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Summary. Sufficient conditions are given for a family of local times {L{} of
d-dimensional Brownian motion to be jointly continuous as a function of ¢ and 4.
Then invariance principles are given for the weak convergence of local times of
lattice valued random walks to the local times of Brownian motion, uniformly over
a large family of measures. Applications include some new results for intersection
local times for Brownian motions on R? and R®.
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1 Introduction

For local times of one-dimensional Brownian motion, there is a huge body of
literature for the modulus of joint continuity and for invariance principles (see, e.g.,
[Bo2]). However, when one turns to d-dimensional Brownian motion, much less is
known. Local times at points do not exist, and the appropriate analogue to study is
additive functionals L} corresponding to certain measures u. For continuity, there
are a few results concerning joint continuity in ¢ and u, such as [B] and [Y]. There
are some results on the convergence of functionals of random walks to a single
additive functional (see [Dy]), but nothing, as far as we know, on uniform
convergence to a family of additive functionals.

The purpose of this paper is to study continuity properties and invariance
principles which are uniform over large families 9 of measures u. We use the term
“local times on curves” instead of “additive functionals™ because (1) most of the
examples we look at have p’s supported on curves and (2) the term “additive
functional” is strongly associated with probabilistic potential theory; we make no
use of this deep subject, but instead rely on stochastic calculus methods.

Our first set of results concerns the continuity of L! as a function of ¢t and p. If
Wi is a family of measures y, each of which satisfies a very mild regularity condition,
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we show that L* is jointly continuous in ¢ and g, even when IR is a very large family.
Largeness, here, is measured by the metric entropy of 9 with respect to a certain
metric for the space of measures on R? with the topology of weak convergence.

The majority of the paper is concerned with invariance principles. We suppose
that X, X, . . . is a sequence of mean 0, lattice valued i.i.d. random variables with
finite variance, and possibly satisfying additional moment conditions. We let §,
denote the partial sums. We suppose that for each ue9R, there is a sequence of
measures u, converging weakly to p. Since the X are lattice valued, we suppose the
i, are supported on n”Y2Z% Then, if the p, satisfy the same mild regularity
condition as we imposed on the yx and the metric entropy of the y, is suitably
bounded, then the local time for S;/./n corresponding to u, converges weakly to
L*, uniformly over pe 9. The size of the family I that is allowed is determined by
the number of moments of the X.

Although our theorems are quite general, they also seem to be quite powerful,
as a number of examples show. For example, in the case of classical additive
functionals, where the u’s have densities with respect to Lebesgue measure, we get
continuity results and invariance principles over a large class of functions, with
minimal smoothness assumptions. If u is a measure supported. on a curve and we
approximate u by curves containing the support of S; //n, we get an invariance
principle that is uniform over a large family of curves.

One of the most interesting examples is that of intersection local times. If
a(x, s, t) is the intersection local time of two independent Brownian motions, then
o« measures the amount of time that the two Brownian motions differ by x, xe R
LeGall [LG] and Rosen [Ro] have shown that the number of intersections of two
independent random walks converges to the intersection local time of two indepen-
dent Brownian motions at a single level x when the random walk has two
moments. This result can also be obtained as a corollary of our methods. In
addition, if the random walk has 2 + p moments for some p > 0, we get the new
result that weak convergence holds uniformly at all levels x. LeGall and Rosen also
have results for invariance principles for k-multiple points. Again, with 2 + p
moments, we can get the corresponding uniform invariance principle.

To get some idea of the relative sharpness of our theorems, we look at the case
of local times of one-dimensional Brownian motion. A problem that has been
studied by a number of people is the question of an invariance principle that is
uniform over all the levels x; see [Bo2] and the references therein. As an immediate
corollary of our theorems, we get an invariance principle, uniform over all levels x,
provided the X; have 2 + p moments for some p > 0. The reader should compare
this with the results of [Bol]; there, using techniques highly specific to one-
dimensional Brownian motion, the uniform invariance principle is obtained under
the assumption of finite variance. See also [BK2] for further extensions.

Our results on the joint continuity of local times of curves with respect to ¢ and
the measure y are given in Sect. 2. We also remark there that many of the results
have analogues for symmetric stable processes.

In Sect. 3 we prove a local central limit theorem. The theorem is that of Spitzer
[S]; we derive an estimate of the error term that may be of independent interest.

In Sects. 4 and 5, we derive exponential estimates for the tails of the difference of
two local times for the random walk. Some of these ideas secem likely to have
applications elsewhere: the theme is that if one wants weak convergence or
exponential estimates for additive functionals, one only has to compute first
moments.
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In Sect. 6, we give our invariance principles, with different versions depending
on how well-behaved the tails of the X; are. The fewer moments, the smaller the
family 9 that is allowed. If one has only finite variance, one can still get conver-
gence of the finite dimensional distributions if 4 < 3, but not (by our techniques)
uniform results.

Finally, we give our examples, already discussed above, in Sect. 7. For the
reader primarily interested in the applications, we suggest reading Sects. 6 and
7 first.

2 Construction and joint continuity

Let Z, be Brownian motion on d-dimensional Euclidean space R? Let g be the
Green function of Z, if d = 3. If d = 1 or 2, g shall denote the 1-potential density of
Z.. So

[ ps(x,p)ds i d=3
gluyy =+ o

fe™®p(x,y)ds if d=1 or 2
[¢]

where p,(x, y) is the transition function of Z. We define the potential of a measure
u by
gu(x) = [ g(x, y)u(dy) .

Then it is well-known [BG] that if the map x — gu(x) is bounded and continuous,
then there is a continuous additive functional {L!} so that

MY = gu(Z,) — gu(Zo) + L (2.1)

is a mean zero martingale. L} is called a local time of Z on the support of .
If Ik is a family of positive measures on RY, define

de(p, v) = sup [gu(x) — gv(x)l, pvedk.

xeR?

Define Hg(e) = Hg (¢) to be the metric entropy of M with respect to the norm dg;.
In other words, Hg(g) = log N (e), where N () is the minimum number of dg-balls
of radius & required to cover M. If

He(X) S erx™, x<1, (2.2)

for some 7, we say that the exponent of metric entropy of Hg is < r.
We then have

Proposition 2.1 If gu is bounded and continuous for each peM and if dg(u, v) < 1,
then

11”<SUP LY — Ll 2 Z) = caexp(—Aera/de(wv),  wved, yeR?,

t<1

where c; 5 depends only on sup,cm || gitll o -
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Proof. Let U = gu(Z,) — gu(Z,) and similarly for U;. Note |[U}—U;|<
2dg(y, v). Write N, for M¥ — M. Applying It&’s formula,

t

(UY - U =2[ (U = Uy)dN, = 2| (U§ = U5)d (L — Ly)
0 0

+[Ur-U,U*-U"];.
Since [U* — U”, U* — U"], is [N, N],, we take expectations to get

E’N? = '[N, N1, < 4(de(w, v))* + 2ds(u, VE (LY + L2)

< 4do (1, v))* + 4sup llgpll o de (1 v)

ueM
< crade(p, V) (2.3)

for bounded stopping times 7.
Consider arbitrary bounded stopping times T = S. Then denoting the shift
operator by 0,,

B*{|Ny — Ns||Fs} < [B*{|Ng — Ns*| #5}1'”
= [Ey{[N,N]T - [N: N]slgrs}]l/z

é [IEy{[Na N]ooOGSl?S}]l/z é |:SupIEx[N: N]oo:|1/2

< c¥ide(w ) (by (2.3).)
Using (2.1), we get
B {|(L% — Ly) — (L& — L) Fs} < (4 + ci'D)de (1, ) .

