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Summary. This paper applies the stochastic calculus of multiple Wiener-1t6 integ-
ral expansions to express the number of crossings of the mean level by a stationary
(discrete- or continuous-time) Gaussian process within a fixed time interval [0, 77].
The resulting expansions involve a class of hypergeometric functions, for which
recursion and differential relations and some asymptotic properties are derived.
The representation obtained for level-crossing counts is applied to prove a central
limit theorem of Cuzick (1976) for level crossings in continuous time, using a
general central limit theorem of Chambers and Slud (1989a) for processes expressed
via multiple Wiener-It6 integral expansions in terms of a stationary Gaussian
process. Analogous results are given also for discrete-time processes. This approach
proves that the limiting variance is strictly positive, without additional assump-
tions needed by Cuzick.

1. Introduction

There is now a very well-developed stochastic calculus for smooth functionals of
stochastic integrals with respect to Wiener process (Kallianpur 1980), which has
been applied extensively to problems on diffusions and counting processes. This
calculus could also be applied to the study of nonlinear functionals of stationary
Gaussian processes, as has been remarked by Kallianpur (1980, Chap. 6), by using
the representation of such functionals as multiple Wiener-Itd integral expansions.
The paper of Chambers and Slud (1989b) is one effort in this direction. Indeed,
since the celebrated Diagram Theorem of Dobrushin and Major (1979) can be
viewed as a representation theorem for polynomials of multiple Wiener-1to integ-
rals, there is every hope that some nonsmooth nonlinear functionals of stationary
Gaussian processes could be represented explicitly as multiple Wiener-It6 integral
expansions. The nonsmooth functionals studied in this paper are the counts of
level-crossings.
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There are two reasons for interest in explicitly defined multiple Wiener-Itd
integral expansions. First, it has been known at least since the work of Versik (1962)
(see also Chap. 13 of Sinai 1977, for clarification) that spectral ergodic-theoretic
properties such as weak-mixing and mixing for a functional (“factor” in the
language of ergodic theory) of a stationary Gaussian process, can be expressed in
terms of the absolute-continuity equivalence class of the underlying spectral
measure together with the multiple Wiener-It6 integrands. A second way to exploit
Wiener-It6 integral expansions has been developed by Taqqu (1975), Dobrushin
and Major (1979), Maruyama (1976) and Chambers and Slud (1989a,b) among
others. These authors prove general (functional) central and noncentral limit
theorems for such expansions. In the present paper, central limit theorems of
Chambers and Slud (1989a) will be applied to the level-crossings counts.

Our general references for multiple Wiener-It6 integrals are the monograph of
Major (1981) and Chapter 6 of Kallianpur (1980). The relevant results from the
general theory are summarized also in each of the papers of Chambers and Slud
(1989a, b).

In this paper, X, is a mean-0 and variance-1 stationary Gaussian process, either
in discrete or continuous time as specified. Its correlation function will be denoted
by r(t), and its spectral measure (assumed nonatomic) by ¢ (either on [ —=, 7]
or on R). On the spaces L?(IR¥, 6*, sym) of complex square-integrable functions f
which are symmetric in their k real arguments (x,,...,x;) and which satisfy

f(—x)=f(x), the multiple Wiener-Itd integral operators are denoted
I.: L*(R*, ¢*, sym) — R, and the constant function with value 1 in the domain of I,
is denoted 1,.

2. Representation results and limit theorems

The starting point is to recognize that the indicator Iy, x, ., <o, that X, and X, , are
of different signs, is the sum of products I;y,<o; I 1x,,,>0; and Ijy,> 01" Ix,, , <0 Of
functionals which depend only on single coordinates of the underlying process X, .
After expressing the functional Ijx, . ¢, as a multiple Wiener-It6 integral expansion
and expressing products of expansions through the Diagram Theorem, we obtain
the first Proposition and Corollary.

