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Summary. A parametric model of planar point patterns in a bounded region is
constructed using grand canonical Gibbsian point processes with soft-core poten-
tial functions. A simple and explicit condition that this model becomes a uniform
locally asymptotic normal (ULAN) family will be given. From this result we can
conclude that the maximum likelihood estimator of the potential function is
asymptotically efficient for a wide class of loss functions.

1 Introduction

The statistical analysis of spatial point patterns has made remarkable advances as
summarized in the book of Stoyan et al. (1987) or Ripley (1988). This is mainly due
to the progress of the theory of spatial point process as a mathematical framework.
Through these researches the importance of the Gibbsian point process as a model
construction principle has been widely recognized. Besides the fact that it has
a long history as a genuine physical model of point systems in equilibrium, an
attractive feature of the Gibbsian process is the fact that it can offer a variety of
complex point patterns starting from a simple object, potential functions, which is
directly interpretable as quantitative measure of attractive and/or repulsive forces
acting among points. There have been many attempts to estimate the potential
function from point pattern data. The first is Ripley (1977) who used a trial-
and-error method based on graphical summary statistics. Ogata and Tanemura
have developed the maximum likelihood method based on a numerical approxima-
tion of likelihoods in a series of papers, see, e.g., Ogata and Tanemura (1981, 84, 85).
A similar idea was in Penttinen (1984). Moyeed and Baddeley (1989) proposed an
iterative procedure of estimating the maximum likelihood estimator. Moment-
method type estimators were proposed by several authors, see, e.g., Gloetzl and
Rauschenschwandtner (1981); Hanisch and Stoyan (1983); Fiksel (1984), and
Takacs (1986). A non-parametric estimator based on Percus and Yevick approx-
imation was given by Diggle et al. (1987). Finally an estimation procedure using the
idea of pseudo-likelihood functions was proposed by Besag et al. (1982). However
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justifications of these estimators are almost all intuitive and a simulation study is
the last resource. Except the lattice case, see, e.g., Pickard (1976, 1977, 1979, 1982),
Mase (1984); Ji (1989); Younes (1989), and Gidas (1991), there are few studies of
theoretical propertics of estimators. This is mainly because Gibbsian point pro-
cesses have a discouragingly complex structure, combinatorial in nature, which
makes direct theoretical manipulations quite difficult. Although this may seem
a great handicap for Gibbsian processes to be good statistical models, note that all
statistical models of point patterns must inevitably have complex structures if they
should represent all the interactions acting among points.

In this research we will give a rigorous basis of analyzing statistical properties
of planar Gibbsian point processes and will prove the efficiency of maximum
likelihood estimators of potential functions. (As papers of Ogata and Tanemura
show, the calculation of maximum likelihood estimator is rather difficult and some
numerical approximations are indispensable.) The class of potential functions
discussed in this research is so-called soft-core potentials, that is, points can be
arbitrarily close to one another. We also assume that potential functions are
translation-invariant, isotropic, and of Lennard-Jones type. With each such poten-
tial function we associate a two- or three-parameters model of grand canonical (i.e.,
with random number of points) Gibbsian point processes on a bounded planar
region G. The parameter 8 = (z, a, ), or 0 = (z, «) for two-parameters case, has
natural meanings (at least in physical context), that is, z stands for the chemical
potential, « for the inverse temperature, and f for the scale parameter. From an
observation X of coordinates of points on G, the maximum likelihood estimator
{MLE) 6 is defined.

We are interested in the asymptotic behavior of MLE’s as the region G expands
to R? monotonically. We will give explicit and simple conditions on the potential
function which guarantees the asymptotic efficiency of MLE. Qur argument is
based on two theories. One is the theory of asymptotic expansion of the cluster
integral due to Minlos and Pogosian. Their result is used as a technical tool of
detailed analysis of grand partition functions, that is, normalizing constants of
grand canonical Gibbsian processes.

Another is the theory of locally asymptotic normal (LAN) families due to
Le Cam. The LAN condition of Le Cam singles out a simple and essential
statistical condition which guarantees a fine asymptotic statistical theory. It has
been used as a basic tool of asymptotic theory of statistical models with complic-
ated structures such as signal process with Gaussian noise, diffusion process model,
and one-dimensional point process model, see, e.g., Kutoyants (1984). Also the
LAN condition is examined for Gibbsian processes on two-dimensional lattice in
Mase (1984) and on one-dimensional lattice in Ji (1989). In this reasearch we will
use in particular the ULAN (uniformly locally asymptotic normal) condition,
a variant of the LAN condition with uniformity, and relevant optimality results
given in the book of Ibragimov and Has'minskii (1981).

