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Summary. Let (£)7- . be a stationary sequence of random variables, and,

for A=R, let M, (4):= \/ va(&) where y, is an affine transformation of R
kine A

(has the form a,- +b,, 4,>0, b,eR). Then M, is a random sup measure, that

is, M, (| G)=\/M,(G,) for arbitrary collections of open sets G,. We show

that the possible limiting random sup measures for such sequences (M,) are
those which are stationary (M(-+b)=,M for beR) and self-similar (M(a*)
=,6"¢2(M) for a>0, where ¢ is an affine transformation of IR). By applying
simple transformations, we need only study stationary M such that M(a*)=,aM
for a>0. We show that these processes retain some but not all of the properties
of the classical case. In particular, we display a nontrivial example such that
t—=M (0, t] is continuous wpl. The classical planar point process representation
of extremal processes is a special case of the present approach, but is not ade-
quate for describing all possible limits.

1 Introduction

Let (&), be a sequence of random variables, and let
Mn = \/ ék
k=1

denote the partial maxima. Research on the asymptotics of M,,, or rather a, M,
+b, for suitably chosen constants a,>0, b,, has a long tradition in probability
theory. The resulting theory has developed along the same lines as its counterpart

n

for the partial sums ) ¢,. As in the latter case, most is known with the &,
k=1
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independent and identically distributed. All possible limit laws for a,M,+ b,
were already known by Fisher and Tippett (1928). The domains of attraction
(=the collection of distributions of &, producing a specified limit law for a, M,
+b,) were characterized by Gnedenko (1943) and de Haan (1970). Functional
limit theorems for

anM[_ntJ + bn

as random functions of ¢ were obtained first by Dwass (1964) and Lamperti
(1964). The limit processes were called ‘the’ extremal processes and became
a separate topic of research. Pickands (1971) was the first who regarded them
as functionals of planar Poisson processes. This approach was then adopted
by many authors and has been codified in Resnick’s survey (1986) and mono-
graph (1987). As a result, convergence considerations shifted from random func-
tions to planar point processes.

As could be expected, a second line of research has developed in the last
decades on asymptotics for M, with the assumption of independent identically
distributed &, relaxed to specific forms of dependence, mostly including stationar-
ity. Research has been very productive. Without hope of being complete we
mention work by Berman (1964), Loynes (1965), Newell (1964), Adler (1978),
O’Brien (1987), the monograph by Leadbetter, Lindgren and Rootzén (1983)
and the survey by Leadbetter and Rootzén (1988).

However, if one looks at the results with special interest in finding new
limiting extremal processes, one gets a bit disappointed. With few exceptions
all limit processes arc the same as in the iid case and the dependence influences
only the scaling, or marginal limit results are obtained for M,, whose functional
analogues for M,,,, have random constant functions as limit (so there is too
strong dependence in the limit), or the limits are random mixtures of all these
processes. Without stationarity it is not so hard to find other limiting extremal
processes, cf. Weissman (1975) for the case of independent ¢, and Hiisler (1986).

There is more variety in the literature if nth largest values (n=2) are being
considered. In many cases of dependence these tend to cluster below the largest
values (cf. Mori (1977) for an early case, and Hsing (1987, 1988)).

In the present paper we restrict our attention to largest values. We character-
ize, in a certain interpretation, all limiting processes of a, M, .., + b, for stationary
(£,). To this end we must be able to identify a stochastic process as being
extremal by intrinsic characterization. The need for this has triggered an exten-
sive study of random semicontinuous functions and random closed sets by Ver-
vaat (1988), and the needed results are quoted from that paper in Sects. 2-4.
For a similar approach to extremal processes with different applications, see
Norberg (1987).

The consequences of stationarity of (£,) for the limiting extremal processes
are treated in Sect. 5. An important ingredient is Lamperti’s (1962) fundamental
theorem on self-similarity which applies to all stochastic processes, not just
the extremal ones (Sect. 6).

The main result of this paper (Sect. 8) is that all nondegenerate limiting
processes of a, M, ,..,+b, for stationary () correspond to stationary self-similar
random upper semicontinuous functions (the combination of ‘stationary’ and
‘self-similar’ is referred to as ‘self-affine’). We discuss examples and explore
general properties (Sects. 9-11). Many of the examples are produced by the
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technique of subordination (Sect. 10). One of them has continuous sample paths
wpl (Sect. 11).

A broad class of such extremal processes arise from planar point processes
(Poisson in the classical iid case). However, not all processes arise this way.
Consequently, the point process approach, which was so successful and elucidat-
ing in the last decade, is not general enough for handling all limiting processes
arising from stationary sequences.

The completion of this paper has taken a long time, with many of the results
obtained already in 1980. This is partly due to the need to develop the topological
background in Vervaat (1988). A preview of the present results without proofs
appeared in Vervaat (1986).

2 Sup measures

Formerly, extremal processes were stochastic processes (M (t)),»,, where M(t)
was to be interpreted as the supremum of a random phenomenon observed
in (0, t]. In the last decade it has become more common to regard extremal
processes as random functions on families .7 of subsets of the time domain:
(M(A))4eq- Often o/ was a collection of intervals in [0, o), and M{A4) was
to be interpreted as the supremum of a random phenomenon observed during
A. A smooth theory can be developed if we take for o/ the collection ¢ of
open subsets of R and require

2.1 M(JG)=\ M(G)

for arbitrary collections of open sets (G,) in IR. We want to define an extremal
process as a random variable taking values in a space of functions on ¥ satisfying
(2.1). So it is useful to study such function spaces.

Definition 2.1. Let I be a compact interval in R:=[—o0, c0]. An (I-valued)
sup measure is a mapping m: % — I such that m(¢)=min I and

(2.2) m(l) G)=\/m(G,)

for all collections (G,) in %.

A way of producing a sup measure is to start with a function 1R -1

and set ¥ (G):==\/ f(¢t) for Ge¥ (here and in the sequel, \/:=min I). Then
teG te®

SV is a sup measure. We call v the sup integral of f, and occasionally write
fY =i f. Obviously, different f may produce the same sup measure, e.g., 1¥
=1g . The question comes up whether all sup measures are sup integrals, and
to what extent sup integrands are unique. In the remainder of this section we
present material from Vervaat (1988, Sects. 1, 2), where the results are proved
in the larger generality of & being the open sets of an arbitrary topological
space (not necessarily Hausdorff).

Definition 2.2. If m: ¥ — 1 is increasing (m(G,) <m(G,) if G, =G,), then the sup
derivative d* m is the function R — I defined by

dv m(t)= A\ m(G) for teR,

[¢EH
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or equivalently,
d¥ m:=/\ {m(G)1g v (max D) 1g,s}.
G

There is a close relationship between sup measures and upper semicontinuous
(usc) functions. We first recall the definition and some properties of upper semi-
continuity.

Definition 2.3. A function f: R —1 is upper semicontinuous (usc) if {t: f(z)<x}
is open for xell

Properties 2.4. (a) If f is two-valued, then f is usc iff f assumes its larger value
on a closed set. In particular, 1, is usc iff 4 is closed.

(b) Pointwise infima of arbitrary collections of usc functions are usc.