Since L* and L} are continuous, they are predictable, and therefore an application
of [DM] p. 193, completes the proof. [

Theorem 2.2 Let 9 be a family of positive measures on R. Suppose

(i) SUp,ereSUPemgi(x) < 0, and for all ueIM, x — gu(x) is continuous;

{ii) Hg has exponent of metric entropy <r < 1/2.
Then there exist versions of L* such that (t, p) — LY is almost surely jointly
continuous. Moreover,

|Lf — L]

W< ,  as.

limsup sup sup
d—0 05t=1 pveM
oS8
Remark 2.3 One could give an integral condition that Hg needs to satisfy and also
a more precise modulus of continuity, but even in the case of one-dimensional local
times our result here is not sharp. This reflects the fact that Proposition 2.1 yields
exponential tails for L¥ — L} and not Gaussian ones.

Proof of Theorem 2.2 By the estimates of Proposition 2.1 and a standard metric
entropy argument (cf. [Du]), we get the desired modulus of continuity for (¢, 1)
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restricted to [0, 1] x D, where D is a countable dense subset of M. Define

[F = lim L.
oo
u,€D
In view of Proposition 2.1, L= LY, te[0,1], as. In particular, the potential
of ¥ is the same as that of Li‘, hence L* also corresponds to the measure p.
The L;‘, then, are versions of L” satisfying the desired modulus of
continuity. [

Define another metric on our family of measures 9t by

fydu—fydv], pved,

dr(p, v) = sup
Yed

where @ is the collection of all functions :R?— RY such that
[Wle v IVl < 1. It is not hard to show that the d; metric metrizes weak
convergence of probability measures. (This metric is equal to what is sometimes
known as the bounded Lipschitz metric.)

Example 2.4 Suppose d = 1. Consider point masses, §, and 0,, on x and y,
respectively. Then dy (0., 6,) = supyce | (x) — ¥ ()| S [x — y| A 2.1t is easy to see
that we actually have equality here.

Example 2.5 Fix two maps F;:[0,17—>RY i= 1,2 Define for all Borel sets
4 < R? the measures

mA) = {0t < 1:F@Med)l, i=12,

where || denotes Lebesgue measure.
Choose € L. Then

J¥duy — [ydu,| = N(Fl(t dr — W(Fz(t))dt

1
and so dp(p, p2) S J(I1F1(1) — F,(1)] A 2)dt,
0

much as in Example 2.4. The right hand side is equivalent to the L,-metric
corresponding to convergence in measure.

Definition 2.6 Let M be a family of positive finite measures on RY such that for
some ye R and constant ¢, 5 = ¢, 5(7),

sup sup u(B(x, 7)) £ ¢, 57" 7277, r <1
neM xeR?

We call the largest such y the index of M. If M = {u,}, then we say that y is the
index of .

Proposition 2.7 If index (M) > 0 and supy p(R*) < oo, then | gpll, < 00 and gu(-)
is Holder continuous for each ueI.
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Proof. Consider the d = 3 case first. Then g(x, y) = ¢;|x — y|*>~¢ for some ¢,. So

g = [gte udy) = | gbo Yudy) + [ glx »udy)

B{x,1) B{x,1)¢

Sou@®Y+ [ glx @y,

B(x,1)

where B(x, r) is the ball of radius r centered about x.
But if 0 < y < index(IM),

o)

I gl y)udy) =Y ) g(x, y)u(dy)

B(x,1) J=027UrN gx — y| <27

Scg Y, [279DPT(B(x, 27)
j=0

0
é Cag Z 27 < 0.
j=0

The d = 2 case is similar, since g(x, y) £ — ¢,.1log|x — y| for [x — y| < 1. The
d = 1 case is also easy and is done in a similar fashion.
To show Hélder continuity, consider the d = 3 case again. Then for & > 2|x — y|,

[ g, pudy) — | gy, 2)u(dz)

Bix,e) B(x,¢)

lgu(x) — gu(y)| =

+| | (9(x.2) = g(y, D) u(d2)

B(x,&)°c

=D, +1,,. (2.4)

The second term is estimated as follows.

Lo | 1g9(x2)—g(y2)|

B(x,e)¢

Scglx—yl [ (x—zlviy—z)'"pds) S cooe’ x—yl. (23)

B{x,£)*

For the first term of (2.4),

Las [ (90 )+ g(y, 2))p(d2)

B(x,¢)
=2 | (9(x, 2) + g (3, D)u(d2)
j=027U Vg |x —z| <27

<2sup ¥ | g audd

a j=-12"U"Ng< e —z] <27 e

<caiosup ¥ 27UV (B, 2778)
a j=-1

<caqy Y 277 S can28” (2.6)

jiz-1
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Putting (2.4), (2.5), and (2.6) together gives the existence of a constant ¢, 5 such that

sup |gu(x) — gu(y)| < cp13108" T+ &, £>25 .

[x-y|sé

Therefore letting ¢ = ¢; (46797 Y, we get,

sup |gpu(x) — gu(y)l £ €p.4567€@T77D

lx~y| 5o
-0 asd—0.
This proves the proposition for d = 3. The cases when d < 2 are quite similar. [J
The following relates the two metrics, 4, and dg:

Proposition 2.8 If u and v are two positive finite measures on R? so that
index({y, v}) >y > 0, then for some constant c, 1 depending only on 7,

de (1, v) £ 216 [dr (1, v)]
where l = y/{(d + y —1).
Proof. Take d = 3:

dg(p, v) = suﬂg tgu(x) — gv(x)|
<sup| | glx y)(u~V)(dy)i+ sup | | glx, y)(#—V)(dy)‘
xelR?| B(x, ¢) xeR?| B(x,e)e
= 12.7 + 112.7 . (27)

We proceed to estimate each term on the right hand side of (2.7) separately.
Consider the second term first.

112.7 = Sup ¢4
xe R4

But Yo(y) =[x — y[*7¢ A &9 satisfies [|Wollo < 7% and | Vo llo < c4780 ¢
for a constant ¢, 4. So

olx—yP i p— V)(dy)] :

B(x,¢)¢

I, 7 £ ¢3.15 SUD {!N/d(# —v)

MWl =274 Ve < 62.1781”"}

xeR*
Scpa0e! (1), X1, (2.83)
We estimate the first term that appears in (2.7) exactly as in (2.6) to get
I 7 = 3408 . (2.9)

Putting (2.9), (2.8), and (2.7) together, and letting & = dy (g, v)}/@ 7=,
do(p, v) < 225 [6" + dp(p, v)e' 1]
= a2 LdL(p, V)] .

The cases when d < 2 are much the same. [J
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Now let H; (g) be the metric entropy with respect to metric d;.. Then Proposi-
tion 2.8 and Theorem 2.2 together yield the following

Theorem 2.9 Let I be a family of positive finite measures on R%. Assume that index
() >y, and let 1 =y/y +d —1). If the exponent of metric entropy of Hy is
< 1 < 1/2, then there exist versions of LY such that almost surely,

Ly — L]

limsup sup sup T

-0 0s:s1 opveM
dr(pv) S8

Remark 2.10 Theorem 2.2 holds for many other Markov processes as well as for
Brownian motion. For example, if Z, is a symmetric stable process of order « the
statements and proofs of Proposition 2.1 and Theorem 2.2 go through with only
minor changes.