Proposition 1. Define p =r(1), SS=S0=1for L= 1, and for j = 1

Sizsi(il’jqa"‘:lL)E eiln +- 4+ 4)
1=<mi<...<n;5L
Then
Ietico =2 =+ 3 (=107 Lo 3 ShaC (p))
[X0X1<0]_2 T oo 2m “o 2m ~m, s
where
i i+ —DICm—j+a— 1! o
C.ilp)= Z (—1y 1P U )( J ) a—m+1

22 0: 2% jodd alfj+a—1 \ 2m —j+a—1 |
5 ! 3 !
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Corollary 1. For positive integers T,

T-1

1 & B
Z (I[xjxj+l<o]— >=_ Z (—1)" 1
=0 T e

T+ -+ ) _ 1 2m
'12m< Z SJZm Cm,](p)>
1 Jj=o

il + 4 dap)

arccos( p)
T

Since the main point of this paper is to give explicit multiple Wiener-It6 integral
representations for functionals related to level-crossings counts Y. Iy, x, ., <oj- it is
k

important to catalogue some basic properties of the family {C,, ;(-)} of special
functions. It will be proved in Sect. 3 below that the functions C,, ; are hypergeo-
metric functions, and each of the following properties will be seen to derive from
known relationships among such functions.

Proposition 2. The functions C,, ;(p) arising in Proposition 1 satisfy the following
identities and recursion relationships:

(0) Co,0(p) = arcsin(p).

(1) Forall0 <j<2mandm 2 1,Cy, ;(p) = Cpym- j(p)s and (1L — p*y*" 12 C,, ;(p)
is a polynomial in p which for 1 £j < 2m — 1 has degree at most m — 1.

(2m —2)! P
(2) Formz1,C, ,(p) = m DI (1 PP and
(2m — 2)! 1

Cm,l(p) = -

(m _ 1)'2m—1 (1 - p2)m—1/2 :

d
(3) Forall 0 <j=<2m — 2, withm = L%Cm—u(ﬂ): —Cpj+1(p).

(4) For 0 <j<2m— 1, Cm+1,j(P) = 2(m — j) Cm,j(P) + Cm+1,j+2(P)-

Qm—j) &
(m — 12"~ dp? (1 — p*yn =¥

In the following theorem, asymptotic normality has been proved by Ho and
Sun (1987) and also follows easily from Theorems 1 and 2 of Chambers and Slud
(1989a) using the representation of Proposition 1. The positive lower bound for the
asymptotic variance is apparently new.

(5) Forjsm—1, Cpyy jr2(p)= (=1y

Theorem 1. Suppose that the covariances r(n) = E{X(0)X(n)} of the discrete-time

Gaussian process X (t) are such that Z r?(n)< co. Then

arccos( p)
T

T-1

1
\&/?j;o (I[XfX,-+1<01 -

where the asymptotic variance o> satisfies
4
mf |p —cos(A)>f2(A)di>0

for p = r(1), and where the spectral density fe L? is defined a.e. by the mean-square

2, 4(0,02) as T— oo

az

v

convergent series f(x) = (2r) ! Z e " p(n).
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For the remaining results, take ¢ to be a continuous time parameter. We assume
from now on the condition which Cramer and Leadbetter (1967) and Geman (1972)
respectively showed to be sufficient and necessary for the number of zeroes of X, in
[0, 1] to have finite variance, namely that »”(0) is finite and that

er'(t) — (0
() r()dt<oo for some ¢ > 0 2.1

O‘—a

Theorem 2. For a mean-0, variance-1, continuous-time stationary Gaussian process
X, satisfying (2.1), the number of axis crossings within the unit interval [0, 1] has the

representation
_r/rO 0 ei(}-1+“'+12m)_1
u 1+ Z IZm - .
T m=1 l(il + - '+12m)

12

; < ) (m - l)tzm—l 1§n1<-Z<n21§2m lnl o inzz)}

An immediate but very interesting consequence of this representation is that,
under the hypotheses of the last theorem, the number N (T') of axis-crossings in
[0, T'] by the process X, is an integral functional:

Corollary 2. Under the hypotheses of Theorem 2, for each Te(0, o)
T
Nx(T) = | 6,°Zyds,
0

where 0, is the time-shift map on (£, %, P) and Z , is the square-integrable functional
of {X,} with the explicit representation

1/2

/ )l'(2m =21

N R () @ mo /2 ’(l '
Zo = n {1+m2=:1[2'"(,;<r”(0)> (m—D)12m!

0
) Aoy " Dy )} (2.2)
1€m<- - <nu<2m
Corollary 3. The random variable Z, of (2.2) is equal to
\/_r//(o) 0 2—m+1 1 X6
{1 - ——— H, | ———— | Hyp- X
7 { mZI IZO 2l — 1 l‘( _ l)' \/ —r"(O) 2m 21( o)
(2.3)

where H,(x) denotes the k’'th Hermite polynomial normalized to have leading
coefficient 1, and where X, denotes the mean-square derivative of the process X, at
t=0
, _d
Xo = 'd-t“ Xt
Just as we obtained Theorem 1 from Proposition 1 by means of the general
central limit theorem of Chambers and Slud (1989a), so from Theorem 2 follows the
central limit theorem of Cuzick (1976) for numbers of axis-crossings in large
intervals by continuous-time Gaussian processes.

