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1 Intreduction

Holomorphic functions of infinitely many complex variables have been dis-
cussed by many authors, among others by Shigekawa [7], who first construc-
ted them on the complex Wiener space using the techniques of the Malliavin
calculus. He noticed several properties of his holomorphic functions (let us call
them holomorphic Wiener functions), such as the I1t6—Wiener expansion in the
LP-gense. In this paper, we will investigate some other properties of holomor-
phic Wiener functions.

We use Shigekawa’s framework and notation [7]. Let (B, H, 11, J) be an
almost complex abstract Wiener space, i.e., B is a real separable Banach space,
H is a real separable Hilbert space continuously and densely imbedded in B,
u is a Gaussian measure satisfying

Bfexp(\/—1<</>: z2))uldz)=cxp(—% @&, @eB* < H¥,

and J: B— B, the almost complex structure, is an isometric mapping such that
J?=—id and J|y: H—H is also isometric (see [7]).
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In this paper, we will first show that from several viewpoints, we can
endow each holomorphic function on (B, H, y, J) with an intrinsic and unique
skeleton, i.e., a function defined on H which is considered to be the restriction
of the original Wiener function. Note that, of course, since u(H)=0, it makes
no measure-theoretical sense to endow general Wiener functions with skele-
tons.

Let F: B—C be L' *-holomorphic (for precise definition, see Definition 2.1
below). Note however that F may not be continuous. Taking into account the
mean value theorem for usual holomorphic functions on C" and the rotation
invariance of the Gaussian measure p, we may guess that the skeleton of
F should be

F(h=[F(z+hu(dz), heH.
B

On the other hand, if we can give an intrinsic meaning to a function F(az) for
o>0, which will be done for O<a<1 and will be called the contraction
operation, then the skeleton of F should be

F(h)=lim F(az+ h) in probability, heH.
a0

As expected, we can show that these two are consistent (Theorem 2.8).

Skeletons are expected to appear in the theory of large deviations as rate
functions [1]. In infinite dimensional spaces, the theory of large deviations
necessarily involves the topology of the spaces. Consequently, to investigate
skeletons of Wiener functions, it is important to look at their fluctuations in
small balls centered at each heH. In this context, we will show that

. 3 _
11—1»% B B{ |F(z+h)—F(h)|*u(dz)=0, heH, (1)
for each L?*-holomorphic function F, where B, denotes the centered | - |5
ball with radius r >0 (Theorem 4.1). But there, we must require the norm | - |5 of
B to have some good property which is fitted to the almost complex structure J.
In proving our theorems, we will make use of the rotation invariance of the
Gaussian measure p. In fact, some results, such as the theorem of local Taylor
expansion for holomorphic Wiener functions (Theorem 3.6), will be proved
only by means of the rotation invariance.

2 Mean value theorem and contraction operation

First we define holomorphic functions on the almost complex abstract Wiener
space (B, H, 1, J). We will review [7] briefly.
Let B* be the topological dual space of B and let B*C be its complexifica-
tion, i.e, B¥*C:=B* @® ./ — 1B*, Defining
B*10:={peB*C|J*p=./—10¢},

B*O.={peB*C|J*p=—/—1¢},
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we see that
B*C = R*(1.0) @® B*©. 1

The Hilbert spaces H*<, H*® % and H*©-1 are defined similarly.
A function F: B—C is called a holomorphic polynomial, if it is expressed in
the form

F(Z)zf(<¢112>: S s <(Pn:Z>)a

where neN,f:C"—C is a polynomial with complex coefficients, and
@1, - - ., 9,B** 9 The class of holomorphic polynomials is denoted by 2,

Definition 2.1 We define the space #°(B, u) of L?-holomorphic Wiener func-
tions as the LP(B, u)-closure of Py;:

HP(B, p)=PP P, 1<p<oo,
Further we define the auxiliary spaces by

HP(B, uy=|) #¥(B,u), 1<p<oo.

p<p

Note that the above definition of #?(B, ) is equivalent to Shigekawa’s
definition (see [7, Proposition 4.2).

