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1 Introduction

Let (W(¢), t = 0) be a standard Wiener process. For a < T define the incre-
ments

Yr(t)=W(i+a)— W), t<T—a.

These increments have been extensively studied, in particular the quantities

M(T)= sup |[Y(1)],

1£T—a

see, ¢.g., [3] and the references therein.

We may consider M(7') as a norm of the process Yr. Looking at things that
way, one may be tempted to try other norms, and one that immediately springs
to mind is the square norm. This will be the subject of the present paper. In
fact, we will give a lower limit law for the integral

T—a(T)
[ (W@ +a(T))— W) dt,
0

where a(7') will be some function tending to infinity.
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This question has been studied by Li [4]. His methods rest on an inter-
esting comparison theorem, and depends on an eigenvalue computation which
unfortunately breaks down when a(7T) < 7/2. His theorem states as follows:

Theorem A [f 0 =2 f—a > 0 and o = 0 then

loglog T AT
72

(B

lim inf ——=— f(W(t+GT) W(T))Zdz:—;ﬁf a.s.

We use a different approach based on a very useful inequality by Anderson
[1] which will close the gap left by Theorem A. Our theorem states as follows:

Theorem 1 Suppose that 0 < p < 1 and that a(T) is a nondecreasing function
with o(T)/T — p. Then

T—a(T)
lim in l‘ﬂﬂ f W (1 +a(T)) — W)Pdt = 9p)  as.
where
o’ n n :
=£ - B
¥(p) 8 ((9cot4(m+ D) +Q 9)c0t4m )
with
m= [l}, O:EAm.
Iy p

The same methods used in the proof of Theorem 1 can be used to prove
the following theorem which we state without proof:

Theorem 2 If a(T) is nondecreasing, T/a(T) is nondecreasing, and

T
- 0
a(T)loglog T !
then
loglog T 7=4") 2
nmmf"—g—T%g— [ F+a) - woYdi= = as.
0

2 Proof of Theorem 1

The proof of the theorem rests on a good estimate for the probability

FT—a(T)
P( [ 7@+ a(T)) — W(t)Ydt < x> .
0

This will be provided by the following.
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Lemma 1 If m is a nonnegative integer an 0 < 0 < 1 then

0

lim x log (P (mfe(W(z + 1)) — W())Ydt < x)>

1 i i 2
= — _— —<|— — —_— —1 .
8 <0 cot 4m+1) (1 = B)cot 4m )

Once this lemma is proven, Theorem 1 follows by a rescaling argument along
with an application of the Borel-Cantelli lemma that seems to be well under-
stood, so we will forgo that part of the proof.

It remains to prove Lemma 1. To this end, consider

mf+H(W(t + 1) — W(1))2dt = fjf(W(t +i4+1)—W(t+0)dt -
0 i=00

1-0
+Zl f Wi+ 0+t+1)—W(3E+041))dt.
i=0

Now, for 0 £ < 0,

w0 = w5 w0+ v (5) = v+ v (1)

and for 0 £ £1-86,

W(i+9+t)=W(i+0)1_

o TG DT B< 9)

~ ~ t
— Vi) + VT 0B, (1——9) ,
where B; and B; are independent sequences of independent Brownian bridges

that are independent of ¥; and ¥,.

This implies that

m+0

J W@+ 1) = W(0)dt
0

= 5] (010 (5 (5) ()

m—11-0

o 2
+3 f (f’m(t) — V) +Vi-0 (gm ( t > 5 <—t_)>> -
i=0 0 e e

(e
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Now, Theorem 2 from Anderson [1] implies that

P (me(W(t—l— 1) — W(1))2dt < x)
0
0 t 2
s p (053] (3 (5) -.(3)) a0
m=11-0 7 _ ¢ . P 2
B () (7)) <)

