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Summary. Conditions for a process £ on a compact metric space S to be simulta-
neously max-infinitely divisible and sample continuous are obtained. Although
they fall short of a complete characterization of such processes, these conditions
yield complete descriptions of the sample continuous non-degenerate max-stable
processes on S and of the infinitely divisible non-void random compact subsets
of a Banach space under the operation of convex hull of unions.

0 Introduction

Let § be a topological space, ¢ be a stochastic process on S and & (S) be
a function space over S. ¢ is max-infinitely divisible (max-i.d.) in & (S) if &
has a version with all of its sample paths in % (S) and if for each neN there
exist independent identically distributed processes &,; with sample paths in & (S)
such that

2@=2(V &) neN

i=1

as probability laws in % (S), where (\/ fm')(t, w)=\/ &,(t, w), ie. the maxima
i=1 i=1

are taken pointwise. If &,;=a; *(£;,—b,) where &; are iid. with law £ (&), a,>0

and b, are functions in # (S), then ¢ is max-stable in & (S). These processes

arise as limits of pointwise maxima of ii.d. random processes. (For an early

example see Brown and Resnick [5] which considers the pointwise maxima

of independent Brownian motions). If S is a finite set, these are the max-i.d.
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and max-stable random vectors on R? which were studied by Balkema and
Resnick [3], de Haan and Resnick [10] and Pickands [19]. The classical max-
stable distributions in R go back to Fisher and Tippett [6] and Gnedenko
[8]. For S countable and & (S)=¢*(S), the spectral representation of max-i.d.
laws is obtained in Vatan [22], and that of max-stable laws in deHaan [9]
and Vatan [22]. ¢, and /®(R) are also considered in Vatan [21] with the
latter considered in deHaan [9] as well. Norberg [18] appears to be the first
author to consider sample path properties when S is uncountable; he obtains
the representation of max-i.d. laws in U(S), the space of non-negative, not neces-
sarily finite upper semicontinuous functions on a locally compact space S. We
borrow from Norberg’s result and proof to obtain fairly complete results (Theo-
rems 2.1 and 24) on the representation of max-i.d. laws in C(S), the space
of continuous functions on a compact metric space. Our results give a complete
characterization of only a subclass of such laws, those with a continuous vertex,
but they contain a procedure to produce a large variety of max-i.d. sample
continuous processes. Several examples and counterexamples in Sect. 2 give
an idea of the scope of these results.

The results on max-i.d. laws in C(S) are then applied to obtain in Theorem
3.7 the spectral representation of all the non-degenerate max-stable laws in
C(S) (non-degenerate in the sense that no one dimensional projections are degen-
erate). In another application (Theorem 4.1), the representation of a.s. non-void
infinitely divisible random compact subsets of a Banach space with respect to
the operation of convex hull of unions is also obtained (see also Norberg [18]).
Stable random sets in a restricted sense are also characterized in the finite
dimensional case. It is somewhat surprising that incomplete results for the gener-
al case do imply complete characterizations in these three important particular
settings.

There is a recognized duality between results for max-i.d. or max-stability
on the one hand and those for infinite divisibility or stability for sums on the
other. As shown by Norberg in great generality, upper semi-continuity appears
to be a very natural sample path property for max-i.d. and max-stable processes.
This is analogous to the fact that a natural space for the paths of stable (for
sums) Lévy processes is D[0, 1]. In this latter case, deep studies of sample contin-
uity have unearthed a wealth of interesting stable processes with sample continu-
ous paths, such as certain random Fourier series (Marcus and Pisier [14]),
even though no complete characterization of sample continuity for stable pro-
cesses has been found. As shown in this article, the situation (and of course
the methods of study) in the max-stable case is completely different and less
complex, but it is possible to provide a complete characterization of sample
continuity for max-stable processes.

From a practical point of view, sample continuity of the max-stable limiting
process is a pertinent question when considering max-domains of attraction
and the appropriate space in which weak convergence is taking place. A typical
motivating example in some of the initial studies of max-stability is the determi-
nation of bank heights for a river by recording the levels along a stretch of
the river on a number of different occasions. Since the level of the river is
often a random continuous function, weak convergence results will provide the
most information if the maxima can be normalized to converge weakly in the
space of continuous functions, which of course requires the weak limit to be
sample continuous.
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1 Preliminaries and notation

Our starting point is Norberg’s representation of max-i.d. processes with upper
semicontinuous non-negative sample paths ([18], Theorem 5.1). His result is
based on Matheron’s representation of random closed sets which are infinitely
divisible with respect to unions ([15], Prop. 3.2.1) which in turn rests upon
Choquet’s Theorem characterizing alternating capacities of infinite order (e.g.
[15], Theorem 2.2.1). (Matheron’s representation can also be deduced from more
general results on semigroups appearing in [4]).

In what follows, S is a compact metric space and (U, v) is the space of
non-negative not necessarily finite upper semicontinuous real functions on S,
endowed with the vague topology (cf. [17, 18, 23]). Given a function heU,
h#% —oo, U'={feU:f*h, f=h}.C(S) or simply C denotes the space of continu-
ous functions on S, with the sup norm, and for heU, h& —oo, we let C*
={feC:f+h,f=h}. A measure on S will always mean a Borel measure. For

functions f on § and sets A<S, we let f(A4)=supf(s). (This notation closely
seA

follows that of [18].) Throughout the paper, maxima of functions is understood
to mean pointwise maxima.

1.1. Definition. A stochastic process £ on a compact metric space S is max-i.d.
in C(S) (mazx-id. in (U, v)) if it is sample continuous (has a version with sample
paths in U) and for each neN there exist ii.d. sample continuous processes
£,: (Lid. (U, v)-valued processes &,;) such that

(10) 2@-2(V )

i=1

It will be understood, throughout the paper, that if a process ¢ is sample
continuous, then reference is always to a version of it with continuous sample
paths.

We state Norberg’s Theorem here for the reader’s convenience:

1.2. Theorem (Norberg [18]). ¢ is max-id. in (U, v) and & is not carried by
{oo} if and only if there is a (unique) pair (h, v) satisfying

(i) h: S > [0, 0], h=* c0, is an upper semicontinuous function and
(ii) v is a locally finite (finite on compact sets) measure on U"

such that

(1.1) h(K)=sup[x: P{{(K)=x}=1], Kc<S_closed,

(12) v(U (2 )2} )= ~tox P ) (e)<x)).

i=1
nelN, K,=Sclosed, x;>h(K)),
and

8

(1.3) LEO)=% (h v ( 1 m-))

12

"
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where {n;} is the collection of atoms of the Poisson point process with mean
measure v.

h is called the vertex and v the max-Lévy measure of the max-i.d. process
¢ We refer to Resnick [20] and Karr [13] for the definition and properties
of Poisson point processes.

