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0 Introduction
Consider the linear stochastic equation

) = o+ | L) W (5) [ K ©.1)
in a separable (complex) Hilbert‘ space A, where Wi(t), j = 1,2,..., are inde-
pendent standard Wiener processes, L;, K are, in general, unbounded operators

defined on a dense domain & C # and Y € #. The equation is called dissi-

pative if
LALW|? —2Re(KYlY) < |y, veD. (0.2)



484 A.S. Holevo

Results on the equation of this type can be found in the book of Rozovsky
[19], where existence and uniqueness of the strong solution of Eq.(0.1) in a
scale of Hilbert spaces is established under additional hypotheses (cf. Sect. 4).
Many other works use conditions of the coercivity type, stronger than (0.2)
(see [5] for a survey of various approaches and resuits).

In this paper we make an observation that under very mild conditions it
is possible to prove the existence and uniqueness for solutions of dissipative
equations in the weak topology sense (Sect. 1). The proof takes some inspira-
tions from quantum stochastic calculus (although not using it!), namely, from
Frigerio—Fagnola’s existence proof and Mohari’s uniqueness proof for quantum
stochastic differential equations (see [18, Chap. VI] for a survey of these ideas).

In Sect.2 we introduce the dual stochastic differential equation, establish
existence and uniqueness of its solution, and the duality relation. These concepts
are the classical pattern of the “dual cocycle”, introduced and studied in the
noncommutative situation by Journé [15].

The reminiscence of quanfum stochastic calculus is not occasional. In
fact, the conservative stochastic differential equations are closely related to
some important concepts in the noncommutative probability, such as dynamical
semigroup and nonlinear stochastic equation for the normalized posterior wave
function (Sects. 3,4). We call the linear equation (0.1) comservative if the
left-hand side in (0.2) is identically zero,

S IL|* —2Re(Ky ) =0, Yy €D . (03)
J

If the operators L;,K are bounded, then this condition implies mean-square
norm conservation for the solution:

My )I> = [[voll®, (0.4)

however in general one will have only M||ys(¢)||> < [yo||*> with the possibility
of strict inequality (see Sect.3). Solutions of (0.1) provide classical stochas-
tic representation for a quantum dynamical semigroup (relation (3.2)), and the
property (0.4) is closely related to the unitality (non-explosion) of this dynam-
ical semigroup. In Sect. 4 we derive (0.4) from (0.3) and a further condition
of hyperdissipativity which means dissipativity in a Hilbert scale associated
to the operator X + K*. This gives quite a different view on the conditions
for unitality of quantum dynamical semigroup, obtained by operator-theoretic
methods in [4].

The nonlinear stochastic equation, satisfied by the normalized posterior
wave function in a continuous quantum measurement process, was extensively
discussed recently in physical literature (see [7,2]). This equation is also
interesting from a mathematical point of view. A general study of this type
of equations with arbitrary driving martingales, and with bounded operator
coefficients is presented in [1]. The case of unbounded operator coefficients is
substantially more complicated, essentially with the possibility of violation of
the property (0.4). In the paper [11] Gatarek and Gisin proved existence of
solution for the nonlinear stochastic equation by using reduction to the linear
equation (0.1) via Girsanov’s transformation, in the case of one-dimensional
Wiener process. They also commented that the multidimensional case can be
treated in the same way. However the argument in fact substantially relies upon
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the property (0.4), which is automatic in their case. To extend this argument
to the general case, one has to complement it by a condition, ensuring the
mean-square norm conservation (Sect. 4).

1 Existence and uniqueness of the weak topology solution

The condition (0.2) implies closability of K since K. = K + (¢/2)] is accretive:
Re(YlKey) 20, Y€,

and the closure K, of K, is accretive (see [16]). Let 2* be a core for K*. We
assume that

(L1) L; are closable with L} defined on 9~, and
SILYI < o0 Yegr.
J

We say that Eq. (0.1) has weak topology (wt-} solution on [0,T], if there
exists random process W(z), ¢ € [0,7], with values in 3#, weakly continuous
in probability, and such that

(@IW() ~ (o) = Of’Z(LWW(s))de(s) &) o
J

for all p € 2%, t €[0,T].
Theorem 1 Let the condition (1.1) be fulfilled. Then there exists a wi-solution
of Eq. (0.1), satisfying
M(D]* < uol*e* (1.2)
MI(I(e) = Y S eprlt =5l wal®s ¢ € 2™ (13)
If moreover

(1.2) K. maximal accretive (m-accretive), i.e. —K, is generator of a contrac-
tion semigroup, then such solution is a.s. unique.