In the stable case, g(x) = c,.23]x[* % Just as above, gu will be continuous and
bounded if u(B(x, 7)) £ ¢3.247°**? uniformly for xe R% r < 1. Proposition 2.8 still
holds provided we here define ! by I =7y/(y +d —a + 1). Similarly, with this
change in the definition of I, Theorem 2.9 holds as well.

3 A local central limit theorem

In this section, we derive a local central limit theorem, which is that of Spitzer [S]
pp. 76-78, but we use the additional moments to get better estimates of the error
terms. We apply this to the problem of estimating the potential kernel of a random
walk (cf. [NS] and [BR, Sect. 22]).

Let X;,X,, ... beiid Révalued random vectors. Here X; = (X},..., X 4.
We consider the case d = 3 for a random walk, S, = Y i~ X;. Assume the X ;s take
values in Z¢ are mean 0, have the identity for covariance matrix, are strongly
aperiodic, and have finite third moments. Let ¢(u) = IE exp(iu- X,), where a-b is
the usual inner product. Also let p,(x, y) = IP*{S, = y}. Then we have the following
local central limit theorem:

Proposition 3.1 There is a constant ¢, 1 such that for all n,

Sup|pa(x, 0) — (2n) 47 1112 < e (1 + BIX, P)n ™ D2 log " my @t 972

(Here log™ (n) = log(n) v 1.).
Proof. We follow the proof of P9 given in [S] pp. 76-78 closely. Let
E(n, x) = [ pa(0, x) — (Zﬂn)_d/ze“|x|2/2n| .

Then

4
sup (2nn)¥2E(n, x) < 2m)~** . 1
x j=1

j=
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where

I(ln) = sup j‘ (¢n(om—1/2) _ e~|az§2/2)e—i)roc/\/rzd(.}C ,

X |a| = An
w12/ i 112
I(zn) = sup e lo]*/2 —ix-an d(xi ,
x |lalz4n

P=sup| [ ¢"en Ve ®Wrda|, and

x A, sldSrn

I =sup| | ¢"(an_1/2)e_ix‘“/ﬁda

x| o> rﬁ

zxeﬁfg

Here 4 = {xeR?:max; 4|x'| < n} is the unit cube of side m. Furthermore,

A, = /2plogn for some large f and r > 0 is a constant that is small. We proceed
to estimate each term separately. Take n > 1.

I"<n [ |¢(an™ 2 —e l*2m 4y

fal £ 4n

since for all a, beRY,
llal" = |b["| £ nla —bl(lal v [b[)'" 1.

By definition, 4,/ ﬁ — 0. So a Taylor expansion implies
d(an /)=1—T+E1(<x,n)

2
e lalan _ 1 _ %’— + E; (o, n)

and for all || < A4, Ei(, n) £ c3,(1 + E| X P)(Ja|>/n3?),i=1,2.
Therefore there exists a constant c; 5, independent of e {xeR?:|x| £ 4,}, so
that

sup |p(an™ 1) — e~ < ¢y 5 (1 + E|X, ) Ain 2

la| £ 4n
< 3.5/86%2(1 + BIX, P)n~ ¥ (logn)¥2 .
Therefore,
IP < cs4(1 + E| X, [P)ndin™ > (logn)*| B0, 1)|
=c35(1 + E{ X, *)n" 2 (logn)*3/2 (3.1)

Next,
Ig‘) é I e—IaIZ/Z doc g C3.6n_ﬂ . (32)

la] 2 4n

The upper bound for I and I% is done exactly as in [S]: for » small enough

P <am*. (3.3)
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Also, for r small enough, there exists de(0, 1) so that
IP <1 =8){o:]a] > r\/ﬁ; aeﬁ(g}l
<cyqnt, (3.4)

where | B| is the Lebesgue measure of the Borel set B. Putting (3.1)—(3.4) together,
the proposition is proved. [

Recall that X, is subgaussian if there exists r > 0 such that for all t > 0,
Ee* 1 < 2e%r . (3.5)
Define the potential kernel for the random walk:

G(xa y) = an(xa J’) .

Recall d = 3 and hence G is well-defined and finite. Also recall that for some
constant ¢, g(x, y) = c4]x — y|*>~% Then the above proposition implies:

Proposition 3.2 Assume the X’s are subgaussian. Then there is a constant c3 g so that
for every x, yeZ’,

1+d

|G(x, y) — g(x, )| < caslx — yI' "4 (log¥|x — y)

Proof. By translation, it is enough to do this for y = 0. Clearly we shall only need
to consider the case |x| = 1. By Chebyshev’s inequality and (3.5), for all xeRY,

P{|S,| 2 |x|} < 2exp(—|x|*/4nr) . (3.6)
|x|*
Let f(x) = Klog x| | k large. Then
f F@) f
Y Em X)L Y, pu(0,x) + Y 2mn)”2eIxFm (3.7)
n=1 n=1 n=1

We bound each term on the right band side of (3.7) separately:

f(x) [
Y a0, %) < ) P{IS,] = |x]}
n=1 n

=1

Sx)
< Y 2e7IxAm (by (3.6))
n=1
|x|? |x]? -k
< - < . Jar
= 2f(x)exp< ey ) = c“kloglxl | x|
< |x|*7¢ if k is large enough . (3.8)
Similarly,
S ) B
Y (2an)~42e P2 < x|t 74 if k is large enough, [x[ = 1. (3.9

n=1
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Then (3.7), (3.8), and (3.9) imply that if k is large enough,
fix)

Y. E(n,x) < 2/x{' . (3.10)
n=1
Now we estimate » °_ o E(, x) as follows:
Y Emx)<csio », n@rY2(logT n)@*32  (Proposition 3.1)
nzf(x) nz /()
< caa x|t (log " [x]) (3.11)

Putting (3.11) and (3.10} together implies

Z E(n,x) £ ca2]x|" " (log™ x|} .

nz1

This in turn implies

G0, x) — Y. (2nn)~42e~IxI%2n

nz1l

g R WP 7 iy 0 (-3 B4} L

However, it is easy to show that

d+1

Y (mn) e g(x, 0)

nzl

< csaalx]! (log T |x])

This proves the proposition. [J

Corollary 3.3 Suppose d z 3 and the X's are subgaussian. Then
(@) G(0,x) = cs.qa(l A |x]?7%);
(b) For each Be(0, 1), there exists c3.15 = c3.15(B) such that for all x, yeZ* — {0},

[x — yl Ix — pit7#

1GO, x) — GO, y)| = S ([ A et + 03.15W :

(3.12)

Proof.

o d)

G((): 0) = pO(Oa 0) + 2 pn(oa 0) é 1 + 203.1671’—‘1/2 § C3.17 »
1

n=1

by Proposition 3.1. So part (a) follows by this equation if x = 0 and by Proposition
32if x| = 1.

Note that part (b) is trivial if x = y. So let us exclude this case. By Proposition
32,if fe(0, 1),

1G(0, x) — g(0, x)| < c3.45]x]7@7170
and similarly for |G(0, y) — g(0, y)|. But
190, x) — g(0, )| £ ca.10ly — xI/(Ix| A [y
Since |x — y| 2 1, part (b) follows by the triangle inequality. [J

Remark 3.4 Note that if Cov(X () = Q for Q any positive definite matrix, Corollary
3.3 still holds. To see this, one merely needs to replace the proofs of Propositions
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3.1 and 3.2 with ones where the identity matrix I is replaced by Q and the density of
a (0, nl) r.v. is replaced by that of a (0, nQ) r.v. (cf. [S]).

Remark 3.5 The assumption that the random walk be strongly aperiodic may be
removed by the method of Spitzer.