2 Gibbsian point process

Let (x), denote an unordered n-ple (x;, . . . , x,). For each Borel set G = R?, €(G)
denotes the space of all locally finite subsets (configurations) of G. The space €(G) is
the direct sum of %,(G) = {(x),; x;€ G}, n = 0. We should set €,(G) = {0}. The set
%,(G) is canonically identified with the quotient space G"/ ~ with respect to
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permutation of coordinates. Hence the Lebesgue measure dx; . . . dx, induces the
Lebesgue measure dc on 4(G) canonically. It is convenient to let dc be the unit
point mass at ) on %, (G). Each function ¢(c) on 4(G) is canonically identified with
symmetric functions ¢(x), on G", n = 0, and hence

[ d@de=¢@®+ T % J dledes . dx,

€(G) nz1

where, and in the following, the notation like f(x), means f((x),). A pair potential
function @(x) is an even upper semi-continuous function defined on R? which may
take the value + oo, The interaction energy Ug(x), and the local energy E. 4(x), of
a configuration (x), are defined by

Uplxhy= 3, Pli—x;),

isi<jZn
Ez,di(x)n =nz + U¢(x)n H

where z is a constant called the chemical potential. The constant e™” is called the
activity or fugacity. We should set Ug(c) = 0 if #c¢ < 1. A potential function is
stable if there is a constant B (stability constant) such that Ug(c) = — B # ¢ for all
finite ce 4(R?). The stability is known to be equivalent to the finiteness of the
integral

[y

Gro= | e Flde
$(6)

for each bounded G, see Ruelle (1969, Proposition 3.2.2). The integral =g , ¢ is
called the grand partition function.

Let X ¢ denote the random element taking values in €(G). The Gibbsian point
process Pg, , ¢ is defined by the formula

jd)(XG)dPG, nd = _f d(c)e " Eegc

G,z, P %(G)

—
—
-

If z=0 and @ = 0 the Gibbsian point process is the Poisson point process on
G with unit intensity and is denoted by Q. It is easy to see that Py, o is absolutely
continuous with respect to Qg and

dPs, ;.0
46, Xo) = exp{—E..o(Xo)} .

For details of Gibbsian point processes, see, e.g., Ruelle (1969); Preston (1976); or
Stoyan et al. (1987).

A potential function is said to be hard-core if there is a constant r, such that
d(x) = + oo whenever |x| < ro. The supremum of such ry is called the hard-core
distance. On the other hand, a potential function which has finite values except at
the origin is said to be soft-core. A Gibbsian point process having a hard-core
potential is supported by those configurations with points at least the hard-core
distance apart one another. Therefore two hard-core Gibbsian processes having
different hard-core distances are not mutually absolutely continuous. This causes
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some difficulties in the following study and is one of the reasons that we consider
only soft-core potentials in this research. As to the stability of a given potential,
there is a fine criterion.

Theorem 1 (Ruelle 1969, Proposition 3.2.8) If there are two non-negative decreasing
functions f,(r), f2(r) defined respectively on (0, a;) and (a,, ), 0 < a, < a,, and
satisfying conditions:

Jlxh i Ixl < ay,

@(’“)g{ AU x>

and

ai

[rfitr)dr = + oo,

0

e

[rfa(r)dr < + o0,

az
then @ is stable.

A potential is said to be of Lennard-Jones type if it satisfies the preceding
criterion with f;(r) = fo(r) = cr =%, 34 > 2, 3¢ > 0. All the potentials considered in
this paper is isotropic, that is, ¢(x) depends only on |x|. Therefore we can rewrite
P(x) as @(]x|). Also we assume @ is always continuous except at the origin. We will
consider a family of local energies parametrized by three parameters 8 = (z, &, f8),
— oo <z<o,and ¢ f>0,as:

Ug(x), = o Z ‘p(ﬁ’”ij) s

I<i<jgn
Eo(x)n =nz + UG(x)m

where r;; = |x; — x;|. By setting f = 1 we also consider the two-parameters model.
We will specify a possible range @ of the parameter 0 later. The restriction to
a three-parameters model is not essential, but most practical potentials are of this
form, see Grandy (1987, Chap. 7). Following are examples of soft-core potentials.
They are of Lennard-Jones type.

(1) Soft-sphere potential (this leads actually to a two-parameters model);

1
() =—, n>2.
r
(2) Repulsive exponential potential;
T
@(r)=—ne on>2.
r
(3) Lennard-Jones potential;
1
@(r)z—,;—%, c>0, m>n>2.
r

We take the asymptotic viewpoint and let regions G = G, expand monotonically to
IR2 In the rest of the paper we will fix {G,} and @. Because of notational simplicity,
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we use following notations; P, , for the Gibbsian distribution corresponding to G,
and 6, Q, for Qg,, X, for X, and U, (resp. E,) for the interaction (resp. local)
energy corresponding to @ and 6.

