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Summary. Let W(t) be a Wiener process. The lim inf behavior of the L,-norm of
W(t) on the interval [T — a(T), T] and of [ W(t + 8T) — W(t)| on the interval
[aT, fT7] is given under suitable conditions.

1 Introduction

Let { W(t),t = 0} be a standard Wiener process. There are various types of limiting
results for W(t) and its increments. For an account on the subject and references,
see, for example, Grill [9] for the increments of W(¢), Li [13] for W(t) itself.

In this paper, we consider the lim inf of the Wiener process and its increments
on certain intervals under the L,-norm. On the interval [0, T], Donsker and
Varadhan [7] showed by using their functional law of iterated logarithm for local
times that

T
lim logliongj WA(t)dt =~ as. (1.1)
T-ow 0 8
What happens on the interval [T — a(T), T'] for a(T) = 0? We have the following
results.

Theorem 1 Let a(T) satisfy the conditions
(i) 0 <a(T)=T, a(T) is a non-decreasing function of T, for 0 < T < o0;
(i) a(T)/T is non-increasing as T — oo ; or
(i) limy,,a(T)/T=p,0<p < 1.
If limy ., log(T/a(T))-(loglog T) ! = oo, then

. log(T/a(T)) T 2 1
71% —‘W T_{(T) W (t) dt = Z a.s. . (12)
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If limy_, log(T/a(T)) (loglog T) ! < oo and En“Tﬂo a(yT)/a(T) < oo for
some y > 1, then

T
1
lim ¢(T) § W%ﬂ&:z a.s. (1.3)
T- T—a(T)

where
¢(T) = (log(T/a(T)) + 2loglog T)/a*(T) .
To illustrate what Theorem 1 tells us, we give here the following examples.

Example 1. For x = 0, let a(T) = (1 + x)~* T, then (1.3) tells us by the change of
variable that

. 1 1 T(x+1)T
im 221987 e
xT

T—owo

(ﬂm=éa&. (1.4)

If x = 0, (1.4) becomes (1.1). It is somewhat strange that (1.4) is true no matter what
x = 01is. One might expect (1.4) has something to do with the zeros of W(t). In fact,
for almost all we Q, there exist T;(w) such that

WixTi(w)=0 k=1,2,..., lim Ti(w)= w .

k— o

Hence we can see in a very rough sense (we use = ), for y(7) =T ~*loglog 7,

x+1)T (x+1)Ti(w)
m ¢(T) | W(0)di~limy(Tuw) [ WHde
T o0 xT k— o0 x T ()
T () 1
=~ lim y(Zu(@) | W0)di=g.
k— 0 0

The problem, however, is to make this precise.

Example 2. Let a,(T) = ¢, a,(T) = c/log T, a3(T) = ¢T* where 0 < o < 1 and
¢ > 0 is a constant. Then (1.2) says that

T 2
lim log T § Wz(t)dt=—4—

T—w T—c

as.

T o2
lim | Wi(t)dt=— as.;
T-ow T—cylogT 4

. logT T c?
lim W2(t)dt = ———— as..
fm o O =
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Hence we see from (1.2) that a{T} = c./log T is the critical function, i.e. under our
conditions (i) and (ii),

0 as. if lim a(7T)/\/logT=0

T
T
lim | W2*()dr=<c*4 as. if lim a(T)//logT=c
T—w T—a(T) T—-w

oo as. if lim a(T)/ /logT= oo .

T-w

Now we turn to the lim inf of the increments | W(t + 8T) — W(t)| on the interval
[T, BT] under the L,-norm.

Theorem 2 If 0= f — o >0and « = 0, then

log log T#T —ap?
lim —E8 0\ Wt + 0T) — W(t)|? di _B-o) (1.5)
T-w T aTl 4
If0<f@<p—oand o =0, then
2 THT - 0)n?
%é lim % [ 1wt +6T) — wie)2de<® “)(2[” ) (1.6)
T— o0 aT

An interesting thing about Theorem 2 is that as long as § = f — o > 0, the limiting
constant does not depend on 0 which is not intuitively clear. For the case
B — o> 68> 0in Theorem 2, our proof for (1.5) will work in principle. However,
due to the complexity of an eigenvalue computation, we could not obtain the
desired small deviation estimates and hence the exact constant. The difficulties
come in because when we consider

ﬂjT |W(t + 6T) — W(r)|* dt

for f —a >0 >0, both t + 67 and ¢ can lie inside the interval [T, 7] and, as
a result, the computations become too involved. We also remark that the lim sup
results similar to Theorem 1 and Theorem 2 are given in Li [12].

We list some necessary lemmas in Sect. 2. Our Lemma 13, Lemma 14 and
Lemma 18 provide the necessary lower tail estimates that are new and
can be viewed as an application of the comparison results given in Li [11]
(see Lemma 1 and Lemma 2 in this paper). Our Lemma 10 and Lemma 16
are the useful probability inequalities for the Wiener process, which have
independent interest and are also true for the sup-norm, L,-norm and some other
norms. We give the proof of Theorem 1 in Sect. 3 and the proof of Theorem 2
in Sect. 4.

