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Summary. Let X be a transient right process for which semipolar sets are polar.
We characterize the measures which can arise as the distribution of X, with
T a non-randomized stopping time.

1. Introduction

Given a Markov process X with initial distribution y and given a second measure
v, it is natural to ask when there exists a stopping time 7 such that the distribution
of Xy is v. One may or may not allow the stopping time to be randomized. (A
non-randomized stopping time is a stopping time of the natural filtration of (X,),
whereas a randomized stopping time is a stopping time of the natural filtration of
((X;, I')) where I' is a random variable uniformly distributed in [0, 1] and indepen-
dent of (X;). In each case, the filtration is assumed to have been completed in the
usual way.) In this paper, we shall be interested in conditions under which 7'may be
taken to be non-randomized.
Let us consider some examples to illustrate the issues involved. First suppose
X is Brownian motion in R? starting from 0. Consider the probability measure v on
R that has half of its mass at 0 and half of its mass uniformly distributed on
A = {xeR%: | x| = 1}. Then there is an obvious randomized stopping time R such
that the distribution of X is v: Namely, R = T(I") where
. < N
T(?)={0D if 2"’<2’
4 If 35y,
and where D, = inf{t > 0: X,e 4}.
If d = 1, then there is also an obvious non-randomized stopping time T such
that the distribution of X7 is v: We may take T to be the first time X visits A U {0}
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after visiting { — %, 4}. However, if d 2 2, then there is no non-randomized stop-

ping time 7 such that the distribution of Xy is v: If 7" were such a time, then since
{0} is polar when d = 2, we would have P(T = 0) = P(X; = 0) = 3 whereas, by the
Blumenthal 01 law, P(7 = 0) = 0 or 1. Now consider the probability measure
v on R? that has mass p, uniformly distributed on 4, = {xeR*: | x|| = 27"} where
p.>0and ) p, = 1. Once again, there is an obvious randomized stopping time
R such that the distribution of Xy is v. However, it is less obvious that there is
a non-randomized stopping time T such that the distribution of X is v. See [ Fa80,
Example 2.10] for an elementary construction of a suitable T. It turns out that
when X is Brownian motion in IR starting from 0, if v is a probability measure on
IR? which is the distribution of Xy for some randomized stopping time R and if
v({0}) = 0, then v is the distribution of Xy for some non-randomized stopping time
T. It is instructive to compare this with what happens when X is uniform motion to
the right in R starting from 0. In this case, given a probability measure v on R, if
v lives on [0, oo); then v is the distribution of X for some randomized stopping
time R, but if v is the distribution of X for some non-randomized stopping time 7,
then v is the unit point mass at x for some x = 0. Note that Brownian motion
satisfies Hunt’s hypothesis H that semipolar sets are polar, whereas uniform
motion to the right does not. For uniform motion to the right, the semipolar sets
are precisely the countable subsets of IR, but only the empty set is polar.

Skorokhod [Sk60, Sk65] was the first to consider the stopping distribution
problem. He showed that when X is Brownian motion in IR starting from 0, if v is
a probability measure on R with mean 0 and finite variance, then v is the
distribution of Xz for some randomized stopping time R with E(R) < o (and
conversely). (As LL. Doob observed in a postcard to P.A. Meyer, the stopping
distribution problem for Brownian motion in R is trivial unless some condition is
imposed on the size of the stopping time: Any probability measure v on R is
expressible as the distribution of f( X ) for a suitable Borel function f: IR - R and
hence as the distribution of X where T = inf{r 2 1: X, = f(X,)}. This sort of
complication does not arise in the transient case.) Rost [R70, R71, R73] showed
how to use potential theory to extend Skorokhod’s result to a general strong
Markov process satisfying mild regularity conditions; say a right process. We shall
now give the precise statement of one of Rost’s results.

Let X be a right process, as defined in [Sh88]. In particular, the state space
E of X is assumed to be homeomorphic to a universally measurable sub-
space of a compact metric space. As usual, we write (P,) for the transition func-
tion of X and U for the potential kernel of X. Thus Pi(x, dy) = P*(X,edy),
U(x,dy) = [ P.(x, dy)dt, and if p is a measure on E, then its potential uU is the
measure on E given by uU(dy) = IE u(dx)Ul(x, dy). If T is a random time, then
uPy denotes the measure on E which is the distribution of Xy under
P#: uPr(dx) = P*(Xyedx). Note that in forming uPr, we discard any mass that
X puts at the cemetery point 4.

(1.1) Theorem. (Rost [R707) Let p be a measure on E such that pU is o-finite. Let
v be another measure on E. If uU = vU, then there is a randomized stopping time
R such that uPg = v (and conversely).

The proof of the converse part is a simple application of the strong Markov
property: Given such a time 7, if f is any Borel function =0 on E,
then uU(f) = P*(f g f(X)dr) = PA(f7 f(X,)dt) = P*({ ¢ f(X:)dt) = vU(f). We
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should mention that we have stated Rost’s theorem in slightly greater generality
than he did, but no significant change in his proof is needed to establish (1.1). We
remark that the assumption that uU is o-finite is a type of transience hypothesis: It
implies that there is a Borel function f'> 0 on E such that uU(f) < cc. Then y and
v both live on F = {Uf < oo}, F is absorbing, and the restriction of X to F is
transient in the usual sense; see for instance [ G807. Let us also remark that recently
the second-named author [ Fi91] has shown that in Theorem (1.1), the time R may
be taken to be of the form R = T(I') where for 0 <y <1, T(y)=inf{t 2 0;
X,eB(y)} and where B(y), 0 £y < 1, is a decreasing family of finely closed sets.
Moreover an R of this form is P*-essentially unique and there is a simple explicit
description of a suitable family B(y), 0 <y £ 1.