(c) For f:IR —1 the function d“ i f is the smallest usc function larger than
or equal to f. In particular, fis usciff f=dvi¥ f.

By (a) and (b) we see that d~ m in Definition 2.2 is usc. Compare Proper-
ty 2.4(c) with (b) in the next theorem.

Theorem 2.5. Let m be as in Definition 2.2. Then

(a) d> mis usc;

(b) ¥ dY mis the largest sup measure smaller than or equal to m. In particular,
m is a sup measure iff m=i> d> m.

Let SM denote the collection of all sup measures % — Il and US the collection
of all usc functions R — II. Then Property 2.4(c), Theorem 2.5 and the fact that
[V is a sup measure imply that d¥ : SM — US is a bijection with inverse i V.

For sup measures m: % — Il there is a canonical extension to all subsets
of R because

(2.3) \/d¥m@)= /A m(G) for AcR, A=0.

te A Go A

The common value of both sides is denoted by m(4). For singletons A= {t},
formula (2.3) reduces to Definition 2.2,

We now establish topologies on SM and US. The following results and
those in the next section up to Lemma 3.3 are quoted from Vervaat {1988)
(cf. also Norberg (1986) and Salinetti and Wets (1986)).

Definition 2.6. A sequence of sup measures (m,) converges sup vaguely to a sup
measure m 1

(2.4a) lim sup m,(K)<m(K) for compact KcR,

(2.4b) lim inf m,(G)=m(G)  for open G<=IR.

A sequence of usc functions (f,) converges sup vaguely to an usc function f
if £,y —=fY in SM.
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These convergence concepts determine the sup vague topologies on SM and
US, and make dV and i¥ homeomorphisms. We continue our discussion only
for SM; the translation to US is straightforward.

In the first instance, (2.4) should be required for nets, or rather one should
define the sup vague topology as the coarsest topology making the evaluations
m—m(K) usc and m—m(G) lower semicontinuous, but the resulting topology
turns out to be compact and metrizable, so is determined by sequential conver-
gence. We can relax the requirements in (2.4) to compact intervals K and
bounded open intervals G, or more generally, to K from a base of compact
sets and to G from a base of open sets. Moreover, sup vague convergence
can be characterized by convergence on continuity sets. We say that AcR
is a continuity set of m if m(int A)=m(clos A). Now (2.4) holds iff

(2.6) m,(A) - m(A4) for all bounded continuity sets 4 of m,

iff (2.6) holds with A restricted further to be a bounded continuity interval.

3 Extremal processes as random sup measures

We now make SM a measurable space. The Borel field on SM (Bor SM) generated
by the sup vague topology turns out to be the smallest that makes the evaluations
mi—m(A) measurable for all open A, or all compact A, or all compact intervals
A, or all bounded open intervals A4, or all intervals as in previous cases with
rational endpoints. In particular, a mapping M: Q — SM with (22, %, IP) a proba-
bility space is a random sup measure, i.c., a random variable in SM, iff M(A4)
is a random variable in I for all 4 in one of the previous collections.

Definition 3.1. An extremal process is a random sup measure.

The probability distribution over Bor SM of an extremal process M is deter-
mined by the finite-dimensional distributions of (M (4)) ., where =/ may be
any of the collections indicated above.

We are now ready for convergence in distribution. Because SM is compact,
characterizations are relatively easy. We denote the collection of nonempty
bounded open intervals by .% For an extremal process M, let .#(M) be the
collection of continuity intervals of M, defined by

(3.1) J(M)={IeF:M(I)=M(closI) wpl}.
The class (M) is rather large, see Corollary 4.3. The next result is the last

one quoted from Vervaat (1988).

Theorem 3.2. Let M, (n=1) and M be extremal processes. Then M, — ;M ( conver-
gence in distribution in SM) iff the finite-dimensional distributions of (M ,(I)icsar)
converge weakly to those of (M (I));c -

Occasionally we will consider M, (I,), where I, varies also with n. So the
following is useful.
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Lemma 3.3. If m,—»m in SM and 1, I are bounded intervals in IR such that
infI, —infI and sup I, —supl, then

lim sup m,(I,,) £m(clos I),

lim inf m, (I,) Zm(int I).

Proof. Let (K,) be a sequence of compact intervals such that K, , «int K, for

k=1,2,...and () K,=closI. Let (G,) be an increasing sequence of open intervals
k

such that clos G,= Gy and | ] Gy=intI. Then m(K,)— m(closI) by (2.3), and
k

m(G,) — m(int I) because m is a sup measure. For fixed k we have G,=I,cK,
for all large n, so

lim sup m, (I,) <lim sup m, (K) <m(K,),

lim inf m, (1) = lim inf m,(G,) 2 m(Gy).

Letting k —co we obtain the lemma. [

4 Random upper semicontinuous functions

Whenever convenient we will study extremal processes M via their sup deriva-
tives

X(t)=d” M()= A\M(G)=M({t}),

Gat

where G must vary in the first instance through the open sets. It is obvious
that X does not change if G varies through the open intervals, or through
the compact intervals with ¢ as interior point. The process X is a random
usc function, iec., a mapping X from the underlying probability space into the
usc functions such that XV (4) is a random variable in I for all 4 in one
of the collections at the beginning of Sect. 3.

Some caution is needed when thinking about the classical procedures of
selecting smooth versions of stochastic processes with the same finite-dimension-
al distributions. They apply to M rather than X. To see this, let ¢ have a
uniform distribution over [0, 1], and set X:=1,,. Then X has the same finite-
dimensional distributions as Y=0, but X~ and YV do not have the same
distribution over Bor SM since XV [0, 1]=1 wpl and Y~ [0, 1]=0 wpl.

Random usc functions X are measurable processes, i.e., the mapping (t, w)—
X(t, w) is jointly measurable. To see this, note that X()=lim X" (t—n"",

t+n~ ') and that the mapping ((s, t), w}— X ((s, t), ®) is jointly measurable, be-
cause XV depends monotonically on s and 1 (s <tf).
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With (random) functions f:IR -1 we will also consider their graphs and
hypographs. It is convenient to regard them as subsets of IR x J rather than
R x I, where J:=I\min I. So we define the graph of f to be

I(f)={(t, )eR x J: f(t)=x}.

Note that I'(f)=0 in case f=minl. For points (¢, x)elR x J we define the
umbra

(& x)={¢t} x (min 1, x],
and we extend this notion to subsets F of R x I by

iF‘:U lz

zeF

For functions f: IR -1 we call | I'(f) the hypograph of f. It is well-known that
functions f: R — I are usc iff their hypographs | I'(f) are closed in R x J.

An important particular case occurs if F is a locally finite subset of R x J,
re., Fn(K x [x, max@]) is finite for compact intervals K in R and xeJ. Then
both F and | F are closed in IR x J, and | F is the hypograph of an usc function
J with countable graph. We have F=I(f) in case F has at most one point
on verticals. If F is a random closed subset of R x J which is locally finite
wpl, then it can be regarded as the support of a simple point process II, a
random integer-valued Radon measure on Bor(R xJ) such that \/II{z}
<1 wpl. In this case we can define a random usc function X by | I(X)= | (sup-
port of II). In particular, we reobtain the well-known representation of classical
extremal processes as functionals of planar Poisson processes by considering
XV starting from Poisson I1.