1.3. Remark. Obviously in Theorem 1.2, U can be replaced by the upper semicon-
tinuous functions with values in [¢, 0], celR, and then h takes values in [c, oo].
We are also interested in the possibility of taking ¢= —oo. Norberg’s proof
shows that if ¢ is upper semicontinuous and takes its values in (- 00, o0), then
there still exist & and v. In this case, h is upper semicontinuous and takes values
in [ — o0, o), whereas v is defined on the space of functions from § to { — oo, 0]
whose hypographs (=hypo f={(s, x): —o0 <x= f(s)}) are closed sets that con-
tain the hypograph of h. These functions are upper semicontinuous but may
take the values + oo and — oo (although v{f(S)=00}= —log P{&(S)< 0} =0).
But given a function h and a locally finite measure v with these properties
then the corresponding max-i.d. process ¢ may take the value — oo, (The way
to prove these observations is, as in Norberg’s Theorem, to pass to hypographs
and then apply Matheron’s Theorem; the existence of h upper semicontinuous
requires an easy cxtension of Matheron’s Theorem ([16], Theor. 2.4).)

An important sub-class of max-i.d. processes are the max-stable ones that
will be considered in Sect. 3.

1.4. Definition. A stochastic process & on a compact metric space S, such that
(1) is non-degenerate for all teR, is max-stable in C(S) if £ is sample continuous
and for each n there exist continuous functions a,(t) >0, b,(¢), teS, such that
if £; are 1.1.d. copies of £,

(14) 2O=2 (a,:l (\/ c:-—b,,)).

1t is well-known ([24, 25]) that every nondegenerate max-stable distribution
function on R is of the type of one and only one distribution in the parametric
family

(1.5) F(x)=exp{—(1+yx)~""}, yxz—-1, yeR

where it is understood that if y>0 (type 1) then F,(x)=0 for x= —1/y, that
if <0 (type II) then F,(x)=1 for x= —1/y, and that if y=0 (type III) then
(1+7yx)~ 1" is an abuse of language for e™*, — oo <x < co. This is a continuous
parameterization: if y, — 7 then F, (x) — F,(x), xR, and in fact, since F, is contin-
uous, |F, —F,|,—0. Since the maxima in (1.4) are taken pointwise, if ¢ is
max-stable in C(8) (or, in general, if £ is a max-stable process with non-degener-
ate marginals), then for each teS the real random variable £(f) is max-stable
and non-degenerate. Therefore, there exist functions a(f)>0, b(f)elR, teS, such
that for all xelRR

(1.6) P(E@®)—b@)/a(t) = x)=F,(x).
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The relationship between the functions a,(t) and b,(¢) of Definition (1.4)
and the functions a(z), b(t) and y(t) of (1.6) for a given &(f) is easily seen to
be:

1.7 a,(t)=n"®  (for any value of y(z)),

(1.8) b,() = —1)(a(®)/y(®)—b) for y()=+0
and

(1.9 b,(t)=a()logn for y(r)=0.

The continuity of a,(t) and b,(t), together with the sample continuity of &, imply
the continuity of y(t), a(t) and b(r) (Lemma 3.5). This continuity is essential
in order to reduce the general case to the case of simple max-stable processecs
(i.e. those whose marginals have distribution @, ,(x)=e™* ' I(x>0), xeR). The
theory to be developed in Sect. 2 is suitable for handling the simple max-stable
processes. Then, via the reduction, a complete characterization of all max-stable
processes in C(S) is deduced in Theorem 3.7.

In Sect. 4, the theory from the previous two sections will be applied to
obtain representations of random compact sets which are i.d. or finite-dimension-
al random compact sets which are stable for the operation of convex hulls
of unions (see [18] for related results on max-i.d. random sets). The standard
facts on random sets needed for this will be recalled at the beginning of Sect.
4.

2 Max-i.d. sample continuous processes

Our first result gives a fairly general (although not a completely general) way
of constructing max-i.d. sample continuous processes.

2.1. Theorem. Let h be an upper semicontinuous function on S with — oo Lh(s)< oo
for all seS and let C*'={feC(S): f+h,f2h}. Let v be an infinite, locally finite
measure on C* such that

2.0 v{feC" f(hzx}<ow if x>h(l)

for all closed balls I<S. Let {n;} be the points of a Poisson point process n,
on C(S) with mean measure v. Then the process

22) f=i\;'°/1 " ( kv (Q m) a.s.)

i=1
is a max-id. sample continuous process and the relations (1.1) and (1.2) hold

Jor &, h and v. If h is continuous, the result holds also for finite v.

Proof. For simplicity, we write C for C(S) and 5 for #,. Since v is infinite,

P{n,(C)=0}=e""©=0. Therefore, hv (\/ ni)= \/ n; as ;2 h for all i. Since

i=1 i=1
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el n

each n; is in C, the process £=\/ n;=lim \/ #, is lower semicontinuous and
i=1 !

has inf @(s)> — 0. Next we show that the process & is a.s. bounded. Let AF

seS

={feC" f(I)zx} with x> h(I). Then by (2.1),
P{n(A})< o0} =P{N,un<o}=1

where N, is a Poisson random variable with mean A. Since h(s)< oo for all
s and h is upper semicontinuous, every seS has a neighborhood where h is
bounded from above so that by compactness h(S)< 0. Taking I=S in (2.3)
shows that for each x> h(S) the number of #,(S) larger than x is a.s. finite,
and therefore P{&(S)=o0}=0, i.e. £ is a.s. bounded. So, since |¢|(S)< oo and
£ has a.s. lower semicontinuous paths, in order to show that £ is sample continu-
ous it is enough to prove that £ has upper semicontinuous sample paths with
probability one.

Write #,, for n{w). Let €, be the set of w’s for which 5,(47)< oo for all
x> h(I) rational and all closed balls I with rational radii and centers in a count-
able dense set of points of S, and for which #;(w)=h for all i. Then P(Q2,)=1
by (2.3). Take now we®, and seS. Assume &(w)(s)<x for some x < oo (which
implies, in particular, h(s)<x). Take I,|{s}, I, closed balls in the countable
collection just described, with se(l,)°. Then A7 lA{s} Moreover, h being upper
semicontinuous, h(s)<x implies h(I,)<x from some n on; hence 7,(47)<®
by assumption. So, we can apply downward continuity of #, and obtain
No(AT ) 1, (Af). But £(w) ()< x implies #,,(4F,;) =0, and since # is integer valued,
No(A7,)=0 from some n(w) on. Equlvalently, sup 7;(w) ()< x for n>n(w) and

i=1,.... Hence hm E(w) (u)< hm sup \/ i (co) (u)<x This shows that for all

O uel, {=1

weQ;, seS, lim &(w)(u) < E(w)(s), ie. that &(w) is upper semicontinuous. We

have thus proved that ¢ is sample continuous.

Note that, since & is upper semicontinuous, a simple compactness argument
shows that if (2.1) holds, then it holds for all K<S closed. Now, £(K)>x if
and only if #7;(K)>x for some i, i.e. {{(K)>x}={n{f(K)>x}=+0}. Therefore,
P{£(K)>x}=1 implies that P(y{f(K)>x}=0)=0 which in turn implies that
v{f(K)>x} =00 (since v(4)=p< co=P(n(A4)=0}=e"?%0), hence by (2.1), that
x < h(K). Hence

h(K)zsup{x: P{E(K)=x}=1} (=sup{x: P{&(K)>x}=1}).