=1I,(id) .

t=0
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Theorem 3. Suppose that X, is a mean-0, variance-1, continuous-time stationary
Gaussian process satisfying (2.1), and assume in addition that both r(t) and r”(t) are
Lebesgue square-integrable functions on R. If Ny(T) denotes the number of axis-
crossings by X, on the interval [0, T, then

1
NG

where the asymptotic variance o* is finite and satisfies

o> (_’"(0))§<1 Lo >2f2(/1)d/1 >0

(NX(T)— T\/_;”(O)> 2, #0,0%) asT— o,

r"(0)

with the L2 function f defined by the mean-square convergent integral
@n)~ ' f e " (1) dr.

Again the conclusion of positive asymptotic variance is new. Cuzick (1976,
condition (A3) of Theorem 1) needed additional assumptions (such as his Lemma 5)
to obtain it. In this continuous-time case, an explicit integral formula for the
asymptotic variance o2 in terms of the covariance function r(t) is known, due to
Schultheiss et al. (1955) and Cramer and Leadbetter (1967). Indeed, these authors
provide a corresponding formula for the exact variance of Ny(T)/ \/ 7, and the
assumption of square-integrability for r”(f) then ensures that the asymptotic
variance remains bounded as 7— .

3. Proofs

Proof of Proposition 1. Observe first that if

k
H(3) = (— 1) 2 £ )

denotes the K'th Hermite polynomial (normalized to have leading coefficient 1),
then EHZ(X,) = k! and I,(1,) = H,( X,)/k!. Since the polynomials Hk(Xo)/\/k'
form an orthonormal basis of L*(X,),

1 = 1 2
Iixoz 0= Z H (X \/k‘ j\/—'k! —\/2 e” 1% dx
Now for k= 1,
0 ) w0 dk ,
g H (x)e *?dx = f (—l)kﬁ(e_" 2y dx
4]
dk—l B
= (D = € ) emo = Hiey (0)

which is O unless k is odd. Moreover, since

e & H,(x) L (2n)!
xt—t2[2 m m n
e =) “ml t™ implies H,,(0) = (—1) ]

m=0
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we conclude that

& (=" @)
I[Xa>0] \/ Z 2n+1( (2 + 1)' !
1 1 2 ) (21?)
zi \/— Z - ) 12n+l(12n+1)
Now
1 1 1 1 ,(20)!(2n)!
Ixox, <o) = 2 2<I[X020] - 5)(1[)(1;0] - 5) 5 ;;;(—l)ﬁ P

'12k+1(12k+1)12n+1(12n+1e“HL oAy

which we re-express by the Diagram Formula (Major 1981, p. 42). The double-sum
must have finite expected square because Iy, x, <o; does. In what follows, the free
interchange of orders of summation can be justified rigorously by first replacing z

N K N
by Z and Z by Y, next projecting ) Y onto the range-space of the 2mth
n=1

k=1n=1
order multlplc Wiener-1to integral operator 1,,,, and finally taking limits as K and

N go to oo . With S§ as defined in Proposition (2.1),

1 (2K)N2n)! 2+ 2k 4 1
(3 hooreo) =BT G S

®x=0 &

2n+1 )
< , )a!(j‘el(x1+“‘+xu)a(dxl)'"a(dxu)>.

@k +n+ 1 — ) |
Rkt Dign 1 1)! 2kens 1 -y (€0 T b))

2(kAn)+1 2 k 1

k n 2n+l

oen! o 1oa Ak+n+1—a)
2k+nk!n! 2(kk+n+1—a) 2k+2n+2-2a 2n+ 1 — ¢

which, after the change of summation-indices p=2n+1—a, g=2k+1 —a,
becomes

® 1\ 1 pe 1\p*ta)2 +a— D! — 1!
Z ) " /Z’ ) b+ M+ ) Ly g (S544)
Lo\ 2 al% 4% 2 <p+a—1>‘<q+oc—1>'

2 ) 2 )

where the summations Y’ run over all nonnegative integers p, ¢ for which p + o
and g + « are odd. Now with a new summation index defined as m = (p + q)/2, the
assertion of Proposition 1 follows. O