Now we need some notation for the next three sections. Let ¢ stand for a small
positive number given arbitrarily, and C denote various positive constants inde-
pendent of k and n, whose values might change from line to line. f(g) ~ g(&) as
¢ — 0 means lim, . f(¢)/g(¢) = 1.
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2 Lemmas

Let &,, n=1 be independent and normally distributed with mean zero and
variance 1. Lemma 1 and Lemma 2 below are the comparison theorems in Li [11].

Lemma 1 Leta, >0, ,.,a,< 0 and b,>0,% . b, < 0.
IS s |l — ay/by < o0, then

P< Y anéﬁ§s>~<nbn/an>l/2P( Y bn£3§s> as e—0.
nz1 nz1l

Lemma 2 For positive integer N and Y ., a, < o0, a, > 0, we have

N-1 ~-172
P( Y a, §§8>~<n 2an> IN(N_“/ZP( > a, 3§8> as e¢—0
n=1

nz1 nzN

where Ty = t5(8), for &€ > 0 small enough, satisfies the equation

e= )y n

won L4 20,78
The following lemma was first given by Anderson and Darling [1].

Lemma 3 Let {B(t):0 <t < 1} be a Brownian bridge. Then as ¢ — 0,

; 1 4 1
P(iBZ(t)dt<s)=P<n§1Wﬁ§8>Nﬁ.exp<_§é>'

The lemma below was given by Cameron and Martin [3].

Lemma 4 As ¢ — 0,

Lemma 5 For a, > 0, we have as ¢ - 0

(aléz'f‘ Z 2 2£n+1:8>

n>1

- & exp

/\\A
%»—a
\_/

—_—
t\)
=

1 1
P(.,;n(nﬂ/z)zé"‘g) A

Proof. By Lemma 2 and Lemma 3, we see that as ¢ - 0

1
P(%f% + ) Wﬁﬁﬂ §8> 2.3)

nz1

N(zal)—l/z.r_lﬁ'P( Z 2€n+1 = )

n>1ﬂ: n

2 i, < 1)
~ =t T CXpy — o
/AT 8¢



Lim inf for the Wiener process and its increments 73

where 7 = (), for ¢ > 0 small enough, satisfies

5 1 1 (1+exp( 2\/2) 1 > 24
ng1n2”2+217 2./2t \1 — exp(— 2\/—) J2t) .
The last equality above can be found in Gradshteyn and Ryzhik [87]. Hence we

obtain (2.1) by substituting t~*? ~ 2\/i- ¢ as ¢ — 0 from (2.4) into (2.3).
Similarly, by Lemma 2 and Lemma 4, we have that as ¢ -0

1 2 _ _1._
P (Z 2+ 27 " = "’) =F (Z A1 S 8) 23)

NN L
~ y12 P(;EH =Y E2 §s>

1
~8 —-3/2, 2 1/2.,,1/2, —— 1,
T (28)"*-y exp( 83)

& =

where y = y(¢), for ¢ > 0 small enough, satisfies the equation

1 4 1 4
&= ngz m*(n—1/2)* +2y ,;Z‘l °n® + 8y n§1 n2+2y nt+8y

Hence by using the identity in (2.4), we have y1/%2 ~ (2\/53)‘ L as & —» 0. Therefore
we obtain (2.2) by substituting y/? ~(2\ﬁﬁ)“1 into (2.5). This finishes the
proof.

By the Karhunen-Loéve expansion, we have the following lemma. The detailed
calculations can be found in Li [12] and are similar to the calculation in our
Lemma 18.

Lemma 6 Forany b>a=0and s >0
b
P(j Wz(t)dt§s>=P< Y. Au(a, b) f§s>
a nz1

where A,(a, b) is the n™ solution of the equation in decreasing order

\/_ \/;c cos \—/a (2.6)

Now we list some of the properties of ,(a, b) defined in (2.6).

a-sm

Lemma 7 Let A,(a, b) (n = 1) be defined as in (2.6) and b > a = d > 0. Then
b—aPm—12"2n 2 <yab)<b—a*(n—1)"2n"2% for n=2; (27
a(b — a) < A1(a,b) < (b* — a*)/2; (2.8)
fa—d,b—d) < A(ab)<a*(a—d) *Ifa—db—d). (2.9)
(Aula, D)) 2 =0 —a) '(n— = + O(1/n) . (2.10)
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Proof. Let p, = (A,(a, b)) V2. Then tan(b — a)p, = (ap,)” L. It is easy to sec
by looking at the graph of the function tanx and (ax)”! that
n— Nz <(b—ap,<(n—1/2)xn for n = 1. This gives (2.7).
By using the inequality tan x > x on (0, ©/2), we have
(ap,)~! = tan(b — a)}p; > (b — a)p;

which gives our lower bound in (2.8). Turn to the upper bound in (2.8). We need to

show p; > /(0> — )2 I (b—a)py 2/2, then py = /2/(b—a)>
QAb* — a®*NY2 If (b —a)p, < \/5, then by using the inequality tan x < 2x/
(2 — x*) on (0, \/5), we have

(ap;)™* =tan(b — a)p; < 2(b — a)p,/2 — (b — a)p?)

which is p; > (2/(b* — a*))**. Hence (2.8) holds.
For (2.9), it is easy to see it holds by the lower half of (2.7) when d = a. Let

oo =(Aa—d,b—d) ** and a >d > 0. Then

pptanb —a)p, =@—d) ' >a ! =p,tan(b — a)p, .
Hence p;, > p, which is the lower half of (2.9). The upper half follows from

(pula —d))™' = tan(b — a)p, > tan(b — a)p, = (p,a)~" .
Now turn to (2.10). By the inequality tan x > x on (0, 7/2), we have
(an(n — 1))~* > (ap,) ' = tan(b — a)p,
=tan((b—a)p,—(n—~ D) > b —ajp, —(n—1)m >0

which gives (2.10). Thus we finish the proof.
Qur nextiemma is a particular case of Theorem 2.1 of Hoffmann-Jorgensen et al.
[107 which is a well known fact about the measure of the translated ball.