The reverse inequality is trivial from h(K) < ¢(K) a.s. Hence, (1.1) is proved.
To prove (1.2) note that the above observation shows that if x;>h(K)), i
=1, ...n, then

(24)  P{EK)Ex, i=1,..,n=P{n{f(K)>x}=0, i=L1,...,n}
= (n(U tra>x3)=0)

-
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Since (2.4) is equivalent to (1.3), this completes the proof of the theorem for

v infinite. The only obstruction in the finite case is that £=hv<\/ ni) takes
i=1

the value h with probability e *© 0. Hence, in this case, we need h to be

continuous.

It remains to verify that £ is max-i.d. This is obvious because for all n,
the pairs (h, v/n) satisfy the hypotheses of the theorem, hence there is a sample
continuous process £, which is related to v/n and A by (1.1)}+1.3). Consequently,
if &,;, i=1,...,n, are iid. copies of ¢&,, then for any f,...,t,e[0,1],

Xy, .o, Xy€R with  h(t)>x;, (1.2) immediately yields P<ﬂ {5(t,)<x,}>
r=1

- p(rﬁ {\/ f,,,-(t,)<x,}), ic. $(5)=3(Q 5,,,-). O

=1 b=1 i=1
: n
By Dini’s lemma, the convergence of the partial maxima \/ #; to ¢ in Theo-
rem 2.1 is uniform for almost every w. =1

2.2 Remark. Theorem 2.1 applies to give the sample continuity of the limiting
process arising from the normalized maxima of Brownian motions considered
in Brown and Resnick [5].

We only have a converse to the above theorem if 4 is continuous. (Note
that, by Theorem 1.2, if £ is upper semicontinuous — hence, a fortiori, if & is
continuous — then the function # defined by (1.2) is also upper semicontinuous.)
Before proving the partial converse, we note that condition (2.1) in Theorem 2.1
cannot be relaxed.

2.3 Example. Let

o
IIA
IA

is

1
s<—
i

Sily)=
1

A
IIA

1.

1
=S
1

v{fi}=l i=1,..., h=f].

]
1

Then v lives in C* and h is the largest function for which this is true. We

have 5=y N,,d,, with N;, independent Poisson random variables with mean
i=1

1/i. So, n{ fi} = Nyji» P{n{f;} £0} =1—e" ", and the sets {5 { f;} &0} are indepen-

dent. Hence, since X'(1—e™'/)= o0, we have P{y{ f;} #£0 i.0.} =1, ie. the atoms

{n;} of the point process with mean measure v contain infinitely many different

f; with probability 1. This shows that &= \/ #,=1I ;,a.s., Le. £ is not continuous
i=1

(in fact it is not even upper semicontinuous). []

2.4 Theorem. Let ¢ be a max-id. sample continuous process on S such that the
Jfunction defined by

h(s)=sup{x: P{&(s)=2x}=1}, seS
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is continuous. Then there is a locally-finite Borel measure v on C" such that,
if {n;} are the atoms of a Poisson point process with mean measure v, then

fihv(\“} ni),

i=1

and the relations (1.1) and (1.2) (hence also (2.4) and (2.1)) hold for &, h and
V.

Proof. Since h is continuous, h(s)> — oo for all 5. In what follows, by subtracting
h from £ if necessary, we may assume A#=0. By Norberg’s Theorem 5.1 in [18]
(Theorem 1.2 above with A=0), there is a locally finite (hence o-finite) measure
v on %" (endowed with the vague topology) such that (1.2) and (1.3) hold. If
y=0, then £=0 in which case the theorem is obvious. Hence, it may also be
assumed that v=0. The proof consists of showing that v*(C%)=0 (actually,
v,.(C)=0 would be enough) since then the result follows by Theorem A, Sect.
17 in Halmos [11] (note that the trace of the Borel g-algebra of (U,v) on
C contains the balis).
Consider

—_— € —
Vigsw>a =V and  vlgry <a=,

and let Wand V be independent max-i.d. processes with trajectories in U asso-
ciated to the pairs (0,v%) and (0,v,) respectively. Then Y=Wv V has law Q
= % (£). Furthermore,

2.5) Viwl,=e as

Note that |v*|=v(U)<oo. This follows because v{| f|,>¢e}=—log P{[ ¢l
<&} <o since h=0 satisfies (1.1). So, we can take W to be the process

Nivey
w=\/ Z;
i=1

where Z=2,, Z,, ... are iid. with Q(Z)=lz—

£)?

independent of V, and N,

is Poisson with parameter |v¢| independent of both {Z;} and V. (For verification,
simply compute the characteristic functions.) In particular,

(2.6) {(W=2Z}2{N,,,=1} and
P(Nyy=D)=v{l|fllo>e} e ViTllo>d 50
for all e>0 small enough (if v50 then there is &,>0 such that v*=£0 for all

0<e<egg).
Since & (Wv V)= (&) and £ is sample continuous, it follows that

2.7 P*(Wv Ve C9)=0.

(If we call Q the law of £ in C, and i the inclusion of (C,|+|) into (U v),
which is continuous, then Z(Wv V)=Qo-i~! gives mass 1 to a g-compact subset
D of (W, v) contained in i(C) because Q is tight in C. Therefore, P, {Wv VeC}
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2P{Wv VeD}=0Q(i~'(D))=P(ZeD)=1.) Assuming, without loss of generality,
that N,,, Vand Z;, ieN, are defined as coordinates in a product probability
space, we have by (2.6) and (2.7)

0=P*(Wv VeC)ZP*(Zv VeC, N, =1)=P*(Z v VeC) P(N,;=1).
(This requires the obvious fact that (1 x v)* (4 x B)= u*(4) y*(B).) Therefore
(2.8) P¥*(Z v VeC9)=0.
Let
A, ={f=0: feU,|fll,>rf(t)is continuous iff(t)>%,

Eﬁf(t,,)é% forall t,—»t if f(t)=0}.
th—t

Let my be such that v'™ %0 for all m=m,. For some m>m,, let ¢=1/m,
and let Z and V be as above for this & Then, since || V], <¢, in order that
V(w)v Z(w) be a continuous function it is necessary that ZeA!, whenever
|Z] , >r, r=¢ Thus, by (2.5), (2.8) and the perfectness of coordinates in a prod-
uct probability space (¢.g. Andersen [1], Prop. 3.1) we have, for all r=> ¢

0=P*{Zv VeC} 2 P* {Ze{|fnw>r}\A:n}=(I—z%)*({nf|rm>r}\A;.).

Since for r=e, v, {l| /1l o >7} =0 ({| f |l » >¢} is a Borel set of (U, v)), we obtain

V(IS lo>rN\A)=0, r=e
Letnow C,=Cn{f20,] f|,>r}. Since C,= (| A}, (note A%, |asm?, for fixed

r), we obtain m>1/r
VAl flle>r)=v*{ [ flo>rI\CIZE Y, v ({[flo>r}\45)=0.
' m=1/r

Since ¢ is only required to be O<e=1/m<1/m, in this argument, it follows
that the identity v*(C°n {|l |, >r})=0 holds for all >0. Then

o0

)= Y v {Ifle>r)=0. O

r-1=mo-+1

Theorem 2.1 and 2.3 completely characterize the max-i.d. laws in C(S) which
have a continuous vertex. It is possible for the vertex i to be upper semicontinuous
but not continuous. When this happens ¢ may be sample-continuous even if
v is not concentrated on the continuous functions as the following example
indicates.