Proof of Proposition 2. We first give explicit formulas showing that the functions
C,..;(p) are of hypergeometric type. Indeed, substitute into the series defining
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C., ; ( p) the “duplication formula”
zl  Tz+1) _22F<z+1>
= S ol (e
(z/2)! F(%—%— 1) Jr 2

respectively forz=j+ o —1,2m —j + o — 1, and ¢, to find

LG +a2lm—-G—-972) ,
I'((x + 22T ((x + 1)/2)

When j is odd, let the running index o in (3.1) be 2nforn=0,1,2,...; whenjis
even, we take « = 2n + 1. In both cases, the infinite sum has a simple expression in
terms of the classical hypergeometric series

& I'a+mI'b+n I() 2"

Fla.ben= 3 Ma T(®) Tc+mnl

for parameter ¢ not equal to a negative integer, namely

2t (] J J il o,y .
- F(E)F<m—§)F<§,m—§,§,p jodd
2 i+l j—1 j+1 j—13 L
j— L \r S — L L~ Z 52
nl’( 7 > <m 3 )pF( > ,m 2 ,2,p jeven

Here we adopt the convention that I'(a + n)/I'(x) = 1 for any o when n = 0, and
I'(x + n)/T'(a) = 0 if o is a negative integer with o« + n > 1.

Our general reference for hypergeometric functions is the Bateman Manuscript
Project (1953), vol. 1, chap. 2, which we cite as BMP. We prove properties (0) to (5)
of the Proposition by reference to known relationships among hypergeometric
functions, given by formula numbers from Sects. 2.8 and 2.9 of BMP.

(0) By (3.2) and formula (2.8.13) of BMP,

1
Crj(p)=—= > (=tp7t2m ! (1)

\/TC az0:a+jodd

Cm,j( P) =

113

— P I :
Co,o(P)—PF<2,2,2,p> arcsin(p) .

(1) Formula (3.2), like the formula defining C,, ;(p) in Proposition 1, is evidently
unchanged if j is replaced by 2m — j. Moreover, formulas (2.9.1-2) of BMP,
with z=p? and a=j/2, b=m—j/2, ¢=1/2 for j odd and a=(j + 1)/2,
b=m—(j—1)2, c =3/2 for j even, show that

(1= p*y" 12 C, 5(p) =
-1 i\ (1—ji+]1
- F<%>F<m—%>F<TJ,%~—m,%,pZ> j odd

2 i+ j—1 j j 3
iy o _J - _J S 2 ;
l< 5 )l(m 3 )pF(l 2,1+2 m,2,p Jj even

Since F(a, b, c, z) is a polynomial of degree (at most) k in z whenever a or b is a
negative integer —k, the right-hand sides of (3.3) for j=0, 1, 2, ..., 2m are

(3.3)
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polynomials in p, and for all values of j other than 0 and 2m, the degree in p is at
most m — 1.

(2) follows immediately from (3.3) upon substituting j=1 or 2, since
F(a,b,c,z)=1 whenaorb=0.

(3) For j odd, we have

d P 2n+j) 2n+2m—2 —j)!
% m 1] =2 Z (2n ] j 27Tm = _Cm,j+1(p)
<n+§>!<n+m—1—§>!

which can also be seen via (3.2) and formula (2.8.20) of BMP. For j even, put z = p?

d d
and use the chain rule o = 2'0212 in formula (2.8.22) of BMP, to obtain

d ™ (i1 i—1
—C. . == r{ 1T \r A DSV
L ewto=2r(I ) r(n-15 )z
Al it —13
dz(z F( 7 " 2 i
m (i1 =1\ (i+1 =11
== () r(m- - -
n(Z)(m 2>F(2’m 2

= —Cpyiy,j+1(p)

(4) When j is odd and less than 2m, it is easy to check via (3.2) that Property (4) is
equivalent to:

_IVE( I Y cmepF(Lm—L L
(m 2>F<2 +1— 7737 )-—(m ])F(z,m 570 P

I (s it
+2F<2+1,m 2,2,p>
and this relation holds by formula (2.8.32) of BMP with a=j/2, b=m —j/2,

¢ = 1/2. Similarly, for even j < 2m, Property (4) is equivalent to formula (2.8.32) of
BMP witha = (j+ 1)/2,b=m —(j — 1)/2, ¢ = 3/2.