Since the Cameron—-Martin density (see Definition 2.5 below) has all
moments, it is easy to see that, for each Fe# 7" (B, ), the translated function
F(z+h) with heH also belongs to #7*(B, u). Note that there are many
L?-holomorphic functions which are not continuous with respect to any
measurable norm (see [10]; on measurable norms, see [2, 3]).

Since we are assuming the almost complex structure J, the measurable
norm || - |5 is naturally required to have the following property.

Assumption 2.2 (Rotation invariance of the norm) We assume that, for arbit-
rary a, beR,

lta+bDzli=la+/~1b[ |zl zeB.
In particular, we assume
le”zllp=z{a O€R,
where e’’z is an abbreviation for (cos 8+ (sin 6)J)z.

Example 2.3 Let (W(R?), H(R?), P¥) be the two-dimensional Wiener space,
ie.,

W(R?) :={w=(w', w*)eC([0, 1]->R?)|w(0)=0eR?},
HR?):={h=(h', h*)e W|h(¢) is absolutely continuous and
dh/dteL*([0, 1]—-R?, dr)),

PY :=the standard two-dimensional Wiener measure.
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Then the abstract Wiener space (W(R?), H(R?), P¥) is naturally equipped
with an almost complex structure J, by the identification R?~C. Namely, we
define J: W(R?%)— W(R?) by

Jwi=(—w2wl), w=(w!,w?eWR>).

Under this almost complex structure J, the following measurable norms are
typical examples of rotation invariant ones:

Wl = max [w(t)lg,
osts1

1/p

1

IIWHpi=<f IW(t)h‘izdt> , 1=p<oo,
0

[w(t) —w(s)lr:

[Wlle:= sup =, O<a<i,
g=s<t£1 II_S[
where |- |g: denotes the Euclid norm in R?; |(x, y)[ge ==~/ x>+ y2

Lemma 2.4 (Mean value theorem) Let B, be the centered| - || g-ball with radius
r>0,

B,:={zeB||z|p<r}.
Then for each Fe A" (B, p) and each r>0,

wJ/meﬁ)fF®uﬂ)

Proof. It is shown by Shigekawa [7, Theorem 4.17 that

1 2
f F(z)u(dz)=—2—— [ (UsF)z)u(dh), p-ae. zeB,
B T o
where (U, F)(z) = F (¢’%z), which is well-defined on account of the rotation
invariance of u. The distribution of UyF is therefore just the same as that of

F for each G¢eR. It then follows from Fubini’s theorem and the rotation
invariance of B, that

1 Zr
#(B)x [ F(z)ud2)= [ pldz) S (UsF)(2)dd
B B, 0

1 2
“3 d [ do Bf (UsF)(2)pldz)

2r

1
=2n0f df f F(z)u(dz)
= [ FEuis)

which completes the proof. [



Holomorphic Wiener functions 121

When Fe#*(B, p) is continuous in || - |5, we have

1
(B, B{ Fz)u(dz)= gf F(z)u(dz).

Hence we present the following definition, which will be justified in the sequel,
Definition 2.5 For each Fe#''* (B, 1), we define its skeleton by
F(h)= [ Fz+hudz)= [ &= 1MiF(2)u(dz), heH.
B B

F(0)=lim
r—0

Here note that the multiplier > ~1"l# is the Cameron-Martin density.

Lemma 2.6 Let acR be such that O<oa<1, and Fe "B, ). If a sequence
{Fu}, Fne Py, converges to F in #'P(B, u), then {F,(az)} is also convergent in
HP(B, ). The limit does not depend on the choice of approximating sequence
{F,} of holomorphic polynomials.

Proof. Since each holomorphic Fourier—Hermite function is in fact a
monomial ({4, 7] and expression (3) in the next section), we note that the
Ornstein—Uhlenbeck semigroup {T;},+ o (for details see [9]*) operates on GeZ,,’
as a family of contractions. Namely,

(T;G)(z)=Gle "%z), zeB and t=0.