Hypographs are a more natural characteristic of usc functions than graphs.
From a theoretical point of view this is made clear in Salinetti and Wets (1986),
Norberg (1986) and Vervaat (1988). From a technical point of view they turn
out indispensable with subordination (Sect. 10). Finally, random hypographs
take values in the well-defined measurable space of closed subsets of R x J
(cf. Matheron (1975) and the three previous references). For random graphs
there is no obvious measurable codomain, unless via their closures. The opera-
tion of recovering the graph of an usc function from its closure is the same
as recovering it from its full umbra, the hypograph.

In the sequel we need more detailed knowledge about how and in how
many places (random) usc functions can have peak values that are substantially
larger than any other values in (one-sided) neighborhoods.

Definition 4.1. A function f: IR —» 1 is said to be left sup continuous at teR if
S)=lim sup f(s), right sup continuous at ¢t if f(t)=1im sup f(s), and sup continu-
sTt sit

ous at t if f is both left and right sup continuous at t. We say that f is sup
continuous (left, right sup continuous) if f is sup continuous (left, right sup
continuous) at each telR.

A sup continuous function is usc, but an usc function need not be sup
continuous.
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Lemma 4.2. (a) If f:RR =1 is usc, then the set on which f is not sup continuous
(left, right sup continuous) is countable.

(b) If X is a random usc function IR — I, then the set of t for which there
is positive probability that X is not sup continuous (left, right sup continuous)
is countable.

Proof. If is sufficient to prove the cases of left sup continuity.

(a) If f is not left sup continuous at ¢, then we can select an open rectangle
R,:=(t—56,, ) x (f(t)—¢&, f(t)) such that R,n [ I'(f)=0. Then all selected rectan-
gles R, are disjoint. Since R x I is separable there can be only countably many
such rectangles

{b} Adapt the ¢-6 arguments in the second paragraph of p. 124 of Billingsley
(1968). [

It is obvious that I is a continuity interval of an extremal process M (cf.
(3.1))if Ie.# and d~ M is sup continuous wpl at inf/ and sup I. So Lemma 4.2 (b)
implies
Corollary 4.3. Let M be an extremal process. Then there is a minimal countable
subset D of R such that

SJ(M)>{Ie s infl, sup [¢D}.

5 Stationary extremal processes

We now formulate the main subject of this paper in terms of notions introduced
in the previous sections. Let (£,),.z be a stationary sequence of random variables
in R. For AcRR, set

(51a)  M,(A)=\ &,

keAd
(5.1b) M, (A)=a,M,(nA)+b,= \/ (a,&+Db,) for n=2,3,..,

k:k/neA

where (g,) is a sequence in (0, co) and (b,) in IR. We want to characterize those
extremal processes M that are limits in distribution of M, as n— oo for some
stationary sequence (&,) and some choice of normalizing sequences (a,) and
(by)-

Although an essential ingredient (Lamperti’s theorem in the next section)
is still missing, we can draw some conclusions about M at this stage. For the
remainder of this section we take I=IR. Recall that .# is the collection of non-
empty bounded open intervals.

Theorem 5.1. If M, >, M in SM with M, as in (5.1), then

(a) M is stationary: M = ,M(- +b) for belR;

(b) £ (M)=.% that is, M(I)= M (closI) wpl for Ie.#;

(c) the finite-dimensional distributions of (M ,(I));., converge weakly to those
of (M(D)fes asn—co.

For the proof of Theorem 5.1 we need the following lemma of independent
interest.

Lemma 5.2. The mappings SM xRa(m, b)r—m(-+b)eSM and SM x (0, <o)
3(m, a)>m(a-)eSM are sup vaguely continuous.
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Proof. Let m, —m in SM and b, — b in R. For compact intervals K, Lemma 3.3
with [,=K+b,, =K +b gives limnsup m,(K+b,)<m(K + b). For bounded open

intervals G, Lemma 3.3 with I,=G+b,, I=G+b gives limn infm,(G+b,)

2m(G+b). So m,(-+b,)—>m(-+b) by (2.4) restricted to compact and to
bounded open intervals. The proof for the second mapping is similar. []

Proof of Theorem 5.1. (a) Obviously, M, (- +b)=,M, in SM for ben 'Z. For
each keZ, and bek™ 'Z we have

M(__dMnksznk(._'_b)—_)dM(.—{_b) as n—>oo

(the latter convergence by Lemma 5.2). Hence

52) M=,M(-+b)

for such b. This result holds for k=1, 2, ..., so (5.2) holds for he@. Again by
Lemma 5.2, the mapping br—law M (- +b) is weakly continuous, so (5.2) holds
for all belR.

(b) Let D be as in Corollary 4.3. Then D is invariant under translations
since M is stationary, and countable by Lemma 4.2(b), hence empty. So
S =#(M) by Corollary 4.3.

(c) Follows from (b) and Theorem 3.2. [

6 'Self-similarity and self-affineness

Consider M, as in (5.1) and let [=IR. In the previous section we have explored
the consequences for the limiting process M of the underlying sequence (&)
being stationary. In the present section we consider the consequences of M
being a limit in distribution of processes of the form a, M (n*)+b,.

At this point it is convenient to introduce a condensed notation for the
affine transformations a,* +b, with a,>0. We denote by Aff the set of all trans-
formations y: x+»ax+b of R with ae(0, oc0) and belR. We also write y=a- +b.
The set Aff is a noncommutative group with composition as binary map:

Y1P2i=Y1°72=4d1ay" +a, by + by,
unit element 1-+0 and inverse y~*=a"!(- —b). We make Aff a topological
group by declaring a* + b—(loga, b)eIR* a homeomorphism, so a,* +b, —a* +b
in Aff iff a, —a in (0, o0) and b,— b in R. We define real powers y' of y=a- +b
by
y = a'(-—c)+c if a+1, where c:=b/(1—a),
*+tb if a=1

(note that this is a continuous extension to relR of what one has to define
first for teZ and then for te@).
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We now reformulate the starting point around (5.1). For a stationary
sequence (&,).z of random variables in R and a sequence (y,);=, in Aff we
set:

{6.1a) Ml(A)=:\/£k, AcR,
ked
(6.1b) M, (A)=y, (M (nA)=\/ 7,(&) for n=2,3, ..
kikineA

Recall that sup measures and extremal processes can take values in IR.

Theorem 6.1. (a) Let M, be as in (6.1). If M, —,M in SM, then M is stationary.

(b) If in addition M (0, 1] is nondegenerate and finite-valued wpl, then there
is a 6e Aff such that

(b1) M(a*)=,6"%*(M(+)) in SM for a>0, and
(b2) VnVG.}J*éI“g’in Aff as n— o0 for t>0.

(c) Conversely, if an extremal process M is stationary and satisfies {(b1) for
some SeAff, then there exists a stationary sequence (¢,) of random variables in
R and a sequence (y,) in Aff such that M, as defined in (6.1) converges in distribu-
tion to M. If M (0, 1] is in addition finite wpl, then the &, are finite wpl.

Proaf. (a) This is Theorem 5.1 (a).