2.5. Example. Take for nelN,
0 0<s=1—-1/n

L) =mn—1)s—n+2—1/n 1—-1/m=<s<1
1 s=1,
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1
and let v{f,} = neNN. The vertex is

h(s)=14(s),

which is upper semi-continuous but not continuous.
Let {n;} be the atoms of a Poisson point process with mean measure v.
Then

’f=\/ ;
i=1

is max-i.d. (at least in (U, v)) by Norberg’s Theorem.

Only finitely many of the f,’s are non-zero on each interval [0, t], t < 1. There-
fore, &(s) is the maximum of at most finitely many non-zero continuous functions
and hence is continuous at s=1. Furthermore, ¢ is continuous at 1 because
almost always occur infinitely many f,’s among the ;s (since v has infinite
mass), and along any subsequence (1) =(n)

tim \/ £ (=1 £, (D)

Thus, & is sample continuous max-i.d. even though v is concentrated on C°. []

Although the max-Lévy measure v of a max-i.d. sample continuous process
need not live on C, it cannot be concentrated too far away from C. In fact,
if h=— o0, then v is supported by the continuous functions on S with values
in [— o0, c0).

2.6. Corollary. Let ¢ be a max-id. sample continuous process on S, and let (h,
v) be its associated pair. Let g = h be a continuous function. Then

v¥{feU" fvgeC}=0.
In particular, v¥{f 2 g: feC} =0. If h= — oo then
(2.9 vi{feU": fv MeC for some M > —c0}=0.
Proof. For any Borel set A of Us, let

v(A)=v{feU" fvged}.

Then (g, v,) is the pair associated to the max-i.d. sample continuous process
& v g, which therefore satisfies the hypotheses of Theorem 2.4. Then

v¥(C)=0
by Theorem 2.4. Hence, v¥{f: fvgeCl=0. [

It is possible for h=—oo and for v to satisfy (2.9) in Corollary 2.6, but
for ¢ to fail to be sample continuous:
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1
2.7. Example. Let v(f,) = for n=2, 3, ... where f, are constructed so that for
j>1
fi(?) iscontinuouson (274,277/*1)

with £(3-2771)=0

lim f;(t)=—o0
112-1+1

lim f(t)=—o0

1127

fi)=—o0 on (277,277

Then ¢ is discontinuous at 0. [J

3 Max-stable sample continuous processes

Proposition 3.2 below provides the representation theorem for max-stable pro-
cesses of a special type. This is one of the two main steps in the proof of
the general result, Theorem 3.7.

3.1. Definition. A stochastic process £(f), t€8S, is simple max-stable in C(S) if
it is max-stable in C(S) and if for every teS, £(¢) has a @, distribution, that
is

G.1 P{E()Sx}=e™* "I(x>0), teS, xeR.

(Note that &, ;(x)=F,(x—1).)

3.2. Proposition. For a stochastic process & on S the following are equivalent:
(i) ¢ is simple max-stable in C(S).
(ii) There is a finite Borel measure ¢ on C{ ={feC(S): | f|o=1,f=0} such
that for all teS, j S do(f)=1, and if v denotes the measure dv=dao x dr/r?
C+

on Cf xR, =C(SBJr ={feC(S): f=0,f=%0}, then

(32) 2@-2(V )

i=1

where {n;} are the points (functions) of the Poisson process with mean measure
v.
(iii) There is a finite Borel measure ¢ on C{ with | f(t) da(f)=1 for all
cf
teS such that for K4, ..., K, compact subsets of S, x,,...,%,>0, neN,

(33) ~tog P( () (e(K) <))~ [ max £ ao(g)

+ t=n
C =
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(iv) ¢ is sample continuous and there is a finite Borel measure o on C{ with

{ fdo(f)=1 forall teS suchthat forall feC(S), f>0,
¢!

(3.4 —log P{¢<f}= | lg/fldo(g).
ct

Proof. (1)=>(ii): If ¢ is simple max-stable in C(S) then in particular ¢ is max-i.d.
in C(S). Moreover,

h(t)=sup{x: P{é(®)=x}=1}=sup{x: e * 'I(x>0)=0}=0, teS§,

ie. the vertex of £ is h=0 which is continuous. Hence, by Theorem 2.4 there
is v on C(S)* such that

(3.5) 2= (hv (V1)

i=1

where {n;} are the points of the Poisson point process with mean measure v.
Now, as is customarily done ([10]), we obtain the form of v from the fact
that if &; are iid. with £ (&)= £ (&), then

(3.6) £ (n" ! \z/1 é,-) =Z(%)

(which is obvious from (3.1)). Let K={K, ..., K,}, X={x1, ..., X,}, neN, where
K; are compact subsets of S and x; are positive numbers. For ease of notation,
define

Ag «={feC®O)": f(K)=<x;,i=1,...,n}.

Then
(3.7 v(dk )= —log P{lcdg ;} by(4)
=—logP{\n/ ¢enAg ;b by(3.6)
i=1

=—nlog P{fen Ag s}
= —nlogP{lcAg .z}

Since the sets A% . determine Borel measures on C(S)7, it follows that
v(A)y=nv(nd), neN, AecHB(C(S)").

Hence (by standard arguments),

(3.8) v(A)=sv(s4), seR,, AeB(C(S)).

It follows from this, as in e.g. [10], that if a measure ¢ is defined on C{ by

oc(d)=v{g: g/lgllucd, Iglo=1}, AcB(C{)
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then, with the “polar coordinates” identification

CS)"oCH xR,
S/ M s 1S 1),
we have
(3.9) dv=do xdr/r*.
In particular, v(C(S)" = o0 so that (3.5) becomes (3.2). Finally, for all ¢S,

(3.10) 1=—logP{¢()<1} by(3.1)
=v{g: g)z1} by(24)
= [ I(f7: Ifle=Lr21/f©)do(f)xdr/r* by(3.9)

Cy xRy

°odr
- (] Haotn= { r0aat
cl \yrm cf
thereby completing the proof of (ii).

(ii)=-(1): h=0 and v as in (ii) are respectively the vertex and the max-Lévy
measure of a max-i.d. sample continuous process £ on S by Theorem 2.1. By

undoing the steps in the previous proof it is obvious that (3.9) implies (by
(3.8) and (3.7))

P{tcAg ¢} =P{\n/ fi/neA,af}

i=1

for all K, x, where ¢, are i.i.d. with law £ (&). Hence
LO-2 (i V &),
i=1

ie. ¢ is max-stable in C(S). Finally, a computation completely analogous to
that in (3.10), together with (2.4), gives

xTt=x"1 | f(ydo(f)=v{g:g()=x}=—log P{&(t) <x}
c;

for all teS and x>0, i.e. (3.1). Thus, & is simple max-stable in C(S).
(i}« (i1): This is just a computation similar to (3.10): if v is defined by
(3.9) then

GBI v(dgd= | e N f o =1, rzminx/f (Ky)) da(f) x dr/r?

C; xR+

= | ( F dr/r2>d0'(f)

Cr \ming g nx:/f(K3)
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So, (3.3) simply expresses the fact that the max-Lévy measure of ¢ is dv=
do x dr/r* (note that (3.3) does determine the finite dimensional distributions
of &).