Lemma 8 For any b>a =2 0,¢6>0 and xeR

b b
P(f(W(t) +x)2dt < s) < P<j W3(t)dt < s>
Lemma 9 Foranyb>a=2d=20,5s>0and xeR

/b b—d
PU WZ(z)dzgsW(d):x)gP( { Wz(t)dt§s>
—d

a a

Proof. By using Lemma 8 and the fact that the Wiener process has independent
and stationary increments, we have

P<jl: W2(t)di < 5{W(d) = x>

= P<;(W(t) — W(d)+ x)?de = 5| W(d) = x)
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= P(;(W(t) —W(d)+ x)*dt < s)

a

P(bgd(W(tk) +x)?de < s>

a—

IIA

P(bjd W2(t)dt < s)
-d

a

where the second equality is by the vector form of Corollary 4.38 in Breiman [2].

Lemma 10 Foranyb>a=d=0and s >0

PG W2 (t)de < s> < P( fd W2(t)dt < s) < (a—f——d)m P(lf W2(t) dt < s> .

In particular, if d = a,

b

a

P<lj7 W2(r)dt < s) < P(bja Wi(t)dt < s) = P(} Wi(t)dt £ —S—2> .
a 0 0 (b—a)

Proof. The first part can be easily seen by integrating the inequality in Lemma 9.
For the other part, we have by the basic properties of the Wiener process

P(b}d WA(1) dr < s>
~d

a

jﬂo P<bia (W(t) + x)*dt < s) dP(W(a —d) < x)

0

g( fd>l/2 i P<b]a(W(t)+x)2 dtgs)dP(W(a)<x)

a 00

a 1/2 b , <
:<a—d> P<£W (t)dt=s>

where the first equality is by similar argument as those in the proof of Lemma 9 and
the last equality follows from the first equality backward.

Lemma 11 Let a,>0and )., a, < oo. Then for any s > 0,
P<a1€% + Y a.ln s) < \/s/al-P( Y a.én = s> -
nz2 nz2
Proof. By conditioning on {£; = x}, we have »

P@m+zmgﬁ=jP@M+zmgQ@mq)

nz2 a;x2<s nz2

g%Z%ﬁS)EdMéﬂQMw%Z%ﬁS>

nz2 ai1x2<s =2
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Lemma 12 Let a, >0and ), . | @y, < o0. Then for any s >0and 0 <6 < 1,

P<a1£%+ ) an53§S>

nz2

= (2n‘1)1/2~(5sa1—1)1/2-exp(—%5sa1‘1>-P< Y oaidis(1— 5)3) .

nz2

Proof. By conditioning on {¢; = x} as we did in the proof of Lemma 11 and
restricting a, x* < Js, we have

"z

IV
hu

2z | P<a1x2+ Y anéfgs)dP(él < x)
2

ds+ > a, fgs)dP(él<x)

g1x2 < 8s nx=2

> (2%“1)1/2'(5sa1_1)”2~exp<~— %ésaﬂ)}’( Y a.ér<(1— 5)s> .

n=2

Lemma 13 If s/(b — a)? small enough, then

P(lj W(tyde £ S) S Ky ((b— a)/a)“z-exp<— %-(b . a)2> ,

s
where K, > 0 is a constant independent of a, b and s.

Proof. By using Lemma 6, Lemma 7, Lemma 11 and Lemma 5, we have

P<§ W2(t)dt < s> - P( S da(a, b)E2 < s>

nz1

(b —a’ 2
= P(“(b‘ ayét +n;z(n_—1/2)2?én §S>

1
< (sfalb - aDl/z.P( 2 (n+ 1/2)2%25':f = (b ja)2>

nz1

Lemma 14 If s/(b — a)* small enough, then for 0 < < 1

P(i W2(t)dt = S> 2 K, (8s/(b* — az))l/z-exp<— %((f:gi)

where K| > 0 is a constant independent of a, b, 5 and s.
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Proof. By using Lemmas 6 and 7, Lemma 12 and Lemma 3, we have

P(lj W2(t)dt < s> = P( Y da(a, b)E2 < s>

nz1

b —a* (b — a)?
gP( 2 §1+Z(n 1)2 26n:>

nz2

= (2n” 1)1 (20s5/(b* — a*))"/? -exp(— 05/(b* — a?))

| L, (- d)s
P<z F S G ap )
1_(b—a)2>

> K, - (ds/(b% — az))”z'e’“)(_ 8 1 —d)s

The following is a well known version of the Borel-Cantelli lemma.