4 Moment bounds

In this section we consider the analogues of some of the results of Sect. 2 with
random walk in place of Brownian motion. Assume that d = 3 and that the X’s are
such that conclusions (a) and (b) of Corollary 3.3 hold. Fix n. Let u, be a finite
measure supported on n~Y/2Z% Let M, be a family of such measures.

Let us define index,(IN,) to be the largest y such that there exists ¢, ; with

1a(B(x, 8) < a5, xeRY s€[1/24/n 1], e, . @.1)
Note, taking xen™ 2Z% and s = 1/2\/1;, then in particular
({x}) S cqyn? TUTE < g 10?72 42)
Define
k—1
Lyt = 0?70 S 0 ({8;//n)) - @.3)
ji=0

Proposition 4.1 If index,({u,}) > 7, then sup, IE*L*" < c4.,, where ¢4, depends
only on 1,(R?),y, and the constant ¢4, of (4.1).

Proof. By translation invariance, it suffices to suppose x = 0.

EOLy =1 S w({y//n})p0, )

j=0yeZ’

_ iz ZZdG(O,y)#n({y/ﬁ})
ye

Seqan¥?t i Y P sy

k=0 2k<|y[<2k*1

+ nd/z— 1 G(O, 0)#:1({0}}

< cq a1 Y 24270, (B(0, 2471/ /n)) + n*2 71 G(O, )y ({0})

k=0
= 14_5 + 114,5 (45)
I1, 5 1s bounded using (4.2) and Corollary 3.3(a). For I, s, note
Y 2C-0,(B0, 2 ) = T+
kgo \/ 2 gzﬁ 2 >Z\/r_¢
<o, 2 2k{2—d)(2k+ 1/\ﬂl)a—2+y

*<./n

+ C4q.5 Z 2k(2~d> é c4,6nl"’/2 . (46) 0

%> /n
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Corollary 4.2 Let yen Y2Z° If ui is u, restricted to B(y,r)— {y}, then
EY LM < ey o1,

Proof. The proof is very similar to that of Proposition 4.1, except that we may omit
Il 5 and in estimating I, 5 in (4.6), we need only look at sz <r i 1

Recalling the definition of d; from Sect. 2, notice that

AL (s V) = sup{ zzdw(y/ﬁ)(un—vn)({y/\/ﬁ}st}‘
ye
Taking ¢ = c4.8/\/ﬁ at xen Y2Z% and 0 on B(x, 1/2\/ﬁ)c, we see

(1) = v (X)) £ caron/ndL (s V) - 4.7

Lemma 4.3 Suppose |y]l, =1, u(R?), v(RY) S cq10, and |[Y(x)—y ()| <
fx — y1% Then | [y (y)(u — v)dy)| £ ca1(dip, V)™

Proof. Let ¢ be a smooth, nonnegative, radially symmetric function with compact
support and [p.@(x)dx = 1. Let ¢,(x) = ¢ "p(x/e), Y, = Y * @, for £ > 0.
First,

Wa(x) — Yy X)| = | [L¥(x — y) = ¥ (). (y)dy

< [ylfee(n)dy = &flyl*o(y)dy £ caraé.
Next, let u be a unit vector, V,f= V/f-u. Since j(pg(x — y)dy is constant, then
§Vip.(y)dy=0.
So
|Vupe ()] = [[r(x = p) Vao (n)dyl = [[[¥(x — y) — ¥ ()] V.o, (y)dy]
= “ﬂaﬁv(dﬂ)@(}’/g)dy Scyqse!

Hence,

fd(e — I S §1Y — deld(u +v) + [ [¢,d(g — )|
< ca 28 (BRY) + v(RY) + cay36™ Hdy (1, v) .
Now take e =d;(u,v). O

Let 3, be a family of measures supported on n™2Z4 with index, (M, ) > 7. We
now obtain:

Proposition 4.4 For each § > 0,

sup sup |[E¥(LG* — L") < cqraldr (e, va))?
P Va €My x
where

lp=y(1—=B)/d+7y~1-8) (4.8)

and c4.14 depends on ¢, 1, y, B, and supay w1, (R?).
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Proof. By translation invariance we may suppose x = 0. Write ¢ for dy (u,, v,), ! for
ly. Let Gx(y) = G(0, y) A K. As in (4.5),

EO L%y — BOLS™ = n2 71 Y [G(0, y) — G (0)1(tts — va)({¥/+/1})

y*0

+ 19271 Gy (9) (tn — va)(9/</ 1)

+ n?271[G(0, 0) — Gg(0)1(tts — v)({0})
=lyo+ o+ 1l . (49)
Note G(0, y) — Gg(y) = 0if [y| > c4.15s K79, So, writing { = K179,

Lo<n®™ 0 Y GO, )+ va)({¥//n})

0 <yl <eansl

= 2(E°Ly* + BOLY™) S dcy e,

where ¥ = c4,154’/\/ﬁ.
From Corollary 3.3(a), (b) it follows that if xen™ Y2Z? then

G(0, x/n) S c3.14n1 4 x 277,
and hence

|G(x/1)| < caqgnt 92270
Similarly, if x, yen™ Y2 Z% then

_ x—y'F x -yl
|Gi(xy/n) = Gi(y/m)| < cayqn’ “(' Cd_f_ﬁ + Cd_ly :

Define y(x) = n¥?~1Gg (xﬁ) for xen™ Y27 and define y(x) by some suitable
interpolation procedure if x¢n~*/2Z" Looking at the cases { > [x — y| and { £
|x — y| separately, we sce

_y|l-B
W) — ()| £ 04,19(% N 52_d> |

Applying Lemma 4.3 to ¢4 1907 ~#y, we get
St #
I 0 = C4.20271_—1_—,3 .
Finally, by (4.7) and (4.2)
Il o < con(n¥2-128 A n=72) . (4.10)
Looking at the cases when n~1/2 is greater than and less than n~ "2 separately,
I, o < c4rndt.
Choose K so that { = (31 Fp¥2)H0+d=178) o
Tao+ Iao+ Il o  copyn@WE=1Hy=B=11570=DIA=153=H) 4 o, ) 6
< C42407,

sincen=landy/(d—-1+y—p—-1<0 O
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5 Martingale calculus estimates
As in Sects. 2-4, we restrict attention to the case d = 3. Assume again that the
conclusions (a) and (b) of Corollary 3.3 hold. Let I, be as in Sect. 4. Fix u,, v, €M,
and let A

Fe L~ L, U(x) = B AT, |
There exists a mean 0 martingale M} so that

Ui =U"(Sk) — U™(So) = M} — Af .
Define Bj, = max; <, |4i|. We proceed to estimate E?|B7 |2

Proposition 5.1 There is a constant ¢s., = cs.1(IM,,) so that

sup sup IEY[B% |2 <cs, 0k
nzl o, v,eM,
A, V) £ 6

where I is defined in (4.8).
Proof. Fix n. We shall temporarily drop the n superscripts. Notice that
| 4> £ 2| Ul? + 2| M, 2
< 2¢3146% + 2|M|> (Proposition 4.4) ,
where 6 = d; (u, v). Hence

E?| By, > £ 2¢3146% + 2B sup | M, |?
k

<22 ,,6% + S8E’|M 12 (Doob’s inequality) . (5.1)
But

Mo 21U * + 214, 2
< 2¢3140% + 2|4,|* (Proposition 4.4) .
Therefore (5.1) yields
BY B, 2 < 18c2,,0% + 16?4 |*. (5.2)