Proof. Let K, be any m-accretive extension of K, then R, = (I + (1 /n)[%c)“l;
n=1,2,..., are bounded operators, converging strongly to / as n -» co [16].
Consider

L =Lk, K =RKR,.

then these are bounded operators satisfying the dissipativity condition (0.2)
with the same constant. Moreover

Iy —Ly, KW—Kjy, ye (14)

(see [9]). The equation

dy(t) = _En:IL}?!//”(t)dWG(f) =KW )de,  y(0) = o (1.5)
=
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has unique strong solution which is Markov process in 5. The dissipativity

condition implies
My (7 = [lol*e . (16)

This follows from the fact that by the Ito formula for square of norm, the
process |[(¢)||%e"" satisfies an exponential equation with nonpositive coefficient
of dt, hence is a supermartingale (cf. [1]).
Consider the family
Vi), n=12,...;
of functions of ¢ € [0, 7] with values in the separable Hilbert space # ®
LW, where F2(W) is the space of complex random variables with finite
second moment, generated by Wj(t); ¢ € [0,T]. For any ¢ € 9* by (1.5),(1.6)

MI(oly"(6) — " () £ corlt —s| ol . (1.7)

By using (1.6),(1.7), the Arzela—Ascoli theorem, separability of the Hilbert
space and diagonalization, one can find a subsequence {r;} such that for all

b e H, ¢ e LEW) the sequences ME(p|y(2)) will converge uniformly in
t € [0, T]. By (1.6) and the weak compactness of the unit ball in S ® L(W),
there is ( + ), such that

ME@WY™ (1) 3 MEGI(), deH, LeZZ(F).  (18)

Taking limits in (1.6),(1.7) we obtain (1.2),(1.3). In particular, ¥(z) is
weakly continuous in the mean-square sense, hence in probability. Let us show
that we can pass to the limit in Egs. (1.5), i.e. in

ME(|Y(¢)) = ME(|Yo) + ME [ 32 (L} ply™(s)) dW(s)
0 J
+ Mfft(K”k* Sl (s))ds, ¢ € DT, ¢ € FHW).
0

By (1.8) one can pass to the limit in the left side and in the second term on
the right side, and it remains to show the weak convergence of the stochastic
integral. Since by (1.6) and (1.2)

2

< cnwonZ;nL;fé\P , (1.9)

t

M| [ 30 (L By (s)) dWi(s)
e J

it is sufficient to show this for the dense subset of random variables {L,(¢)},
defined as

t
() =1, L) = [L1(s)> ai(s)dWi(s),
0 J
where a;(t) are arbitrary functions, satisfying X; la;(6)]* £ const. We have

M) [ (LY SIH(s) di(s) = OfMIp_l(s‘> (Z aj(s)LZ“W"k(s)) ds
9 7 J
(1.10)
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By conditions (1.1), (1.2) the series ¢(s) = ¥;a j(s)Lj"* ¢ is convergent with the
norm bounded uniformly in s,%. From (1.8),(1.6),(1.4) and (I.1) one sees that
the integrand in the right-hand side of (1.10) converges pointwise as £ — oc.
This proves convergence of the stochastic integrals as £ — oo, and hence the
existence of the wr-solution.

Let Y1, y» be two solutions, such that y4(0) = y,(0), and satisfying (1.2).
Then 0(¢) = Y1 (t) — yn(2) satisfies

($lo(2)) = OIZ(L}f¢|5(S))dVT§'(S) - {(K*¢I5(S))dS-
J

To prove uniqueness it is sufficient to show
my(1) = ML(1)o(t) =0; p=0,1,..., (1.11)

for arbitrary a;(s), defining ,(¢). By the Ito product formula
(DL, (1)d()) = {Z((L}-‘IP(S) + aj(s)p—1(s))$|(s)) dW(s)
J

+ j ((Z aj(s)LiL—1(s) — K", (s)) d)!é(s)) ds .
j |

(1.12)

By (1.2) one has M||J,(£)6(¢)|| < const, hence taking into account (I.1), the
stochastic integral is a martingale. Taking expectation gives

t

(Blmy(1)) = | ( S ay(s)Li¢
J

0

mp_l(s)) ds — gl"(K*d)Imp(s))ds, ¢ecg,

for p =z 1 and
(@lmo(1)) = —bf(K*qblmo(S))d& beD".