. o d/
(8) For0Zj=m—1, Cpiy,j42(p) = (_I)chm+l—j,2(p) by (3), and the re-

sult follows immediately by formula (2) for C,,,,_; ,(p). U

Proof of Theorem 1. For the Central Limit assertion, we apply Theorem 2 of
Chambers and Slud (1989a) to the representation given in Proposition 1, with

Y= Iix.x,<0) — arc_czi@_ z I.(f.), and with Hermite rank m of 2. It is

important to remark here that although the assumption (A.1) of Chambers and
Slud (1989a, p. 326) apparently requires that ¢ be absolutely continuous with
respect to Lebesgue measure on [—7, ], in fact the proof of Theorem 2 of
Chambers and Slud makes use (via their Lemma 4) only of the existence of some
bounded positive functions g, () on [ —=, 7] whose m’th convolutions converge
uniformly as M — oo to the density of ¢*" But under the assumption

i lr(n)|™ < oo, which is here in force, the density of ¢*™ is bounded and

-
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continuous and is given by 27) ' 3 r"(n)e” ™. Then the functions

e &}

0

1
gul(x) = Q2m)~" Y r(n)e” ™ "2m™
are bounded and continuous, and by the Dominated Convergence Theorem g3"
converges uniformly as M — oo to the density of o*™.
The functions f, in the multiple Wiener-1t6 integral expansion for ¥ = Ijx, x, <o
— n~larccos(p) are f,(4) = 0 for odd k, and

fillhy=n"t(—1y"! _ZOSQ,,C,,’j(p) for k=2nnz1
=

Thus £, (4) is bounded and continuous. The hypothesis (A.3) of Theorems 1 and 2 of
Chambers and Slud (1989a) follows easily, and by Lemma 2.3 of Chambers and
Slud (1989a), for k = 2n

eiT(l1+“‘+}»k)_1
2na, = lim Var<T‘”7‘Ik< Iy ﬁ:(i)))

T— o

k,2 <Z San,.,(p)> FA) - fUdAy . dA

Ak=—Ar— - —Ax-1

with the last integral taken over [ — =, n]* 1. Moreover, a general argument of Ho
and Sun (1987, (2.6)~2.9)) using only the property that Iy x, <¢; depends on
finitely many coordinates of X,, implies that for all large 7, all k = 2, and some
constant M, not depending on k or on 7,

eiT(l1+ st 1
Var( T_1/21k< ei(;“_}. st AK) 1 fl;(i))) é Ml Var(lk(ﬁ())

An immediate consequence of the last two displayed formulas is the assumption
(A.2’) of Theorem 2 of Chambers and Slud (1989a). That theorem now implies the
asserted central limit convergence of the present Theorem.

To prove the lower bound on the limiting variance «?, observe first that the pair
of random variables

1 71

Tp 5 O ED), p S e )

0 n=2
are jointly asymptotically normal and independent as 7 — oo by the central limit
theorems of Chambers and Slud, with asymptotic variances adding to «2. By
Lemma 2.3 of Chambers and Slud (1989a), the asymptotic variance of the first of
the displayed variables is

2n llm —“j j. |f£ [|11+12|§h]a(d’12)a(d11)

-n _ﬂ:

= § 15l — )P (=12 (),
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Now we make use of the special form for f,(1) at {1,, —4,), namely

1 ) ,
LAy, —4y) = T {CI,O(p) + (e”h + e—lh)c1,1(P) + C1,2(P)}

1
Sadl— gt {2p — 2co0s(4;)}

where we apply Proposition 2.(1)-(2) to find that C,; 4(p) = C, ,(p) = p(1
—p)" Y% and Cy (p) = — (1 — p?)~ 2. Substituting for f,(1,, —1,), we have
proved that

1 n
2> _ 2 p2
a? = T _jn4{p cos(A)}2 f2(A)dA
which is strictly positive because fis a well-defined and nontrivial Lebesgue square-
integrable function on [ —w,n]. [

Proof of Theorem 2. Letting

Si(e) = > gitlh, + 7 4 )
1Sn<---<n;jsL

we find

0= L*lim I
i dixx, <o)

= L2lim <1— ! i (—1)'"12,"< ZZm 84m(e)Con, ,—(r(s))))
2 = =0

e=>0+ m=0

which implies that for all m > 0,

=0+

0 = L*-lim 12,,,< in S3m(8)C, ,-(r(s)))
j=0

- 12m<1im 5 sgm(s)cm,,-(r(s))> (3.4
g0 j=0

where the limit inside I,,(-) is taken in the sense of LZ(¢?™ sym)=

{fe L*(R?™, g™™): fsymmetric in Ay, . .., A, and f(—4) = f(4)}
Define now for pe(0, 1) and A = (4, ..., A,,)eR™

2m .
Gnlp; 2) = ZO §omCom, i(P)
P

Then our results of Proposition 2 on the form of the functions C,, ;(p) imply that
G,(p; tA)is analytic and bounded in the real argument ¢ and is equal, for each fixed
t and J, to (1 — p?)~™* /2 multiplied by a polynomial in p. The main part of our
proof consists of two Propositions describing the top-order (i.e., order ¢) behavior
of G, (r(g); ¢4) for each A as e - 0.