Lemma 15 [f A, are events such that 21@1 P(A4;)= o and

Y 2 P4
lim =111 <1,
"N Y P(A)P(A)
k=11=1

then P(A4, i0) =1

Lemma 16 Forany b’ >d =2b>a>=0and s > 0,5 > 0, we have

P(; W2(t)dt < s, bf W2(t)de < s’>

< P<} W2(t)ydt < s>-P<b,j~b W2(t)dt < s’)

a’ —b

a \? b b
é(a/—b) -P(j Wz(z)dtgs)P([ Wl(t)dzgs'>.

Proof. By Lemma 9, Lemma 10 and the basic properties of the Wiener process, we
have

P<} Wi(t)dt < s, bj W2(t)dt < s’>

039 P(? W(r)de £ s,bjl W2(t)dt < 5’| W(b) = x> dP(W(b) < x)

—

}0 P(i W2(t) de < s|W(b) = x> -P(bf W) dt < 5’| W(b) = x)dP(W(b) <x)

— 0
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< }O P(lf W2(t)de < s|W(b) = x) -P(b’j_b W25 de < s’> dP(W(b) < x)

a a-—b

= P(J]i W(1)de < s)-P(b,j_b W) de < s’)

a —b

a 1/2 b B
< (a, — b) -P(_{ Wity < s>~P<[ W2(r)dt < s’> .

where the second equation is the fact that the past and the future are conditionally
independent given the present (see Theorem 9.2.4 in Chung [5]).

Lemma 17 Let 3> 1 and M > 1. If k78 < 1/2 for k = kq, then

Mk dX
ksglkjo kL (xP — 1 — kP12 5182 (M-
Proof. Observing (k/x)? < k/x and x™# < 1/(2x) for x > k > ko, we have
sup A}k 5 dx —— = sup A? — dx
kzko k+1 X 1 - kﬁ)l/z'xl e kZkok+1 (1—x - (k/x)'/j)l/z'x
Mk dX
= e i
gy L
Kz ko K 2ol —k—1/2)17
<(M-Dp¥.

The following two lemmas are basic for the proof of our Theorem 2.
Lemma 18 If a = 1, then

! 1
P< [IW(t + a)— W(r))*dr < 8> ~ K(a)-8~exp<— Zé) as &—0
0

where K(a) is a positive constant.

Proof. Let X(t)=W(t+a) — W(t), t=20and a = 1. Then {X(¢t):0=t <1} is
a Gaussian process with mean zero and covariance function

r(s,t) = EX(s)X(t) = max(0,a —|s — t]) for s, te[0,1].
Hence we have in distribution

1
[IW@+a)—w)Pde= Y 10e2, 219>0,
4]

nz1

by the Karhunen-Loéve expansion. Here, in decreasing order, A% > 0, n = 1, are
the eigenvalues of the equation

if(t):}r(s,t)f(s)ds 01,
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We need to find A%”. For a = 1, the above equation can be written as

t 1

Afity=f(a—t+9)f(s)ds+ [(a+t—s)f(s)ds, 0Lt <1. (211
We may differentiate (2.11) with respect to ¢ to obtain
Af'(t)=—[f(s)ds+ [f(s)ds. (2.12)
0 t

Differentiate again to obtain Af"(¢t) = —2 f(¢). Hence

f(t)y =cysin /247t + ¢; co8 /247 2 . (2.13)

Setting ¢t = 0 in (2.11) and (2.12), we obtain boundary conditions
1 1
Af(0y=[(a—s)f(s)ds and Af'(0)= {f(s)ds. (2.14)
Q 0

Substituting (2.13) into (2.14) and simplifying yields

(a%—(l—a)cos\/%—\/gsin\/%)cl
+<(a—1)sin\/%—\/%<1+cos\/%>>c2=0

(1 + cos /247 Ye;y + (sin /247 Y, = 0.

In order that there are non-zero choices for ¢; and c,, the determinant of the above
two equations has to be zero. We obtain after some simplification

and

1

((2a—- 1) sin\/—lzj—\/ﬁcos ﬁ) cosﬁ=0. (2.15)

Hence from (2.15) we have forn 2 1, 2A¢) Y2 = (n — Yz + n/2 and (2A5)_,)~ Y2
are the only solutions of the equation

Ra—Dtanx=x"Y a=1, on[(n—Dr,(n—Dr+7/2). (2.16)
Using the inequality tan x > x on (0, 7/2) and (2.16), we have
(a— 1)1 (225 )" = tan(245)_,) "2
= tan((245,-1) " —(n — Dm) > (245 )2 —(n— Dn 20

which gives us (245,-1)" % = (n — 1)m + O(1/n). Hence

. 1\
> e IAfu“J)r:L)‘(W) —1

nz1

< 0.
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Thus by Lemma 1 and the first part of Lemma 5, we obtain

P<} |W(t+a)y— W()|2dt < a>
0

=P< Z 2,5,“)5528)
n=1
- p(2tipet e § 27t cha 527

nz1

~C(a)-P< e+ Y nzrcz 2y < 2_18)

nz1

1
~ K(a)-s-exp(— ZE) as ¢—0

where C(a) and K(a) are positive constants. This finishes the proof of Lemma 18,
As mentioned in the introduction, when 0 < g < 1 we are unable to find an
expression similar to (2.15) for 1@,