(iv)<=>(iii): Since (3.4) is nothing but
(3.4) —log P{{<f}=v{geC(S)": g« [},

as a computation not unlike (3.11) shows, it follows that (iii) implies (iv) (use
for instance (4.9) and (4.10) below to obtain (3.4°) from (3.3) via (3.11)). (Note
that the < in (3.3), (3.4) and (3.4') can be replaced by £). If ¢ is as in (iv),
i.e. as in (i), then dv=dag x dr/r* is the max-Lévy measure of a simple max-stable
sample continuous process & as shown above. Then (iii) holds for &, hence so
does (3.4) by the argument just mentioned. Hence P{é<f}=P{f<f} for all
>0, feC(S), and therefore Z(&)=Z(¢) since these quantities do determine
the finite dimensional distributions of sample continuous processes. []

Next we show that simple max-stable processes have almost all their sample
paths strictly positive. Since we will need to prove similar properties for other
max-stable processes, we isolate the argument that gives them. It uses random
closed sets. We refer to Matheron [15] for generalities on random closed sets
and their laws.

3.3. Lemma. (i) Let A be a random closed subset of a a-compact space T satisfying

(3.12) z(A)=$(ﬁ A,-), neN

i=1

Jor A; i.id. with ¥ (A)= % (A), and

(3.13) P{teA}<1 forall teT.
Then
(3.14) P{A=¢}=1.

(ii) If, with the same notation, A satisfies (3.13) and
(3.15) E’(A)zﬁ’(U Ai), nelN
i=1

then A also satisfies (3.14).

Proof. It is enough to assume T is compact. (i): For K compact, let T,(K)
=P{A N K=¢} be the hitting functional of 4. Since

{(ﬂl Af)“K *¢}C fi {A0K+¢),

it follows that, by (3.12), T,(K) <(T,(K))" for all neNN, This implies that T,(K)
is either 0 or 1. Hence, by (3.13), T,({t})=0 for all teT But by monotone
continuity of T, (K,| K with K, and K compact, implies T,(K,)| T4(K)) and
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compactness of T, for each teT there is an open neighborhood G, such that
T,(G)=0. A finite number of the G;, i=1, ..., r, cover T so that

P{A+¢}=P{An T#¢}=P{An (igl Gi)*d)}éié P{ANG;*¢}=0.

Thus, (3.14) is proved.
For (i), let Q 4(K)=1—T,(K)=P{An K =¢}. If (3.15) bolds, then from

{04 x-sf=anses)

i=1 i=1

we obtain Q,(K)=(Q,(K))" for all nelN and K = T compact. Hence T} is either
0 or 1 and (3.14) follows as in case (i). [

3.4. Corollary. Let ¢ be a sample continuous simple max-stable process on S.
Then

(3.16) P{¢>0}=1.

Proof. Take A={t: £(t)=0}. Since by definition ¥ (£)=$(%

i=1

with law # (&), and £(t), ()20, it follows that the random sets {t: % \/ &)

i=1

=0}= () {t: £&()=0} have the same law as {¢: £(f)=0}, that is, (3.12) holds.
i=1

Moreover P{teA}=P{{(t)=0}=0 by definition, so that (3.13) is satisfied.
Hence, Lemma 3.3 yields P {{r: £(t)=0}=¢}=1,1ie.(3.16). O
3.5. Lemma. Let & be max-stable in C(S), and let a(t), b(t) and y(t) be the real
Sfunctions (a(t)>0) defined in (1.6.) Then

(i) the functions a, b and y are continuous;

Gi) P(1+y(O(E@—b®)/at)=0 for all t)=1.

Proof. The continuity of y(z) follows from (1.7) and the assumed continuity
of a,(¢)> 0 in Definition 1.4. Then, if z, — t, it follows that

(3.17) I Eey— Folo—0

by an observation made after (1.5) in Sect. 1. Since &(t))— &(t) a.s. and the
distribution function of {(t), F,,(a(t) x+b(t)), is continuous, it also follows that

(3.18) su][g |Fyolalty) x+b(t) — F,(a(t) x + b(£))] = 0.

So, (3.17) and (3.18) imply

(3.19) E,(a(t) x+b(t)) > Foa®) x+b(@), xeR.
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Obviously (see (1.5)), F, is one-to-one on the set {u: F,,(w)e(0, 1)}, which
includes at least a half-line. This and (3.19) show that there is a half-line L
such that

(3.20) alty) x+b(t)—alt)yx+b(t) forall xeL.
Consequently, the continuity of the functions a(f) and b(t) is established, thereby
verifying (i).

We prove (ii) by showing that
(321)  P+y@é@®)—b()/a®t)=0 for someteA)=0 for i=1,2,3,
where
(322) A, ={t: (>0}, A,={t: y(®)<0} and A;={t: y()=0}.
(3.21) is obvious for i=3. Let

{O=[1+yOCO=b®)/a®)]®, ted;ud,.

Then a simple computation shows that {(¢) is simple max-stable. For i=1, (3.21)
becomes

PL(H#0,ted,)=1,

which follows from Corollary 3.4 (since Lemma 3.3 holds for g-compact spaces,
so does Corollary 3.4). The relevant case is i=2. Let

pO)=—1—y(OE@®)—b@)/a(t), teA,.
Define A={teA,: p(f)=0}. Then by (i), 4 is a random closed set of 4, (which
is o-compact). Since for teA,,(E(t)—b()/a(t)< —%a.s. (since this process has
distribution F)), it follows that
P(teA)=P(p(t)=0)=0 and p()<0 as.
In particular, (3.13) holds for A. Moreover, p is max-stable and
$<{n“”‘) \/ pi(o): teA2}>:$({p(t): ted,})
i=1

by (1.7) and (1.8) (or, better, p is max-stable because ¢ is, and for cach
ted,, xelR, P(p()<x)=e 9 " I(x<0)+I(x>0)). So, since p=0, {ted,:

n=70\/ p(t)=0}= | {red,: p;(t)=0} and therefore, 4 also satisfies (3.15).
i=1 i=1

Lemma 3.3 gives P(A=0)=1, that is P(A*0)=P(p(1)=0 for some te4,)=0,
ie. (3.21)holds fori=2. [
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3.6. Corollary. Let ¢ be max-stable in C(S) and let a(t)>0, b(t) and y(t) be the
Sfunctions defined in (1.6). Let {(¢), t€S, be the process defined by

(3.23) (O=[1+yOCEO+bE)/a®]®,  teS
where, by abuse of notation, the formula means
(3_23/) C(t) = @ —b@)/alr) lf y (t) =Q.

Then (1), teS, is simple max-stable in C(S).

Proof. { is well-defined and sample continuous by Lemma 3.5. Simple computa-
tion from (1.5) and (1.6) establishes that £ ({(t))=®, , for all ¢, and it is equally

easy to prove that the finite-dimensional distributions of n™* \/ {;(t), €S, equal
i=1

the corresponding ones of {(t), teS, if {; are iid. with law Z({). That is,

is max-stable. Therefore, { is simple max-stable in C(S). [

Suppose now we are given { simple max-stable in C(S) and continuous
functions a(¢)>0, b(t), and y(t). Then a new process £(f) may be defined by
inverting equation (3.23), namely

é’y(t) —1
(3.24) E)=al(r) 20 +b(t), teS
where, with the usual abuse of notation,
(3.24) v E@W=a@®)In{(@®+b@) if y()=0.