By (1.2) the operator K} is m-accretive, so that (11 + K*)2* is dense in #
for A > ¢/2. Using this fact and taking Laplace transform as in [18], one gets
mp(t) = 0. Then by induction one arrives at (1.11).

The Markov property follows from the fact that ™ (¢) are Markov and
from the uniqueness of the solution. [

Remark. 1. The proof of existence can be extended to the case where L; =
Lj(t, w) (respectively K = K(t,w)) are regular left continuous in ¢ in the strong
operator topology on the domain &, which is assumed independent of £, @
(respectively in the strong resolvent sense), the dissipativity condition (0.2)
holds with a constant independent of £, w, and (I.1) is replaced with

CILiGe P S ey, Ve,
J

where ¢y and &% are independent of ¢ w.
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2 The dual equation

According to the Riesz theorem the one-to-one correspondence between vectors
¢ € # and linear bounded functionals ¢* on J is established by the formula
¢* Y — (P, ¥ € #. Consider the stochastic differential equation

d™(1) = 2 @™ (D)L dWj(t) — ¢"()K dt;  ¢™(0) = ¢5
J

which we call the dual equation. Precisely, we shall call random process
(t); t €[0,T], with values in H# wt-solution of the dual equation if ¢(t)
is weakly continuous in probability and satisfies

(GO = ol = | S @GOIL () - [owikns @D
J

for all €9, te[0,T]. Note that the right-hand side is defined due to the
dissipativity condition (0.2). Let us denote S; the unitary operator of time
reversal in F2(W), uniquely determined by the relation

W{(s), s =1,

S(s)= { W(t)— W(t—s), s<t.

A

Operator S; is an involution, S? = /.

Theorem 2 Under the conditions of Theorem 1 there exists a unique wi-
solution of Eq. (2.1), satisfying

MI(@OW)I* = golI*[[¥oll"e - (2.2)
Moreover, this solution satisfies the duality relation
ME((1)ho) = MS:E(olY(1)) » (2.3)

where & € SLHW), and Y(2) is the solution of (1.1).
Proof. Consider the approximating equation

n

de™ () = 3 ¢ (LT dWi (1) — ¢ (OK"dt; - ¢™(0) = ¢p -

J=1

It has unique strong solution ¢*(¢), such that M||¢"(¢)||> < co. This solution
can be represented as multiplicative stochastic integral

—

N n
¢" () = ¢g Jim kIzll (1 + EL;’AWJ.(") - K”At) ,

J

where At=t/N, W' =W(kAt) — W((k — 1)Ar) and the product is time-
ordered as indicated. This follows from a result of Emery [8] in finite-
dimensional case and can be generalized to infinite dimensions by using
the technique of [13]. The limit then should be understood as strong limit
in probability.
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In the same way

—

Y"(t) = lim INI (I + }f:L;?AWj(k) —K”At) Yo ,

N—oo 4 =1
for the solution of (1.5). Since S,AVT;U{) = AVK-(N"HU; k=1,...,N, we have

ME(P" (D)) = MS,E(dol"(1)) - (24)
Applying this twice with & = (¢”(¢)[y ), we obtain

M(¢" () o)l* = M(go " (D)) - (2:5)
From (1.6) it follows then

M(¢"(D)]y0)]* < [ipol* o] . (2:6)

Also from {1.7) we obtain

M|(§"(1) = " ()o)* = Mi(do ¥ (1) — ¥ NI £ o rlt = sllloll” - an

From (2.4) and (1.8) it follows that ME(d)”(t)[v,bO) converge uniformly in ¢ for
Yo € H, &€ LEW). Let ¢(-) be the limiting random function. Then (2.3)
follows from (2.4) and (2.2) from (2.5).

Due to (2.7) ¢(¢) is weakly continuous in probability. The proof that ¢(¢)
is wt-solution of the dual equation (2.1) proceeds like in Theorem 1, but
making use of the duality relation (2.3). For example, the estimate (1.9) is
replaced with

2
t

M| [ @I o) ()
J

Of S MI@™ ()| LT o) dis
J

= [ MG NP s 5 clnl? 12l

J

< ligolP(loll® + 1Kol ,

for Y € 2, where Y(¢) is the solution of (0.1), satisfying Y7(0) = Lk, and
{1.6),(0.2) were used.