On the other hand, if we let

<o (7) 5 (5) a1

Ms

=0

mill-(a . P . f 2
X B (=) =B () &
S (e () 5 (7))

and
m @ m—1 1—6 - -
Zof Yipi(t) — Yi(0))dt + ZO J (i (t) = Yi(r))*de,
=0 i=0 0
then ,
m+
J W+ -w)yd: = (VI + VL),
0
S0

m-+0
P ( f((W(tH)— W(t))dt < x) > P < x(1-e))P( < x£%).
0

The last probability can be estimated by

P(L < xé&?)
A . £v/X
=P ([W(z+6)— W)l < —\/2(”1:+1)
Wi+ 0)— Wi+ 1) < % 0<i< m)

2 (Cxe?y™t,

with some constant C. This probability is negligible as compared to the main
term which comes from I;. We have

m—1 1

m 1 ~ ~
Z JBini(t) = Bi(e)Ydt + (1 — 0 Y [(Bini(t) — Bi(e))*dt .
i=0 0

i=0 0
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Let now
Zi(t) = Bi1(t) — Bi(r) .
The processes Z;(¢) have correlation structure

E(Zi()Zi(s)) = (26 — 8)i—jj1 (s Nt — st),

where ¢ is Kronecker’s delta. Consider the (m + 1) x (m + 1) matrix 4 with
entries
A,‘j == 251} - 5'1'_1"’1 .

This matrix has eigenvalues

L N2
.o )
ij:<251nm+2> (j=1...,m+1)

with corresponding eigenvectors

Xj = (le,...,xj,mﬂ),
where
I . wjl
Xy = sin .
= Jmr2 m+2
If we let
m+1
Viity= 3 xuZi—(1),
i=1
then
m+1 5 m )
IRAGEDIAGN
i=1 i=0
and

E(Vi(1)Vi(s)) = d1;li(s Nt — st) .
This means that the processes
Ui(0) = 47 Vi)
are independent Brownian bridges. Carrying out the same analysis for B;, we

get (replacing m by m — 1) eigenvalues 2, and independent Brownian bridges
U;. With these,

m+1 1 m L
L=0Y 4 [URG)de+ (1 — 023 4 [ Ut)dt .
=1 0 =1 0

Now, by Anderson and Darling [2]:

Lemma 2

P <0f1B2(t)dt < x) = %exp (—8%) (1+4+0(1))

as x — 0.



572 K. Gril
In addition, we need the following simple fact:
Lemma 3 [f X and Y are independent nonnegative random variables with
;i_r)%xlogP(X <x)= -4

and
1ir%xlogP(Y < x)= -8B,
X—

then
lim xlog P (X + Y < x) = ~(VA+VB).
x—

For the proof, first observe that for ¢ > 0 and x small enough:
A
P(X < x) = exp —;(1 +¢€)

and
P(Y <x) = exp <—§(1 +6)> .

Thus

xvVA xVB
PX+Y<x)=P <X<m>f> <Y<m>

v

2
exp (—M(l +£)> )

On the other hand, again for x small enough,

PX <x) = exp <~§(1 - 8))
and
B
P(Y <x) £ exp (—;(1 - a)) .

Thus, if we choose M > 1/e,

M1 k+1 M-k
P +Y<x) s TP <X<( L)X>P<Y< %’E)

lIA

2
M exp <—(\/_A_;ﬂ(l - s))
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These inequalities, together with the fact that ¢ can be arbitrarily chosen, prove
the lemma.

By repeated application of the last two lemmas, we have

m m - 2
FlogP (1 <x) - | (6 fmm—e)zﬂ)
i=1 i=1

1 s yid 2
:—g (ecotm—}—(l‘H)COtm——l) .

This finally proves Lemma 1.

References

1. Anderson, T.W.: The integral of a symmetric unimodal function over a symmetric convex
set and some probability inequalities. Proc. Am. Math. Soc. 6, 170-176 (1955)

2. Anderson, T.W., Darling, D.A.: Asymptotic theory of certain “goodness of fit” criteria
based on stochastic processes. Ann. Math. Statist. 23, 193-212 (1952)

3. Grill, K.: On the increments of the Wiener process. Stud. Sci. Math. Hung. 26, 329-354
(1991)

4. Li, W.V.: Lim inf results for the Wiener process and its increments under the L,-norm.
Probab. Theory Relat. Fields 92, 69-90 (1992)