Then, &(t) is well-defined by Corollary 3.4, sample continuous, max-stable in
C(S), and P(E()—b(0)/a(t) £x)= Fyp(x).

Collecting this last observation, Corollary 3.6 and Proposition 3.2 yields
the following characterization of processes which are max-stable in C(S).

3.7. Theorem. A process £ on a compact metric space S is (strictly non-degenerate)
max-stable in C(S) if and only if there exist
(a) continuous functions a(t)>0, b(t), and v(t) and
(b) a finite measure o on C{(S) satisfying | f(t) do(f)=1 for all teS,
¢
such that, if {,= \/ n; where {n;} are the points of a Poisson point process on
i=1
C(S) with means measure dv=do xg, then the law of & coincides with the law

of the process defined by the equations (3.24) and (3.24') with {, in place of
{. If this is the case, then the norming functions a,(t) and the location functions
b,(t) of Definition 1.4 are given by the equations (1.7)41.9), and the variable
(E())—b(t))/a(t) has the F,, distribution for all teS.

Although we do not have a complete spectral representation of max-i.d.
laws in C(S) the situation is not unlike the situation of infinitely divisible laws
from sums for which there is not a complete characterization of Lévy measures
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in C(S). In contrast, Theorem 3.7 gives a complete description of the representa-
tion for max-stable laws in C(S) while the results for stable laws in C(S) are
less complete (e.g. [2]).

4 An application to random sets

We obtain, as an application of the results in Sect. 2, a representation for non-
void random compact convex subsets of a separable Banach space which are
infinitely divisible with respect to the operation “convex hull of unions”. Norberg
[18] obtains a representation of max-i.d. random compact sets of R? which
are allowed to be ¢ and also the whole space. Norberg’s result is obtained
as a consequence of his representation of max-i.d. random variables taking values
in continuous semilattices (this general result contains also the representation
for upper semicontinuous functions quoted in Theorem 1.2, and its proof, consid-
erably more involved, is based on an extension of Choquet’s theorem; it does
not seem to contain, however, the results from Sect. 2). We also obtain a charac-
terization of a somewhat restricted notion of stable sets for convex hulls of
unions.

4.1. Definition. A random compact convex subset EZ of a separable Banach
space B is i.d. for convex hulls of unions if for each n

3(5)=$<56 U 5)

i=1

where Z,; are independent identically distributed random compact convex sets.
For random compact convex sets and their support functions see e.g. Hor-
mander [12] and Giné and Hahn [7]. We recall a few facts. Given a compact
convex set K < B, its support function k: B* - R, where B* is the (topological)
dual of B, is
k(y*)=sup y*(x), y*eB*

xeK

Let B¥ be the unit ball of B¥ and w* denote the weak*-topology. Let S<
C(B¥, w*) be the set of w*-continuous, subadditive and positively homogeneous
functions on BY. Let & be the collection of all nonempty compact convex
subsets of B. Then the map

H—— 8

that assigns to each set its support function is 1—1 and onto, is an isometry
between the Hausdorff distance (d) and the sup-norm (|- | ), and takes convex
hulls of unions into max’s, i.c.

c—o(U Ki)<—>\/ k;, n<oo
i=1 i=1

(where n=co is only allowed if the left side is in 7). Since (Bf, w*) is compact
metric, this isometric isomorphism allows the representation of max-i.d. compact
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convex sects to be reduced to the terms of Theorems 2.1 and 2.4. This gives
a characterization because, as we will see below, if €S is max-i.d. then the
vertex of its support, h, is automatically continuous. Up to a few not necessarily
trivial details, this is the essence of the proof below.

On notation: given compact sets or random sets K, Z, we denote their
respective support functions or processes by k, £. A measure v on ¥ means
a Borel measure on (¢, d), which becomes a Borel measure vos™! on (S, ]| o)
by the isometry s, and we continue to denote vos™! by v.

4.2. Theorem. Let H be a non-void compact convex subset of B and let v be
a locally finite Borel measure on

AT={KeA': K2H,K+H}
such that

(4.1) v{Kex™: KD} <o, Dex™.

Let {K;} be the points of a Poisson point process on % with mean measure
v. Then

@) z=eo(Bu(U K

is an infinitely divisible random compact convex set for convex hulls of unions.
Moreover

(4.3) H=co(| J[K: Kex#',P{E2K}=1])
and
4.4) v{Kex®: K&D}=—logP{E<D}, Dex'H,

Conversely, if E is infinitely divisible for convex hulls of unions, then equations
(4.3) and (4.4) define respectively a non-void compact convex set H and a locally
finite measure v on ¥ satisfying (4.1) such that (4.2) holds in distribution.

Proof. The idea is to pass to support functions and processes, and apply Theorem
2.1 for the direct part and Theorem 2.4 for the converse. Assume (4.1). In order
to apply Theorem 2.1, it must first be shown that (4.1) implies (2.1), or equivalent-

ly,

(4.5) vikeS": k£g}<oo, geSh
where S*={geS: g=h, g=h}, implies

(4.6) v{keS": k(I)>x} <0

for all x<h(I) and all w*-compact subsets I of B¥. This is obviously true for

I={0} (h(0)=0 and geS=>g(0)=0). If I + {0}, let ve B be such that sup y*(v)=x,
y*el

let k,eS be defined by k,(y*)=y*(v), y*eB%, and let g=h v k,. Then geS* and

g(D)=x. Hence {keS": k(I)>x} <= {keS": k£g} from which it follows that (4.5)

implies (4.6).
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Since H=+¢, heS<= C(B¥, w*). So, Theorem 2.1 shows that if {#,} are the

points of a Poisson point process with mean measure v supported by S*, then
0

E=hv (\/ 7’[1-) is a sample continuous max-i.d. process. Since subadditivity and
i=1
positive homogeneity are preserved by the max operation, it follows that the
paths of £ are in S. Passing to sets gives (4.2).
Next we prove that if

F=sup[fes: P{¢zf}=1]
then h="F, i.e. (4.3) holds. By Theorem 2.1, h satisfies (1.1). Therefore we have
@47 Safsh=P{{zf}=1=P{{("Zf(M)}=1Vy*<Bi=hzf
and
(4.8) Sof Sh=P{{(y") =/ (")} =1Vy*eBi=P{{2f}=1
(by continuity of € and f and by separability of B¥)=f <h.

Taking f=h in (4.8) gives h<h, whereas (4.7) implies h=sup[feS: f<h]=h.
Hence, h="h and (4.3) is proved.

By Theorem 2.1, v satisfies (1.2). But (1.2) implies (4.4) because if {y}} is
a countable w*- dense set of Bf, then

49) 6gecw* SN} ={geC(BY: g=f)
and
(@.10) U {e=ClBt): 509> 02} = (e=ClBY): 357
Then

iges' gx/h=v(U tees” s02>101))

= lim v((n) {ges": g(y:,“)>f(y;“)})

n=1

- lim [~logP<nOI{f(y,. =103 )|

=—logP{¢<f}.

The direct part of the Theorem is thus proved.