Uniqueness is also proved as in Theorem 1, but using the estimate (2.2)
instead of (1.6). For example, to prove that the stochastic integral in the analog
of formula (1.12) is martingale, we observe that for a wt-solution ¢(¢)

MY P(ILiTp (s) + a;(s)lp—1())o)]
J

< ligolf? (lep(S)IZZ Lt ll* + MLy () ol P 22 laj(S)iz) . O
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Similarly to (2.5) we obtain from (2.3)
MI(6()] )| = Mi(balt(0))[* - (2.8)

3 Quantum dynamical semigroups

In what follows we assume that the condition (0.2) holds with ¢ =0, i.e.

SHLYI? < 2Re(YIKY), YeD. (3.1)
J

The notion of dynamical semigroup is a noncommutative analog of that of
(sub-)Markov semigroup: while the latter are semigroups of maps in functional
spaces, the former are semigroups of maps in operator algebras, having certain
properties of positivity and normalization. These semigroups satisfy differential
equations, that are noncommutative generalization of the Kolmogorov equations
(see Appendix).

Let #(5#) be the algebra of all bounded operators in #. Since it is dual
Banach space of the space of trace-class operators, it is supplied with the weak™
topology. On norm-bounded sets this topology coincides with the weak operator
topology (see e.g. [3]). A map ® in #(#) is called completely positive if

> (W@ XX 1;) 2 0
Lj

for any finite sets {y;}€#, {X;}€B(H). By a dynamical semigroup in
B(H) (or quantum dynamical semigroup) we shall call a semigroup ®,; ¢ =0,
of weak* continuous completely positive maps in %(#), satisfying $¢ = Id
(the identity map of (), and ®,[I] < I (the unit operator in ). Moreover
for any X the function ¢ — ®;[X] must be weak™-continuous. ®, is called unital
if ®,{/1=1.

Proposition Under the assumptions (1.1),(1.2) the relation

(Vo] [ X o) = MY(DIXY(2)), 120, (32)

defines a dynamical semigroup ®, in B(H). If 2 (corr. D) is an invariant
domain of e X' (corr. of eX") for t =20, then this semigroup is the min-
imal solution of the forward and backward Markovian master equations
(A.6),(A2).

Proof. For fixed ¢ the relation (3.2) defines a bounded linear map X — ®,[X]
in #(A). In fact by (1.2) the right side is a bounded form in yp,X. The
semigroup property follows from the Markov property of solutions. From the
definition (3.2) one can see that the maps X — ®,[X] are weak® continuous
and completely positive:

2
=0

= )

> Wl XX 1) = MU - Xy(2)
L J

where ¥;(0) = ;.
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Moreover, the function r — ®,[X] is weak® continuous for all X € Z(5¢).
To see this it is sufficient to establish continuity of functions ¢ — (| P:[X Th)
at t = 0. From (1.2) we have

Mily(2) — Yol|> < 2[|[vol|* — Re M(yo |y ()], (33)

which tends to zero as ¢ — 0 by (1.3). From the definition (3.2) the required
continuity then follows.
From (1.2) with ¢ =0
oI =1 34)
We shall use the Dirac’s notation |¢)(¥| for the rank one operator
¥ — ¢(|x). The relation (2.8) implies

(Y| @4[ o) (o[ 1) = MI(G(D)Iho)* = M(dolpr(1))}* . (3.5)

By using Eq. (1.1) and the Ito product formula, we obtain the equation

%(%I‘Ml%)(éol]%) =M {Z (L] Polyr(e)]* — 2R6(K*<f>ollﬁ(f))(t//(f)i¢o)} )
J

which is equivalent to the forward equation (A.6) with p = |y) (1|, and by
using (2.1),

%(!ﬁol‘ﬁt[i%)(sﬁo\]%) =M {Z (POIL) ~ 2Re(¢(f)|Klﬂo)(l//oi¢(t))} )

J

which is the backward equation (A.2) with X = |¢o)(¢o|. Assuming that @, Z*
are invariant domains of the corresponding contraction semigroups in 4, one
can see from the proofs of Theorems A.1, A.2 that these equations are equiva-
lent to the corresponding Markovian master equations with arbitrary p, X, and
to their integral versions (A.8),(A.4).

According to these theorems, there exists the minimal solution ®> for both
equations. Thus

(o @:{1 o) (Pollo) = (ol®7°[[ho)(dolltho) -
On the other hand, by Lemma A.3

(Wl @77 (o) (Dol 1) = (Yol ®7 | o) (dollv0) ,

where ®; is the unique solution of the backward equation (A.10) with n <l
Consider the stochastic equation

do™(t) =n 3 ¢ (OL; dWit) ~ $™()K dr;  "(0) = 5,
then J

(Yol @] d0) (Po[Wo) = M|(¢"(1)|Wo) >

by the uniqueness of the solution of Eq.(A.10). On the other hand, by (2.8)
this is equal to M](¢o|yY/"(¢))|?, where ¥/(¢) is the solution of

dy'(r) = n 32 L") dWy(t) — Ky"(t)dt, Y"(0) =y .
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Arguing as in the proof of Theorem 1, we can find a sequence #; T 1, such
that Y (¢) — Y(¢) weakly in # ® L2(W) uniformly in ¢. Then

Jim inf Moy (1) 2 MIgoi()I = Wol@ilId0) (GollWo) .