{b) By Skorohod’s representation theorem there are random variables M,
and M’ in SM such that M= ,M,, M'=,M and M, > M’ wpl. By Lemma 3.3
and Theorem 5.1 (b) it follows that M, (0, | nt|/n} - M'(0, t] wpl. Consequently,
M., (0, |nt]/n] - ,sM (0, t] in R. Substituting

M, (0, |nt]/n]=y,(M,(0, nt]])

and noting that M (0, 1] is finite wpl and nondegenerate, we are ready to apply
the sequential version of Lamperti’s theorem: Theorem 8.5.3 in Bingham, Goldie
and Teugels (1987). By this theorem there is a deAff such that (b2) holds.
For a>0 we have M, (a*)—> ;M (a*) in SM as n— 0. On the other hand,

M,(a")=7,(M(na-))

Ry vLm(Ml(LnaJL’;fu-))wémg“(M(-»

by (b2), Lemma 5.2 and the continuity of the mapping Aff x Ra(y, x)+>y(x)elR.
Comparing the limits, we find (b1).

(c) Set &:=M(k—1,k] for keZ and y,:=56"'"*" Then (£,) is a stationary
sequence in R (in R if M(0, 1] is finite wpl), and M, (I)=M(1,), where Ie.#
and I,= | ) (k—1,k]l/n. So M, (D=M(,)—»M() wpl by Lemma 3.3 and

k:k/nel

Theorem 5.1(b). O
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Extremal processes M satisfying (b1l) are called J self-similar. Extremal pro-
cesses that are both 6 self-similar and stationary, are called 6 self-affine, because
the group of transformations of SM

(6.2) m—3 " (m(a- +b)), ae(0, o), beR,

that leave the distribution of M invariant is isomorphic to Aff.

If M is ¢ self-affine and M(0, 1] is finite wpl and nondegenerate, then so
is M (b, b+ a] for all ae(0, o) and beR. So M (I) is finite wpl and nondegenerate
for all bounded intervals. From Theorem 6.1 we conclude that all nondegenerate
limits in distribution of M, as in (6.1) with M (0, 1] finite arc given by the
nondegenerate self-affine extremal processes with finite values on £

If & is a pure multiplication, say &(x)=e" x(HeIR), then (b1) reads:

M(a)=4a"M for a>0.

In this particular case we say that M is self-similar with exponent H or H
self-similar. Likewise, H self-similar stationary extremal processes are called H
self-affine. This special case of self-similarity is the self-similarity encountered
in the literature.

7 Fixed points and invariant set of affine transformations

Although Theorem 6.1 gives lots of information about the limiting extremal
processes arising from (6.1), the results only become complete after an investiga-
tion into how ¢ self-affine extremal processes behave at fixed points and in
invariant sets of 8. For this section it is just as easy to consider extremal processes
with values in IR. The application will be to the finite-valued case, though.

For oeAff we define the invariant o-field #; by #;:={VeBorR:§V="V}.
Then 7; is a o-field with atoms {—oco}, (— o0, ¢), {c}, (¢, ), {c0} in case &
is not a translation, ¢ being its fixed point, and with atoms {—oco}, R, {o0}
In case ¢ is a translation, except when & is the identity map, in which case
+;=BorR.

In the remainder of this section, = denotes equality of events up to null
events.

Theorem 7.1. If M is a ¢ self-affine extremal process and I1=(0, 1], then
M(heV]= (MU)eV]= ] [MW)eV] for Ve¥;.

Jesg Jes

Remark 7.2. Tt follows that the events [M(I)e V] are invariant up to null events
under all transformations in (6.2) applied to M. Hence M remains § self-affine
under the conditional distribution given [M (I)e V7], in case P[M(D)eV]>0.

Proof of Theorem 7.1. Consider first Ve#; of the form [— o0, ) or [— 0, v].
Let J,, S, £ Then J,=a(J, —b) for some reals a and b, a>0, so

PI[M{J,)eV]=P[M{J,)cd V]=P[M(J,)eV].
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If JycJ,, then [M(J)eV]c[M{J,)eV], so [M{J,)eV]=[M(J,)eV]. We get
the same result for all J,, J,e.# by comparing J,, J, with the convex hull of
J; uJ,. Consequently, with .#, denoting the intervals from .# with rational end-
points,

NIMWDeVl= () [MU)eV]= | IMUeV]= ) [MJ)eV].

Je # Jefo Jefo Jesg

A comparison J;, cl<J, proves the theorem for V of the above form. The
result for general Vev; follows by set subtraction, or if § is the identity map
by verifying that M is constant wpl on 4 []

The next lemma singles out the atoms of the o-field #; that are avoided
wpl by ¢ self-affine extremal processes.

Lemma 7.3. Let M be a § self-affine extremal process.

(a) If 6 is not a translation, say 5=e"(- —c)+c with H=+0, then M has wpl
no values in (— o0, ¢) in case H>0, and no values in (c, o) in case H <0.

(b) If & is a translation: 6=++b with b<O0, then M has wpl no values in

Proof. (a) First consider the special case ¢ =0, H < 0. Assume that P[ M (I)e(0, co)]
>0. By Remark 7.2 we may assume after conditioning that IP[M (I)e(0, co0)]=1.
We now have for 0<a<1

M©,1]=40"9M@0,a1<a ¥ M@©,11-0 as alQ,

so M (0, 1]=0 wpl, a contradiction. The remaining cases are transformed into
the special case by considering M —c in case H<0 and —1/(M —c) in case
H>0.

(b) If M is J self-affine with §=-+b, then ¥ is & self-affine, with &' as
in (a) for H=b and ¢=0. If b<0, then ¢™ has wpl no values in (0, c0) by
(a), so M has wpl no valuesin R. [

8 Reduction to the standard case

If M is an extremal process with values in I and ¢:I—R is nondecreasing
and left-continuous, then ¢ M is an extremal process. If in addition M is station-
ary, then so is @M. Special choices of ¢ can be used to transform ¢ self-affine
extremal processes into 1 self-affine extremal processes. This allows us to make
1 self-affine extremal processes M such that M (0, 1] has values in (0, co) wpl
the central object of study in the rest of the paper. They satisfy

(8.1a) M()e(0, 0) for Iesf wpl,
(8.1b) M(a- +b)=4,aM for ae(0, w), beR

We reserve the term self-affine extremal process (without further prefix) for 1
self-affine extremal processes, i.e., extremal processes that satisfy (8.1b). If we
insist on (8.1a) holding in addition, then we talk about proper self-affine extremal
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processes. We write M =c if M(I)=c for all Ie.# Then (8.1a) excludes positive
probabilities for [M =0] and [M = o] in presence of (8.1b).

The following theorem combines everything of the two previous sections
for the finite-valued case. The statement “wpl either A or B” means that the
events AB and A°B° are null events.

Theorem 8.1. Let M, be as in (6.1) based on a stationary sequence (£,). If M, —,M
in SM and M (0, 1] is nondegenerate and finite-valued wpl, then M is 6 self-similar
Jor a unique ¢ Aff and one and only one of the following statements holds.