The stopping distribution problem with non-randomized stopping times has
been studied by various authors, including Dubins [ Du68], Root [R069], Baxter
and Chacon [ BC74], Rost [R76], Falkner [ Fa80, Fa81, Fa83], and Paul Chacon
[Ch85]. In [R069], [R76], and [Ch85], it was shown that under various special
hypotheses on X, T'may be taken to be of the form 7 = inf {r = 0: (¢, X,) € B} where
B is a suitable subset of [0, o) x E. [Re69] and [ R76] considered the case where
Bis a barrier (i.e., where (t, x)€ B and t < s imply (s, x) € B) and [Ch85] considered
the case where B is a reverse barrier (ie., where (t, x)e B and 0 < s <t imply
(s, x) € B). In this paper, we do not try to construct a T of any special form. Our aim
is simply to prove existence of 7" under hypotheses more general than had pre-
viously been considered.

Once again, let X be a right process as defined in [Sh88]. Let £¢ denote the
o-algebra on E generated by {f:f is g-excessive for some g = 0}. Then
& < &° < &* where & = Borel(E) and &* is the universal completion of . For
a general right process, the excessive functions need not be nearly Borel and it is
appropriate to replace the g-algebra of nearly Borel sets by &¢. We now state our
main result.

(1.2) Theorem. Let m be an excessive measure for X and assume that each &°-
measurable semipolar set is m-polar. Let u be a measure on E such that pU is o-finite
and pU < m. Let v be another measure on E. If

(1.3) ulU z2vU
and
(1.4) there exists a set Ce&* such that for each m-polar set Zc&°

we have (Z)=uw(Zn C),

then there is a non-randomized stopping time T such that uPr = v (and conversely).

For the proof of the converse part, we have already seen the necessity of (1.3).
To see the necessity of (1.4), suppose we have such a time T. Since T is non-
randomized, we have P*(T = 0) = 0 or 1 for each x€E, by the Blumenthal 01
law. Let C = {xe E: P*(I'=0) = 1}. Then Ce&*. If Ze&*° is m-polar, then Z is
uU-polar (since uU <m) so Z is u-polar, so v(Z) = uPy(Z) = PHXyeZ) =
P X;eZ, T=0)=uZnC).

If semipolars are u-polar, one can take m = pU in Theorem (1.2) and since
m-polars and u-polars are then the same, this results in an apparent weakening of
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the hypotheses of the theorem. However, in many situations there is a natural
choice of the measure m; viz. Lebesgue measure for a Lévy process or Wiener
measure for the infinite-dimensional Ornstein—Uhlenbeck process. These cases are
discussed further below.

Theorem (1.2) generalizes the main result of [ Fa83] in two ways. First, X is not
required to have a reference measure. Second, X is not required to have a standard
dual process. Our proof of Theorem (1.2) does use duality but, at least when X
is a Borel right process, there always exists a “left process” X which is in weak
duality with X with respect to a given excessive measure m. X is constructed from
X by time-reversal.

The hypothesis in Theorem (1.2) that uU < m is satisfied if and only if u(G) = 0
for each &°-measurable, finely open, m-polar set G. (The forward implication is
trivial and the reverse implication is easy; see for instance [ Fi90, p. 257, bottom].)

If X is a Lévy process, then its g-ideal of sets of potential zero is translation
invariant so if it has a reference measure, then Lebesgue measure is a reference
measure; see for instance [ V70, p. 19]. However, there do exist nontrivial examples
of Lévy processes, even symmetric ones, which do not have reference measures; see
[Ha79, p. 340]. If X is a symmetric Lévy process and m is Lebesgue measure, then
semipolar sets are m-polar even if m is not a reference measure; see for instance
LFG88, (2.9)]. More generally, if m is Lebesgue measure and X is Lévy process
satisfying the “sector condition”, then semipolar sets are m-polar even if m is not
a reference measure; see [Si77] or [Fi89].

Another example of a process to which Theorem (1.2) applies is the infinite-
dimensional Ornstein-Uhlenbeck process. For this process, E = {xeC[0, 1]:
x(0) = 0} and m is Wiener measure on E. The process (X,) under P* is equal in law
to (e "*(x + B(e’ — 1))) where B is the Brownian motion in E associated with
the Gaussian measure m. B starts from 0, has continuous paths and stationary in-
dependent increments, and the distribution of B, is the image of m under the map

x+ ./t x. The process X is symmetric with respect to m. (See [M82] for details
concerning the preceding assertions in this paragraph.) Because of this symmetry,
semipolar sets are m-polar; see for instance [ FG88, (2.9)] again. Also, m is invariant
and hence excessive for X. But, as we shall now explain, X does not have a reference
measure. We are grateful to René Carmona and Bruce Driver for helpful dis-
cussions concerning this point. We begin by recalling the basic facts about the
reproducing kernel Hilbert space H of m. E is a separable Banach space with norm
x| = sup{|x(®)|:0 < ¢ < 1} and mis a Gaussian measure on E. No proper closed
linear subspace of E carries m. For some o > 0, we have |, exp(a| x |*)m(dx) < .
(This holds for any Gaussian measure: see [FFe70].) The dual space E* = L*(m). Let
H* be the closure of E* in L*(m) and define J: H* — E by J(y*) = [ xy*(x)m(dx).
The integral exists in the sense of Bochner, and J is one-to-one. By definition,
H = J(H*), with the norm | J(y*) |z = || y*| g. H* may be viewed as the dual of
H via the pairing

w6, T (y*) s = [ x* (x)y*()m(dx) .

In case x*e E*, we have
2

w= x5, I (V) o = x*(J(y™)) .