Consequently, F,(0z) = T- ; 105 o F'u(z). Thus it is clear that {F,(0z)} is conver-
gent in LP(B, u), hence in #°?(B, p), and that the limit is 7_ 1,z F(z), which
does not depend on the choice of approximating sequence. []

By the above lemma, we may present the following definition of the
contraction operation.

Definition 2.7 Let aeR be such that 0<oa<1, and Fe#?*(B, u). Then we
define

Flaz) =T 1094 F (2)€# (B, p).
Let us show first that Definitions 2.5 and 2.7 are consistent.
Theorem 2.8 For any Fe#?* (B, u),
1i_l:l;1) Floz+h=F(h) in #F (B, y) for each heH.

Proof. For any Ge LP(B, p), we have
lim | G~ [ G(2)u(d2)||r» =0,
t— B

which proves the claim. [J

'Our 7; here corresponds to T, in [9]
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3 Local Taylor expansion

In this section, we will consider a localization of holomorphic Wiener func-
tions.

We recall the It6-Wiener expansion for L2-holomorphic Wiener functions.
According to [4,7], the Hilbert space #*(B, u) is decomposed into an
orthogonal infinite direct sum as follows:

*(B, #=@ (1,0)> 2

where C, o is the space of holomorphic n-fold Wiener integrals, ie., the
L?-closure of the space of all the finite linear combinations of holomorphic
Fourier—Hermite functions of degree n.

Recall that each holomorphic Fourier~Hermite function of degree n is
expressed in the form

K
[T <oxs 2>™, 3)
k=1

where {@,}f-, is an orthonormal system of H*®9 while my, ..., my are

positive integers such that Zk , m=n. Therefore we may call it a holomorphzc
monomial, and we may call the Ito—Wiener expansion (2) the global Taylor
expansion in the L*-sense.

In this section, we will present a local version of this expansion. As before,
let B, be the centered || - || g-ball with radius »>0.

Lemma 3.1 Let G, and G, be two holomorphic monomials of different degrees.
Then G, |5, and G, |, are mutually orthogonal in L*(B,, y).

Proof. Assume G is of degree m and G, is of degree n, where m=+n. Then we
obviously have

UsGr=e'" "Gy,
UG, = e/ =1 G2,
for #eR. Since UyB,= B, and the measure u is Ug-invariant, we have
f G1Gydu= j Up(G1Gr)du
By B,

=§ eJ—_1moe—¢—_1neG1 G, du

Br

= ef“_l(m—")e f G, Gz dy,
By

for arbitrary 68cR. Thus we see that
/ Gl (_;2 d,LL = 0. I:‘
B,
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Remark 3.2 Since u is rotation invariant while the real part and the imaginary
part of each holomorphic function are harmonic, Lemma 3.1 is essentially
a consequence of the following fact: Two homogeneous harmonic poly-
nomials on R” of different degrees are mutually orthogonal with respect to the
uniform measure on the sphere S"~* [8, p. 69].

In 5#*(B, w), two holomorphic monomials of a same degree are mutually
orthogonal, if they differ in one of the exponents m,, in the expression (3). Now
what about #%(B,, u)? To answer this question, we need a class of good
measurable norms.

First we introduce the notion of splitting of our almost complex abstract
Wiener space (see, for example, [7] for details). Suppose that pe H*1: 9, Then
decompose o=y 4./ — 1y’ where y, y'e H*~H. Let H, be a two-dimen-
sional subspace of H spanned by y and y/, let H; be its orthogonal com-
plement, and let B, be the closure of Hj in B. Accordingly, p is split into
1=, ® py, where p, is a Gaussian measure on H,=C, while u3 is also
a Gaussian measure on B;. Now we have two almost complex abstract
Wiener spaces (H,, H,, lt,, J|n,) and (By, Hy, p;, J|52), and the following
natural identification:

(H, ® By, H, ® Hy, 1ty ® iz, J |, ® J|5) =(B, H, 1, J).

Using this notation, we give a definition of the best fitted norms to the
complex structure.