(@) 6=1-4+0and M=M(0, 1] wpl;

(b) d=e(* —c)+c with H>0, and wpl either M=c or M=c+N" for a
proper self-affine extremal process N,

(c) d=ef(-—c)+c with H<O, and wpl either M=c or M=c—N¥ for a
proper self-affine extremal process N ;

(d) ="+ +b with b>0, and wpl M =>blogN for a proper self-affine extremal

process N.
Conversely, in each case every M of the indicated form is  self-affine.

In (6.1) we started with a stationary sequence (£,) to construct M, . Instead
one can start with a stationary extremal process M, (stationary for all real
shifts, not just the shifts over integers), and consider M, in (6.1b) based on
such an M.

Theorem 8.2. Let M, be a stationary extremal process, and let M, be defined
by the first identity in (6.1b). Then Theorem 8.1 holds with M, in its present
meaning.

Proof. We extend the integer-part function | -] to sets A of reals by | 4]
:={|t]: teA}. Considering &, =M, (k—1, k] we see that Theorem 8.1 applies to
M, based on M :=M (] -]). Note that M,=M,( n* |/n). From Lemma 3.3 it
follows that M, converges wpl in SM iff M, does. By Skorokhod’s representation
theorem (cf. its application in the proof of Theorem 6.1 (b)) the same equivalence
follows for convergence in distribution. [7]

As indicated in Sect. 4, we will study M also by X:=d¥ M and its graph
I'(X) and hypograph |I'(X). It is immediate that M is self-affine iff X is, ie,
(8.1b} holds with X instead of M. Furthermore, X is self-affine iff I'(X) and
LX) are self-affine, by which we mean that I'(X) and | I'(X) as random subsets
of R x J (F=(0, co]) are invariant in distribution for the transformations

(8.2) (t, x)—(at+b,ax) for ae(0, o), belR

of R x J. The exclusion of co as a value in (8.1a) corresponds to the requirement
that X be finite-valued (as an usc function, X attains its supremum in compact
intervals). The exclusion of 0 as a value in (8.1a) is characterized for X in
Theorem 9.1.

If, more particularly, | I'(X) is the umbra of the support of a point process
II in R xJ, then X is self-affine if IT is self-affine, by which we mean that
II is invariant in distribution under the transformations in (8.2). Self-affine point
processes are called Poincaré in O’Brien and Vervaat (1985), to which we refer
for a large collection of examples of such processes (the historical order of
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our research was first sup self-affine processes, then additively self-affine pro-
cesses, and many examples in O’Brien and Vervaat (1985) were constructed
initially to serve in the present context). We want to draw attention to the
g-adic lattice process, of which each atom determines the location of all other
atoms at the same or a lower level. One production rule for new self-affine
point processes, subordination (cf. also Vervaat 1985), will be discussed again
in Sect. 10.

All self-affine processes IT have a mean measure IEJJ which is invariant
under the transformations in (8.2). Consequently (cf. O’Brien and Vervaat 1985),
there are constants ¢, and ¢, in [0, o] such that

(8.3a) IEH((Jlt,dx)zcldti—;C for 0<x< o0,

(8.3b) EII(dt, {oo})=c, dx.

We say that IT has finite intensity if ¢; < oo and ¢, =0.

The most important example of self-affine point processes with finite mean
measure is the self-affine Poisson process. The resulting extremal process M
has independent peaks, i.e., the random variables M () are independent for dis-
joint I. It is a classical result of extreme value theory that all limiting processes
arising from a stationary sequence (£,) of independent random variables can
be brought into this form by the transformations in Theorem 8.1.

So far all examples in the literature of limiting extremal processes arising
from stationary sequences (£,) with dependent terms turned out to be generated
by point processes, so that I'(X) is countable wpl. So the question whether
all self-affine extremal processes are generated by point processes becomes
important. We obtain a negative answer in Example 10.10, where a proper self-
affine extremal process with uncountable I'(X) is constructed.

9 General properties of proper self-affine extremal processes

As a basis for comparison, we consider the case that M is generated by a
self-affine Poisson process II, and is therefore a classical extremal process (cf.
Resnick 1986; 1987). Then

X (@) =sup{x:I{{t,x)}=1}, wheresup §:=0,
(M) =x]=[I{I x (x, 0)]=0].

Also, wpl, X(#)=0 for all ¢ except for a countable dense set. As a function
of t, M(0, t] is nondecreasing, M(0,t]—0 as t|0 and M(0, ] >0 as t—00.
Furthermore, there is a random doubly-infinite increasing sequence (Ty)ix - o
with 7, >0 as k——o0 and t,— 00 as k—oo such that M(0, £] jumps at each
7, but M(0, ¢] is constant on each interval [t,_,, 7;). Finally, M(0, t] has a
density of the form

ct
filx)=—e " x>0
x

for some ¢>0.
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Not all these properties hold in the general case, as some later examples
will show. Some weaker properties do hold in general, however, as we now
demonstrate. Recall that in the remainder of this paper proper self-affine extre-
mal processes M satisfy (8.1), and self-affine random subsets of and self-affine
point processes on R x J satisfy (8.2). We write

X=d"M
Theorem 9.1. If M is a proper self-affine extremal process, then {t: X (t)>0} is

wpl a dense F, Lebesgue null set in R.

Proof. The event that {t: X(t)>0} is dense is the same as that of M(I) being
positive for all Ie.# with rational endpoints. Let I be a bounded open interval
around 0. Then M(al)|d~¥ M(0)=X(0) as a |0, and we find for 0<x< o0

P[X(0)>x] =1ilrré P[M{al)>x]
:hf% PIMI)>x/a]=P[M(I)=c0]=0.
So
9.1) P[X(0)>0]=0.
Since X is measurable (Sect. 3) and stationary, we have by Fubini

0=P[X(0)>0]=P[X(1)>0]
= [ P[X(t)>0] dt=ELeb{teR: X ()>0},
R

so Leb{teR: X ()>0} =0 wpl. Finally, {t: X()>0}= {J {t: X(t)=n" '} is an
F, set, because X is usc. [] net
Corollary 9.2. If M is a proper self-affine extremal process, then
(a) lim M(—e¢, e)=1im M(0, &)=0 wpl, and
el 0 el0

(b) Leb{t>0: M(0, t—&]+=M(0, t +¢] for all >0} =0 wpl.

Proof. (a) This follows from (9.1) and the fact that X is usc.

(b) Fix a sample point for which {t: X (¢)>0} is a Lebesgue null set. Recall
that M(0, t]>0 wpl. Let t>0 be such that 0=X ()< M(0, ¢]. Since X is usc,
X(s)<M(0, 1] for all s in some open neighborhood of t. Then M (0, s] is constant
forsuchs. [J

Theorem 9.3. If M is a proper self-affine extremal process, then the following
hold true.
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(a) For each t>0, M(0, t] has a density f, such that x*f,(x) is nondecreasing
in x. Equivalently, 1/M(0, t] has a density g, such that g,(x) is nonincreasing
in x. Furthermore,

62) =1 1i (f)

(b) Let F be the hypograph of X and let Fi:={tcR:(t, )eF} be its level
set at height 1. Then

(9.3) lim x2f, (x)=lim g,(x)=IE#(F, A (0, 1)].
x| 0

X0

Proof. (a) We first show that 1/M(0, 1] has a nonincreasing density on (G, o).
We have

P[1/M(©0,1]<x]=P[xM(©, 1]>1]=IP[M (0, x]>1]
=P[(0, x]F; +{].
The random closed subset F, of R is stationary, ie., F;+b=,F, for belR,
so we have for 0Sy<y+h<x:
PL1/M(0,1]e[x, x+m)]=P[(0, x]nF; =0, (x,x+H]nF;+0]
=P[y—x,y]1nF,=0, (y,y+hlnF+0]
SPIO.yInFi =0, (y,y+h]nF,£0]1=P[1/M(0, ]ely,y+h)].