Letting 44, = A,.; — A, note that

Il
Ingk:]

AZ (A%+, "AI%)ZZAAk(Ak+1 + Ayg)
k

k

It

0

l

Y 44, QA1 — A4,)
k

= 22 A+ 1 A4y Z(AAk)z .
k k



480 R.F. Bass and D. Khoshnevisan

So
AL =23 (A — Ax 1) A4 + Y (44L)° . (5.3)
k k
=Is3+1ls3.
]Eyl(s‘3) = Z]Ey{IE(Aoo - Ak+1|g%k+1)AAk} (9’21 = U{Xu e Xi})
k
_—_ZIE”{IES““[AOO]AA,C}
k

< 2¢4.146"%Y IE?|44,| (Proposition 4.4)
k

= 204.1451”1[‘:)’([4';6“ + L")
< 4cy 14¢4.,0% . (Proposition 4.1) . (5.4)

Next, using (4.2) and (4.7),
SUP | (stn — ) ({(X])] £ €5.2((/nd A 0} 7@ 02)

So
B*Is.5 = n* Y [t — va)({Sy1/3/n))T°

< 27 sup (s — vo) (X)) P02 71 Y (1 + v )({S511//n})

< csa [n47076 A n TP L + BV L]
By the argument following (4.10) and Proposition 4.1,
E’Ils3 < c536 . (5.5
Adding (5.4) to (5.5), we get Proposition 5.1. [J
Using this, we prove the following exponential estimate:

Propeosition 5.2 For all xe(0, o), all f(0,1), and all 6 £ 1,

X
sup  sup ]Py{SUPILz’“"—Lﬁ’V"|éx}§2€XP{_—’_}~
nz1l iy, v, k oV C5.45l‘3

di(pn,v,) £ 0

Proof. Define A"(f) = A} and B} = sup,,|A"(t)]. Then ¢ — B} is predictable and
increasing. Since t — B” is also a sub-additive functional, Proposition 5.1 and the
Cauchy-Schwarz inequality show that

E’{B", — B} Fr} < \/cs5.10%.
Therefore, by [DM] p. 193, for every 6 < 1, all x > 0, and A€(0, (c5., 6")113/8),
sup  sup BBl < (1 — A fes 0%)7t .

n21 i, veeW,
Ap(thn,va) S0
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Hence

sup  sup  PY{|B%|zx} e (1 — Ay/cs.00%) 7"

nz1l  fhy,vueM,
dp(Hns va) < &

Letting 4 = 1/16./cs., 6%, we get the result. )

6 Invariance principles

Throughout this section assume that X, X,,. .. are mean zero random vectors
taking values in Z¢ and that Cov(X,) = I, the identity matrix. Further moment
conditions will be imposed later. Let S, = ) 7, X;. Let 9 be a family of positive
measures on IR% Suppose for each peN there exists a sequence of positive
measures, 4, = p(n) converging weakly to p, and for each n, u, is supported on
n~ 1279 Let

M, = {u(n): ueM} .

Hypothesis 6.1
(@) There exists cg.q, independent of n, such that u,(IR%) < ce. 1, pn€M,;
(b) for some y > 0, there exists cg., €(0, 00), independent of n and p, such that

Sup#n(B(x: S)) :<: C6.25d_2+y lf‘l/z\/ﬁ é N é 19 n % 13 #nemn;

(cg) there exists ce 5 and & > 0, independent of n, such that if Hi is the metric entropy
of M, with respect to d;, then

Tx) S coax W27 H(x) S cgax W20 xe(0,1).

In what follows we will formulate a number of invariance principles. See [Bi] for
the appropriate definitions concerning weak convergence on metric spaces. But
perhaps the simplest way to describe what converging weakly uniformly over
a family means is to say: one can find a probability space supporting a Brownian
motion Z, and a random walk with the same distribution as the S,’s such that
St/ ﬁ converges uniformly to Z,, te [0, 1], a.s., and L;4" converges uniformly to
Lite[0,1], ueM, as.

A. Subgaussian case. In this subsection, assume d = 3 and assume that the X,’s
are subgaussian. The following proposition follows from Proposition 5.2 just
as Theorem 2.2 followed from Proposition 2.1, by standard metric entropy
arguments.

Proposition 6.2 If Hypothesis 6.1 holds for some [€(0, 1), then for each n > 0
lim sup sup]P{sup sup |Lpt—Lp™ = 71} =0.

50 nz1l k21, v,eM,
dp(fte,ve) =0

Proposition 6.3 If Hypothesis 6.1 holds for some fe(0, 1), then the process
{7280, L4 )0 St S 1, peMy

converges weakly to the process {(X,, L{):0 <t <1, peM} .
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Proof. In order to keep things as simple as possible, we will prove that Li;4»= L{.
A standard modification to our argument will show the joint convergence of the
local time together with the random walk.

We start by showing the convergence of the finite dimensional distributions.
We give the proof for the one dimensional marginals, the general case being
entirely analogous.

Define ¢ and ¢, as in the proof of Lemma 4.3. Recall ¢.*p,(x)=

J(P‘i(x — ) its(dy). Define 1 to be the measure on n~*/2Z¢ that puts mass n~ 42 @, *
u,,({z/\/ﬁ}) on the point z/ﬁ, zeZ" '
First, we show dy(u, u+¢@.) — 0 as ¢ > 0. We write
dr{p, p*@e) = jup fy(yyudy) — N(y)u*%(y)dy{
e¥
= sup | [¥(y)u(dy) — Ilﬁ*%(y)u(dy)‘ : 6.1)
Ve

Since Y € &, Y * @, converges uniformly to ¥ as ¢ = 0. Hence the right hand side of
(6.1) tends to 0. A similar argument, using Hypothesis 6.1(b), shows that d; (u,, . *
@,) — 0 as ¢ —» 0, uniformly in #.

Secondly, we calculate, using Hypothesis 6.1(b),

4 (B(x, 5)) = n‘““] |Z fzmy/\/n)ua({(z — y)//n})
z—x|Es/n Yy

< coan 2 Y @/ /n)st T2
¥y

< Coan Y26 @[5 27 # {y: y/e/nesupport(e)}

< cg 5807277, (6.2)

if I/Zﬁ < s < 1. A similar calculation shows that sup, ,L_Lf,(]Rd) =< ¢6.4, indepen-
dently of n and e.

Thirdly, we show that for each ¢ > 0, p} converges to u* ¢, uniformly on
compacts, as n— oo. Since u&(x) = f@.(x — y)u,(dy), the p, are uniformly
bounded, and ¢, is smooth, then {yfi:n > 1} is an equicontinuous family of
functions of x. For each fixed x, 1 (x) = [ . (x — y) u(dy) = p* @,(x), since i, 5o

In view of (6.2), Proposition 5.2, and the fact that dp (i, i, * @,) >0 as e -0,
for each n > 0,
sup P (sup! L — L) 2 1) ~0

n t£1

as ¢ — 0. By (6.1) and Propositions 2.1 and 2.8, for each > 0,

P(supiLf—Lﬁ**%i;a)eo

(=1
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as ¢ = 0. So to show {L;;;gn:o <t <1} converges weakly to {L/:0<t <1}, it

suffices to show that LE’;,ff = [#*% for each ¢. But

[n]
Lt =nt Y gux p(n”125)) (63)

[nt]
i=0

Since @, * p, converges to ¢, * u uniformly on compacts, the desired convergence
follows immediately by Donsker’s theorem.

