroup of the unitary group U(N) and the corresponding Lie
algebra g is therefore a subalgebra of u(N), the Lie algebra of skew-Hermitian
N x N matrices. An inner product on g which is invariant under the adjoint
representation can be taken to be (A4, B) := — (2r) *tr(AB) for A,Beg.
In order to show that there exists at least one p e P g n(interior of C¢) for
which M §%(0) # 0, we will make use of several so-called branching theorems.
They describe simply, for specific G and K and for a given irreducible p of G,
how res§p decomposes into irreducibles of K. References are, for example,
[1,4,9]. Inductive use of these branching laws is justified by the transitivity of
restriction:

res$(p) = res K(resg(p)) for subgroups H = K < G.

We can easily check in all examples discussed here that g and k have no ideals
other than {0} in common, ie., that for each nonzero B ek there is always
A € g such that [4, B] = AB — BA¢k. From now on we will use the following
notation: P %= Pg n(interior of C§).

Example 1 (Random rotations) G = SO(N) for N 24, K =S0(2)~ S". K is
embedded in G via

cos2nt —sin2nt O -+ 0

sin2nt  cos2nt o - 0
0 0 1 : with t € R/Z.

: 0

0 0 0 1

Consider

cos2nt  — sin2nt
S > St~ ) cteR/Z}.
0@ =S5 {(sm 2nt  cos2nut > <R/ }

We take the standard choice of maximal torus T, namely the subgroup
SO(2)x --- xSO(2)x 1 (with n factors of SO(2)) for N =2n + 1 and the
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subgroup SO(2) x --- x SO(2) (with n factors of SO(2)) for N = 2n. The set of
positive roots of SO(N) (for N = 4) is
RE fejrel<i<js=niu{eal1=<i<n} for N=2n+1,
som = {e; tesl Zi<j=n} for N = 2n.
Therefore,

n? for N=2n+1,
card Row) = {nz —n for N=2n

Also, SO(2) has no roots, so that card Rgp ) = 0.

We now describe the Lie algebras involved in this example. The Lie algebra
g of SO(N) consists of the skew-symmetric real N x N matrices. The Lie
algebra tg of the maximal torus T can be seen to be the block diagonal

00—
matrices with ith block equal to 2z <t 0 L):

0O -t 0 - 0
ty 0
te=¢(2x| 0 0 |:;eRforl1 £ign)=R"
: 0 -1
0o - 0 1, 0

for N = 2n and similarly (with an additional bottom row and last column
both consisting entirely of zeroes) for N = 2n + 1. We also have

0 —t O - 0

t 0 0 - 0
k=tx=¢(2z{ 0 O 0 teR) =R

0 0 O )

We can ecasily verify that {A4,B) = — (2n) *tr(4AB) = 2Y}-,1;5; for all
A,Bet; = R", where A =(ty, ..., t,) and B =(sq, ... , s,). Therefore the or-
thogonal projection g:t; — tg is given by projection onto the first compon-
ent: ¢(X) = (x4, 0, ..., 0) for all X e R" = t;. From this it follows that

{est e 1<isnju{e for N=2n+1,

Rsom\Rp =
SO(N)\ H {{eiiel: 1<l§7’l} for N=2n,

and that A = g(R¢\Rj)\R§ consists of the element (1,0, ... , 0), with multi-
plicity »n in case N = 2n + 1 and with multiplicity n — 1 in case N = 2n, and
the element (— 1,0, ...,0) with multiplicity n — 1 in either case. Thus
rank(A4\{o}) = rank(4) =1 for all e 4 (since we assume n =2 in either
case). Furthermore, it is easy to see that (0, ... ,0)e q(u + Qg) forall ue P¢
(recall that Qg is the sublattice of t; generated by the roots Rg).



284 U. Porod

We next prove that g and k have no ideals in common. Indeed, for any

O -» 0 - 0
b 0 o - 0
B=2x{ 0 O 0 ‘lek
0 0 0
with b # 0 we can take
0 0 0 0o - 0
0 0 —a 0
p 0 a O 0
= €
0 0 g
00 O cr e 0

for any a # 0 and verify that [ 4, B]¢k.

Now choose p in P¢&% with uy = 1. The following branching theorem
makes it clear that res3g()(p,) always contains the following irreducible
representations of SO(2): the representation of index O (e, the trivial
representation), the representation of index 1, and the representation of

index — 1.