For the converse, let & be a subadditive and positively homogenecous max-i.d.
sample continuous process on (B}, w¥). Then, by Remark 1.3, there is an upper
semicontinuous function h: B¥ — [ — o0, co] and a measure v on not necessarily
finite functions on B¥ with closed graphs such that (1.1) and (1.2) in Theorem
1.2 hold. Since £(y*)< oo, it follows that h(y¥)< oo for all y*eB¥. Also, h(0)=0
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because £(0)=0 a.s. Suppose h(y*)= — oo for some y*eB¥, y*+0, and let AlcR
be such that P{&(—y*)=Ai}<1 (ie. A>h(—y*); such a i exists since
h(—y*)<oo. Then, by (1.2), for all M >0,

w>v{fzh: fh f(*)Z-M}+v{fZh: f+hf(—y*)24}
zv{fzh: f*h ")z —-Mor f(—y*z1}
= —log P{{(y*)< — M, {(—y*)<A}.

Hence,
P{E(G™ < —M, E(—y*) <A} +0.

Therefore, for some w in the set of probability 1 where &(w) is subadditive,
(@, y¥)Zh(y*), S(o, —y*) 2 h(—y*) and {(w, 0)=0=h(0), we have

0=h(0)={(w, y* +(—y*) =L@, y) + {0, —y*) < —M+,

which implies 1> M for all M, i.e. A= 0. In other words, A>h(— y*)=>1= + o0,
that is h(— y*)=+ o0, a contradiction. Thus we have proved that h takes values
in (—o0, ). An argument entirely similar to the previous one shows that A
is subadditive (given y*, z*eB¥, (1.2) shows, as above, that for all ¢>0

P{EO™)<h(y*)+e {(z*)<h(z*)+e}+0, hence h(y*+z*)Sh(y*)+h(z*)+2¢).

But & is also upper semicontinuous (Remark 1.3). Therefore h is continuous
at 0: on the one hand, by upper semicontinuity, lim h(y*)<h(0)=0, while
y*—»()

on the other, by subadditivity, 0=h(0) £ h(y*)+ h(— y*) and these two conditions
obviously imply lim h(y*)=0=h(0). But by subadditivity, % is then continuous
y* -0

for all y*eB¥ since |h(y*)—h(z*)|Sh(y* —z*) v h(z* —y*) >0 as y* —z* Since
h is continuous, the measure v is supported by C*=C(B*¥, w*)* by Theorem
2.1, and v satisfies (1.2), hence (2.1).

Suppose feC" fesuppv and f is not positively homogeneous, ie.
vi{g: | f—glo>¢ geC"} >0 for all £>0, and for some a>0 and seB¥, f(as)
*af(s). Since h is positively homogeneous and f=h, either f(s)>h(s) or
Sf(os)>h(as) or both. Let us assume, without loss of generality, that f(s)> h(s)
and h{as)= f(as)<af(s). Let d=af(s)—f(xs). Then f(s)=h(s)+0d/a. Let &

=§/\ 3 and let

N ={geC" || f—glo<d}

M={geC": g(s)2f(s)—& org(as)2f(as)+'}.
Then

@.11) 0<v(AN)< o0
since v{geC": g(s)>f(s)—d'} <o by (2.1) and
4.12) V(M) < o

by (2.1). Let &, &,, &5 be independent sample continuous max-i.d. processes
respectively associated to (h, v|y), (h, V|4, and (h, v|4). Then Z(&)
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=% (¢, v, vE) We note that if ge A" then ag(s)—g(as)Z o f(s)—ad —f(as)
—0'=6—0~—ud=6/3. Likewise, if ge A/ and g'e.#°, then wu(gvg)(s)—
(gv g)(xs)= /3. Hence, if g;eA" then \/g; is not positively homogeneous, and
the same is true for (\/g)v (\/ g) if g;e A" and gie.#°. Therefore, if £, +h and

E,=hthen & vE, vEs=(\/g)v(\/g) g€, gied, and we have
P {&isnot positively homogeneous} = P{&, & h, &, =h} =(1—e ")) e V) >0

by (4.11) and (4.12), a contradiction. Hence, fésupp v, i.e. v contains only posi-
tively homogeneous functions.

A similar proof shows that v is supported by subadditive functions. Suppose
that fesupp v and is not subadditive. Then there are s, te B¥ such that f'(s+1)
>f(s)+f(2), and v{geC": | f—gll, <&} >0 for all £>0. Take =1 (s+1)—f(s)
—f(t), 8 =6/4, /={geC": | f—g|,<&}and M ={geC": g(s+t)=f(s+1)—0
or gE=f(s)+d or g)=f()+06}. Then, O<v(AN)<oo, v(M)<owo,

o
ge/V:g(s+t)>g(s)+g(t)+Z and

5
geN, g el =(gvg)s+t)>(gVvg)s)+(gV g’)(t)+z-

Thus, if &,, &,, &, are as above for these 4" and .#, then
P{¢&is not subadditive} > P{&; & h, &, =h} >0,

a contradiction. Hence the support of v consists entirely of subadditive functions.
Then v is concentrated on S* hence passing back to sets, on ™.
Finally, observe that (4.9) and (4.10) together with (1.2) imply

v{feSt: f<g}=—logP{¢<g}, geS$

as in the proof of the direct part. That is, v satisfies (4.4). Now (4.1) is a conse-
quence of (4.3) and (4.4) [0

A consequence of this Theorem is that if Z is a random compact convex
set of B which is infinitely divisible for convex hulls of unions and such that
Z+0 a.s., then the compact set H defined by Eq. (4.3) is non-void, i.c. £ contains
a.s. a fixed non-void compact convex set.

We now consider a restricted notion of stable random set for convex hulls
of unions when B=R".

4.3. Definition. The compact convex random set = in B=IR? is stable for convex
hulls of unions if £(y*) is a non-degenerate random variable for all y*e B\ {0}
and if there exist compact convex sets K, and positive real numbers a,, nelN,
such that

co | ) E;+K,
(4.13) FE=L —zla—-—v , neN

n

where {E;}{2, are i.i.d. copies of Z.
This definition is less general than it looks at first glance.
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4.4. Proposition. 4 random compact convex set = in B=R" is stable for convex
hulls of unions if and only if there exist y>0 and a compact convex set H such
that

(4.14) $(E):$(n_y(65 U Ei+(n7—1)H)), neN,

i=1

where {5;};2, are iid. copies of 5. Moreover, there exists a compact convex
random set @ containing zero as an interior point almost surely such that

(4.15) L(E)=2(0 +H).

Proof. If E satisfies (4.14) it is certainly stable since a fortiori = satisfies (4.13).
Suppose now that = is stable. By passing to support processes we see that
£eS , the support process of &, is max-stable with b,(y*)= —k,(y*), y*eBf¥,
and a,(y*)=a,. Although & is degenerate at OeB¥, most of Proposition 3.5
can be applied. In particular a(y*)>0, b(y*) and y(y*) are continuous on Bf\ {0}
and Bf\{0} =4, U A4, U A;, where, as in the proof of Lemma 3.5, A;, A, and
Aj are respectively the subsets of Bf\{0} where y is positive, negative, and
zero. Since a,=n""9" it follows that y is constant. Hence, B¥\ {0} = 4, for some
i=1,2,3.