To complete the proof, it remains to establish tightness of {LE’;,Z”:O <tg1l,
¢, €I, }. But this follows from Proposition 62. O

B. 3 + p moments. We still assume d = 3, but now only require that
ElX{]*"* <w,
for some p > 0.

Theorem 6.4 If Hypothesis 6.1 holds for some [c(0,1), then the conclusion of
Theorem 6.3 is still valid.

Proof. Letoa =1/8,a, =n'?"“If X; = (X}, ..., X9), define X, = (X},..., X9
by
X=X gx<ay, i=1,...,d.

Let e; = EX} and define X by (X!y = X! — Y%, where Y is a random variable
independent of the X’s that takes the value [a,]sgn(e;) with probability |e;|/[a, ],
and the value 0 with probability 1 — |e;|/[a,].

Since EX} =0,

el =| ] P eds| <2 [ POXS 2 0y

[—a,,a,]° an

< 24,249 [ X*P( XY | 2 x)dx

é c6_7a,,"<2+")IE|Xi1 |3+p . (64)

If n is large enough, je;| < 1.

Note that the X are mean O, have finite 3 + p moments (with a bound
independent of 1), have covariance close to the identity matrix, are bounded by 2a,
for n large, and still take values in Z¢ (which is why we did not simply define X’ by

X — EX). We have by Chebyshev’s inequality

d
P(X;4 X)) SP(X; %= X;)+ ) le;l/[a,] < cga, CTPE|X PP
=1

J
= o(1/n) . (6.5)
Let Si = Y %—; X ;. By Bernstein’s inequality,

2
IP(lSélélxDémp(mfI]TB), FESY
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The expression on the right hand side is largest when n is the largest, and so if

f(x) = [Ix[*/klog|x|],

f(x)]P §' > <7 __|x|2
j; (ISal 2 [x]) = f(x)eXp<2f(x)+4af(x)|x|/3>

S cgolx|t (6.6)

if k is large enough.
We now use (6.6) in place of (3.8), and proceeding exactly as in the proofs of
Proposition 3.2 and Corollary 3.3, we conclude that

1G'(0, )| < ca.10(l A [x]277) (6.7)

and that for each (0, 1), there exists a cg.1; = cq.11(f) such that

, , |x —y|*™# |x — I )
G 0 —G 0, = U111 — 1= — 3 .
150, O-91= <(IX| Ayt +(IXI Ayt ©8)

where G’ is defined in terms of X' just as G was defined in terms of X.
Write (Lp#) = n#2=1Y %24 4y ({8/./n}). Then for all n > 0,

(YR S
]P<sup sup  |[Lph— Ll 2 17)
t=1 ,u,,,v,,eim,,
di (V) S0

< m(sup sup |(LEBY — (L] 2 n)
(<1 f,,v,eM,
dy(pn,v,) 0

+ P(X; + X for some j < n) . (6.9)

Recall that the results of Sects. 4 and 5 (and hence Proposition 6.2) were valid
provided the conclusions (a) and (b) of Corollary 3.3 held. Therefore, using (6.7) and
(6.8), the first term on the right hand side of (6.9) can be made small, uniformly in n,
by taking  small and using Proposition 6.2 (applied to L'). To bound the second
term, we write

P(X; + X for some j < n) < nP(X, + X1)—-0

as n — oo by (6.5). Tightness follows readily.
The proof of the convergence of the f.d.d.’s given in Proposition 6.3 goes
through without change. O

C.2 + p moments. Still assuming d = 3, we now assume only that E| X, |?*? < oo,
for some p > 0.

Theorem 6.5 Suppose Hypothesis 6.1 holds with § = | — p. Then the conclusion of
Proposition 6.3 holds.

Proof. Let a = p/8, a, = n'/>~* Define X, X" as in subsection B. As in the proof of
Theorem 6.4,
le;| = ca, PTPE|X 2T,



Local times on curves 485

and in place of (6.5) we get

P(X;+ X;) SP(X; * X;) + f lejl/[a.] < cay C*PE|X 12T = o(1/n) . (6.10)

J

Using Bernsteins’s inequality, we get (6.6) as before. However,

E(XiP <3| 2P(X]| 2 x)dx
4]

<34y [P R(IX| 2 x)dx £ coinay P
0

and _
E|Yi? = [a, 1 le;l/[an] £ co15a0 "
So
E|X)® £ ¢6.1007 " .

Hence in Proposition 3.1 we can only conclude

sup |IP*(S;, = 0) — (2mn) 42~ 1*1P2n| < ¢ op~@HP2=2
xeZ*

for some small ¢ > 0. Using this estimate in (3.11),

Y, E(mx) < ceaelx| 74712, (6.11)
nz f(x)

Following the proofs of Proposition 3.2 and Corollary 3.3, but using (6.6) in place
of (3.8) and (6.11) in place of (3.11), we get (6.7) and (6.8) with § =1 —p.

As in the 3 4+ p moment case, using (6.10), we get tightness. No changes are
needed to the proofs of the convergence of the f.d.d’s. O

D. Second moments. When the X ;’s have only finite second moments, our methods
do not give uniform invariance principles. But we still can prove the convergence of
the fd.d’s when d = 3.

Theorem 6.6 Suppose d =3, E|X;* < oo, and Hypothesis 6.1(a), (b) hold. For
measures ut, ..., uN eI,

(Lpp:0<t£l,i=1,...,N)

converges weakly to (L¥:0<t< 1L, i=1,...,N)

Proof. We give the argument for N = 1, the general case being analogous. Examin-
ing the proof of Proposition 6.3, we see that we need only show that for each # > 0

1P<sup [ Lt — L7oHe | = n) -0 (6.12)
k=n
as ¢ — 0, uniformly for n = ny(n).
Let 6>0, {,=0n"? and K,={2"%=n'??*"% As in the proof of
Proposition 4.4, define
Yu(x) = n"2 71 Gy, (xn'/?)



486 R.F. Bass and D. Khoshnevisan

for xen~Y*Z% and by a suitable interpolation procedure for x¢n~'/2Z* Write v,
for 45 By Spitzer [S], |G(0, 2)| < ¢6.17(1 A |2]*7%) and G(0, 2) = ¢(0, z)(1 + o(1)),
as |z] = oo. So given g, there exists M, such that |G(0, x) — g(0, x)| < a|x|* "¢ if
xeZ% |x| = M,. Hence if |w|, |z| = M, w, ze Z*,

Ce.18|W — Z| 2a
G(0, w) — GO0, 2)| = '
GO w) = GO, 2)| £ 7 =t + G A e

(6.13)

Now [Y,(¥) — ¥.(2)] will be largest if |yl,|z| = c.100, y,zen™ Y*Z* for some
constant ce.1o independent of n. So suppose |y, |z| = ¢s.196. Then for n large

enough, iyi\/;z, }zl\/; = M,. So by (6.13), for n large enough,

[¥a(y) — ¥a(2) gnd/z—1[ C_6.18|y—'Z|\/; N 2 ]

(T A 12D T @07 (3 A [z 2@ 272

Co.201y — Z| 2a
gi— 1 gi-2"

< (6.14)

Let b > 0. Choose 6 small enough so that 67 < b. Since the sequence {y, } is tight,
we choose M, large so that u,(B{(0, M,)) < b. By the estimate {6.14),

Wa(9) = Y x 0 (D) S [1¥a(¥) — Yaly — ex)] @ (x) dx

Ce.208(X| 2a
="gd-1 gi-2 =b

if we take a and & small, and »n sufficiently large. Therefore,

| §a () (e — va) @) = | [ [¥ () — ¥ 0:() T 1a(dY)] S C6.21b -
As in the proof of Proposition 4.4 {see (4.9)),
JE*L% — L% | < 67 + | [ () (s — va)(d)] + 622 (diptn, v))' - (6.15)