Since C,, /(p) is a meromorphic function of p, we can define

p1- i=0

2m
hy= lim (1—p?)2 Y (Z;n)c;‘j(p) form=0
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It follows immediately from Proposition 2.(0) that h, = 1, and direct calculation
using the recursion relations in Proposition 2.(4) shows that h, = 1, h, = 3, and
hy =15,
.. 2"
Proposition 3. Form=> 1, h,=Q2m—1)2m—3)...1= %F(m +1).
2m

2m H
Lemma 1. lim (l—pz)”‘_”/zz<]k ( Cn i(p) exists for each
po1- j=0 J

=

k=0,...,2m and has the wvalue 0 for odd k, —h, for k=0, and
2m " 1/2

— (-2 by, | INfork=2I121.

Proposition 4.

hm Z $1,(6)C,p j(r(8)) = hm Gm(r(s) gA)

e—0¢&j

m

- & oy, (1)

I=¢

X Y Ay .. A

P
1€£p1<-:+<paus2m

We proceed to prove Proposition 3, Lemma 1, Proposition 4, and then return
to Theorem 2.

. 2
Proof of Proposition 3. When A =0, 84, = ( m>, so that
J

2m
Galp:0) = (2;">cm,,-<p)

=0
By Proposition 2.(1), (1 — p?)™~!? G,(p;0) is a polynomial in p, but by (3.4),
G,.(p; 0) has the value 0 at p = 1. Therefore the function
R.(p)=(1—p*)" 2 (1 = p)T"Gu(p; 0) = (1 + p)"(1 — p*)"V?G,(p; 0)
is a polynomial in p. By I'Hopital’s rule applied to G,,(p; (_))/\/ 1 —p3,
~2R,(1-) = Tim (1 5 A Gy(p:0)
P

p1-
2m 2
= lim (1-p*)'? Y} ( '.")C’m,,-(p)=hm
po1- Jj=0 J

But since (1 — p)™ R,.(p) = (1 — p2 )"~ 12G,(p; 0), we have
m!(—1)" R, (1 — )——{(1 PP)" T 2 Gh(p5 Q) pm i -

and
1 2m

hm: - (—1)m 20(2m> {( Z)m_llzcm,j(p)}p=l—
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By Proposition 2.(1) and (2), the only terms which contribute to the last sum are the
two (equal) terms with j = 0 and j = 2m. Thus

1 4"
b = 27 e A= )T G o (0] = (3:5)

In the rest of this proof, we refer again to formula numbers in the Bateman
Manuscript Project (BMP) chapter on hypergeometric functions. Combining (3.3)
and (3.5), we find that

h B (_1)m+1 dm 3
—m:2 m+1y 7 T F 1’1* =, 2
2"L(m +3)//n m!  dp™ p oof p=1

which by BMP formula (2.11.9) is
27m(_1)m+1 dm 3 l—p
== Y R L1-2m—m—2L
ml(2m — 1) dp™ T Ay Ty

Rt —om o m P
3 2 ),

Using BMP formula (2.8.20) to re-express the derivatives yields
=" {(=2)"F(m+1,1-m3,00—2""F(m+ 1,1 —m,3$, 1)}

(by BMP (2.8.33)) :%{1—(-nmf;éF<m+1,—m€,Q}
i rera
(by BMP (2.8.46)) =5{1+P4WQm+DF6_;LéLW”}

and this final expression is equal to 1, completing the proof. [

Proof of Lemma 1. The Lemma is true by definition of 4, for k = 0. We proceed by
induction on k. Assume that we have already proved the Lemma for all values of
k <2112 1. Then by the identity C,, ; = C,, 3,,—j, for k =21+ 1

EG)( e B (7)ol () (7))

2
is the sum of polynomials in j of even degree 2! multiplied by ( m> Cn,i(p), and is
J

2)—l+1/2

therefore of order (1 — as p increases to 1. It follows that as p > 1 —,

(1 — p2)k-r2 Z( )(i’")cm,j(p)—»O for k=21+1.