Theorem 4.1 Let N = 3. Identify SO(N — 1) with the subgroup of SO(N) of all
elements of the form (§9). We then have
(@) resgoon(p,) = @mg where the sum is over all fiwith |fiy| < py £ fi; <
: g /zn é Hys and
(b) resgoan yy(p,) = @ where the sum is over all fiwith |y, | < iy £ py <
: § /jn* 1 é Hy -

Indeed, let us assume that u = (1, g1, ... , i) In case N = 2n + 1, we see from
Theorem 4.1(a) that res3gy ;(p,) contains the representation of highest
weight (1, gy, ... , #n) (among others). In case N = 2n, we see from Theorem
4.1(b) that res3g(y_,(p,) contains the representation of highest weight
(1, 2, ... , ttn—1) (among others). From this we see that res3g,(p,) always
contains the irreducible representation of index 1. This representation, further
restricted to SO(2), yields the irreducible representations of SO(2) of indices
— 1,0, and 1 (again by Theorem 4.1(a)).

We now show that M3O™S030)£0. By Lemma 23(a),
{—1,0,1} < supp(M$¥). Since, by Lemma 2.3(b), supp(M$*)nCy is
a convex polytope, ic., for this example, a closed interval, and since
M3OMS0@) 45 g piecewise polynomial nonnegative function (recall Theorem
2.1; the nonnegativity of MS* on Cy is a direct consequence of Theorem 6.4
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in [5]), we can conclude with the use of Lemma 2.2 that M5°®™S0@(0) 2 0,
It now follows from Theorem 3.1 that it takes at least

i = nt+1 for N=2n+1,
" n*—n+1 for N=2n

steps for vi?™-59®@ 1o have an L,-density with respect to Haar measure
2’.SO(N)'

Remark 4.2 If we slightly change the definition of the measure v39™-50(2) by
changing Haar measure on SO(2) to the probability measure on SO(2) with
density proportional to (sinzt)" ™2, the result is quite different from that in
Example 1: The L,~-norm of the kth convolution power of the new measure is
close to 1 after k = inlogn + cn steps for ¢ = ¢,, where ¢, is some universal
positive constant, and for both N =2n and N = 2n + 1. See [7] for more
details.

Example 2(a) (Random complex reflections) G =U(N) with N =3,
K =U(1) @ S'. K is embedded in G via

ei2m 0
with t e R/Z.
0 1
We take the standard choice of maximal torus T4, namely the subgroup of
diagonal matrices of U(N). The set of positive roots is

Riw=1{ej—es 1 <i<j< N}
Therefore, card Ry, = 3(N? — N). Furthermore,
te = {diag(i2nty, ..., 2nty): reRfor L Sk < N} ~RY
and
k =ty = {diag(i2nt,0, ... ,0): te R} = R.

We can easily verify that our choice of inner product € -, > on g, restricted to
tc @ RY, is the standard Euclidian inner product. As in Example 1, the
orthogonal projection q:tg; — ty is projection onto the first component. From
this it follows that Rjw\Rz = {ex —e;: 1 <k < N} and that 4 consists of
the element { — 1,0, ... , 0) with multiplicity N — 1.

Now choose pe P§°® with u; £ — 1 and uy = 1. The following branch-
ing theorem makes it clear that resgg)’(pu) always contains the following
irreducible representations of U(1): the representation of index 0 (ie., the
trivial representation), the representation of index 1, and the representation of
index —1.
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Theorem 4.3 Let N = 2. Identify U(N — 1) with the subgroup of U(N) of all
elements of the form (§9). We then have

U(N)
resy - 1)(pn) = O,

where the sum is over all i with yy £ i, S < -

H/\
ll/\

I~ Hy-

For example let us choose p = ( — 1,1, u3, ..., uy). From Theorem 4.3 we see
that resU(N 1y(p,) contains the representation of index ( — 1,1, s, ... , fiy—1)
(among others). Therefore, resg5)(p,) contains the representation of index
( — 1, 1), which, further restricted to U(1), yields exactly the representations of
indices 0,1, and — 1.

We can apply the same reasoning as used in Example 1| to show
that MJ™ YD) £ 0. The rest of the conditions of Theorem 3.1 are
easily checked. It follows that it takes at least k = 3(N? — N) + 1 steps
for v/™-UMW to have an L,-density with respect to Haar measure

Example 2(b) G=U(N) with N >3, K=U(1)=S'. K is embedded in
G via

eith 0

i2mt

0 1
with t = R/Z. The projection q:tg — tg is the orthogonal projection from R¥

onto the one dimensional subspace of R spanned by (1, 1,0, ... , 0). From this
it follows that

RJ(N)\RE = {ei—€1: 3 §i§N}U{ei——€2: 3 éléN}

and that A consists of the element (—3, — 3,0, ... ,0) with multiplicity
2N —4.