Let B,(x) = x(z) for xe E and 0 <t £ 1, so that under m, ()<<, is Brownian
motion in R starting from 0. Suppose x*e E*. Then x* is represented by
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a real-valued Borel measure u on ]0, 1]. Integrating by parts, we get

1
x* = [f()dp, (stochastic integral)
0

where f(t)=u]t, 1] for 0 <t < 1. It is well-known that for geL*[0, 1],
lgl2t0,1= Il [o 9(£)dB:llL2gm. It follows that gi— [ g(£)dp is a linear isometry
of L?[0,1] onto H*. Suppose geL?[0,1]. Let y* ={, g(t)dp, and let
&) =[5g()de for 0=s=<1 Note that {eE. It is easy to check that
x*(J(y*)) = f(l, E(s)u(ds) = x*(&). Thus J(y*) = & and H = {x € E: x is absolutely
continuous and x’ e L*[0, 1]}. Now we proceed to the proof that X does not have
a reference measure. Note that m(H) = 0 since Brownian paths have infinite
variation. If x e E\ H, then there is a Borel measurable linear subspace L < E such
that x¢ L, H < L, and m(L) = 1: See for instance [Ca80, Proposition 1]. Next, if
F is a finite dimensional linear subspace of E such that F n H = {0}, then there is
a Borel measurable linear subspace L < E such that Fn L = {0}, H< L, and
m(L) = 1. This follows by induction on the dimension of F. For suppose x € F and
x % 0. Then xe E\H so there is a Borel measurable linear subspace L, < E such
that x¢ Ly, H € Lo, and m(Ly) = 1. Let F; = F n Ly. Then dim F; < dim F, so by
the inductive hypothesis, there is a Borel measurable linear subspace L, < E such
that F; L, = {0}, H< Ly, and m(L,) = 1. Then L = Lo~ L, works for F. Tt
follows that the same conclusion holds if the dimension of F is countably infinite,
Hence dim(E/H) is uncountable because m(H) = 0.If L is a Borel measurable linear
subspace of E such that m(L) = 1, then for each x € E, the potential U(x, ) lives on
10, o[+ x + L. (Recall that (X,) under P* is equal in law to (e™"*(x + B(e’ — 1))).)
If in addition x, ye E are linearly independent and (span{x, y}) n L = {0}, then
U(x,-)and U(y,-) are mutually singular because (]0, o[ x + L) (]0, oo[*y + L)
=@. Hence the family of measures U(x,"), x € E, includes uncountably many
pairwise mutually singular measures. Thus X cannot have a reference measure.
This argument appears to use the full axiom of choice but it can be rephrased to use
only the principle of dependent choice. The key to this rephrasing is that if there
were a reference measure, then we would have v {U(x,"): xeE} = v{U(x,"):
x€ A} for some countable set A4 < E.

2. Tools

In this section we collect some of the definitions and results which are used in our
proof of Theorem (1.2). For the time being, we continue to assume that X is an
arbitrary right process, with state space E. (However, we shall soon specialize to the
case of a Borel right process.) Let y be an s-finite measure on E. (A measure is said
to be a s-finite when it is the sum of countably many finite measures.) Let Ae&°.
Recall that A is p-polar when P*(X,€ A for some t > 0) = 0. It is easy to see that
A is p-polar if and only if 4 is pU-polar. If ¢ and m are s-finite measures on E with
¢ < mand if A is m-polar, then A4 is &-polar. Thus if uU < m and A4 is m-polar, then
A is p-polar. The following result is a refinement of Proposition 6.5 in [ Hu57].

(2.1) Lemma. Let v be a measure on E such that vU is o-finite. Suppose Z < &° is
v-polar and v(Z) = 0. Then there exist an excessive function f and a decreasing
sequence (G,) of & *-measurable finely open sets such that f= + o on (),G, 2 Z,
v(f) < o, and v(f) + Y., v(Pg, f) < co.
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For a proof of (2.1), see [ Fa83, Lemma 1]. Once again, let y be an s-finite
measure on E and let 4e&°. Recall that 4 is thin when P*(T, > 0) = | for each
xcE, where T, =inf{t>0; X,eA}. A is semipolar when A4 is the union of
countably many thin &°-measurable sets. Hunt showed that if 4 is semipolar, then
PH(X, e A for uncountably many ¢} = 0. When A satisfies the latter condition, we
shall say A is p-semipolar. Dellacherie showed that if 4 is p-semipolar, then
A = Bu Cwhere Be&°is semipolar and Ce £° is u-polar; see [ De69a, De88]. He
also showed that if A4 is not p-semipolar, then A carries a nonzero finite measure
p which does not charge p~-semipolar sets; see [De6%b, De88].

We now specialize to the case where X is a Borel right process. That is, we
suppose X is a right process whose state space E is homeomorphic to a Borel
subset of a compact metric space and for each Borel set A < E and each ¢ > 0,
x> Py(x, A) is Borel measurable on E. In this case, each g-excessive function is
nearly Borel, so each &°measurable set is nearly Borel. Hence for Ae &%, if A is
u-polar (respectively, u-semipolar), then 4 < B for some Borel set B € E such that
B is p-polar (respectively, u-semipolar). In this context, for an arbitrary set A < E,
we define 4 to be u-polar (respectively, u-semipolar) when 4 < B for some Borel set
B < E such that B is y-polar {respectively, y-semipolar).

Now fix a measure m on E which is excessive for X. (Recall that then, in
particular, m is o-finite.) Let { W, { ¥ )ier, Q. be the associated Kuznetsov process,
which exists because X is a Borel right process. There is quite a lot of notation and
theory associated with the Kuznetsov process and we shall recall only some of it.
For the rest, we refer the reader to [Fi90] and to the papers cited there. Wis the set
of paths w: R — E U {4} that are E-valued and right-continuous on some open
interval Ja(w), B(w)[ < IR, taking the value A outside this interval. (4 is a point not
belonging to E and is called the “cemetery point.” The “dead path” [A]: t+— 4
satisfies o([4]) = + oo and B([4]) = — w0.) Y, (W) = w(z) for teR and weW.
Under Q,,, (Y,) is stationary and after time «, ( Y,) is a strong Markov process with
transition function (P,). We may and do assume that the sample space for X is

Q= {weW: a(w)=0and Y,.(w) exists in E} U {[4]}

and that X, = Y4 |Qfor r 20. Let [ = PA(IMM), the copredictable projection of
1y, gy - Intuitively, [(w) is the conditional probability