The second statement of (a) now follows by standard real analysis, the first
by an obvious transformation, and self-similarity yields (9.2).

(b) The first identity in (9.3) is a standard transformation. For the second,
set I:=(0, 1]. Then, by stationarity of F, and Fubini,

©.4)  lim g, (x)=lim x~* P[1/M{I)<x]
x10 xl0

=limx 1 PxInF;#¢]=limx ' P[t+x])nF, +0]
xl0

=chiin((1:x“ {PLt+xD)NF,+0]dt
=1if1(1) x_liELeb((Fl—xI)mI).
We have
9.5 x ' Leb((Fy—xDnDT#(F, D) as x|0,

even if #(F; nI)=o0. To see this, note that for almost all sample points Leb F;
=0 and min(F; n1)>0 by (9.1). The contribution to the left-hand side of (9.5)
from each open connected component of the complement of F; in
(0, max(F; n1)] is increasing in x. Now (9.3) follows by (9.4), (9.5) and the mono-
tone convergence theorem. [

Remarks 9.4. There is no extension of Theorem 9.3 to joint distributions of M (I)
for two intervals I. The example of the g-adic lattice process (O’Brien and Ver-
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vaat 1985, Ex. 3.2) makes it obvious that they need not be absolutely continuous.
The same example shows that f, need not be positive on all of (0, «0), but
may vanish near 0. So in the case of H self-affine extremal processes with H <0,
the distribution of M (0, t] may have compact support.

Corresponding results for additively self-affine processes (=self-similar pro-
cesses with stationary increments) are only a conjecture. O’Brien and Vervaat
(1983) and Maejima (1986) obtain only very partial results in this direction.
These have not been improved so far.

10 Subordination

In this section we restrict our attention to proper self-affine random usc functions
X, Le., self-affine random usc functions that are in addition finite and not identi-
cally zero wpl. Let U be the hypograph of another finite, nonnegative, not
identically zero usc function, this time nonrandom. Then

(10.1) Fi=clos {) ((,0)+xU)

(t.x)el'(X)

is a closed subset of IR x (0, co], which is equal to its umbra, and therefore
it is the hypograph |I'(Y) of a random usc function Y. We shall see shortly
that Y is also self-affine, but not necessarily proper, a major topic in this section.
We say Y (and the extremal process YY) is subordinated to X (X V) by U. It
is instructive to consider the particular case that I'(X) is the support of a point
process I1, for instance Poisson, and that U is the umbra of some finite cloud
C of points around (0, 1), so that U= |C. Then F is the umbra of the union
of clouds around the atoms of the point process, where the clouds are not
only shifted to these atoms but also expanded proportionally to their heights.

For a further analysis it is convenient to regard R x (0, c0) as a noncommuta-
tive group isomorphic to Aff via (t, x)>x- +1t, so

(t1, x)(E2s X2y =(t, + X1 t, X1 X5)

with unit element (0, 1) and inverse (¢, x) "' =(—tx !, x ). We extend the opera-
tions of multiplication and inversion to subsets of R x (0, co):

FG={z,z,:z,€F,2z,eG}; F '={z"'izeF}.

Note that F—F ™! is not an inverse for this multiplication of sets. Nevertheless
we have HF nG=0 iff H~ GF~' =0 (multiplication of sets has priority above
set operations in this section). In this setting, random subsets F of R x (0, o0)
are self-affine iff F=,zF for zeR x (0, o) (cf. lines around (8.2)), so a random
usc function X is self-affine iff I'(X)=,zI'(X) or [['(X)=,z-|(X) for zeR
x (0, o). Formula (10.1) now reads

(10.2) F=clos(I'(X) ).

It is now obvious that F is self-affine if I'{X) is.
Subordination is a convenient way of producing new examples, but there
is some risk that the result is unintentionally trivial. Specifically, if [(X)U is
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densein R x (0, co], then F=R x (0, c0],so for Ywith | F(Y)=F we have Y=00.
We therefore look for conditions that guarantee Y to be proper wpl.

The following lemma gives the central criterion, which will be developed
further in the most important special case. It involves the open rectangles

Gy=(0,1)x(y, ), y>0.
Note that for open G
GU™'nI(X)=90 iff GnI(Y)=0.

Lemma 10.1. Let X be a self-affine random usc function which is proper wpl,
and let U be the hypograph of a finite usc function. Then the random usc function
Y subordinated to X by U is proper wpl iff U0 and

(10.3) lim P[I(X)nG, U™ ' =¢]=1.

y—o

Proof. Let F:=|I'(Y), so that (10.2) holds. By Theorem 7.1, Y is finite wpl iff
PLYY(0,1)<co}=1. We have

[YY(0,1)<oo]={) [FnG,=0],

y>0
where the union applies to events that increase with y, so

P[YY(0,1)<o0]=lim P[FnG,=0].

y=®
In general we have for open sets G in R x (0, c0)
P[FAG=0]1=P[I(X)UnG=0]=P[I(X)nGU ' =0].
Combining the last two formulae we obtain

PLY"(0,1)<oo]=lim P[I(X)nG, U™ "=0],

y— oo

and (10.3) follows. Finally, Y is wpl not identically zero iff U=%0. [
We now turn to the most common case. We write
n(dt, dx)=dt x~*dx,
so that self-affine point processes with finite positive intensity have intensity
¢ for some ce(0, o) (cf. (8.3)).

Assumption 10.2. T(X) is the support of a self-affine point process IT (so I1{A)
= #(I'(X)n A)) with finite positive intensity cm.

Assumption 10.3. In addition to Assumption 10.2, we have [J{4)=oco wpl if
n{4)= oo for Borel sets 4 in IR x (0, c0).

We are able to recognize 7 as the left Haar measure of R x (0, c0) regarded
as a group isomorphic to Aff, so n(z4)=nr(4) for zeR % (0, co) and A=IR x (0, o).
Assumption 10.3 is satisfied in case I is Poisson, but not for all sclf-affine
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point processes, as we shall see shortly (examples for which Assumption 10.3
fails are the g-adic lattice process and Ex. 3.5(f) in O’Brien and Vervaat 1985).
Criterion (10.3) is simplified considerably in the following theorem.

Theorem 10.4. (a) If
(10.4) (G, U )< o0

for some y >0, then (10.4) holds for all y>0.
(b) Under Assumption 10.2 the equivalent statements in Lemma 10.1 are
implied by (10.4).

(c) Under Assumption 10.3 the equivalent statements in Lemma 10.1 are equiv-
alent to (10.4).

Remark 10.5. If (10.4) holds, then there are wpl finitely many atoms of IT that
give rise to shifts of U that intersect G,. So the operation of taking closure
can be omitted in (10.1) and (10.2).