3 Uniform LAN condition

The main result of this paper is a consequence of a general optimality theory of
maximum likelihood estimators under the ULAN condition. In the following we
cite this condition (slightly modified to our situation) and a relevant theorem for
convenience of reference.

A statistical experiment {P, ¢}, 8 € @, for observations X, is said to satisfy the
ULAN condition if there are non-degenerate matrices ¢,(6) and if the following
conditions N1-N6 are satisfied;

(N1} For Vecompact K < 6, Vsequence 8, K, and VYsequence u, with u, — « and
0, + ¢,(6,)u,c K, likelihood ratios have the expression

|ul?

dPn n nitn)in
Znopftn) = =g (X,) = exp{(A,., b W) = 5+ Yt 9,,)} :

where #(4,.6,1Py.0,) = A0, J) as n —» + o0, J being the identity matrix, and the
sequence ¥,(u,, 6,) = 0 in {P, 5 }-probability.
(N2) For Yecompact K = 0,

lim sup trace(¢,(6)¢.(0)T) = 0.

n—>w fekK

(N3) For Vcompact K <= ®,3f > 0, 3m > 0, 3D = D(K), and Ja = a(K),

sup sup |u—v|"PE, 4|Z,/5w) — Z)F ()" < D(1 + RY),
geK lu,[vleie,,,}g{
ul, |vf <

where @, ¢ = {u; 0 + ¢,(O)uc @}. The MLE 6, of the parameter 0 based on
observation X, is one of the values which maximize the likelihood function
paly, X,,) with respect to ye @. The class W, consists of those functions w(t), te R,
satisfying following conditions;
1) w(t) 2 0, w(0) = 0, w(0) £ 0, and w(—1) = w(z),
2) w(t) is continuous at ¢ = 0,
3) {t; w(t) < ¢} is convex for all ¢ > 0, and is bounded for all sufficiently small
c>0.

With each we W, we associate loss functions W,(t, 6) = w(¢, *(0)(t — 6)). The
MLE is said to be w-asymptotically efficient in K if for Ynon-empty open U < K

lim (infsup E, ¢ W,(T,,8) — supE, , W,,(é,,,@)) =0,

{T,}8eU 8eU

B 0

where the infimum is taken over all estimators {7} of the parameter 6.
Under the ULAN condition a class of estimators including MLE can be shown
to be w-asymptotically efficient for a wide class of loss functions w.
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Theorem 2 (Ibragimov and Has’minskii 1981, Chap. 3) Let conditions N1-N4 and
N6 be satisfied with f > 3 in N3. Let K be an arbitrary compact set in ©. Then
uniformly in e K;

(1) the estimator 8, is consistent,

(2) the estimator 0, is asymptotically normal with the parameters (6, ¢3(0)),

(3) all the moments of the random variables ¢, 1(0)(0, — 0) converges as n — « to
the corresponding moments of the normal distribution A0, J).

For each ¢ > 0

lim sup Pn,ﬂ{kﬁrf 1(9)(§n - An,e)i > 0} =0.

n—w fek
If the condition N5 is also satisfied, 6, is w-asymptotically efficient for every weW,,
and every compact K < ©.

Note that, since w(t) = |¢|*e W, g, is also asymptotically efficient under the
quadratic loss W = |¢, 1 ()(t — 6)]>. As to the definitions of the uniform consist-
ency and the uniform convergence in law, see the book of Ibragimov and
Has 'minskii.

4 Strong cluster estimate

A key tool in this research is the strong cluster estimate of the Ursell function
associated with a given local energy. From a technical reason, we need to consider
a complex-valued pair potential function ¢ and a complex chemical potential z.
A complex-valued potential @ is stable if its real part is stable. Assume that
@ satisfies the following estimate with p > 4;

e™®® — 1< K(1+|x])"7 for ¥YxeRZ.

Define  the constant g =¢*@*8+!K  an  absolute  constant
Ao = max,s,2n" %*e”"/n! ( < 0.147), and the function

q(r) = qo(1 + )77
Theorem 3 {Minlos and Pogosian (1977, Theorem 1 and Lemma 4)) If

1) fa(lxl)dx <1,

then the logarithm of the grand partition function Eg , ¢ = [gg e~ 2dc can be
defined and has the representation

logZs .0 = f ¥..e(c)dc.

%(G)

The Ursell function ¥, ¢(c) satisfies the strong cluster estimate

A
V0@l =200 X T alx—yl),
ye L, (x, y)ey
where the sum is taken over the set ¥, of all chain graphs on c, and the product is
taken over all vertices (x, y) of a chain y. The inequality (1) is satisfied in particular if
p>4and gy < 3.
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The proof of this theorem is given in Minlos and Pogosian (1977) for real-
valued @ and z. Its proof can be modified easily to the complex-valued case. This
fact is used implicitly in Pogosian (1984). The explicit form of ¥, ¢ is

Y. ol)=e"7) [] [e7®*™ 11,

y (x,»ey

where the sum is taken over all connected graphs on ¢ and the product is taken
over all edges (x, y) of y, see Ruelle (1969, Chap. 4).