Lemma 19 Ifb=a =1 and s > 0, then

P<}|W(t+b)—W(t)]zdt<s>§P<}|W(t+a)— W(t)|2dt<s>.
o] 0

Proof. Let A, n = 1, be defined as in the proof of Lemma 18. Thenforb =z a > 1,
=29 and 25, <A%_,

since the function xtanx is increasing function on [(n — )z, (n — V)7 + =/2).
Hence

P<31“|W(t+b)— W(t)|2dt<s>=P< Y iﬁ,’”éf<s>§P< Y A@ez <s>
O

nz1 nzl
=P<}|W(t+a)—- W(t)jzdt<s>
0

which concludes the proof.

Finally, we mention two results for further reference. They relate to lemmas we
give early and are not used in the proof of our theorem. First, by Lemma 6 and (2.9)
in Lemma 7, we have for any b >a=d =0 and s > 0,

P< br W2(t)dt < (@ ;Zd)2~s> £ P<E W2(t)dt < s> < P( bid W2(t)dt < s) )

a—d a—d

A little bit stronger form of the second part of the above inequality is given in
Lemma 9. Second, we have from (2.10) in Lemma 7,

S i 1(ab) (b — @) 2n?n® — 1] < o0 . 2.17)

nz1
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Hence for 0 < 8 < 1, we obtain as ¢ » 0,

P<f Wz(t)dt§£>=P< S (6, 1)E2 §a> (2.18)
g

nzl

= P(ll(é), 1)5% + Z An+1(0, 1)53+1 = 3)

nz1

1—6)
~eorp(mone+ ¥ S e <)

nz1

L

~K(9)~8-exp<— A .

where C(8) and K(0) are constants. For the above estimates, the first equality is
Lemma 6, the first ~ follows from Lemma 1 together with (2.17), and the second
~ holds by (2.1) in Lemma 5.

3 Proof of Theorem 1

Let us note that under our conditions (i) and (ii), our theorem becomes

loglog T T :
H_m% f WZ(,;)dg=’0— as, O0<p=1.
Tow T T—a(T) 8

This can be easily derived as follows if our theorem holds under our conditions
(i) and (ii). For 0<p<1 and e>0 smali, we have 0 <T— (p+ T <
T—a(TYsT—(p—¢)T < Tif Tis large and thus

loglog T T 2
im €8T ¢ gy g -2 EN
T-w T T—(p+e)T 8
loglog T T
2 lim 22085 [ WA de
T—w T—a(T)
loglog T T — &)
> lim 80T T ey P2
T->w T T—(p—aT 8

For p = 1, the above argument also works by using (1.4) as the upper bound. So we
only need to show our theorem under conditions (i) and (ii).

Under conditions (i) and (i), lim;., a(T)/T=p £1 and when p=1 we
actually have a(T) = T. In this case the result follows immediately from (1.4).
Hence, for the rest of this section, we assume conditions (i) and (i) hold and
limy.,, a(7)/T = p < 1. Now we formulate the following three statements which
together imply our theorem.

T
lim (1) [ WA)dez
T—w T—a(T)

. log(T/a(Ty) T 1
im ————+ Wi de <=
Too az(T) T—{(T) (1) de = 4

a.s. @

o=

as. . (1)
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If limg. ., log(T/a(T))-(loglog T)™! < oo and ET_,wa(yT)/a(T)< oo for
some y > 1, then

T
1
lim ¢(7) | W?()dr= R (I1T)
T~ T—a(T)
Let us first show (I). Define
Ty =1, Tivi—ea(li)=1; (3.1

where g, = 1 — (1 —&*)¥2 and 0 < ¢ < 1. Note that T — g, a(T) is a strictly in-
creasing and continuous function by our conditions (i) and (ii). Hence 7} in (3.1) is
well defined and 7} .4 > T, lim,_  T;, = oc. Since

¢(T) z (log(Ti/a(Ty)) + 2loglog T;)/a*(Tiv 1) and T — a(T) £ Tiv1 — a(Zis 1)

for T 1 > T = Ty, it is sufficient to show

T, I i -
L log( k/a(ﬂc)) +2 log og 1 J‘ Wz(t) dt > u as. . (32)

k- o a (Tk+1) Tr+1—a(Tr+1) 4

Note that for k large, T, — a(T;) = (1 — p)/2. Thus by Lemma 13, we have for
k large

Tk _
P(log(]}/a(]}))—I—210g10g7}c [ W) di < 1 s)
a*(Ti+1) Trw 1~ a(Ths1) 4
T l—e a*(Tiv1) )
=P Wi (t)dt < .
<Tk+l_{(Tk+1) ( ) N 4 log(ﬂc/a(ﬂc)) + 2 IOg 10g Tk

< C.<Tk — Tivs + a(ﬂﬂ))l/z
- Ty — a(Ti)

o log(Ti/a(Ty)) + 2loglog Ty (T — Thvy + A(Tie 1))
P 2(1—¢) @ (Tr1)

Tk+1)>1/2 ( log(T;/a(T,)) + 2 loglog T; 2>
"exp| — (1 —&y)