Finally (4o|®:[|¢0)(olltho) = (0| ®7°[[ho)(ol]), that is &, is the minimal
solution. [

The following example, inspired by [6], shows that contrary to the case of
bounded operators, the conservativity condition (0.3) does not imply (0.4);
thus the dynamical semigroup &, = ®%°, defined by (3.2), need not be unital.

Example 1. Let # = I* and let {|n); n=0,1,...} be the canonical basis
in #. Let D ={yeH:L2, n*|(¥]n)[> < oo} and consider the equation

W(t) = o + {Ltﬁ(s)dW(s) - {KIP(S)dS ; (3.6)

where L= (al)?, K=1aa? with ol =32 vn+1n+1)n, a=
%, v/nln — 1)(n| being the “creation” and “annihilation” operators. The hy-
potheses of Theorem 1 are satisfied, so that the equation has the unique
wt-solution. The condition (0.3) holds on &, but the solution ¥/(f) satisfies

M| y(t)|]* < |l|*> for #> 0. To see this take ||i)p]| == 1 and observe that
MY(D)|* = S22 pa(t), where pu(t) = M|(n())| satisfy

© pu(6) = ~(n-+ D1+ 2)pa(0) + (1= Dnpyalty 122,

which is just the Kolmogorov forward equation for an exploding pure birth
process, so that 3%, p,(£) < 1, t > 0. O

Thus the minimal dynamical semigroup ®$° may not be unital; however if it
is, then ®%° is the unique solution of both Markovian master equations [4, 14].
The situation is similar to that for the Kolmogorov—Feller equations in the
theory of Markov processes [10]. The noncommutative analog of the problem of
non-explosion for quantum dynamical semigroups was investigated by operator-
theoretic methods by Davies [6] and later by Chebotarev and Fagnola [4], who
gave some sufficient conditions for the unitality. In the next section we develop
a different view on this problem, based on the stochastic representation (3.2)
and on Ito’s stochastic calculus in a Hilbert space.

4 Hyperdissipafivity

Let R be a positive self-adjoint operator in J# defined on 2 = Z(R), and
let H be a symmetric operator with Z(H) D %. Defining

K=1iR+iH, 9K)=92,
we have K* D %R — iH. We shall assume

(IL1) @ is a core for K and K*.
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This condition will allow us to take &* = &
(11.2) [[HY]| < er|RY|| + e2|l¥ll, ¥ € D, for some ci,c; Z 0.

If ¢; £ 1, then by Wiist’s theorem (see [16]) (I1.2) = (II.1) and K, K* are
m-accretive operators, which implies (1.2) with 2 = 2*.

Consider Eq. (0.1) with L; satisfying (I.1),(1.2) and the conservativity con-
dition (0.3) written in the form

SILYI® = ®Ryl), e (4.1)
J

By Theorem 1 it has the unique wt-solution satisfying (1.2) with ¢ = 0.

Theorem 3 Let the conditions (1.1),(1.2),(IL1),(I1.2) and
(IL3) ¥ € @ implies Ly € Z(RY?) and

IR L |)* — 2 Re(KY|RY) < c[(WIRY) + WL v €2,
J

be fulfilled. Then (4.1) implies mean-square norm conservation (0.4).

Remark. 2. As shown in [12], similar result can be derived from Theorem 3.2.2
of [19] by taking special Hilbert scale associated with R. The condition (I11.3)
expresses dissipativity in this scale and therefore we call it Ayperdissipativity.
The condition (I1.2) is rather technical and certainly can be relaxed (for exam-
ple if R = 0, A essentially self-adjoint, then (0.1) is the Schroedinger equation,
which always has unique solution satisfying (0.4)).

Proof- We use the normal triple & C# CZ* of Hilbert spaces, where & =

D(R'?) with the norm [[y|5 = |[RY2y|* + ||¥|/*. The canonical bilinear form
between 2 and & will be denoted [ -, - ] (see e.g. [19, Sect.3.2]).