Asymptotic arguments in this paper are based on the following asymptotic
expansion of integrals of strong cluster functions. This result goes back to Yang
and Lee (1952) and is elaborated extensively in Pogosian (1984).

Theorem 4 (Pogosian (1984, Theorem 7)) Let a translation invariant function ¥(c)
satisfy the strong cluster estimate

wols Y I1 ax—»
yeZ. (x, y)evy
where the function q is of the form q(x) = q.(|x|)(1 + |x])"? with q.(r) being
non-negative, bounded and integrable on [0, o). Assume that p 2 5, [ q(x)dx < 1,
and sup q(x) < 1/2. For each bounded convex set G define the cluster integral

0(6) = | Ple)de.

%(G)

Then Q(G) has the following asymptotic expansion as G T R?:

® o = § Tt

de |IG| + R(G)|V(G)] ,
¢®R?) 1+ #c }

where |G| means the area of G and V(G) = {xeG; dist(x, 0G) < 1}. The residual
term R(G) can be bounded as |R(V)| £ C(q). The constant C(q) depends only on

q and, if q; £ q5, then C(q;) < C(qs).

Remark. The proportional constant to |G| of the first term of the right hand side of
(2) can be interpreted as the Gibbs specific free energy in the context of statistical
physics if ¥ is the Ursell function of a Gibbsian peint process. An explicit form of
constants C(q) is not necessary but, for example, can be chosen to be

Clg) = (1 — [ q(x) dx>_2</l(0) + S?rl(r) dr> ,

where A(r) = [,.,(@ + ¢** + ¢*> + - )dx.

5 Aauxiliary lemmas

We collect auxiliary lemmas in this section which will be used later. These lemmas
are used in particular to show the existence of moment generating functions and
the local uniformity of several estimates with respect to e @©.
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Lemma 1 Let a continuous potential @ satisfy two conditions
@(r)zcyfr! as r—+10,
|P(r)| < cz/rF as 1o,
with some positive constants cq, ¢,, p, and q. Then there is a constant K such that
le"®® — |<K(L+7r"? for ¥r>0.
Proof. Easy. [

Lemma 2 Consider two convergent sequences o, — o > 0, , — > 0 and numbers
p>1g>1,K>0,¢; >0,and c,. c; may be zero. Also consider a potential ® and
a family of potentials {®,(r)}. Let ®(r) be continuous for r > 0 and sup,|®,(r)| be
bounded on any interval [r(,r,],0 <r; <r, < 0. Assume the following conditions;

[e” @) S K(1+7)7F for ¥r>0,

D)= cy/r? and sup|®,(r)} = O(®(r)) as r— +0,

D) ~ cyfrf and sup|®,(r)| = O0(P()}) as r— 0.

P

Then, for Ve > Q, there are y > 0 and N such that, if |x + yi| £ and n 2 N,
eGP = @) _ 1| < (1 4 e)K(1 4+ 1) for Yr>0.

Proof. The proof is divided into three parts.

1) Asr —+ + 0, we have, from the conditions,

sup|®,(r)| = O(a®(fr))

#, P(Bur) — a®(fr) = o(a®(pr)) .
Hence there are 36 > 0, 3N, Jr; > 0 such that, if |x + yi| £ 6, n= N,and r = 7y,
(x + yi) D, (1) — 0 @(B,r) + a®(fr)| < 70®(fr) for Vp .
From the elementary inequality |e* — 1] < |z|e/* for complex z and the inequality
3) | AT D Bar) _ || < ¢ TIPBN) |+ ()= nDPrr) +aB () _ |
HCH R T
it follows
| F IR =22 Bar) 1| < Ja@(fr)e T P2 4 K(1 + 1)
— K1 +7"[1 + o(1)] .

Therefore, there is 3#, > 0 for V& > 0 such that the assertion is valid for » = r,.
2} As r— + oo, we have, from the conditions,

%, P(Bur) — a®(fr) = o(1/r7) .
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Hence, for Ve, there exist 36 > 0, AN, Ir, > 0 such that, if |[x + yi| £ ,n = N, and
¥ 3 Fa,

|(x + i) B, () — oy ®(Bur) + ad(Br)] grip for ¥p .
From the preceding inequality (3)

. e
\e(x-!—yt)d),,(r)-—and?(ﬁnr) _ ll g e—a(D(ﬁr)_pea/rP + K(I + 1,.)_17
r

=K1 +77?[1+ o(1)].