( +1—a(Tk+1) 2(1 — &)
<c ( T;c-)—l >/2'<a(n)>(1+s)/2'< 1 >1+£
a Tiv1— al(Tiyy) 1 log T,
<c a(n 1/2 ' a(]}() 1/2' 1 1+e
=" \Li—a(T) T log T,

I — T
< (-
=C T = aT) P T (g T
T
gc@ﬁlﬂiLsc-j dx

Tllog Ty =y, x(log x)' ™
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Hence by the Borel-Cantelli lemma, we obtain (3.2) which shows (I).
Now turn to the proof of (II). Let 7, be the unique solution of the equation

x/a(x) =k! where B=2(1+¢/Q+e>1. (3.3
Then 7,41 > T; and lim,_, , T, = oo. Define the events
T 2
- (1 + &)a*(Ty) }
A = Wi dr € —————
* {Tk—{m) (1 dr= 4 log(Ti/a(Ti)}

We then show P(A; io.)=1 by Lemma 15 which in turn gives us (II). Let
8, = (log k)~ 1. Note that T;,/a(T;) = kP. Hence by Lemma 14 and the choice of § in
(3.3), we have for k large

S alT)(1 + &) v log(Ti/a(T3)
42T, — a(T)log(Tja(T))) P\~ 20+ 91 — &)

2o (i) ()
— \log(Ti/a(Ty)) T

oo lor(Ti/a(Ty)
P 2(1 + ¢)

which shows ), ., P(4;) = .
For given 4 > 0 small, define k, large such that for I >k > k,, we have by
Lemma 17

P(Ak)ic(

— Ok log(Tk/a(Tk))> 2 C(klogh)™*

T (=1 k)t (3.4)
k<I<@-‘+1)k
8-+ 1)k
<2 | (F-1-UhHr. xRz dx < C.
k+1

Note that for I > k and > 1,
Li—a(T)z2 T —a(Tis )= (k+ 1)Ba(Tk+1) —~a(Tiv1) 2 kﬁa(Tk) =T1.

Hence for given k, ko < k < n, we can split the set {I:ko < k <[ < n} into two
parts,

Li={l:iko<k<l T —a(T)zT>0T—all)};
Ly={like<k<L&(T—a(T)) 2 T} .
If le L,, then by Lemma 16,

T — a(T)

Plded) = <T —u(T) - T

1/2
> P(A)P(A) < (1 —-0) "2P(A4)P(4). (3.5
Note that by Lemma 16, we also have for kg < k < |

: T e () (A +e)
P(A,A,) < P(A) P<T1-aa[,)-n W2(1) dt §4log(ma(m)>. (3.6)
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If le Ly, then
3 Ka(T) =0T = Ty — a(Ty) = (Y — Da(T) 2 (I — Da(T)
which gives k < [ < (37! + 1)k. Now for e L;, we have by Lemma 13,

Ty =Tk 2
P W2(1)d _M) 3
( Tl_ﬂ(il)_Tk (t) t S 4 1Og(’Tl/a(E)) ( 7)

. a(T)  \" log(Ty/a(T))
éc(ﬂw(m—n) CXP(‘ dte) )

< C-(Ti/a(T) — 1 = Tifa(B)) ™ (Ty/a(1))” @+
= C'(lﬂ 1= kﬂ)—l/z,l—lﬂf/z )
Hence we have by combining (3.4), (3.6) and (3.7)
Y Y P44 (3.8)

ko<k =nlel:
= <C'P(Ak) Y (F—1— kﬁ)—1/2.1—1+ﬂ/2>
E<I<(d~1+1)k

= P(4y) .

ko<k =

Now by Lemma 135, (1I) follows from lim,., ,, Y %=1 P(4x) = oo and the estimates

S T PUd) = 3 P(4)+2 T P(Ad)

k=11=1 1=k<lZn
n ko n n
k=1 k=11=k+1 k=kot1 lely

+2 i Y. P(AxA)

k=ko+1 leL2

n

S (14 2kg+2C) )Y P(Ay)+ (1 — 5)" 42 i Zn: P(A)P(A) .

k=1 k=11=1
Now turn to the proof of (III). Define
Ti=1 Ti1—a(hir)=T1. (3.9)
Then for k large,
lim T, = o0 and 1> T/ >(1—p)/2>0. (3.10)
k=
Thus
Ty~ (log Ti)- (log log T,)'/* < C* Ty, (log Ti—1)-(log log T 1)'2 . (3.11)

Define the events

_f ) (1 + &)a*(Ty) }
Be= { A WO e T/a(T) + 2 loglog 1) |
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We then show P(B, i.0.) = 1 by Lemma 16. By our assumptions for case (ITT} and
the fact that if ¢ > 0 is small enough, we have

log(T/a(T)) £2¢ *-loglog T . (3.12)

Hence by Lemma 14 (choose é > 0 such that (1 + &) {1 — §) = 1), (3.12) and (3.11),
we have for k large

Pwagc( 5a(T}) )m

QT — a(Ty)) (log(Ti/a(T)) + 2 log log T

log(7,/a(Ty)) + 2 log log Tsc>
AT 21+ ¢ (1 —9)

ZC. a(ﬂ) 1/2. 1 1/2
= Tx (e~ + 2)loglog T;)

1
'eXp<— 310g (Ti/a(Ti)) — log log Tk>

. a(Ty)

T log Ty~ (log log T;)'/?