Next, for k= 21 + 2, (1 — p?)'* 12 Z ( >( ) >C,M-(p) differs from

(_1)l+1(1_ 1+1/2 Z ]‘1) (_l)(zm—])li?m_]_l)(2M—]—l)

x(?)gAm (36)
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by a term of order (1 — p?); thus our Lemma will be proved if we show that as p
increases to 1, (3.6) converges to

2m 1+1 12
_ —( ; )(—2) h.,.ml_l(H 1>(l+ 1

Still maintaining k = 2/ + 2, we find that (3.6) is equal to

2mi-1 ... @m—k+ 1) 2m—k
(—1)* (1 —p2)+i2 'y 2Cm)2m—1)...(2m + )<jr_n1_1)cm‘i(p)

j=I+1 k!

which by Proposition 2.(3) applied / + 1 times is equal to

2m\ d'*t mmd-t/ om  k
o 2Ni+12
4= <k> <;—1—1

With the index of summation changed to r =j — [ — 1, (3.7) becomes

1+1 2m- N
ore () (o
k dp r=0

Finally, we know for all n that for p in the neighborhood of 1,

)Cm—l-l,j—l—l(p) (3.7

T+1
dp j=I+1

)Cm—l—l,r(p) (3:8)

r

2n

2
D < 4 )c,.,,<p) + (L= )

r=0

is equal to (1 — p)*/* multiplied by some smooth function of p. It follows that for

Jj < n, as p increases to 1
. d’ 2 [ 2n : (172
1 — p?yi=12 C —2iL2 2 (1) it
(1 —p?) dp,r;)(,) nr(P) = S(—1) (j )J
Substituting m — ! — 1 for n and I + 1 for j, we find that the limit of (3.8) as p

increases to 1 is 5 1
m I+1
— — h _,_ 1!
<k>( 2) m,l(l+1>(l+)

and our induction is completed, proving the Lemma. O

Proof of Proposition 4. Recall that the function (1 — p?)" " V2G,(p;tl) is a
polynomial in pe(0, 1) and analytic in ¢ for fixed 1. Now for small ¢, 1 — r?(¢) is
asymptotic to —r"(0) €2, so that £2™G,,(r(g); t 1) tends to 0 as ¢ does. Since we have
proved in Lemma 1 that (1 — p2)~'/2- G,(p; 0) converges to — h,, as p increases to
1, we expand the terms S3,(¢) in powers of ¢ to find

2m 2m
lim e G, (r(e);64) = —(—r"(0)?h, + lim e~ Y} Y
>0 £ 0 Jj=0k=1
gk
ik(inl +oo At }'n')k‘cm j(r(g))
1gm<-""<n;22m k™
Each term (4,, + - - + 4,,)* can be expanded as a sum of monomials in 4; of the
form K(d, k;a) A3t ... A% where 0 < p; < - - < p, < 2m, where the positive
integer powers a,,...,a, sum to k, and where the integers K(d, k;a) do not
depend on j. Moreover, within the sum > (An, + -+ + 4,,) each

lsn<-' - <n;<2m
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term K(d, k;a) 43} ... A;; which appears must appear precisely (2m _dd) =
J p—
2 j 2
< ]m><1d> / < ;n) times. Thus we know, for each fixed j, k, that

(g + 7+ )

1€m<- - <pj<2m
2m\ [ j 2m
= , K(d, k;a AghL A%
dz::e<1 ><d> ( _)1§P1<'Z<mé2m ? p/(‘i)
where the outer summation ranges over all d = 1, . . ., k and all positive integers

dqs - .. ,a, which sum to k. Finally, by Lemma 1 we learn that for fixed d < k, if
either d < k or k is odd then

lim &*~ 12 (2m>< ) C,(r(e)y=0
e~ 0 ji=o\ J

Now change the summation-index for even k to [, where k = 2[; observe that the
constant K(d, k;a)fora = (1, ..., 1) and d = k reduces to k!; and apply Lemma 1
once more to find

m e Gu(r(e)ied) = — (= F"O) 2y + Y (=1 Y dpdy,
g0 =1 1Ep1<-"-<pu<2m
21—-1 (211)
-lim ¢ Z C,. (r(€))
20 (
= Z(_l)l z A'Pl"'lpﬂ
=0 l1spi<: ' <pn=2m

-(—r"(on”l-’(—z)’(lfz)hm_,l!