Therefore, there is 37, > 0 for Ve > 0 such that the assertion is valid for » > r,.
3) Fix an arbitrary interval [ry,7,], 0 <7, < r, < 0. From the uniform continu-
ity on compact intervals of continuous functions, there exist 36 > 0, 3N, Ir, > 0 for
Ve, such that, if [x + yi| £ d,n= N,and r = r,,

[0 + yi)Py(r) — a, @(fur) + aP(Pr)| < & for Vp .
Using the inequality (3) again,
e IR andBar) _ 1) < o7 Bget + K(1 4+ 1)7P = K(1 + 1) ?[1 + 0o(1)] .

Therefore the assertion holds for re[r;,r,] and, combining three cases, we can
finish the proof. O

Lemma 3 Under the same situation as in Lemma 2, there is a constant 0 > O for each
& > 0 such that potentials @ + (x + iy}®,, Vp, is stable with the stability constant
(1 + €)B, B being a stability constant of @, if |x + iy| < 4.

Proof. From Theorem 1, there is a positive # such that the potential
Py =P — nsup [P,
P

is stable. Let By be its stability constant. We can assume B, > B without loss of
generality. If |x| £ 6, then

Y APy + xDy(ry)} = <1 - g) Y, (i) + § Y, Polrij)

i<j i<j i<j

> <1 — é)Bn — éBon .
n n

Therefore, if we let 6 = enB/(By, — B), the assertion holds. [

Lemma 4 Let p and q be positive. Assume that @(r)—> + o as r -0, and that
rP®(r) > cyasr — + oo. Let K, = sup,» o (1 + r)Ple "*®® — 1|. Then K, is monotone
non-decreasing and is larger than both 1 and o|c,|. lim,., o, K, < o0 iff & is both
non-negative and of bounded range. If so, lim,. ., K,= (1 +ry)?, where
ro = sup{r; &(r) > 0}.
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Proof. Letting r — 0 (resp. — o0) in (1 + r)P[e”*®?® — 1|, we see K, =1 (resp.

= afcy|). If K, = (1 + r)Ple™*®® — 1| for some r, then &(r) # 0 and, if « < o,
K= (1+Ple™®0 — 1] < (1 +r)le™ Y — 1| < K,y .

If K,=1lim,_q(1 +7Ple”™®" —1|, K,=1 Hence K, =1=K,. Also if
K,=lim_o{(l +7Pe ™™ 1|, K, =alc;|. Hence K, = a'lcs| Z ale,| = K,.
Therefore K, is monotone non-decreasing.

I &(r) > 0, then

supK, = sup (1 + r)?le ™% — 1] = (1 + r)*.

Also if ¢(r) < 0, then

sup K, = sup(t +7)?le”**" — 1| = + o0 .

The second half of the lemma follows from the last two relations. [

Lemma 5 Let K, and K, 3, o, p > 0, be the smallest constants such that inequalities
le=®®® 1| <K, (1 +717F for ¥r>0,
le™*®®) — 1| < K, s(1 + 177 for Vr>0,

hold. Then

K, if pz1
Kaz,ﬁ = — .
BPK, if p<1.
Proof. Easy. O
Lemma 6 Let B and B, g, o, § > 0, be the smallest constants such that the following
inequalities hold for ¥(x),,

> ®(ry)= —Bn,

1Si<jgn

Y. a®(Pr;)z —B, .

ISi<jgn

Then B, ;= uB.
Proof. Easy. [
Lemma 7 Let A be a square matrix. Define functions F(x)=f(Ax) and

F,(x) = e/, Then gradient vectors 0.F,= F,) and Hessian matrices

ax;

62
02F, = < Fa> are given by
axiaxj

0, F1 = AT(0:f)(Ax) ,

0.F3 = Fy x AT(0,f)(Ax)

0iF = AT[(03/)(4x)]4,

03F 2 = Fp x AT[ (0 f)AX) (0 S HAX)T + (21 )(Ax)] A,
Proof. Straightforward. O
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Lemma 8 Let .4, be the space of positive-definite n x n matrices. For X = {x;;} €
M, let P(X) be the vector (x;;);<;. The Jacobian dP(X ~')/0P(X) of the transform
X — X "tis|X|7" L Also the Jacobian of the transform X — X2 is [[i<; (A + 4;)
where {1;} is the eigenvalues of X. Transforms X —» X'? and X > X ' are
holomorphic functions in variables P(X ) on M ,. In particular, for each X o€ .#, there
is a positive constants ¢ and ¢ such that, if | X3 — Xol, | X2 — Xo| ¢, then

IX772 = X372, X772 - X2 <e.