Let us take R, = (/ + (1/n)R)™! 1nstead of (I — (1/m)K.)"! in the proof of
Theorem 1. The condition (IL.2) insures that L7, K" have the same properties
as operators in # and are bounded in &. Take i € & and consider (1.5)
as equation in the Hilbert space Z. From (I1.2) and (IL.3) one can deduce
dissipativity in &

S LYl = 2Re(W K" < clldllz, W€,
J
with a constant ¢ independent of n. This implies that the solution y"(¢) lies
in 4 and 5
MOy < ollze”

The sequence l/l"(f) is norm-bounded in Z ® Z4(W) and weakly converges
to Y(r) in # ® L4(W), hence in X @ L%(W). Therefore

M5 < Iollze” . (42)

Taking into account that y(¢) € &, the relation (1.1) can be rewritten as

(Bl(1)) — (DY) = JZ(¢le¢(S))de(s) = [[¢.Ki()ds, ¢,
J 0
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where K is bounded operator from & to 2. Indeed by (11.2) it follows that

(WKW < c[WRY)+ YL, ve

(see [16, Theorem VI-1.38]), whence the operator (R + 1)~ 2K(R+1)~1? is
bounded on a dense domain. Now

KW )|ge = [R+DTPKY| < |R+DTPKR+D™2| - ]y -

Applying the Ito formula for the square of norm in the form given in
[19, Theorem 2.4.2] one obtains

I = lloll” + 2R AW () (43)
J

where the integral with respect to ds vanishes because of the conservativity
condition (4.1) extended to &. Denoting p(¢) = |W (1|,

S0 = {l//(t)p(t)'1 if p(t) >0,

a fixed unit vector from 2 otherwise

and A .
a;(1) = 2Re(Y(DILY (1)) , (4.4)
we can rewrite (4.3) as the exponential equation
dp(t) = p(t)dZ(t) , (4.5)

where Z(¢) = fo ¥ai(s) dW(s) is a local martingale. To establish (0.4) it is
sufficient to prove that p(¢) is martingale, and this can be shown by appropriate
modification of an argument of Gatarek and Gisin [11].

Consider the stopping times

v, = inf{t 2 0: ()l = n}.

Since by Cauchy—Schwarz inequality and by (4.1) the quadratic variance (Z(t))
of Z(¢t) is evaluated as

(Z(1)) = fZaJ(S)2 s = 4fZ||L ()| ds —4f|W(S)H9r ds,
we have

(Z(tNTy)) < 4tn.

This is sufficient for p(f A1,) to be uniformly integrable martingale [17],
in particular,
Mp(t Atn) = p(0).

Take [|yoll = 1, then p(# A 1,) is the density of the new probability measure
P, with respect to the basic measure P. From (4.2) one has

ML A Tl = MW A )5 < ol e
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It follows that
Pty < 1) < 0 ML A )5 — 0,
as n — oo. Therefore
MNP = MW A )P gz g = Pu(t 2 0 — 1,

whence MIy()|* = 1 = [ol>. O

Example 2. This example shows that (IL3) is not a necessary condition
for the mean-square norm conservation. Consider Eq. (3.6) in # = £2(0, c0)
with

L= g =y =0, ¥ € £

K=1iR=1"L=—--—; 2@R)={y: y(0)=0, " ¢ ¥*}

and H = 0. In defining Z we have in mind the inequality

x 2P dx < 4f |6/ 00P dx
0

valid for € Z(L) (see [16, p. 345]). With @ = 2* = P(R) one can check the
conditions (L.1),(1.2) ((IL.1), (J1.2) are trivially satisfied) and the conservativity
condition (4.1).

The condition (I1.3) does not hold, since Y €2 does not imply Ly €
P(R?) = 9(L). However (0.4) holds for solutions of Eq. (3.6). We sketch
the argument without going into detail. The function p(7,x) = My(t,x)? sat-
isfies the forward Kolmogorov equation

op ., 1 &
E——é;c(x p)+—2—ﬁp, 0 <x < o0,

and the initial condition p(0,x) = |y(x)%. This is diffusion on (0, co) with unit
coefficient and with the drift x !, for which both 0 and oo are non-attainable
boundaries, hence

M) = [ plexydx = | pO.x)dx = ol . O
0 4]