Now choose p € P, for which y; = — 1, u; = 0, and p3 = 1. We claim
that for such a g we have: m ™ VM (x) £ 0 for x = — 1,0,1. Indeed, u and
any vector resulting from permuting the elements in p are weights of p,,. Thus
we see that y,, (diag(e™, ¢, 1, ..., 1)) (which is a sum of powers of ¢"*™)
must contain the terms e’z’”,e“'z’", and 1 with positive coefficients. Now the
same arguments as before apply to prove that M ™ U®(0) £ 0. The rest of
the conditions of Theorem 3. 1 are easily checked. Therefore, as for Example
2(a), it takes at least k = 3(N? — N) + 1 steps for v{ ™ U@ to have an L,-
density with respect to Haar measure Ay .
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Example 3G = U(N)with N 2 5, K = T? =~ §* x§!. K is embedded in G via

eizml 0

with t,t, € R/Z. The projection g:tg — tg is the orthogonal projection from
RY onto the two dimensional subspace of RY spanned by (1,0, ..., 0) and
(0,1,0, ..., 0). Here we have

RJ(N)\RE = {ei—el: 2§i§N}U{€i“—‘82: 3 §I§N}

and A consists of the element ( — 1,1,0, ... ,0) appearing with multiplicity
1 and the elements ( — 1,0, ... , 0) and (0, — 1,0, ... , 0), each appearing with
multiplicity N — 2. Note that rank 4 = 2 in this case.

Now choose u € P for which i, < — 1, 43 = — 1,5 =0, yt = 1, and
us > 1. From the branching theorem for U (N) (Theorem 4.3) we can see that
resvg’))(pu) contains the following irreducibles of U(2) (among others): the
irreducible of highest weight (0,0) (i.e., the trivial representation), the irredu-
cible of highest weight ( — 1, — 1), and the irreducible of highest weight (1, 1).
Since T2 is a maximal torus of U(2), it follows that mY™ T (x) #£0 for
x =(0,0), (— 1, — 1), {1,1). We can thus prove in the same manner as before
that MY T*(0) # 0.

The rest of the conditions of Theorem 3.1 are easily checked. We can now
conclude that it takes at least k = (N2 — N) + 1 steps for v?® 7" 10 have an
L,-density with respect to Haar measure Ay .

Example 4 G = Sp(n) with n =2, K = U(1) @ S*. K is embedded in G via
z 0
eGl(n,H), zeU().
0 1
We now view Sp(n) as a group of 2n-dimensional complex matrices via its

natural representation. The standard choice of maximal torus Ty is the
subgroup of diagonal matrices. The set of positive roots is

Rspm=1{ejte1<i<j<nju{l2e:1<i<n}
Therefore, card(R sp(n)) = pn?. Furthermore,
te = {diag(i2nt,, ... ,i2nt,, —i2nty, ..., —2at,):h,eRforl Sk <n} =R"
and

k =ty = {diag(i2nt,0, ... ,0, — 27,0, ... ,0): te R} = R.
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Thus the projection g:tg — tg is given by projection onto the first quater-
nionic component. It follows that

Rsym\Ri ={ec te: 25k <nju{2e}

and that A consists of the elements ( 4+ 1,0, ..., 0), each with multiplicity
n — 1, and the element (2,0, ... , 0) with multiplicity 1. Therefore rank(4) = 1.

We now show that there exists i € P ° for which resgf{? (p,) contains the
following irreducible representations of U(1): the representation of index 0,
the representation of index 1, and the representation of index — 1.

Choose y € P& ° for which y; = 1. The following branching theorem, used
inductively, makes it clear that resg2(?,(p,) always contains the following
representations of Sp(1): the representation of index 0 and the representation

of index 1 (i.e., the natural representation).

Theorem 4.4 Identify Sp(n — 1) with the subgroup of Sp(n) of all elements of the
form (§9). We then have

Sp( _
fessi(ﬁ’wn(/?u) = @Nuﬁnﬁ

where the sum is over all i = (iy, ... , B ) WithO Z ji; £ -+ < li,—, and the
multiplicity N, is the number of sequences py, ... , p, of integers satisfying

0Sp S Epa S - SEpu Sty

and

PLEQEP S St = Pa
Indeed, let us assume that u = (1, iy, ... , ). From Theorem 4.4 we see that
ress?® | \(p,) contains the representations of indices (1, s, ..., ,~1) and

Sp(n)

O, uz; ... , tta—1) (among others). It follows that resgp 7

representations of indices 0 and 1 (among others).

We now restrict the representation of index 0 and the representation of
index 1 of Sp(1) further to the maximal torus of Sp(1) (i.e., to the subgroup of
diagonal matrices of the form diag(e’?™,e™*™) with ¢ € R/Z). This maximal
torus is our subgroup K = U(1) and we now can see that the representations
of index — 1,0, and 1 occur in res;{V(p,). As before, we conclude that
MSP@-UMD Q) £ 0. The rest of the conditions of Theorem 3.1 are easily
checked. It thus follows that it takes at least k = n + 1 steps for vi?®-V® (o
have an L,-density with respect to Haar measure Ag, -

(p,) contains the
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