Proof. As to Jacobian formulas, see Rogers (1980, Chap. 14). The rest follows from
the well-known implicit function theorem, see Hormander (1973, Chap. 2). [

Lemma 9 Let a function f(z,, ..., z,) of n-complex variables be holomorphic in
a polydisk M = {|z;| <r;}. If | f| £ C in M, then Cauchy’s estimate

1(@*)0)] = CH ol fr

holds for every multi-index o = {o}.
Proof. See Hérmander (1973, Chap. 2). O

Lemma 10 Let X = (X, X,,...)" be a random vector and a = (a,,a,, ... )" be
its mean vector. Let f(t) = E{e® %)} be the moment generating function of X and let
g(t) = log f(t). If 0, denotes the vector (8/0t,, 8/0t,, ... )" of partial differential
operators, then

(1, 0 gOl—0 =E{(h, X —af} k=2,3,....
Proof. Straightforward. O

6 ULAN condition of Gibbsian point process

In this section we will show that the Gibbsian model satisfies the ULAN condition
under several regularity conditions. These regularity conditions seem restrictive
and may be weakened in several points. First we formulate our basic assumptions;
(A1) The potential function ¢ is isotropic and, except at the origin, finite and
two-times continuously differentiable.

(A2) There are constants ¢; > 0, ¢;, p > 12 and g > 2 such that, if r - +0,

ri@(r) — ¢y, r®'(r), > " (r) = O(P(r))

and, if r — oo,
rPO(r) > ca, 1®'(1), 0" (r) = O(|B()]) .

Let B and K,, « > 0, be the smallest constants satisfying inequalities

Y B(r;)= —Bn for V(x),,

1gi<jsn

le=*®® _ 1< K, (1 +7r"7 for ¥r>0.
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For 8 =(z,a, f)e R x(0, )%, let By=0aB, Ko=K,if f=1, =7 PK, if <1,
qo(0) = =BT 1K, and qy(r) = qo(O)(1 + r)"P2 If 8 = (z, ), we should consider
p=1

(A3) The parameter space @ is a bounded open subset of @, where @, consists of
those 6 such that both g4(f) < 7 and | ge(Ix|)dx < L.

For a two-parameters model we need one more condition. Let p(6) = ¢,(0) be the
specific free energy corresponding to the parameter 6 = (z, o).

{(A4) The Hessian matrix of the specific free energy p(f) is positive definite on the
closure of 6.

Remark. The finiteness of constants By, and K, under conditions 4, and A4,
is guaranteed by Theorem 1 and Lemma 1. Since [gy(jx])dx =
8nqo(6)/(p — 2)(p — 4) and p > 12, @, is defined actually by the sole condition
go(0) < %. Three potentials cited previously satisfy conditions Al and A2 if n > 12.
From lemmas proved in the last section, it can be shown that, if (z4, 0, o) € @0,
then {(z, o, B)}; 2z < z9, « S &, B = Bo)} = O. The specific free energy p(z, o) is
analytic on @,. From Holder inequality applied to grand partition functions, p(6)
is seen to be a convex function of 6 and, hence, has positive semi-definite Hessian
matrix.

Symbols such as Uy, Eg, X,, P, ¢, En 4. and Z, , have the similar meanings as
before. The grand partition function corresponding to G, and @ is denoted by =, 4.
The Ursell function corresponding to 6 is denoted by ¥y. Let dEq(c) be the gradient
vector :

“4) (#c, Z Q(Prij), o Z rijdy(ﬁrij)> if 0=1(z04p),

(#C, Z ¢(rlj)> lf 03 (Z, a)
The following is the main result and the rest of the paper is devoted to its proof.

Theorem 5 Let M, o and V, o be the mean vector and the covariance matrix of
OEq¢(X,) with respect to P, . Define the matrix ¢,(6) = V, ¢'* and the random vector

An,@ = - ¢n(9) [aEG(Xn) - Mn,@] .

Under conditions A1-A3, the ULAN condition N1-N5 holds. For a two-parameters
model, the ULAN condition N1-N6 holds if conditions A1-A4 are satisfied.

Proof. First consider the moment generating function of 0E,(X,)

E, ()= [ O E0Ge, ¢e?,

%(G)

which exists at least in a neighborhood of the origin from conditions A1-A3 and
Lemma 2. Also the existence of partial derivatives up to degree 2 of 5, , with
respect to ¢ can be shown. Then, from Theorem 4,

log Z,,4(¢) = ci(OIGal + Ry, V(G -

From preceding lemmas, Theorem 3, and 4, it can be shown that, for each fixed
t€ O, there is a polydisk D, = {& max;|&;| < p}, a constant T, and a neighborhood
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W, of t such that c,(£) and R, 4(¢) are holomorphic (as a function of £e €*)in D,
and have estimates

les(OI =T, R, (O =T for VieD,,VseW,, andVn.

From these estimates and Lemma 8, it follows that there is a constant 7" such that
absolute values of all the partial derivatives of ¢,(£) and R, (&) up to degree 4 are
bounded by T for V¢eD,,, Vse W,, and Vn.