0.(Y;cE|Y, = w(s) for each s > f) ,

for te R and we W, One can choose a version of | with the following properties:
(i) !is optional as well as copredictable;
@o=sisy;
(iii) Lo o5 = l,4, for s,teIR, where o, is the shift operator on W defined by
(o) (1) = w(s + t);
(iv) Jo, Blc A= [ B, and Y,.(w) exists in E for (t,w)ed, where
A= {(t,w)e R x W:l,(w) > 0}.
Now for teR, let

7 = Y. ift=0andl, >0,
*7 1Y, otherwise .
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The process Y is both optional and copredictable. (In contrast, Y is just optional.)
For A€ é, it is clear that A is m-polar if and only if @, (¥;€ A for some teR) =
and A is m-semipolar if and only if Q,, (Y;€ 4 for uncountably many te R) = 0. It
can be shown that if A is m-polar, then Q,, (¥, € A for some ¢t €IR) = 0; the converse
is clear. (In contrast, if 4 is m-polar, it does not follow that Q,, (¥,+ € A for some
teR) = 0. See [FGI0] for a discussion of this point.)

There exists a Borel moderate Markov process X = LX,, P") which is in weak
duality with X with respect to m. The sample space of X is

— {we W:w) = 0} U {[4]}
For 0 < t < o0, we have
X, =7.,Q.

(Note that X, is undefined.) For each x, the probability measure P* is defined (at
least initially) on the o-algebra #° = ¢(X,:0 <t < o). Of course X and the
objects derived from it depend on m, but this dependence is often suppressed in
what follows.

Let 7 =inf{t > 0: X, + X,} and for each x, let £ = inf{t > 0: X, % x}. Let
H and H be the sets of holding and coholding points respectively: H = {xeE:
P*zr>0)=1}and H= {xeE: P*(#* > 0) > 0}. (Note that X need not satisfy the
Blumenthal 0—1 law.) It is easy to see that H and H are Borel sets. In the context of
standard processes in strong duality, a point is holding if and only if it is coholding.
In the present more general context, the family (P*),.z is determined only up to an
m-polar set so the following result is the best we can hope for.

(2.2) Lemma. The symmetric difference of H and H is m-polar.

Proof. First let us show that H \H is m-polar. We proceed by contradiction.
Suppose H \H is not m-polar. Then by the section theorem, there is a copredictable
time T such that Q,,( Y€ H\H) > 0. By the definition of H,

0,.(PY7(477> 0), Y, e H\H) > 0 .

(The ambiguity in this expression may be correctly resolved by recalling that ¥7 is
defined on W and for each x, ¥ is defined on Q.) By the moderate Markov property
(in reverse time),

Qu(t77(07) > 0, Yre H\H) > 0
where (étw) (8) = w(t + s) for s < 0, 4 for s = 0. That is,
Qm(fTeﬁ\H_and there exists ¢ > 0 such that Yp_, = Y, for 0<: <& >0.

Thus H\H is not even m-semipolar. Hence by the second of the results of
Dellacherie mentioned above, there is a finite measure p on E which does not
charge m-semipolar sets but does charge H\H. In particular, p does not charge
m-polar sets so by [Fi87, (5.22)], there is a Q,-essentially unique optional co-
predictable homogeneous random measure x carried by A, such that

(2.3) J[f(tx)p(dx)dt = ,!, § £t Y(w)x(w, dt)Qp(dw)
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for each non-negative # ® &-measurable function f on R x E. (Here # = Borel
(IR).) The right band side of (2.3} is usually abbreviated as Q,,( [ f(t, Y)x(dt)).
Since p does not charge m-semipolar sets, x is diffuse; i.e., k(w, ) is diffuse for Q,,-a.c.
we W. Let @(x) = 1g.(x), ¥(x, W) = Lipsy>0p, and let Z,(w) = ga(Y(w))t[/(Y(w}, B,w).
We claim that Q,-as., Z, = 0 for all but countably many ¢ First note that for
Q,-a.e. w, we have

{teAw): Y (w)e H} < {te A(w): 7(f,w) = 0},

where (8 w){s) = w(t + s)for s > 0, 4 for s £ 0. (For if i € A(w) and {f,w) > O then
Y (w) is constant on an interval of the form [t,t -+ e[, and in this case there is
a rational r in [¢, t + ¢[ such that t(6,w) > 0 and Y,(w) = ¥,(w). Consequently

Om(t°8,> 0 and Y,e H* for some t& A)
< Q,(r°8, >0 and Y, H° for some rational re A)
<Y Qu(06,>0, Y,eH,reA) =0
r
where the final equality follows from the simple Markov property.) Now for each w,
there exist at most countably many #'s where both t(8,w) = 0 and %" (9,w) > 0.

(Each such £ is the right-hand endpoint of an interval of constancy of w.) This
proves the claim. It follows that

Qm(f Z:K(dt)) =
R
Qm(f ﬁZtK(dt)> =

since k is copredictable. But it follows from the moderate Markov property (in
reverse time) that for Q,-a.e. w, for each ¢,

because x is diffuse. Hence

27 (w) = @(T(w))PTM (> ()
so ¥,(w)e H\H implies #Z,(w) > 0. Hence

~ 1 _
p(H\H) = Qm(g 11;*‘\13( Y;)K(dl)) =

But this contradicts the fact that p charges H \H. Thus H \H must be m-polar
after all.

The proof that H\H is m-polar is just the dual of the above argument. Since this
fact is not needed for the proof of Theorem (1.2), we omit the details. O

An &*-measurable function =0 on E is said to be coexcessive when it is
excessive for X; ie, when P f<ffort> 0 and P, f—f pomtwme onEast |0
where P,{ y,dx) = Py(Xtedx) A statement about points x€E is said to hold m-
quasi-everywhere (abbreviated m-q.e.) when the set of points for which it does not
hold is m-polar.
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(2.4) Proposition. (a) If f is coexcessive, then there exists a Borel coexcessive
Sfunction g such that f= g m~q.e. In particular, if { is coexcessive, then oY is
optional and copredictable.