Now let us consider the wt-solution of a conservative equation (0.1) and assume
that (0.4) holds (for example the conditions of Theorem 3 are fulfilled). Let
loll = 1, then (0.4) implies that the process p(¢) = |(?)||? can be regarded as
the Radon—Nikodym derivative of a new probability measure P with respect
to the initial P. By the Ito formula for the function W — ||y]|? the process
p(t) satisfies the exponential equation (4.5), and is the uniformly integrable
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exponential martingale

p(t) = explZ(t) — 3(Z())] -

According to Girsanov’s theorem, the processes
I3
Wit)=Wi(t)— [ai(s)ds; j=12,...,t>0,
0

are independent standard Wiener processes with respect to the new probability

measure P. The normalized process !,/}( + ) satisfies the nonlinear stochastic
equation

d

() = Y(0) + g‘z Li(sWi(s)d W i(s) — Of K(s)(s)ds, (4.6)

J=1

where d < oo,
. | , 14 1d
Lj(S) :LJ — iClj(S)[, K(S) =K — E ZCIJ(S)LJ + g Zaj(s) I .
J=1 j=1

and a;(s) are the quadratic functions of &(s), given by (4.4). Equation
(4.6) can be derived by applying the Ito product formula to the function
Yy — Y- ||¢|7! and by taking into account the exponential equation for
the process |y(¢)[|~!, which is just square root of the Radon—Nikodym
derivative of P with respect to P (cf. [1]). This is the nonlinear equa-
tion for normalized posterior wave function in a continuous measurement
process (see [7,2]). The linear equation (0.1) plays the same role for
this equation as Zakai’s equation in the classical nonlinear filtering
theory.

In this way one obtains a generalization of the result of Gatarek and Gisin
[11] on the existence of solution of Eq.(4.6) (in the sense of proof of the
Theorem 3) with a priori given Wiener processes W;(¢), in the case d =1,
L =L, self-adjoint and K = %LZ. Note that the generalization to the case
d > 1 (or even d = 1, L nonselfadjoint) is by no means straightforward, since
a condition of the type (IL3) must appear (which is fulfilled automatically in
the situation of [11]).

The uniqueness of the strong solution of (4.6) can then be proved
along the same lines as in [11]. This solution gives a different stochastic rep-
resentation for the dynamical semigroup from Sect. 3:

(o] ®:[X o) = M(G(OIX(2)) ,

which has important applications in the theory of quantum measurement (see
[1,2,7,11] for further details and references).

Acknowledgements. Thanks are due to A. Barchielli, F. Fagnola, D. Elworthy and J.
Zabezyk for discussions of intermediate versions of the paper. This work was partially
supported by the Grant J6M100 from International Science Foundation and Russian
Government.
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Appendix
The minimal solution of Markovian master equations

Let () be the algebra of all bounded operators in a Hilbert space 4#. Since
it 1s dual of the Banach space of trace-class operators 7 (), it is supplied
with the weak® topology, defined by the family of seminorms

X > TrpX, peT(#). (A1)

Let ¥ be a linear bounded map in J(#), then the adjoint map & = ¥* in
B(H') is weak™ continuous, and every weak® continuous map ® arises in this
way [3]. ¥ is called preadjoint of ® and denoted ®.. If ®, is a dynami-
cal semigroup in #(H), then ¥, = (®,), is a strongly continuous semigroup
in 7 (), called preadjoint semigroup.

Let L;,K be operators satisfying the dissipativity condition (3.1), then we
can consider the backward quantum Markovian master equation

S Wie )
= SR - KYIBXI) ~ WBIXKS),  (A2)
7

for ¢, € 9. We assume the following regularity properties for a solution
of the backward equation (A.2): this should be a family (not necessarily a
semigroup) ®;: ¢ = 0, of normal completely positive maps in ZB(#), uni-
formly bounded in norm, satisfying ®;=1d, and such that all functions
t — &,[X], X € B(H), are weak™ continuous.

The following results may be considered as extensions of ideas of Feller
{10] to the noncommutative situation.

Theorem A.1 Let K be m-accretive and 9 be an invariant domain of the
semigroup exp(—Kt), t = 0. Then there exists the minimal solution > of
Eq. (A.2), which is a dynamzcal semigroup.