Proof of Theorem 10.4. (a) It is obvious that (10.4) for some y>0 implies (10.4)
for all larger y. Therefore it suffices to prove that (10.4) for some y>0 implies
(10.4) with y replaced by y/2. This follows from

0 >7(G, U™ )=n(0,3) G, U )=n{(0,}) x Gy, o) U™}
=4 {0, D x Gy, DU} +7{(G, Dx Gy, 0) U™}
217(G,, U™,

(b) In Lemma 10.7 we will prove that G, U™ ' |0 as y—oo. If (10.4) holds,
this implies that 7(G,U~")— 0, ie., that I1(G,U ')~ 0 as y —» oo in expectation,
and hence also in probability, which is (10.3).

(¢) In presence of (b) it remains to prove that (10.3) implies (10.4). By (10.3),
IP[II(G,U~")< 0] >0 for some y. This implies (10.4) for the same y by Assump-
tion 10.3. [

Before discussing examples and filling the gap left in the proof of Theo-
rem 104, let us calculate a set that will be needed a few times. Let U be a
‘rectangle’ in IR % (0, c0), U=C x D. Then, with I:=(0, 1),

(10.5) U =U =y Ox{y " h= U (—z0)x{z});

yeD zeD-1

GU = ) |J (U-uzC)x{uz})

ye(y, ) zeD~1

- U @—z0x{z.

z>yfsup D

Example 10.6 (to show that (10.4) is not necessary under Assumption 10.2 only).
Let I be the g-adic lattice process of Example 3.2 in O’Brien and Vervaat
(1985) scaled such that the support at level x conditioned on having atoms
at level x consists of a uniformly distributed translation of xZ. Let U:=Z x (0, 1].
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Then subordination by U leaves the g-adic lattice process unchanged. So the
equivalent statements of Lemma 10.1 hold. For neZ, set

L,y)={(t,x):nx<t<nx+1,x>y}.
Then G, U™ ' = U L,(y) by (10.5), and n(U L,(y)y=o00 (x(L,(y))=1/y, though).

We now fill the gap in the proof of Theorem 104,
Lemma 10.7. If U is the hypograph of a finite usc function, then G,U""|
as y—oo.

Proof. Let J:=(—oc0, —1]U[1, o) and I:=(0, 1). Let (z, x)eR x (0, c0). By (10.5)
we have
G,(sIx(Q,) '= | (+zs])x{z}),

ze(0, )

which does not contain (¢, x) if s is large enough that (xs—1)* >|¢|. For such
an s, choose v such that

(10.6) Uc(sd x(0, c0))u @R x (0, v]).
Since G,(Rx(0,v])"*=Rx(yv™!, o) does not contain (z, x) for y>tv, the
result follows from (10.6). O

We now investigate criterion (10.4) for rectangular U.

Theorem 10.8. Ler Assumption 10.2 hold, and let U=C x (0, x], where C is a
closed subset of R. Then (10.4) holds iff

1 dy
(10.7) [ Leb(C—yl)—< 0,
0 y
where I=(0, 1), iff
(10.8) Cisbounded, LebC =0, and Y, I,|logl,|<c0,

n=1

where (l,) is an enumeration of the lengths of the disjoint open intervals whose
union is [min C, max C]\C.
Proof. By (10.5)and I —xC= —x(C—x"'I) we have
° d : d
2(G U= | xLeb(C—x-li)xijz f Leb(C—yI)Ty,
1 0
We find that (10.4) is equivalent to (10.7). The same criterion occurs in Vervaat

(1985, Lemma 4.3). By direct calculation or the lemma on p. 326 of Carleson
(1952) it follows that (10.7) is equivalent to (10.8). O

The following corollary is based on the observation that for fixed X and
varying U, Y depends in an increasing way on U.

Corollary 10.9. (a) Under Assumption 10.2, let §U < Cx (0, x], C closed in R,
and let C satisfy (10.7) or (10.8). Then (10.4) holds and Y subordinated to X
by U is proper wpl.

(b) Under Assumption 10.3, let Cx (0, x]< U, C closed in R, and let C violate
(10.7) or (10.8). Then, wpl, Y subordinated to X by U is not finite.
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Example 10.10. The ternary Cantor set C satisfies (10.8), so subordination by
Cx(0,1] to an X as in Assumption 10.2 produces examples of proper random
self-affine usc functions Y with uncountable graphs (cf. Sect. 4).

Remarks 10.11. (a) Obviously, (10.8) is satisfied in case #C<oo. For infinite
C it does not matter whether C is countable or not. In both cases (10.8) may
or may not hold. It is even possible to violate (10.8) for C consisting of a
convergent sequence with its limit (aim at [,=n"(logn)~?).

(b) We have assumed U to be the hypograph of a finite usc function. We
are unable to prove or disprove our conjecture that U must be the hypograph
of a bounded usc function for Y to be finite wpl.

(¢) In case I'(X) is countable, it is possible to generalize subordination by
one fixed nonrandom U to subordination by random U,’s, for instance indepen-
dent and identically distributed. See Vervaat (1985) for details in an analogous
situation.

11 Sup continuous self-affine extremal processes

In this section we show the existence of proper self-affine extremal processes
M such that the function (¢, u)— M (t, u) on {(t, u)elR?: t<u} is continuous wpl.
Recall the definition of sup continuity (Def. 4.1). The following hold.

Properties 11.1. (a) For f:IR - I we have that f is sup continuous iff f is usc
and (t, u)—f "~ (t, u) is continuous on {(t, u)elR?*: r<u}.

(b) The supremum or infimum of finitely many sup continuous functions
is again sup continuous.

(c) If f: R — Il is sup continuous, then the set L:={f(t): a<t<b} is connected
for any a<b.

Proof. (a) and (b) are obvious. We prove (c). Let x and ye{f(): a<t<b} and
let z satisfy x <z<y. Suppose x=f(u) and y= f(v) where u<v, the other case
being similar. Since f is sup continuous, f(inf{t>u: f(1)>z})=z. O

Let f1R - I:=[0, co] be sup continuous, and suppose that U:=|I'(f) sat-
isfies the condition of Corollary 10.9(a). Let IT be a self-affine point process
satisfying Assumption 10.2. Then the random usc function subordinated to IT
by U is a proper self-affine random usc function that is sup continuous wpl,
by Properties 11.1 and Remark 10.5. In particular, the random functions t—
M(O, t] and tr— M (—1, 0] are continuous wpl.

So in order to show the existence of extremal processes as claimed in the
beginning of this section, if suffices to exhibit a nonzero sup continuous function
f such that |T'(f)=C x (0, 1], where C is a closed set such that (10.8) holds.
Since we want f to be sup continuous, we see from Property 11.1(c) that the
support of f must be uncountable. Thus we are led to consider sets C of Cantor
type.

Example 11.2. The support of f is contained in the Cantor-like set C of all

x in [0, 1] of the form ) ¢,57" with ¢,=0, 2 or 4. For each such x let K,

n=1
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denote the set K, :={nelN: n=2, ¢, +2}. Let f,(x)= ][] (1—]1() for x in

1 keKy:k=<n

C. Then f,(x) decreases to f(x):= || (1 _E)' The function f, is locally constant,
keK.

so continuous on C. Hence f, and f=inf f, are usc on IR if we define f,(x)=0

off C.