Since

6élog5n,s(£)lé=0 = Mn,s »
ag 10g En,s(é)|§=0 = Vn,s 5

M, /|G, and V, /|G, | converge to (3:c,)(0) and (97 ¢,)(0) respectively uniformly in
se W,. Note that these convergences are locally uniform in . Hence

G|~ 12 ,(1) ™" — (82c,)(0)2,
G112 (1) = (92c)(0) ™2,

locally uniformly in ¢. From these relations, we can conclude that conditions N2
and N3 hold.

Next we will prove the asymptotic normality of 4, , . The sequence {z,} is
assumed to be in a compact set K and we can assume without loss of generality that
t, = dto. Consider the function f, (&) = &, ;(&)/5,..(0) and expand log £, ,(£) as

log (&) = &M, + 3ETV, & +3[(£70,)° log &, 1(&)

with & =p¢ 0<3p<1 Then the moment generating function
f&)=E,, {e” 4=} of —4,, can be expanded as

log £,(¢) = log fu,1,(@x(ta) &) — (du(t)E) M, .,
= L&} + residual term ,

where the residual term is a combination of partial derivatives of degree three of
¢, and R, , . From the preceding estimates of these derivatives and the order
relation ¢, = O(|G,| ~1/?), the residual term converges to 0 as n — co. This proves
L(A,.4,|Py,) = A0, J), a part of Condition N1.

The rest of Condition N1 is proved as follows. The log-likelihood ratio
logZ, ,, (u,) 1s expanded as

(5 logZy., () = uy An, i, — 3 |* = 3Ln(tn) 17 A% 4 60 [ Dn(En) 1]
where u,, = p,u, with 0 < Jdp, < 1 and
4% = (0*E)(X.) — E{(P*E)(X,)} -
From the same reasoning used to show that V, , = O(|G,|), we can show that
E, . {lus 4% ,u.l?} = 0(G,))

and, hence, E, , {|u, A%, u,|} is of order O(|G,|'/?). Therefore, the third term of the
right-hand-side of (5), that is, ¥,(u,,t,} in Condition N1, converges to 0 in
{P,.:. }-probability and we can complete the proof of Condition N1.
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Let us proceed to the proof of Condition N3. First note the inequality
E, |Z, w)* — Z, (0)'"*|* < 8E,,{Z, W) + Z,.,(0)} = 16..
Hence, if [u — v| = 1,
lu— 0l "*Ey | Zy, ()* — Z,,(0)*]* S 16

Using Lemma 7, we have the relation
1
(6) En,t|Zn,t(u)1/4 - Zn,t(v)1/4|4 = ZZ IM - D|4En,r+¢y,(t)u'|(¢n(t)h)TAn,t+¢un(t)u’ I4 9

where h=1/|lu —v|-(u —v) and ¥ = v + p(u — v), 0 < p < 1. The expectation of
the right-hand-side of this equation is shown, from Lemma 6, to be equal to

] [(d)n(t)h)Téé]"'log Et+ o (E)le=0 = [(¢n(t)h)Ta§]4ct+¢n(l)u’(é)]§=0 X |Gyl
+ [(@a(0)R)" 65]4 Ry, 1+ iy ()le=0 X [V(G)] -

Recall that ¢,(t) is of order |G,|'/? locally uniformly in ¢, and that partial derivatives
[6%/0¢; . . Jci(E)le=o and [8*/0¢; . . IR, (&)|s=o are bounded in n and locally
uniformly bounded in ¢. For ¢ small enough, the compact set K’ = {8 + 1; f¢
K, |u] £ ¢} become a subset of . Then, from some non, t + ¢,(H)u' e K’ for Vie K
and |Vu'| < 1. Consequently we can choose a constant D = D(K) so that Condition
N3 is valid for 8 = 4, m = 4 and a = 0. This finishes the proof of Condition N3.
The proof of Condition N4 can be done as follows. First note the equality

12 _ e—Ut(C) 1/2 e_Ut+U(C) 1/2
(8) En,t{Zn,t (u)} - _f — — dc s
% n)

G Tt S, t+p

where v = ¢,(t)u. From the expansion (2) the logarithm of the right hand side of (8)
can be expressed as the sum of two terms

101G, + IZL V(G say,
where the term I{!) , is equal to
plt + 3v) — 3(p(®) + p(t + V) -
If 3%p denotes the Hessian matrix of p, the last expression can be rewritten as
— 50T (0*p)t + pv)v,

with 0 < 3p < 1. From the assumption A4, the smallest eigenvalue of (dp){f) is
positive and is bounded by some p, > 0 from below uniformly for te @. Hence