, T, — Ty

Ty log Ti— - (loglog T ()'7?

s Tfk dx
= ), x-logx-(loglogx)

1\%

C

v

C

1/2

which shows ), . ; P(By) = .

Since a(T) is non-decreasing, we observe that a(2(1 — p) ' T)/a(T) < C for
T'large by iterating limy_, ,, a(yT)/a(T) < oo forsomey > 1if necessary. Hence by
(3.10), we can define k, large such that for [ > kg,

a(T) = C-a(Ti-y) . (3.13)

Notethatfor ! > k+ 1, T, — a(T;) > T+ 1 — a(Ti+ 1) = T;.. Hence for given § > 0
small and ko < & < n, we can split the set {I:ko + I <k + 1 << n} into two
parts,

Li={like+1<k+1<LT;—a(h)>T,> T, —a(T))};
Ly={likg+1<k+1<L6(T,—a(T))=T}.
If le L,, then by Lemma 16,

T, — a(Ty) )”2 ;
PBB) | —————— P(B)P(B)<(1 —6)"Y?P(B,)P(B)). 3.14
(ka_<ﬂ_aun_ﬂ (BOP(B) (1 —6) *P(BYP(B).  (3.14)
Note that by Lemma 16, we also have for ky < k <]
s a*(T) (1 + &) )
P(B.B)) < P(By) P W(e)de < .
(BB = P (B (n_a(&,_n (9 = {loa(Ti/a(Tr) + 2log log T

(3.15)
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Ifle L, then T, > 6(1; — a(T;)) = 6 T,_, which gives T, < T, _, < 6~ * T;. Now for
le Ly, we have by Lemma 13, (3.12) and (3.13),

Ty~ Ty 2
P W2(1) dt < a (L)1 +¢) ) 1
<Tl_a(§,)_rk (04 = L ioa(T/a(Ty) + 2 log log T) (316)

< c~(_ﬂ~)”z exp (_ log(Ti/a(T;)) + 2 log log :!;)
T —a(T) — T 200 + o)

o a(Ty) (Tifa(T))+22
(T, —a(T) — T)'?-Ti”?  (log T)O ™
e a(T)
= (L —aT) - L) Ti7
<cC- a(T;-,)
T (L—aT)-T)"?-Ti?
o T T
(Ti-s — T T
Ti-1
<c I dx

o, (x _ z}c)ljz,xl/z :

Hence we have by combining (3.15) and (3.16),

Ti-1 d
Y Y PBE)S Y (c-P(Bk) 3 f——x,;;,—>

Te<Tic1<@ '+ 1)Tk Ti-2 (x—T)

ko<k=nlelL; ko<ks<n
(0~ 1+1) T dx
< C-P(B.): . ax
_ko<zk§n< ( k) ijk (x_];()1/2.x1/2>
<C ) P(By. (317
ko<k=n

Now similarly to what we did at the end of the proof of (II), P(B, i.0.) = 1 follows
from (3.14), (3.17) and lim,,,, Y 1 _; P(Bi) = oo. Thus we complete the proof of
(III) and hence finish the proof of our Theorem 1.

4 Proof of Theorem 2

Note that (1.6) follows from (1.5), Chung’s law of iterated logarithm [4]

log log T\
m(-()&) sup | W(1)] = —= as.

T 0=<:=sT \/g

T—o

and the simple estimation

{(o+6)T BT
[ W+ 0T)— W(n)|>de < [ | W(t + 67) — W(t)|* dt
aT aT

<4f-0T sup W)

O=t2(g+O)T
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if 0 < 0 < p — a. Hence we only need to show (1.5).

Define Tyri =1 +f(T,)T, Ty =2 and f(x)=(log,x) °. Here and
throughout this section, log,x = log log(max{x, 2e}). Let us first show that for
0=zp—a>0,0=20

tim 2225 4oz - wioacz B2 1)
T-w Tk aTk+1 4
For any ¢ > 0 and k large, we can pick é > 0 such that
Tivi/Ti<l4+dand e =((f—a—ad)/(B—a)*(1—-e) 1 —1>0.
Thus we have for k large
P(lOgTZI%T" if \W(t + 0T,) — W(t)izdtg(ﬁ;a)2~(1 —.g)> 4.2)

P( f Wit + 0) — W(t)|2dtsM (1 —g)>

aTx+1/ Tk —410g2 ]—;(

IA

¢ 2 (B
P(a(ljmlW(t + 0) — W(1)| dt§m (1 _8)>

P(ﬂ_a(jlm \W(t + 6) — W(t)|>dt < M-(1 — 8)>

0 ~ 4log, Tx
! 0 2 B—o \* 1—c¢
= — |~ W dt < .
P<£ W<t+ﬂ——oc——oc5> () t‘(ﬂ—oc—océ) 4log2Tk>

S Crexp(—(1 +¢)log, T) = C-(log T) "+

where the first and the third equality hold by the scaling properties of the Wiener
process, the second equality holds since the Wiener process has stationary
increment, and the last inequality follows from Lemma 18. Now by
limyo, o T/ Tivr = 1,

e (log T,)~ 1+
log ) G+ = ¥ LOETH
L (e T, R WA

(log T q)” 7"

'(Tk+1 - Tk)

<C ATpyy — T,

SCL gy e W
© (log log x)°

<Cc 227 4 .