{b) If & is an excessive measure and & <€ m, then there exists a coexcessive version
4 of d&/dm; if 4’ is another coexcessive version of dé/dm, then G = 4§’ m-g.e.

Proof. See [Fi90, (2.6)]. O

(2.5) Proposition. Suppose  is an excessive measure and £ < m. Then there is
a version u of dé/dm such that u is Borel measurable and Q,~a.s., iio Y is right-
continuous on A; if u’ is another such version of d&/dm, then u = u’ m-q.e. Moreover,
there is a Borel m-polar set N, whose complement is absorbing for both X and X, such
that ii|g\x is finite and finely continuous on E\N. Finally, if 4l is a coexcessive version
of d&/dm, then 4 < 4 m-q.e. and {il & i} is m-semipolar.

Proof. See [Fi90, (2.7)-(2.10), (3.7)] and [Fi87, (4.15)]. Ol

The function # in (2.5) is called a fine version of d&/dm. (The case where X is
uniform motion to the right on R and m is Lebesgue measure is trivial but
illustrative: d¢/dm may be taken to be increasing and 4 is its left-continuous version
while # is its right-continuous version.)

As we have already remarked, if 1 is a o-finite measure on E, then uU <« mifand
only if yu charges no &*-measurable finely open m-polar set. When expressed in
terms of fine densities, the domination principle assumes the following form.

(2.6) Theorem. Let A be a measure on E such that A charges no m-polar set and LU is
o-finite. Let ¢ be an excessive measure such that & < m. Let 4 and ¢ denote fine
versions of d(AU)/dm and d&/dm respectively. If it £ ¥ J-a.e., then AU £ ¢,

For a proof of Theorem (2.6), see [Fi90, (2.13)]. (It is worth remarking that
sharper versions of (2.5) and (2.6) exist: See [FG90], and for an application see
[Fi91].) The “classical” version of the domination principle was expressed in terms
of the coexcessive densities # and ¢ and required the stronger hypothesis that
4 charges no m-semipolar set. In our application of (2.6), this hypothesis would be
satisfied. For us, the importance of (2.6) is that it is expressed in terms of densitics
which are (almost) finely continuous. This enables us to avoid considering the
cofine topology, which is fortunate since in the present setting, the cofine topology
need not exist; see [SW73, §31.

Suppose / is a measure on E such that 4 charges no m-polar set and AU is
o-finite. Let x be a version of the corresponding optional copredictable homogene-
ous random measure carried by 4, as in (2.3) (with p replaced by 1). We may and
shall assume in addition that x is perfect; see [Fi87, (5.23) and (5.27)]. Then

4(x) = P*(x] — o0, 0[)

defines a coexcessive version & of d(AU)/dm; see [Fi90, (3.7)]. (It is worth remarking
that this fact depends heavily on the perfectness of x; note that each P* lives on
€ which is a subset of W having Q,-measure zero.) The next result is a version of
the switching identity.
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(2.7) Theorem. Let 4 and x be as above. Let A be a Borel subset of E, let

T, =inf{t > 0: X, 4}
and

T, = inf{t > 0: X,e A}

be the hitting and cohitting times of A, and let P4(x, dy) = P*(X(T4)edy) be the
hitting kernel for A. Then

4(x) = P*(k] — o0, = T4[)
defines a coexcessive version iz of d(AP,U)/dm.

Proof. Let t4 = inf{t > a: Y,€ A}. Note that T, = 7,4|Q. Since AU is excessive, we
may consider the corresponding Kuznetsov measure Q,; on W. For each Borel
measurable function f= 0 on E, we have

(2.8) APLU(f) = Quu(f(Xo), 14 < 0).

This was shown in [FMS86, (5.5)]. For the reader’s convenience, we shall give
a proof here. By [GG87, p. 36], the Kuznetsov measure corresponding to a poten-
tial has a particularly simple form, namely

(2.9) 0,0(F) = Of PYFog_)dt = of PMFog,)dt

0

for each 4*-measurable function F = 0 on W (where ¢* is the universal completion
of 4° = ¢{ ¥;:teR}). Now t4°06, =1, —t, and P* lives on Q so

Qul /(Yo ta<0)= [ PI(T), 1> 2

= Pl( oj? f(Yz)l{mA)dt) = Pl( Ofof(Xz)dt>
-0 Ta

= AP, U(f),

which completes the proof of (2.8). Next, for each t € R, we introduce the operation
b, of birthing at time t: For we W,

feer
=130 2

Note that b, = 6_,° 8,. We claim that

(2.10) Quw(F) = Qm< [Fo btK(dt)>

for each ¥*-measurable function F = 0 on W. By a routine completion argument it
suffices to consider #°-measurable F. Let Z,= Fob,. Since Z,=Foo_,°0,, it
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follows from the strong Markov property that the optional projection of Z is
°Z, = P*(Foo_,). Hence

Qm(fFobtx(dt)) - Qm< i P?t(Foa_t)x(dr))
= | [ P¥(Foo_,)A(dx)dt
RE
= fP’l(Foa_,) dt

= QZU(F)

where the first step follows from the optionality of «, the second from (2.3), and the
last from (2.9). This completes the proof of (2.10). Combining (2.8) and (2.10), we
obtain

(2.11) iPAU(f)=Qm( § f(Yo)l{t,,ob,<o;K(dt)>-

]—00, O

Recall that X, = Y_,|Q. Let X, = Y_,|Q and letj"A = inf{t > 0: f,eA}. For each
t < 0 and each we W with Y,(w)eE, we have 8,we Q and we also have

T4(b,w) <0
iff  Y.(w)eA for some se]t, O[ iff X,(6ow)e A for some se]0, —¢[
it Tu@ow) < —tiff t < —T4(Bow) .
Hence it follows from (2.11) that
IPAU(f) = Ol f(Yo)] — 00, =T4=0,[) .