Definition 3.3 Thenorm || || of B is said to be completely rotation invariant, jf
it is rotation invariant and there exists a complete orthonormal system {¢;} of
H*%9 such that for any ¢ =gy,

H(emzl)@zzuB:HZI('BZZHBa z1€H,, ZZEB$, OeR.

Example 3.4 Let {¢,} be a complete orthonormal system of H*' 9, Put

1/2
I z| :=<Zakl<(pkaz>|z> s 4)
k

where ¢,>0, ¥, a,<co. Then |-| is measurable and completely rotation
invariant. In the case of the two-dimensional Wiener space with almost
complex structure J defined in Example 2.3, the L?-norm

1 1/2
Hsz:( [ ()12 dt)
(o}

has the above expression (4) and hence is completely rotation invariant. (In
proving this fact, use the trigonometric series expansion for each w.)

Lemma 3.5 Let |- | be completely rotation invariant. Then two holomorphic
monomials of a same degree are mutually orthogonal in L*(B,, p), if they differ in
one of the exponents my, in the expression (3).
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Proof. Let G, and G, be holomorphic monomials of degree n, expressed as
follows:

o]

K
Gi(@)= ] <or-2>™, m=0, ) my=n,
k=1 k=1

K
Y mi=n,
=1

K
G2(2)= l_[ <(pk9 Z>m’,(a m;cgoa
k=1 k

where m; +mj. Then
G1(2)G1(2)=F1(2)Fa(2),
where F, and F, are given by

Fi(2):=<01, )" <@y, zy™,

K —_—
Fa(2)=TT <o 2™ pr> 2>™
k=2
Putting ¢ :=¢;, we have

[ 612G (puldD)= [ u,ldz)Fi(z:) [ Faleo)pildz,), )
B» H,

By (z4)

where B,(z,):={z,eB}|z; @ z,€B,}, z;€H,. For feR, note that
Fy(e"z;)=¢/ 1" "™0F(z)), z,€H,.

Hereafter we identify H,, with C. Then since the complete rotation invari-
ance of the norm implies B,(e’?z,)= B,(z;), we have

f to(dz1)F1(z1) f FZ(ZZ).“;;(dZZ)

arg z,€[0,60+n) Br(z,)
= f yq,(dzl)Fl(e”zl) f Fz(zz)#é(dzz)
argz,€[0,m) Br(e*zy)
= / poldzy)eY ~1mTmIOF (z1) [ Fy(z2)uy(dza)
argz,€[0,n) By(z,)
=gV Hmmml f Uo(dz1)F1(21) / Fz(Zz).”(t(de)'
arg z; &[0, ) By(z1)

Consequently, putting n =2n, we get
[ G1@G: (@) u(dz) =1 [ G, (2)Ga(2)udz)
B, By

for every 8, which shows this value should be equal to zero. []

We define the space of LP-holomorphic functions defined on B, as follows.
Definition 3.6 By s#7(B,, 1), we denote the L?(B,, p)-closure of Py|p,:

LP(By, p)

HB,, 1) =Pils, , 1sp<co,
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and we define the auxiliary spaces by

AP (B, @)=\ #7 (B, u), 1<p<oo.

p<p’

We have thus defined L”-local holomorphic functions for each p
(1 =p< ), but we will exclusively deal with the case p=2. The next theorem
readily follows from Lemmas 3.1 and 3.5.

Theorem 3.7 The Hilbert space # *(B,, u) is decomposed into an infinite ortho-
gonal direct sum

HBo, 1) =G Conor(B). ©)

n=0

where Cq, 0)(B,) is the L*(B,, w)-closure of all the finite linear combinations of
holomorphic monomials of degree n. If, in addition, the given measurable norm is
completely rotation invariant, each FeC,, )(B,) is orthogonally decomposed
into an infinite linear combination of holomorphic monomials of degree n.