Proof (Sketch). Introducing the semigroup ¥,[p] = ekt pe‘K*’ in 7 (), we
see that the dense domain

D =lin{p: p = ()Y, ¢.¥ € 2} (A3)
is an invariant domain for ,. Deﬁmng Alpl = Z5|L;p )Y Liyy| for p=
|¢)(| € D, one can show [14] that (A.2) is equivalent to the integral equation

~ [ ~
Tr p&,[X] = Tr G,[p]X + [ Tr AL, [p]1®,_o[X1ds, peD, X € BH).
0

(A4)
Indeed, both equations are equivalent to

diSTr To[p]®i—s[X] = —Tr A [p]1, LX), 0<s <4

Note that in (A.4) Z(H#) may be replaced by any weak* dense subspace.
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The existence of the minimal solution is proved by considering iterations
[4,9]:

Tr p®" ' [X] = Tr ¥,[p]X + ftTr ALE[p]]1®"_[X]ds (A.5)
0

with ®![X] = &,[X] = e XX e X", Complete positivity of A implies that
@ — @ is completely positive, and (3.1) implies ®7[/] < I, by induction.
By bounded monotone convergence there exists lim, ., ®] = ®°, satisfying
(A.4). Since for any other solution &, the difference ®; — ®} is completely pos-
itive by induction, ®° is the minimal solution. For detailed proof of properties
of ®* see [4,9,14]. O

Assuming the condition (1.1), we can consider the forward equation:

d
STl
= X (AW W) — (K Gl Tilpl) — (SpIK ™)) . (A6)
J

For a solution ¥y; t = 0, of (A.6) we demand that ¥} should satisfy the
regularity properties of solution of the backward equation. Defining

D* =lin{X = [y)(¢]; ¢, € Z7}
and A*[X] = E;|Liy)(Lip| for X = |y)(¢| € D*, we have
TrA[p]lX =TrpA"[X]; peD, XeD*. (A7)

Theorem A.2 Let K (hence K*) be m-accretive and 9* an invariant domain of
the semigroup exp(—K*t); t = 0. Then U° = (0°), is the minimal solution
of the forward equation (A.6).

Proof. Like in the previous theorem, one can prove that (A.6) is equivalent to

11
Tr ¥, [p]X = Tr p&,[X]+ [ Tr U, [p]A"[Qs[X]]ds, p € T(H), X € D",
0

(A8)
where J () can be replaced by any norm-dense subspace. The proof then
proceeds along the same lines as for the classical Kolmogorov-Feller equation
[10]. Consider the iterations

Tr U [plX = Tr p®,[X] + j“ Tr U7 [p]A*[D,[X]]ds, (A9)
0

with ¥}{p] = \ilt[p]. If these iterations converge, then the limit is the minimal
solution, by the same argument as in previous theorem. We shall prove by
induction that U7 = (®7),; then the convergence will follow from the proof of
Theorem A.2. In our proof we take p € D and X € D*.

Assuming that (&%), = U* for k = n — 1,n, we have from (A.9) with n + 1
replaced with n:

t ~
Tr p®][X] = Tr p®[X]+ [ Tr p®{Z/[A*[&,[X 111 ds .
0
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By substituting into (A.S),

Trp@ 1 [X] = Tr B,[o1X + [ Tr AL, [pl16,_,[X] ds
0

tt—s

+ [ Tr AN [pT19)=, A [@[XT] duds .
00
Changing variables and using (A.7), this is transformed to

Tr by [X] -+ [ Tr o, [A*[BLXTT] di
0

t t—u

+ [ [ Te AL Lol [A*[ D, [X )] ds du
0 0

f—5—u
~ t ~ ~
= Tr pQ[X] + [ Tr p@,[A*[D,[X )] A ,
0

by (A.5) with n+1 replaced with ». By the induction assumption, we
obtain (A.9). [

Consider also the backward equation with L; replaced with nL; (0 < 5 < 1).
We shall write it already in the integral form

v t ~
Tr p@,[X] = Tr B[] X + 72 TeALF[p]1®,o[X]ds, peD. (A10)
0

Lemma A.3 Equation (A.10) has unique solution ®]. Moreover, ®® — ®] is
completely positive for all t.

Proof (Sketch). Let ®, be a solution of (A.10) and ®] be the minimal solution,
which exists by Theorem A.1. Denoting A,[X] = @,[X] — ®][X], X = 0, and
taking p = [Y)(¥|, ¥ € D, we have

0 < (AW S o lim AL [ TeADBIWW) ds

and the integral is evaluated as

le™® |12 ds < [ly|*.

&~

sz 1Ly 5y P ds = f

It follows that A; = 0. Second assertion follows by induction from considering
(A.5) and similar iterations for (A.10) (see [9]). [

Note added in proof. Recently the author was able to improve Theorem 3,
by replacing operator R in the condition (I1.3) with arbitrary strictly positive
self-adjoint operator A, having the core D. The restrictive technical condition
(I1.2) is the relaxed to || Hy || S| Ay ||, || RY || S]] Ay || for all € D.
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