In order to prove sup continuity, it suffices to show that for any x and
any ¢>0 there exist x; <x<x, with x, —x, <e and f(x;)> f(x)—e for j=1, 2.
We need to consider only the case that f is strictly positive at x. This implies
that ) 1/k converges, and hence that the expansion of x contains infinitely

keK

many 2’s. Suppose ¢, =2, and define x, and x, by replacing this digit by 0
and 4 respectively. Then x, —x, =4-5"" and f decreases by a factor (1—%).

Since f'is bounded by 1, the condition above is satisfied if we choose m sufficiently
large.

Remarks 11.3. (a) If the subordinated f is only right sup continuous, then t—
M (—t, 0] is continuous wpl, but not necessarily so t— M (0, ¢].

(b) The subordinated f suggested at the end of Sect.9 in Vervaat (1986) is
too simple. It produces a sup continuous improper self-affine random usc func-
tion: the function X = oo wpl.

(c) Let II be a self-affine Poisson process and let f(f):=1+¢ for t=0 and
t=+4+n"1! (n=2), :=0 else. We can prove for the subordinated extremal process
M that t—M(0,t] has a positive derivative at some t wpl. Note that

% M (0, t]=0 wpl for each fixed ¢, by Corollary 9.2(b).

Acknowledgements. We are indebted to A.A. Balkema for many valuable comments. In particu-
lar he provided the current more accessible version of Example 11.2. We also thank the referee
for his thorough reading of the manuscript. The research of G.L.O’B. and visits by W.V.
to York University have been supported by the Natural Sciences and Engineering Research
Council of Canada. Visits by G.L.O’B. to Nijmegen have been supported by the host institution
and by the Netherlands Organization for the Advancement of Pure Research ZWO (currently
NWO), project B62-255. Both authors acknowledge the hospitality of the institutions they
visited.

References

1. Adler, R.J.: Weak convergence results for extremal processes generated by dependent ran-
dom variables. Ann. Probab. 6, 660-667 (1978)

2. Berman, S.M.: Limit theorems for the maximum term in stationary sequences. Ann. Math.
Statist. 35, 502516 (1964)

3. Billingsley, P.: Convergence of probability measures. New York: Wiley 1968

4. Bingham, N.H., Goldie, C.M., Teugels, J.L.: Regular variation. Cambridge: Cambridge
University Press (1987)

5. Carleson, L.: Sets of uniqueness for functions regular in the unit circle. Acta Math. 87,
325-345(1952)

6. de Haan, L.: On regular variation and its application to the weak convergence of sample
extremes. Math. Centre Tracts 32, Mathematisch Centrum, Amsterdam 1970



Stationary self-similar extremal processes 119

10.

11.

12.

13.
14.

15

16.

17.

18.

19.
20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

3s.

. Dwass, M.: Extremal processes. Ann. Math. Statist. 35, 1718-1725 (1964)
. Fisher, R.A,, Tippett, LH.C.: Limiting forms of the frequency distribution of the largest

or smallest member of a sample. Proc. Camb. Philos. Soc. 24.2, 180-190 (1928)

. Gnedenko, B.V.: Sur la distribution limite du terme maximum d’une série aléatoire. Ann.

Math. 44, 423-453 (1943)

Hsing, T.: On the characterisation of certain point processes. Stochastic Processes Appl.
26, 297-316 (1987)

Hsing, T.: On extreme order statistics for a stationary sequence. Stochastic Processes Appl.
29, 147-154 (1988)

Hiisler, J.: Extreme values and rare events of non-stationary random sequences. In: Depen-
dence in probability and statistics. Eberlein, E., Taqqu, M.S. (eds.), pp. 439-456. Basel:
Birkhéuser 1986

Lamperti, J.: Semi-stable stochastic processes. Trans. Am. Math. Soc. 104, 62-78 (1962)
Lamperti, J.: On extreme order statistics. Ann. Math. Stat. 35, 1726-1737 (1964)

. Leadbetter, M.R., Lindgren, G., Rootzén, H.: Extremes and related properties of random

sequences and processes. Berlin Heidelberg New York: Springer 1983

Leadbetter, M.R., Rootzén, H.: Extremal theory for stochastic processes. Ann. Probab.
16, 431478 (1988)

Loynes, M.R.: Extreme values in uniformly mixing stationary stochastic processes. Ann.
Math. Stat. 36, 993-999 (1965)

Maejima, M.: A remark on self-similar processes with stationary increments. Can. J. Stat.
14, 81-82 (1986)

Matheron, G.: Random sets and integral geometry. New York: Wiley 1975

Mori, T.: Limit distributions of two-dimensional point processes generated by strong mixing
sequences. Yokohama Math. J. 25, 155-168 (1977)

Newell, G.F.: Asymptotic extremes for m-dependent random variables. Ann. Math. Stat.
35, 1322-1325 (1964)

Norberg, T.: Random capacities and their distributions. Probab. Th. Rel. Fields 73, 281-297
(1986)

Norberg, T.: Semicontinuous processes in multi-dimensional extreme value theory. Stochas-
tic Processes Appl. 25, 27-55 (1986)

O’Brien, G.L.: Extreme values for stationary and Markov sequences. Ann. Probab. 15,
281-291 (1987)

O’Brien, G.L., Vervaat, W.: Marginal distributions of self-similar processes with stationary
increments. Z. Wahrscheinlichkeitstheor. Verw. Geb. 64, 129-138 (1983)

O’Brien, G.L., Vervaat, W.: Self-similar processes with stationary increments generated
by point processes. Ann. Probab. 13, 2852 (1985)

Pickands II, J.: The two-dimensional Poisson process and extremal processes. J. Appl.
Probab. 8, 745-756 (1971)

Resnick, S.I.: Point processes, regular variation and weak convergence. Adv. Appl. Probab.
18, 66138 (1986)

Resnick, S.I.: Extreme values, regular variation and point processes. Berlin Heidelberg
New York: Springer 1987

Salinetti, G., Wets, R.J.-B.: Convergence in distribution of measurable multifunctions (ran-
dom sets), normal integrands, stochastic processes and stochastic infima. Math. Oper. Res.
11, 385-419 (1986)

Vervaat, W.: Sample path properties of self-similar processes with stationary increments.
Ann. Probab. 13, 1-27 (1985)

Vervaat, W.: Stationary self-similar extremal processes and random semicontinuous func-
tions. In: Dependence in probability and statistics. Eberlein, E., Taqqu, M.S. (eds.) pp. 457—
473. Basel: Birkhiuser 1986

Vervaat, W.: Random upper semicontinuous functions and extremal processes. Report MS-
R38801, Centre for Mathematics and Computer Science, Amsterdam, 1988 (to appear in
[34])

Vervaat, W. (ed.): Probability and lattices. CWI Tracts, Centre for Mathematics and Com-
puter Science, Amsterdam, 1990

Weissman, I.: Multivariate extremal processes generated by independent non-identically
distributed random variables. J. Appl. Probab. 12, 477-487 (1975)