We next establish that B¥\ {0} =A,. Suppose B\ {0}=A4,. Then, by (1.9),
—k,(y*)=b,(y*)=a(y*) log n>0 which is impossible because, by subadditivity,
either k,(y*)=0 or k,(—y*)=0. Suppose Bf\{0}=A,. Then, by (1.8), —k,(y*)
=b,(y*)=m"—1)(a(y*)/y— b(y*)) so that, since n’—1<0, a/y—beS. Therefore,
E+(a/y—b)eS as.. But, by the definition of 4,, we also have P{(£(y*)—b(y*))/
a(y¥)= —1/y} =1 for all y*eB;\{0}. (See the comments following (1.5).) So,
P{EG®)+@(™)/y—b(*) =0, &(—y*) +(a(—y*)/y—b(—y*)<0} =1 which con-
tradicts £+ (a/y—b)eS as. as in the previous case. Therefore Bf\{0}=4,. In
this case, by (1.8), k,= —b,=(n"—1)(b—a/y) so that h=b—a/yeS, and, by (1.7),
a,=n" with y>0. So, (4.14) follows from (4.13) by letting H be the random
set with support function h. In particular, H(h) is the vertex of the support
of E (&).

Since ¢—h is obviously positively homogeneous (both ¢ and h are), and
{—h>0 in B¥\{0} as. (by Lemma 3.3; see Corollary 3.4, that applies to a-
compact sets), in order to prove (4.15) it is enough to show that é—h is also
subadditive (since then it will be the support process of a random set @ that
contains 0 as an interior point). By sample continuity of £ it suffices to prove
a.s. subadditivity for a countable dense set of points in B¥, hence for two.

For nelN, define random processes

X,=n" \/ &—n""h

i=mp-1+1
where ¢; are iid. copies of & and m,=n(n+1)/2. Then the processes X, are

independent and their common distribution is Z(é—h) by (4.14). Given x*,
y*eB¥\{0}, let Y, be the random variable

L=X,(x*+y")—-X,x*—-X,(b%), neN,
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and let
Y= —h)(x*+y*)— (- (x*)—(E—h)(y*).

For o in the set of probability one where all the processes &; are subadditive,
we have by the subadditivity of \/¢,,

()2 — o (h(F— ) —h(e)—h() >0 as noco.

Hence, lim inf Y, (w) > —;— for all r>0, ie.

P(U () {one>-})-t

m=1n=m
Thus, by the Borel-Cantelli Lemma, ) P {Y,, = —%} < oo forallr ie.

1 . . ",
P {Yg —7}= 0 and P{Y <0} =0. This shows that £ —h is a.s. subadditive. []
In order to give the spectral representation of =, define
(4.16) SW={feS: f=h,f+h f—heS}

for any given heS, and

_h\? 7!
@17) L= ses®
for any y >0, any continuous and positively homogeneous function a on B¥\ {0},
and any heS. Actually T, , ,(S*) is a cone of C(B¥\{0}) consisting of functions

which are constant on rays Ay*, A>0. The second assertion is obvious; as
for the first, for 1>0, feS®,

“v,a,h(f)=(m—_h>)

a

y*l

=T, 0¥ (f—h)+h),

feSW=1(f—heS
and
f—hz0 and f—h£0=1"(f—h)+heS®,

The transformation T, , , is introduced so that T, , (&) is @, , for the max-stable
support process ¢ of interest.

4.5. Theorem. E is a compact convex random set stable for convex hulls of unions
if and only if there exist a positive number vy, a continuous positively homogeneous
function a on B¥\{0}, a compact convex set H, and a finite measure ¢ on

L0 (8™ ={geT, . 1(8P): gl o =1},

§f¥)de(f)=1 forany y*=+0,

satisfying
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such that for all compact convex sets K with Hc K
k—h\L
Y
f/(5)

Proof. Let E be stable for convex hulls of unions. Then Z is infinitely divisible
and ¢ is max-i.d. with support in S®, where h is the support function of H
in (4.14). The argument at the end of the proof of Theorem 4.2 applied to
&— h shows that the support of the max-Lévy measure v of ¢ consists of continu-
ous functions f such that f— h is non-negative and subadditive. Since the support
of ¢ is also contained in S, it follows that

(4.18) ~logP{E<K}=

T"V.a.‘h(s(h))l

da(g).

If HEK', then P{E< K} =0.

4.19) supp v< S®,

Before drawing conclusions from (4.19), let us deduce properties for the function
a. The number y >0 and the function a on B*\{O} are defined by the requirement
that the random variable (¢(y*)—b(y*))/a(y*))’ "~ be @, ,, for every y*e B\ {0},
which is possible because, as proved in Proposition 4.4., A; = Bf\ {0}. From

P{EGY")—bAy¥) ' Sx}=e @V 150, x>0,

P{EAyH)—bQAy*)y " £x}=P{EO"—b0Hy 'sx/27 "}
=exp{—A" ‘a(y*) '/x}, A>0, x>0,

and

it follows that a is positively homogeneous. Also, a is continuous on 4, = Bf\ {0}
by Proposition 3.5.

Suppose that #; are the points of a Poisson point process with mean measure
v. Then

E=hv(Vn) and T, uhv (\Vud)=T, o s(h)v (\/ T, 0 n(1:))

where we define T, , ,(h)=0. Therefore, the max-Lévy measure of T, , ,(¢)

—h\t .
___(f - ) is p=voT,},, a locally finite measure supported by the cone

y-t
- ) is @, , on BY\{0},
the computations (3.7) and (3.10) from Proposition 3.2 apply to u and yield

T, a.1(S®), by (4.19). On the other hand, since (é

(4.20) du=do xdr/r*

and, T, , ,(S®) being a cone, ¢ is supported by T, , ,(S®);. Moreover, ¢ is
finite and { f(y*) do (f)=1 for all y*=0.

Conversely, if o verifies these properties, the the max-i.d. process \/#; on
B¥\{0}, where #; are the points of a Poisson process with mean measure u
defined by (4.20), has almost all of its trajectories in T, , ,(S®) because

(i) it is sample continuous by the proof of Theorem 2.1 (the compactness
of the space in Theorem 2.1 is only used to obtain that the vertex of the support
is finite, which is trivial in this case because the vertex is 0) and
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(ii) if n,eT, , »(S®) and \/ n;e C(BF\{0}) then \/ n,€T, , ,(S*). (More spe-

i=1 i=1

. . —hy Tt * —h\T .

cifically, if ’1i=(f—a“‘> , with f,eS®, then \/ 11;(%—’1) which is continu-
i=1

ous. Consequently, \/ f; is continuous on B}\{0} because h and a are, but

© i=1

then \/ f; is bounded outside an open neighborhood of 0 and positive homo-

i=1

geneity gives continuity as 0. Subadditivity of \/ f; is obvious and therefore

o i=1

\/ f;eS®, which implies that \/ n,e T, , ,(S®)).

i=1 o i=1

Now \/ #; is a simple max-stable process by the structure of u (see the
i=1

proof of Prop. 3.2, (ii)=-(i)). Then 5=T,'af,,(\/ r;,-) is the support process of
i=1

a stable random set = with the characteristics ™!, q, hand 6. [J

Acknowledgement. We thank the referee for pointing out that the von Mises parametrization
of max-stable distribution functions in R would simplify our reduction of the general max-stable
process to the simple max-stable case in Theorem 3.7 (i.e. Lemma 3.5 and Corollary 3.6).
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