So taking ¢ smaller if necessary, we can make the right hand side of (6.15) less than
(2 + c6.1)b. Plugging the estimate (6.15) into the proof of Proposition 5.2 and
using Chebyshev’s inequality, we get finally

1P°<sup Lyt — L35 2 n) < n-ZIE"[suple’ﬂn — s 12]
k k

< .23 b
if n is sufficiently large, which is precisely what we wanted. [
E. d = 1.2. The results for d = 1.2 follow by the usual projection argument.
Theorem 6.7 Theorems 6.4, 6.5, and 6.6 hold for d =1 and 2.
Proof. Fix M > 0. Given u defined on R?, d = 1 or 2, define 2 on R® by
f(Ax B) = w(A)|B A BO, M), A<R%,BcR*™,

B(0, M) the ball in R3~% Similarly, given y, defined on n™'/?Z, define fi, on
n=t2g>,



Local times on curves 487

Define X i = (X;, Y;), where Y;is simple random walk on Z* ¢, independent of
the X /’s. Define

k—1
Lpf =02 Y 2 ({S)//n}) .
j=0

Then by Theorem 6.4 or 6.6, L™ converges weakly to L#, where L is the additive
functional associated to [ ~

But it is clear that for all g, L} = L up until the first time n™ 12{Y ., ¥;|
exceeds M, and for all y, L# = L* up until the first time (3 —d)-dimensional
Brownian motion exceeds M in absolute value. Since M is arbitrary, the weak

convergence of Lp to LY follows easily. [

7 Examples
A Classical additive functionals — L? functionals

Suppose p > d/2,and p~ ' 4+ g ' = 1. Let § be a subset of { fe L?(B(0, 1)): /= 0}.
Let H, denote the metric entropy of § with respect to d,(f1,f2) = | fi — f2 | ,- Note
in what follows we do not assume our f’s are continuous.

Theorem 7.1 If supseg |l fll, < 0o and the exponent of metric entropy of H, is less
than 1/2, then [ f(Z,) ds is jointly continuous in t € [0, 1] and fe ¥ (with respect to the
d, metric.)

Proof. Here M = {u:p has a density f(x) with respect to Lebesgue measure, fe & },
and L} = [ f(Z,)ds. By Hdlder’s inequality,

H(Rd)z f f(x)dx§c7,1Hpr,

B(0, 1)

;H%M(B(x’ 5)) = jB(O, ) 1,9 W) f()dy £ Lpies g Hf“p S cy,5% fors < 1 and
€%

So the total mass of the u’s is uniformly bounded and the index of M is
diq—d+2=2—d/p >0 If u(dx) = f(x)dx and v(dx) = h(x)dx, then

dg(u,v) = sup|fg(0, ) [f(x) — h(x)Tdx| < [ f = k190, )ll; £ cr5d, (S, h),
since g€ LY B(0, 1)) when p > d/2.
Our result now follows by Theorem 2.2. 1

Since changing f on a set of measure 0 does not affect L# (here u(dx) = f(x)dx),
but can have a drastic effect on n™'Y; f(n~*/2§;), for an invariance principle one
must have some additional regularity for f (cf. the next example).

B Classical additive functionals — indicators
Let U be a subset of {4:4 < B(0, 1)}. Suppose that for almost every yeIRY,
re(0,1], and A€, as n — oo,

N n#nT I N A~ B(y, 1)~ AN By, ). (7.1
Define dg(A4, B) = |AAB).
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Theorem 7.2 Suppose the X; satisfy the assumptions of sect. 6 and have 2 + p
moments. Let § = 1 —p, take y = 2, and let Iy be defined by (4.8). Suppose U satisfies
(7.1) and the exponent of metric entropy of U with respect to ds is less than I /2. Then

noty lA(Sj/\/ﬁ) converges weakly to [ 14(Z)ds, uniformly over te[0, 1] and
Aed.

Proof. For Ae, define pu, by p,(dx) = 1,(dx). Define u, , by uy ({n"*x})=
n~%*1,(n"'?x). That u, , converges to u, follows by (7.1) and [Bi]. That Hypo-
thesis 6.1(a) and (b) hold is easy. Hypothesis 6.1(c) follows from the crude estimate

Y )[1ax) — 15(x)1dx| S |44B|, yel,

and a similar formula for dy (¢4, ., 45 ). Now apply Theorem 6.5. [

C Local times on curves

This example works for hypersurfaces in IR? for any dimension d, but for simplicity
we restrict ourselves to d = 2 and the curves of form

C= {(taf(t)):te [Oa 1]: “f”ao § c7,4-} . (72)

We will use C to denote the graph of C. Let € be a collection of such curves. Let
ne(A4) = [{t:(t, fe() e A}

For such Ce@, we let f , be a function from [0, 1] to [ —2¢5 4, 2¢7.4 ], such that
fe.. takes values in n~*?Z, has jumps only at ¢’s in n~*/*Z, and f, — fin L'-norm.
Denote the curve and graph of {(t, fc..(£)):t€[0, 11} by C,. If C! and C?* denote
two curves of the form (7.2) (corresponding to f;, and f,, resp.), let

de(fi f2) = N for —feo |1

Theorem 7.3 Suppose the X; satisfy the assumptions of sect. 6 and have 2+ p
moments. Suppose that for some ¢, 4 and ¢ independent of n

HA(x) S c74x " B279, He() S cpux™ @279 xe(©1),

where H(x) (resp. Hc(x)) is the metric eniropy of € (resp. €, = {C,:CeC}) with
respect to dc. Then n™ Y2y " 1. (n™112S;) converges weakly to Li<, uniformly over
tef[0,1], CeC.

Proof. Define uc (A) =n" 12 #{k < \/;l:(n_l/zk,fc,,,(n“l/zk))eA}. Since fe., —f
in LY, pic,, — uc- Note that pc ,(IR?) < 1, while

:uC,n(B(xa T')) é Cqy.5",

so the index of €, is 1. The result follows from Theorem 6.5. [

D Local times in R!

Even for local times in R!, our results are fairly strong. For xeR?, let u, be the
point mass at x. Then L (usually written as L) is just local time at x. Clearly the
p, are uniformly bounded with index 1. By Example 2.4, H,(8) < c7.6|log(d)|.
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Define I'(n, x) to be n~'? times the unique integer lying in the interval

[x\/;z, x/n+ 1]

Theorem 7.4 Ifthe X; have finite 2 + p moments for some p > 0, and are as in Sect. 6,
then n= 42y I L Jnx, /ax + 1)(S)) converge weakly to L, uniformly over all levels x.

Proof. 1t suffices to prove the result uniformly over xe[ —M, M ] for each M.
Define p, . to be point mass at I'(n, x). Clearly u, . % ty as n— o, the u, , are
uniformly bounded, have index 1, and entropy is of order |log(x)|. The result

follows by Theorem 6.5 and the observation that S;e[/nx, ﬁx + 17 1if and only
if g, ({025 =1 O

The question of invariance principles for local time has a long history, dating
back to [CH]. Using techniques highly specific to one-dimensional Brownian
motion, Borodin [Bol] has proved Theorem 7.4 when the X;’s have finite second
moments. For a slightly different notion of local time, [ P] has a uniform invariance

principle if the X; have 1 + \/ ~ 2.732 moments. See [BK2] for results and
references to the corresponding strong invariance principles.