By Shigekawa’s uniqueness theorem [7, Theorem 4.3], a mapping
fz(Ba .u)aF!_)FiBre‘%2(Bra .u)

is injective, so #*(B, y) is continuously imbedded in #2(B,, u). Of course,
there exist many functions in #2(B,, u} which cannot be extended to the
whole space B as elements of #?(B, u). Since (6) is considered as a local
Taylor expansion, we may say that s#2(B,, u) is the space of local L>2-
holomorphic functions with radius of convergence at least r.

To conclude this section, we present a corollary which is an immediate
consequence of Theorem 3.7.

Corollary 3.8 (i) For Fe#*(B, p),

I IFG)Pua) - S [ o F @) uldz),

r=0 B,

where J, o) is the orthogonal projection from #*(B, p) onto Cq,, o).
(i) Suppose that the norm | - || g is completely rotation invariant with respect
to a CONS {¢} = H**® and that FeC,, o, has an expression

oo

F= Z aka,

k=0

where {a;}€l®, while {G} is a sequence of holomorphic monomials of degree
n which are based on {@,}, normalized and mutuaily orthogonal in # (B, y).
Then we have

[ IF@PRMD= Y |al? [ 16 adz).
B, k=0 By
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Remark 3.9 1t is clearly possible to give a local version of Corollary 3.8 as well
as of the theorem in the next section.

Remark 3.10 In [5], another type of localization of holomorphic Wiener
functions is given in connection with SDEs with holomorphic coefficients.

4 Topological aspects of skeletons

In this section, we will consider the topological aspects of the skeletons of
holomorphic Wiener functions.

Let Fe#1* (B, p). As we mentioned in Definition 2.5, the skeleton of F is
the mean of F(z + k), which is equal to the local mean restricted to the centered
ball B, of arbitrary radius r>0 (Lemma 2.4). Here we will show that the
fluctuation of F(z+ h) around the skeleton F (k) in B, decreases as the radius
r tends to zero. Namely, we will show the following theorem.

Theorem 4.1 Let |||z be completely rotation invariant and let B, be the
centered || - || g-ball with radius r>0. Then for each Fe#** (B, p),

u(dz)=0, heH. (7)

r=0 u(B)

In particular,
lim u(|F(z)—F(h)|>¢| |z—h|p<d)=0, &>0. (8)
60

Lemma 4.2 Let | - || be completely rotation invariant and let B, be the centered
|| - || g-ball with radius r>0. Then for each Fe #'*(B, p),

(B) [ 1F@)Pudo) < f |F(2)|? u{dz).
Proof. By Corollary 3.8(i), we have

oo

)? u(dz) = | Jn, 0y F (2)I? u(d2),
5 =2 d o
and hence it is sufficient to show that, for each n=0,1, ...,

f [, O)F(Z)|zll(d2)< f [ n, O)F(z)lz,u(dz)

u(B
By Corollary 3.8(ii), we have only to show that
1
pdz) < [ |Gi(2) u(dz) ©)
u(B,) 5, J1ae

for each holomorphic monomial G, which appeared in Corollary 3.8(ii). Since
G, is a monomial, |G,(z)|* increases as | z|/p increases, so (9) is intuitively
obvious. For a rigorous proof, see Appendix. []
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Before proving Theorem 4.1, it is important to notice that, if the norm is
not rotation invariant, the assertion of Theorem 4.1 may be false. Indeed, by
using the same method as in [11], we can construct a holomorphic Wiener
function F and a measurable norm | - |z without rotation invariance for which
(8) does not hold. However we do not know whether “complete rotation
invariance” is necessary or not. Indeed, if Lemma 4.2 holds for || - |z which is
not completely rotation invariant but only rotation invariant, then Theorem
4.1 would hold without complete rotation invariance of the norm.

Proof of Theorem 4.1 We will show (7) for h=0 only. For arbitrary heH, {7)
and (8) are proved by using the Cameron—Martin density (cf. [11]).
Take an arbitrary ¢> 0. Since

J {F()~F(0)} pu(dz)=0,
B
there exists a continuous holomorphic polynomial G such that
J G@)u(dz)=0,
B

[ |F(2)=F(0)—G )| uldz) <%e.