Since « is perfect, we have k(w, ]— o0, t[) = K(éow,] — oo, t[) for each t < 0 and
each we W; see [Fi87, (5.23), (iv)]. Hence

APLU(f) = Qul(f(Xo)r(80,] — o0, = T4 6o[) .
Applying the simple Markov property (in reverse time), we obtain
APAU(S) = Qn(f (Yo)P™(c] = o0, = Ta[)) -
Now observe that
TA={TA on {@1#{} )
w on {T={},

where f = —a]ﬁ is the lifetime of X. But since « is perfect, we have K(w, ] — oo,
a(w)[) = 0 for each we W; see [Fi87, (5.23), (iii)]. Hence x(w, ] — o0, —T4(w)[)
=x(w, ] — o0, —T4w)[) for each we W. Thus

APLU(f) = Qulf(Yo) PP(c] — o0, —T4[))

= Qm(f( Yo)ﬁA( Yo))
= }jg J ()i 4(x)m(dx) .
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Hence i, is version of d(1P,U)/dm. Since « is perfect, we have k{ow, B) = k(w,
B + s) for each we W, each s€ R, and each Borel set B = R; see [Fi87, (5.23), (ii)].
Using this and the simple Markov property of X, plus the fact that 8, = 506 _,, we
readily obtain

Piis(x) = P*(] — o0, —(t + T4 0)[) .

Now t + T8, =inf{s > t: )f’seA} | T, as t | 0. Hence i, is coexcessive, (Of
course, we should point out that i, is £ *-measurable because k is #*-measurable.
The *-measurability of « is part of the definition of perfectness of x; sce [Fi87,
(5.23), (i)].) This completes the proof of the theorem. 1

For earlier versions of the switching identity, see [B45], [HuS8, eqn. 18.3],
[BG68, VI(1.16)1,[A73, 4.5 and 4.6], and [GS84, (11.6)]. We remark that (2.7) was
implicit in the proof of [Fi87, (6.27)].

3. Proof of the main Theorem

In this section, we shall give the proof of Theorem (1.2}. Assume for now that X is
a Borel right process. Then all the results of Sect. 2 may be applied.

Step 1. Consider the case where g charges no m-polar set. Let 7 be the set of all
non-randomized stopping times 7 such that uP7U = vU. Then 7 # @ since 0 7.
Now the pointwise limit of any increasing sequence in 7 belongs to 7. (For if (7))
is such a sequence and T is its limit, then for each Borel function f= 0 on E with
pU( f) < o, we have uPr, U(f) = P*(fy f(X,)dt) | P*([7 f(X)dt) = uPrU(S),
by dominated convergence so, as pU is o-finite, uPr U = vU, whence T'€ 7.) From
this and the fact that P* is o-finite it follows that & has P*-essentially maximal
elements; let 7" be one of them. (Incidentally, the full axiom of choice is not needed
for this. The principle of dependent choice is enough.) Let 2 = uPr. We claim that
4 =v. For suppose not. Then we shall show that there is a non-randomized
stopping time S such that APgU = vU and P*(S > 0) > 0. Assume that this has
been shown. We may suppose that S([41)=0. Let 7" =T+ So6r. Then
T'eJ because puP; U = puPpPsU = APsU =z vU. But T 7" and PH{T < T)
= P¥S<0; >0, T < o0) = PH{PX¥TNS > 0), T < 00) = PXS > 0) > 0, which con-
tradicts the maximality of 7.

Now let us show how to construct S under the assumption that 4 = v. Observe
that A charges no m-polar set. (For let 4 be a Borel m-polar set. Since U < m, 4 is
uU-polar. Equivalently, 4 is p-polar. Hence A(4) = PH(X,;cA) = P Xre A4,
T=0) < u(A) = 0) Also, since AU = vU, there is a randomized stopping time
R such that APg = v, by (1.1). Let 7, ©, H, and H be as above (2.2). Let

}.1 - 1E\Hﬂ‘> 1.2 - IHJ.
vy = A1 Pr, vy =/,Pg.
Then for i =1, 2, 4; charges no m-polar set and 4;U = v;U. Moreover, either

A1 # vy OF Ay %+ v,. Thus we may reduce to the case where either A(H) = 0 or 4 lives
on H.
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Case 1. Suppose A(H)=0. Then A(H)= A(H n H) + A(H\H) = 0 since, by
(2.2), H\H is m-polar. Let x be as above (2.7) so that

4(x) = P*(k] — o0, 0[)

defines a coexcessive version @ of d(AU)/dm. By (2.4)(b), there also exists a co-
excessive version ¢ of d(vU)/dm. Let V = {ii > #}. We claim that

(3.1) MV)>0.

For suppose not. Then 4 = ii A-a.e. Let i and © be fine versions of d(AU)/dm and
d(vU)/dm respectively; see (2.5). Then {ii % i} and {¢ % 0} are m-semipolar. But we
are assuming that m-semipolar sets are m-polar. Since A charges no m-polar set,
i =1u Aae and 6 =7 A-ae Hence v =i A-ae so vU = AU by (2.6). But then
AU =vU so 4 = v, which is a contradiction. This proves (3.1).

We shall now obtain the desired stopping time S as the time at which X leaves
a suitable Borel finely open set L. Let # = {B,:n =0, 1,2,. . .} be a countable base
for the topology of E. For each n, let 4, =B;, let 4, = AP, , let T, = T, let
4, = P'(x] — o0, —T,[ ) which, by (2.7), is a coexcessive version of d(A,U)/dm, and
let u, be a fine version of d(4,U)/dm. 1t follows readily from (2.5) that there is
a Borel m-polar set N such that E\N is absorbing for X and such that the
restrictions to E\N of 4, v, u, (n = 0, 1,2, . . . ) are finely continuous on E\N. Note
that E\ N is finely open. Let % be the topology on E generated by 4, E\N, u, v, and
{1, n=0, 1, 2, .. .}. Since % is second countable, any measure on E has a
9 -support. (For the purposes of the present argument, this serves as a substitute
for the fine support. The latter need not exist since X was not assumed to
have a reference measure.) Let F be the #-support of 4 and let

G = F n(E\H)n (E\N)~ {i = &} n {6i, = , for each n} .