E Fractals

For simplicity, we confine ourselves to d = 2 and fractals of the following form: let
F, = [0, 1]%, let F; be the union of R closed squares with sides of size a, such that
the interiors are pairwise disjoint. To form F,, replace each of the squares making
up F; by replicas of F,, and continue.

To be more precise, if S is any square, let ¥ be the orientation preserving affine
map that takes S to F,. Let

Fy=\J{¥s'(F1):8 is one of the R squares with sides of size @ making up F,},

Fyvy = J{¥s*(F,):S is one of the R* squares with sides of size a*
making up Fy},

Let F = ﬂ;o=0Fk'

For example, if F; = [0,1]* — (1/3, 2/3)%, F will be the Sierpinski carpet. If
Fy = ([0, 1/3] v [2/3, 17)?, we get the 2-dimensional Cantor set.

Let p be the Hausdorff-Besicovitch measure on F, normalized to have total
mass 1.

Theorem 7.5 If the Hausdorff dimension of F > 0,

1
iF j.an dS—’Lu

Remark 7.6 The convergence in probability is a consequence of results in [B].

Proof. It is not hard to see that sup, u(B(x, s)) < ¢, 55*, where 7 is the Hausdorff
dimension of F.



490 ' R.F. Bass and D. Khoshnevisan

Suppose Y e £, and let Sy, ..., Sg be the squares making up F;. Let y,(dx)=
|F,| %1, (x)dx. Let x; be the lower left corner of S;.
Since p,, it; both have total mass 1,

Sflﬁ(x)[uz(dX) — p1(dx)] = [Fo|7* [ L¥(x) — () ILIFof™ M g, (x) — 1p, (x)] dx
i Si
= |Fy |_1a2 I Wiy (dx) — pa(dx) ], (7.2)

where ;(x) = o 5, (x) — ¥ o Pg,'(x;). Since | Vi;(x)| < a, and ¢;(0) = 0, then
Wille = ﬁa. So the right hand side of (7.2) is bounded above by |[F;|™!
ﬁa3 d; (fo, it1). Summing over i, and taking the supremum over ¥ € £,

dp(us, pe) £ ﬁa3R|F1 |ty (pas py) = \/Eadl,(ﬂu Ko) -

By an induction argument,

dp (M 10 1) < (/20)dr (1, o) - (7.3)

If R = 1, so that F, is a single square, then F is a single point. This case is ruled out
by the assumption that the dimension of F is strictly bigger than 0. So R > 1, and
hence a < 1/2.

Let M = {u, }o=1 v {u}. To cover M with d;-balls of radius 4, first put a ball

B of radius 6 around u. Since g 5 U, (7.3) shows that dp (1, u) < c7,8(ﬁa)". So

B covers all but [log(d/c.5 )/log(ﬁa)l +1 of the u,’s. So at most ¢4 |log(d)] balls
are needed, hence H (6) ~ [log|log(d}]].

By Theorem 2.2, L} is continuous with respect to d; , for ve 9. This implies our
result. [

F Intersection local time—double points

Let S} and SZ be two independent identically distributed random walks converging
in law to two independent Brownian motions, Z!, and Z?. By redefining these
processes on a suitable probability space, we may assume that the convergence is
almost sure.

Define p, ,(4) = |{te[0,u]:Z} + xe A}|. In [BKI1], it is shown that
a(x, s, u) = L= is the intersection local time for (Z', Z?). Let us consider the
corresponding invariance principle. We discuss the case d = 3 first. (If d = 4, the
paths of Z' and Z? do not intersect.)

If x = (x*, x?), let I',(n, x) = (I'(n, x*), '(n, x*)), where I" is defined in subsec-
tion D. Define

[nu]

Puxn(A) =071 Y 1S3/ /n+ Ln, %) .

Lemma 7.7 There exists y > 0 such that for each M, with probability one,
:uu,x,n(B(yv S) - {y}) é c7.1051+y> X, yEB(O: M)> S é 1 )

where ¢, 4o depends on M and .
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Proof. For simplicity, we prove this when x = 0, the general case being similar.

]Ez:uao,o,n(B(ya S) - {Y}) = n? Z G(Zv W)IB(J’,S)(n_l'IZW)

w*y

e

2=k =112

k=0 2ks|w—z|<2k+1

# {B(y/ns\/n) 0 2N [B(z,2° ") - Bz 29])

1+
Scer18s 7,

IIA

fory =1/2.
This estimate is uniform in z, hence the potential of u, o ,(B(y, s) — {y})/a is
bounded above by 1, where a = sup,E?u, o ,(B(y, s) — {y}). By [DM], p. 193,

]PZ{MOO’O’"(B(y’ S) - {y}) > C7.1159/8} é C7_123Xp(—‘c7'135_1/8) .

For each k, we can choose N, = c;.1423* balls, each of radius 27%%2, so that for
every ye B(0, M) and every s < 27*"1, B(y, s) is covered by one of these N, balls.
Hence,
P*{ Up,0,n(B(y, 5) — {¥}) > ¢7.1,5°® for some yeB(0, M)
and some se[27% 274171

< Nicqiaexp(—cq.1524°) .
Summing over k and using the Borel-Cantelli lemma, we conclude

SUD Yo, 0,n(B(p,8) = {¥}) S ¢7145%%, as. O
yeB(0, M)
0<ss1
Theorem 7.8 Letr X}, X} be two independent sequences of iid. 1.v.’s, identically
distributed, and satisfying the assumptions of sect. 6 with 2 + p moments. If d = 3
L’*’*“"v” converges weakly to a(x, s, u), uniformly over xeR3, s, ue [0, 1].

B

Proof. We apply Theorem 6.5. Since sup, ,IP”{sup;<,|S? /\/1 =M} -0 as
M — oo, it suffices to look at the y, , . restricted to B(0, M )

For each u, the metric entropy of {f, . ,:xe€B(0, M) )} is bounded above by
¢7.150 3. For each x, the total variation of Pas,x.n — Hu, ,x n 18 bounded above by
Uy — Uy . So Hypothesis 6.1 (c4) holds for every f > 0. Hypothesis 6.1(a) is clear and
6.1(b) is Lemma 7.7.

Since S7/ ﬁ converges uniformly to Z7, u, , . A Uy, 5 The result follows. O

To handle the case d = 2, we use the projection technique of sect. 6E, and get
Theorem 7.8 for the case d = 2 as well.

For both the d = 2 and d = 3 cases, weak convergence at a single level x follows
by Theorem 6.6 or 6.7 under the assumption of finite variance only.

G Intersection local time —multiple points

In [BK1], we gave a method for constructing intersection local time for the
intersection of k + 1 independent Brownian motions in R? from the intersection
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local time of k independent planar Brownian motions. A completely analogous
construction can be made for the number of intersections of k¥ random walks. We
then can get the analogue of Theorem 7.8: for d = 2 only, the number of intersec-
tions converges weakly to the k-tuple intersection local time, uniformly over all the
variables, provided the X’s have 2 + p moments. As in the proof of Theorem 7.8,
the only work is in finding the index of the family of measures, and as in [BK 1], the
estimates needed for k + 1-intersection local time follow from those obtained for
k-intersection local time.

For multiple points, we cannot use a projection argument, and must work with
2-dimensional random walks killed off at a geometric rate. So it is necessary to
rework the results of sect. 3 for d = 2 with G replaced by the A-resolvent of S,. We
leave the (numerous) details to the interested reader.
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