B

Applying Lemma 4.2, we see that

1 2
2By ] PO~ FOFud)

2 2
éu(Br)B{ lG(z)fza(dz)erB{ |F(2)— F(0)— G(2){ u(dz)
By, COPHE+2 [ IFE)—FO) = 6@ u(dz)

2
s—— [ 1G@ud2)+1e.

/“t(Br B,

Since G is continuous and
G(0)= [ G(z)u(dz)=0,
B

there exists an ro >0 such that for 0<r<r,,

2
L5y 16@Pu <o
which implies
1
(B B/ |F(z)—FO)*p(dz)<e. [T

Acknowledgement. The author would like to thank the referees and the Editor for improving
many English expressions in the manuscript.
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Appendix: Proof of Lemma 4.2

Here we will present a rigorous proof for (9) to complete the proof of
Lemma 4.2.

Let || - || s be completely rotation invariant, and let {¢,} be the correspond-
ing complete orthonormal system of H*™ 9, as in Definition 3.2.

Lemma Al Let ¢ be one of the ¢)’s. Then
(az1) ® z, || 8, z1€H,, ZZEB(_:;,
is non-decreasing as a>0 increases.
Proof. 1t is sufficient to show that
[(azy) @ z2 g2 ||z, @ z2|lp=ir, a>1.

Assume that this is not true for some a> 1. Then (az,) ® z, must be an interior
point of a ball B,. Note that 0@ z,&B,, because (—z;) @ z,€B, by the
complete rotation invariance of |- |z and 0@ z,=(1/2){z; @ z,+(—z1) D
2, }. Since z; @ z, can be expressed as a convex combination of 0 @ z,€B, and
(az,) @ z,, which is an interior point of B,, z; @ z, would be an interior point
of B,. This is a contradiction. []

For the moment, assume B to be of finite dimension; B~ C¥, and suppose that
G has an expression

K
G(zy,...,zx)= 1_[ 2, (z4,...,25)€CK,
k=1

where K < N. Letting u(dz; ... dzy) be the standard Gaussian measure on C?,
we may ask whether

L [1G(zy, ..., z0)Pudzy ... dzw) < [ |Glzy, ..., z0)P p(dzy ... dzy).  (10)
w(B,) By cx
Here B, denotes a centered ball of radius >0 with respect to a completely
rotation invariant norm.

In the following lemma, we will state an assertion under the identification
CY¥~R??, but using the same symbols.

Lemma A2 Let F:R%3:=[0, 0)*"—>R be non-decreasing in the following
sense:

F(xla“-;xZN)éF(ylr-“:yZN)a Oéxkéyka k=1a52N

Then putting B, .= B,nR%, r>0, we have
D

1
e f F(xy,..., Xan) pu(dxy ---dxzzv)éf F(xyy..., xap)p(dxy ... dxay).
.I’L(Br )B," R
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Proof. Define a function p,(x), xeR3¥, 0<r< o0, by

pr(x) ::";I;f—) 1p:(x)g(x), O<r<oo,
Poo(X):=g(x),

where

g(x)::(Zn)Nexp<— Y x,%/2>, X=(X1, .- s Xan)

k=1

Let O<r, and define x V y and x A y, x, yeR%Y, by
xVy=(x1Vyy,...,Xan V yan)
XA y=(xy Ayi,..c, Xan A Yan)-

Thus the x;, and y, are the components of x and y, respectively. Lemma Al
implies that the indicator function 1. has the property

1p:(x A y)Z15:(y).

On the other hand, we readily see that

gx V ylg(x A y)=g(x)g(y).

Hence' it is easy to see that

Paol(X V 1)p(x A Y} Z poo(x) p, (1)

Therefore it follows from a version of the FKG-inequality due to Preston [6,
Theorem 3] that

sz FX)p,()pdx)< [ F(x)po (x)u(dx),

R
which completes the proof. [

By Lemma A2, it follows easily that (10) holds. Finally, letting the dimen-
sion N tend to infinity, we obtain (9). Thus the proof of Lemma 4.2 is complete.
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