Then / lives on G. (4 charges no m-polar set. Hence A(N)=0. {4, + u,} is m-
semipolar and so, by hypothesis, m-polar. Hence i, = u, 4-a.e.) Since A(V) > 0,
GV +§. Fix ze Gn V. For some sequence (n(k)) of natural numbers, we have
B,uy | {z}. Let £, = T,4. Then %, | £%. But % =0 P“-as. because z¢ H. Hence
Uno(2) = P*(k] — 00, — £,[) 1 P*(x] — 00,0[) = it(z). But ,(z) = ii,(z) and
ii(z) = u(z) because ze G. Hence u,)(z) T #(z). Now u(z) > (z) because ze V' n G.
Thus there is an n (equal to n(k) for some k) such that ze B, and u,(z) > o(z). Let

L =B, {i, > 0}~ (E\N).

Then L is #-open and L N F % @ (since ze LN F)so A(L) > 0.Let D = L*, S = Ty,
and S = Tp. We claim that

(3.2) APgU = vU .

By (2.7), APsU = vom where W = P(k] — oo, —S[), so W = #l,. Thus W > b m-q.e.
on L 50 (3.2) holds on subsets of L. Next, for each Borel function f= 0 on E such
that f'= 0 on L, we have APsU(f) = A(Pp Uf) = A(Uf) = vU(f). Thus (3.2) holds
on subsets of D too. This completes the proof of (3.2). Finally, L is finely open so
PXS > 0)= A(L) > 0.

Case 2. Suppose A lives on H. Recall that there is a randomized stopping time
R such that APz = v. For each x, let v, = ¢, Pz where ¢, is the unit point mass at x.
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Then v = fH AMdx)v, and ¢, U = v, U. Since AU 1s o-finite, we have AU(f) < oo for
some Borel function f> 0 on E. Then Uf < w0 ZJ-ae., so f(x)U(x, {x}) < oo for
A-a.e. x. Let

H, ={xeH:e. +v,and & U({x}) < 0} .
Then A(H,) #+ 0 because 4 + v. If xe H,, then P*(R > 0) > 0 so

(3.3) w > e U({x}) = Px<°f l{x}(Xs)ds)
(3]

> Px<0jo l(x}(Xs)ds> =v. U({x})

where in the third step we have used the fact that x is a holding point. For xe H,,
let

t, = sup{t =0: Px<}) l{x}(Xs)ds> > va({x})}

and for xe H{, let t, = 0. For xe H,, we have t, > 0 by (3.3) and we also have

Px(}O l{x}(Xs)ds> =v,U({x}).

tx

Let S =t A ty,. Then P*(S > 0) = A(H;) > 0. For each x,
e PsU({x}) 2 v, U({x})
and if 4 is a Borel subset of E\{x}, then
exPsU(A) 2 e, P.U(4) 2 &.P,U(4)
=&, U(4) 2 v, U(4) .

Thus ¢, PsU 2 v, U for each x. Hence APsU = vU. This completes Step 1.

Step 2. Consider the case where v charges no m-polar set. We can choose
a p-essentially largest Borel m-polar set Z. If S is a random time and S >0
Pt-as. on {X,€Z}, then uPs charges no m-polar set. (For consider any Borel m-
polar set N. Then N is u-polar, so P*(XgeN) = P*(XseN, S =0) = P/(XoeN,
Xy ¢Z) = u(N\Z) = 0 where the last step follows from the maximality of Z.) We
shall construct a non-randomized stopping time S such that uyPcU =2 vUand § > 0
Pt.as. on {X,eZ}. Then by Step 1 (with u replaced by uPs), there is a non-
randomized stopping time 7T’ such that uPgPr. =v. But then uP;r =v where
T=S+T -0

Now let us construct S. Since Z is m-polar, it is v-polar. Also, by hypothesis, Z is
y-null. Hence, by (2.1), there is an excessive function f and a decreasing sequence
(G,) of finely open &°-measurable sets such that, letting Z* = (), G,, we have
Z*2Z, f=+ 0 on Z* and v(f) + ), v(Ps,f) < oo. Let Hy = E\G, and for
n=1,let H = G, {\G,. Then E = Z* U (| J, H,). (We remark that this is a dis-
joint union.) Let w, = uPp, and let v, = vPg,_. Then p, U = v, U. (For consider any
Borel function h = O on E. Let g = Py Uh. Then u, U(h) = u(g) and v, U(h) = v(9g).
But u(g) = v(g) because g is excessive, uU = vU, and pU is o-finite; see for instance
[Fa83, p. 45].) Now Ty, = Ty, > 0 P*-as. on {X,€Z} so p, charges no m-polar
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set. Hence by Step 1, there is a non-randomized stopping time R, such that
WP, =v,. Let S, =Ty + R,°0r,, . Then uPs = v,. Let S =inf §,. First, let us

show that
34 uPU =2 vU .

Consider a Borel function & = 0 on E. If & = 0 outside H,, then Py Uh = Uh so
uPsU(h) = puPs U(h) = v,U(h) = v(Py,Uh) = vU(h). Next, f< oo v-ae and
f=ow on Z* so Z* is v-polar. Hence, if h=0 outside Z* then
uPsU(h) =z 0 =vU(h). Since Z* L Uan = E, (3.4) holds. Now let us show that
S>0Ptras.on{XoeZ}. LetS, =Sy A - AS, ThenS, | Sso f(Xs )—f(Xs)
P*-a.s. (Since f is excessive, fo X is a.s. right continuous.) Hence

P*(f(Xs)) < liminf P*(f (X5, ))

n—rowo

<liminf )} P*(f(Xs,); Sy = Si)

n—-w k=0

<Y PHIXs)) = 3 #Pe(f)
k=0 k=0

¢ o] o)

= 2 w(f)= Y vPu(f)

k=0 k=0

SH()+ T v(Paf) <0

But f= 4+ o on Z. Hence P#/(X5c Z) = 0so P*(S = 0, Xy € Z) = 0 as desired. This
completes Step 2.