I, £ —$polvl?.
On the other hand, the term I{?) ,, that is,
Rn,H—%v - %(Rn,t + Rn,z+u) 5

can be bounded in absolute value by r|v|?> with some constant » which can be
chosen uniformly for te @ and ve ® — 1.
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Therefore, recalling that ¢,(t) = 0(|G,|~'/?) and |V(G,)| = 0O(]|G,|*'?), we can
conclude that there are positive constants w, and w, which are independent of
te®, such that

sup |ulVE, Z;Fw) = sup ¢, (ulNexp{I}]},|1G,| + L2,

ue®,, ve® —t

V(G }

é WllGnlNeXp{—W2|Gn|} 5

for n large enough. This completes the proof of the condition N4. [

7 Concluding remarks

Our study is an attempt to the rigorous statistical analysis of planar Gibbsian point
process. Assumptions and results of this paper are by no means complete and will
be improved in many points in future studies. So following comments may be
useful. ‘

The assumption that @ is bounded and convex in A3 is added in order to ease
the proof of Condition N3 and N4 and may not be essential. We restricted
ourselves to soft-core potentials. However, as is easily seen, our analysis is also
valid for hard-core potentials if the hard-core distance is the same for all para-
meters (necessarily the case of the two-parameters model). If the hard-core distance
varies with the parameter, several problems may occur. The first is how to
parametrize this moving hard-core distance. The next is the fact that two Gibbsian
point processes with different hard-core distances are not mutually absolutely
continuous as noted previously. The LAN condition and the relevant theory have
still meanings if we define the likelihood dP, ,/dP, , to be the Radon-Nikodym
derivative of the absolutely continuous part of P,, with respect to P, ,, see,
Ibragimov and Has'minskii (1981). Nevertheless, as is usual in statistics, moving
supports of probability measures may cause a special irregularity and need a separ-
ate consideration.

We do not know how restrictive the assumption A4 is. It can be shown that
p(z, o) is strictly convex, that is, the surface y = p(z, o) contain no segment. Also we
are not aware of a variant of this assumption which is suitable for a three-
parameters model. We should note that the process with a parameter (z, o, f) on
a domain G is formally equivalent to the process with the parameter (z — 2log §, a)
on the domain fG.

If we restrict ourselves to the two-parameters model, the potential function
& need not to be differentiable. A possible natural generalization of our results to
a multi-parameter case may be, as in Gidas (1991), to introduce the parametrized
local energies of the form

Eg(X), = Oon + i 9i|: Z (pk(rij):l s

k=1 1gi<jsn

where 0 = (05, 0,, . . ., 0,,) and {&,} are fixed potential functions. It is likely that
our arguments are also valid with appropriate modifications.

We should note that the theory of Minlos and Pogosian also covers Gibbsian
processes on lattice points and our results may have a discrete version. Recently
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a Bayesian approach to the image restoration using Gibbsian processes on lattice
points has been successfully applied, see Geman and Geman (1984). On this
account, although it is unknown that a Bayesian estimation has a practical
meaning in the problem of estimation of potential functions, it may be interest-
ing to note that the Bayesian estimator as well as the maximum likelihood estim-
ator is asymptotically cfficient under the ULAN condition, see Ibragimov and
Has’'minskii (1981, Theorem 2.1 and 2.2).

Finally it is appropriate to state practical implications of our result. The initial
motivation of the present study was to understand the MLE method of Ogata and
Tanemura. To be precise, the MLE used by Ogata and Tanemura is not our MLE
but the conditional MLE with the condition on number of points, that is, they
modeled point patterns by canonical Gibbsian processes. Also the iterative proced-
ure of Moyeed and Baddeley (1989) calculates the conditional MLE. However
a direct study of the efficiency of conditional MLE seems to be impossible because
we have less knowledge of canonical Gibbsian processes. Nevertheless we can show
that under several assumptions efficiencies of two MLE’s are asymptotically
equivalent (in the sensc that they are both asymptotically normal and have the
same asymptotic variance), sec Mase (1991). Therefore the conditional MLE is also
asymptotically efficient and the conditional inference of Ogata and Tanemura can
be justified.

Also our result, together with theorems of Jensen (1990), implies that the
pseudo-likelihood estimator is inefficient. This fact is known in the lattice case, see
e.g., Gidas (1991), but there seem no proofs in the continuous state space case.
Jensen proved that the pseudo-likelihood estimator is asymptotically normal and
showed its asymptotic variance explicitly. (By the way, he used a completely
different framework from ours, that is, a strong-mixing type condition, and is very
important methodologically.) This variance is different from that of MLE. On the
other hand, it is known that under the LAN condition MLE is BAN, that is, it has
the smallest asymptotic variance in every asymptotically normal regular estimator,
see Ibragimov and Has'minskii (1981, Chap. 2, Theorem 9.1). Therefore the
pseudo-likelihood estimator cannot be asymptotically efficient.
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