Our Proposition is proved. [

Conclusion of proof of Theorem 2. Under the condition (2.1), the sequence of
random variables

g~1-1

(1 1
ZO I{thxﬁﬂ,s<0]=g 1<§——arcsm(r(s)) Z (=)™,

I= =

el(h+-~~+12m) 1 2m
'<eis(/1;+~-»+/12m) Z S4(2) mj(p)>
increases monotonically for ¢ along the sequence ¢ = 27" to the square-integrable
random variable equal to the number N,(0, 1) of axis-crossings by the process X,
for te[0, 1]. It follows that convergence takes place also in mean square, and that
the same sequence of variables orthogonally projected onto the subspace range

(I,,) = H,, must correspondingly be uniformly square-integrable and converge in
mean square. This reasoning shows that for each m, and for ¢ = 27", the functions

ei().1+ ot dazm)

2=
eig(l}+ - FAzm) l j;o S.]Zm(s)cm,g(p)
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converge as £ — 0 (n — o0) in L2(¢*™, sym). To identify the limit, it suffices to find a
o™ ae. limit (for fixed A,,...,4,,). First observe that the function
g(eitmt  Fham) _ {)J(gt(Aet - +Hham) _ 1) is bounded, uniformly for ¢ in a small
neighborhood of 0, and converges pointwise as ¢ —>0 to —i(ef(+¥ ~* 42m)
— 1)/(A; + - - - + 45,,). Thus the Theorem follows from the pointwise convergence
of

2m

g_le(r(g); Si) = 8_1 Z Sém(s)cm,j(r(s))

j_
proved in Proposition 3. [J

Proof of Corollaries 2 and 3. By 1nspect10n if Z,, is given by (2.2), then j 0050 Zy ds
agrees for all T with N,(T) as expressed in Theorem 2. Next observe that X o and

0/\/ —r"(0) are jointly Gaussian and independent with unit variances. All Her-
mite polynomials H,(X,) and H,(X5/,/—r"(0)) are therefore uncorrelated, and
are given respectively by k! Ik(lk) and j!I;(4, ... 4;i/(—r"(0))"/?). By a simple
case of the Diagram formula,

12m<l <my < Z< <> }'"1 ce j'nz;/(_r"(O))l)

2
B (2rln)! <27>(2””2’(’11 o A" O) 7 @m = 2D o211 21)
!
(21)7 a HalX 0/\/ O))(‘—zg),HZm—zl(Xo) .

To complete the proof of (2.3), substitute into (2.2) using the identity

(21— 2)!

1/2 1 _ 141
( ] >=ﬁ(1/2)(—1/2)...(—(21—3)/2)—(——1) *—221_2(1_1)”!.

Proof of Theorem 3. The asserted asymptotic normality follows from Theorem 2 of
Chambers and Slud (1989a), now in a continuous-time setting and applied to the

functional Z, = Z Ip(72m) of (2.2). Assumption (A.1) of Chambers and Slud

holds in modlﬁed form exactly as in the first paragraph of the proof of
Theorem 1 above, and (A.3) again follows without difficulty from continuity of the
integrands y,,. Finally, (A.2’) follows as in the proof of Theorem 1 from
Lemma 2.3 of Chambers and Slud together with the key observation that
T~ Var(j0 Lom(vam(A)explit(d, + - - - + A,,,)))dt) is bounded by a constant M,
times Varl,,(y,,(4)), uniformly in m and 7. This last fact follows from the
previously-cited argument of Ho and Sun (1987, (2.3), (2.6)-(2.9)): in their argu-
ment, replace j by 2m, dG by do, ay(x, ..., X;) by yom(x1, . . ., X3,), d and & by 2,
and put k,(x) = 1, hy(x) = lx/\/—r"(O)
Just as in the proof of Theorem 1, we find

. . elT(}.1+lz) _
lim Var(Ny(T))/T =z lim Var(]z(myz(ll,lz)>>

T T—ow
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which by Lemma 2.3 of Chambers and Slud is equal to

275'%'“72@1» —).1)|2f(/11)f(—/11)d21
and is precisely the lower bound given in Theorem 3. [

Acknowledgments. 1 am grateful to the referee for the suggestion to relate the functions C,, ; to
known special functions, and to Professor Frank Olver for the observation that they are of
hypergeometric type.
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