Step 3. In the general case, there is a trivial reduction to the setting of
Step 2. For we can choose a v-essentially largest Borel m-polar set M. Clearly
the set C in (1.4) may be modified to be Borel measurable. Next,
(M C) = u(M n C°n C) =0 so we may and do assume that M < C. Then for
each Borel m-polar set Z, v(Z)=v(ZnM)=uZnMn C) = u(Z n M). Thus
u and v agree on subsets of M and v charges no m-polar subset of E\M so we may
finish by applying Step 2 to 1z st and 1z,,v in place of 4 and v.

Theorem (1.2) has now been completely proved in the case where X is a Borel
right process. The reduction of the general case to this special case is essentially
trivial but depends on a plethora of facts about the Ray—Knight compactification.
Accordingly, for the reader’s convenience, we give the details. Suppose X is
a general right process. Let (U%)p<,<, be the resolvent for X. Let (E, U?) be
a Ray-Knight completion of (E, U?); see [Sh88, p. 93]. (E is compact and metriz-
able and (U%g<,<«_is @ Ray resolvent on E.) Let (P,) be the corresponding
Ray semigroup on E and let D be its set of non-branch points. Evidently the
cemetery point 4 is a trap for (U4). In what follows 4 will serve as cemetery for (U?),
so the convention that all functions and measures vanish at 4 remains in force. In
particular, if we set E = D\{A} then E is a Borel subset of E and for each x€E,
P,(x,-) lives on E; see [Sh88, (9.11)]. Let (P,) be the restriction of (P) to E. Let
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& = Borel (E) and let &* be the universal completion of &, We have E < E, Ee &%,
the trace of £* on E is £%, and for each x€E,

(3.5) P,(x, A) = P(x, AN E)

for each Ae&* and each t = 0; see [Sh88, §17, especially (17.10), (17.11), and
(17.16)]. (We remark that the trace of & on E is &”, the Ray c-algebra on E. We
have & < &". This inclusion may be stnct) It follows from (3.5} that a function on
E is g-excessive for (P,) if and only if it is the restriction to E of a function on E
which is g-excessive for (P,); see [Sh88, proof of (12.29)]. Hence

(3.6) the trace of £°¢ on E is &°,

where £°¢ is the o‘-algebra on E generated by {f:f is g-excessive for (P,), for
some g = 0}. Now (P,) is a Borel right semigroup on E and may be realized by a
Borel right process X on a canonical path space Q:

Q is the set of paths &:[0, o[ » Eu {4} which are E-valued and right-
continuous into E on some interval [0, {(®)[, taking the value 4 outside this
interval; X,(@) = @(t) for e Q and te[0, oof;

sec [Sh88, (9.13)]. Define ¢ on Q by &(w) = (X,(®))os:< - We may and do assume
that @:Q — G; sce [Sh88, (18.1)]. Clearly

(3.7 X,o® =X, foreacht.

Let F =o(X; YA):Ae€* 0=<t<ow) and let F =o(X; 1 (A) Aeé*,
0 £t < o). It follows from (3.7) that

(3.8) @ is F'|F -measurable.

For each s-finite measure 4 on E, define 1 on E by A{(4) = AN E) for Ae&* It
follows readily from (3.5) and (3.7) that

(3.9) PHF)= PY@~Y(F)) for each Fe F

Let #* be the P*-completion of #* and let 7 be the P*-completion of &, It
foltows from (3.8) and (3.9) that

(3.10) @ is F*/F “measurable and P*(F) = PN®~'(F)) for each Fe 7+ .

Consider Acé&® Let A=ANE. Then Aeé® by (3.6). Let F={X,ed
for uncountably many ¢} and let F = {X,e4 for uncountably many t}. Then
FeZ%and F = ¢~ 1(F) so by (3.10), P*(F) = P*(F). It follows that

(3.11) A is i-semipolar for X if and only if A E is A-semipolar for X .
By a similar argument,
(3.12) A is A-polar for X if and only if ANE is J-polar for X .

Let m, u, v and C be as in Theorem (1.2). It follows from (3.11) and (3.12) that
each &°-measurable semipolar set for X is m-polar and that for each m-polar set
Zeé&® wehave W(Z) = v(ZNE)=pulZnEnC)= MZ n C). From (3. 5) it follows

that for each s-finite measure A on E, we have U = AU. Hence U = vU. Thus the
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hypotheses of Theorem (1.2) hold with X, m, u, and v replaced by X, m, i1, and .

Since X is a Borel right process, there is a non-randomized stopping time T for

Xsuchthat;zP =v.For0<t<oo,let F;=0(X; Y 4):4e&* 0 < s < t)and let
=o(X;YA): Aeé* 0 < s < 1). It follows from (3.7) that

(3.13) & is F,/F -measurable for each t

Let A*={FeF":PF)=0}, let N*={FeF* P*F)=0}, and for
O0ZLt<w,let Fr=F ;v N* and F!=F; v A% 1t follows from (3.10) and
(3.13) that
(3.14) & is FL/F “measurable for each t .

Now T is an (% #)-stopping time. Let T = T . It follows from (3.14) that T'is
an (#%)-stopping time. Consider Ae&* Then Aecé&*, iX reA}e F4, “ and
@ ' ({Xred})={Xred}, so uPr(4d)=P{Xred)= P“(XTEA) ,uPrr(A)
v(A4) = v(4).

Thus pPy = v. This completes the proof of Theorem (1.2) for a general right
process.
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