<€ llogx) e X <@

We conclude (4.1) by the Borel-Cantelli Lemma and (4.2).
Now consider T, < T < T;., and note that we have

lim 7;,/T=1 and lim 7/T;,,=1.

T— o0 T—w
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Define
X(6)={W(t+0T) — W)l ;
Y(t) = sup |W(t + 0T, + s) — W(t + 0T})| ;

O=s=8(T—Tx)
Z(t)=|W(+0T)— W(1) .
Then Z(t) = X(t) — Y(¢) and therefore
22z X*(1) — (X() + Z(1) Y (1) .

Hence
. logz 5 log, T*T
lim f Z%*(t)dt =z lim 3 j X2(t)dt (4.3)
T-w T 0
1
~ i 0821 j (X(1) + Z(0)) Y(¢) dt
T-w
From (4.1) and limy_, , T;/T;+1 = 1, we have
! T, #Lx
Jlim °g2 j X2(1)de = lim 2 OB Tk T Wt + 0T,) — W(r)|? d
T—w T- o k+1 aTr+1
T
> tim 2225 T 1 om) - Wi ar
T- k aTk+1
a2
;(ﬁT“) as. . (4.4)

By Theorem 1.2.1 in Csorgd and Révész [6], we obtain

lim (Tlog, T)"Y? sup X(t) 4.5)
T-w aT =t = BT
< lim (Tlog, T)~ sup Wt + 6T) — W(0)|
T 0St=(B+0)T—0Tk
20 as.
and
lim (Tlog, T)"* sup  Z(1) (4.6)
T- oo aT St 2 BT
< lim (Tlog, T)~ 2 sup | W(t + 6T) — W(1)|
T Q02+ T 8T
£./20 as..
Note that
sup Y(1)£ sup sup [W(t+ 0T} +5) — W(t + 6T,)|
aT <t < BT 0sStSBT 0SsZ20(Tre+1—Tx)
=< sup sup |W(t +s)y— W(t) .

0=t=(B+0)T 05260 (Tw)Tk
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We have by Theorem 1.2.1 in Csérg6 and Révész [6]
lim (f(T)Tlog, T)™* sup ¥(1)

T-w© alT <t =< BT
< lim (f(T)Tlog, T)™Y?  sup sup [ W(t + 5) — W(1)|
T- w0 0t (B+NT O=Ss=0f(Te)Tk
<C as..
Hence
lim (T (log, TY*)* sup Y(t)=0 as.. (4.7)
Tow aT 2t < 8T

Combining (4.5), (4.6) and (4.7), it follows that

fim 1°§EZTB5T (X(1) + Z(2)) Y(1) dr 4.8)
al

T— 0

< (B~ lim (Tlog, T)_”Z( sup X(£)+ sup Z(t))

T «T <t< BT al £t = 8T

Lim (T 'log, TP)Y? sup  ¥(t)

T—ow al =t BT

=0 as..

Therefore we obtain our lower bound of Theorem 1 by (4.3), (4.4) and (4.8). Now let
us show thatfor =2 f — > 0,a =0 and any ¢ > 0

BT a2
lim Ioiin | W(t + 0T) — W(t)lzdt§@4l)‘(l +e) as. (49)
T— aT

Case (I): o > 0. Let T, = b* for b > 1, ab > B + 0 and define the events
log, T ¥ — a)?
m={ﬂ%l§|W0+M»—W@Vm§@%ﬁlu+a}
k

Note that a7, > BT, + 0T, by the choice of b. Thus the events B, are indepen-

dent since W(t) has independent increments. By using Lemma 18 and looking at
what we did in (4.2),

aTx

2 1+
dt <
- 4

Pwo=P0

0
W(t + m) — Wt)

= C-(log, b")‘l'eXp<—

?M&Nrﬂ

log, b")

which shows Y, . ; P(B,) = . Hence by the Borel-Cantelli lemma, we conclude
4.9). h

Case (I1): « = 0. Let T = (log k)** and the events

1+¢

log, T, T ’
Akz{og_zzzg [ 1w +0m) — W(t)lzdt§'8—'(1+8)}
Ty (B+0)Ti—1 4

BT Bl +¢ T2
o W(t + 0T,) — 2dr < ok .
D{ £ |W(t+ 0T) — W(t)*dr < T iog Tk}
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By using the scaling property of the Wiener process and Lemma 18, we obtain

P(4) = P<} W<t ¥ %) — W) ars 1—1-§-(10g(3k logzk))‘1>
1
= C-(log(3klog, k)1 -exp(— o 810g(3k log, k))

which shows Zk;1P(Ak) = oo. Since the A, are independent, we have P(A4,
i.0.) = 1. Note that by the law of iterated logarithm,

log, T, F+OTw-1 T
0‘(;22 EC 0|+ 0T,) — (D)2 dr = 0( 2 (log 1;()2>a0 as. (4.10)
k 0 k

as k — co. (4.9) follows from (4.10) and P(A4; i.0.) = 1.
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