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Summary. Let g;, i1, be a sequence of nonnegative numbers. Define a

nearest neighbor random motion X =X,, X,, ... on the integers as follows.

Initially the weight of each interval (i, i+ 1), i an integer, equals 1. If at time

n an interval (i, i+ 1) has been crossed exactly k times by the motion, its
k

weight is 14 ) a;. Given (Xo, Xy, ..., X,)=(io, i1, ..., Iy), the probability
j=1

that X,., is i,—1 or i,+1 is proportional to the weights at time n of the
intervals (i,—1, i,) and (i,, i,+1). We prove that X either visits all integers
infinitely often a.s. or visits a finite number of integers, eventually oscillating
between two adjacent integers, a.s., and that lim X,/n=0a.s. For much
more general reinforcement schemes we prove P(X visits all integers infinitely
often)+ P(X has finite range)=1.

1. Introduction

In this paper we study a class of stochastic processes driven by simple dynamics
which depend on the entire process history. Although these processes are in
general not Markov, we begin our discussion with a comment about Markov
processes. Let w={w;, —oo <i< o0}, where each w; is a positive number, called
the weight of the interval (i, i+1). An integer valued stochastic process
Xo, Xy, ... which satisfies

(11) IJ()(n+1=in—'_1 | (X05X19 ~-'aXn)=(i05 ila LR} ln))
=1_P(Xn+1=in‘1|(X0,X1, ...,Xn)=(i0, i17 seey in))

Wi,

Wi, T W, 1
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is an integer valued Markov process with stationary transition probabilities
p;,; satisfying py p—1>0, prg+1>0, pry—1 +Pex+1=1, — o0 <k<oco. Conversely,
any such Markov process arises from an appropriate W, unique up to multiplica-
tion by constants. This observation is probably due to T.E. Harris.

Now we describe a process which has recently been introduced by Diaconis.
This process is integer valued, and will be designated by Y, Y;, ... At time
n the weight of the interval (i, i+ 1) is one plus the number of those integers
k<n such that (Y, Y, ,,) is either (i,i4+1) or (i+1, ), that is, the weight of
an interval is initially 1 and is increased (reinforced) by 1 each time it is crossed.
If w(n, i) stands for the weight of (i, i+ 1) at time n, then the version of (1.1),
in which X is replaced by Y and w, by w(n, -), holds. This process remembers
where it has been and prefers to cross familiar intervals, that is, those already
often crossed. Diaconis studies this motion by showing it is equivalent to having
an independent Polya’s urn at each integer which directs the motion up or
down. de Finetti’s theorem, applied to each urn, then shows the motion is equiva-
lent to a random walk in a random environment, and the results of this subject
are used. Especially, almost sure recurrence follows almost immediately. (We
will say a sequence of integers is recurrent if each integer occurs infinitely often
in the sequence, and say the sequence has finite range if only a finite number
of integers occur.)

Our introduction to this subject came in two talks Diaconis gave at the
1987 Midwest Probability Conference. His main emphasis was on the limiting
distributions for related walks on finite graphs, distributions related to the limit-
ing distributions of Polya’s urns. This work, joint with Coppersmith, is not
yet written down. For an exposition of the method described in the previous
paragraph as well as very interesting results about related processes on trees,
see Pemantle [8].

The present paper considers only integer valued processes. Diaconis” method
can not be adapted to study many reinforcing schemes other than the one
given above, that is, the one which increases the weight of each interval by
1 (or by the same constant amount) each time it is crossed. For example, suppose
the initial weights of all intervals are 1, and are increased by 1 only the first
time the interval is crossed. The resulting process could be called fair random
walk with partial reflection at the prior maximum and prior minimum, and
is not too hard to study directly, but Diaconis’ approach is inapplicable.

We mainly study one dimensional lattice valued reinforcing walks X
=(X,, X,...), in which the initial weights are all 1, an assumption in force
throughout this paragraph. We prove, for very general reinforcing schemes,
that P(X is recurrent)+ P(X has finite range)=1. Under less general schemes,
still broad enough to include the situation where the nonnegative number a,
(not depending on i) is added to the weight of (7, i+ 1) the k-th time it is crossed,
and also broad enough to cover iid reinforcement, we prove X,/n—0 a.s. as
n—oo. Parenthetically, we do not find the weak law of large numbers any
easier to prove than the strong law. We also study the analog of gambler’s
ruin problems, and show that as A — co, the order of magnitude of the probability
that a reinforced walk, started at 1, hits A before it hits zero, can be as large

as i /ﬂ, but no larger.
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In the final section we present Herman Rubin’s elegant solution of a conjec-
ture we showed him involving generalized Polya urns. Our treatment is self
contained, and this part of the paper may be read independently of the rest.
We then apply this result to reinforcing walks, and state several open problems.

2. Notation and Definitions

We define reinforced random walk (usually just called walk here, sometimes
abbreviated RRW) to be a sequence X ={X;,i=0} of integer valued random
variables and a matrix [w] = {w(n, j), 0<n< oo, — 0 <j< oo} of positive random
variables, all defined on the same probability space, such that if %, is the o-field
o({X;, 0=<iZn, w(i, j), — oo <j<oo,0=<i<n}) then the following hold.

i) win+1,))—w(n,j)=0, with equality if (X,, X,.) is not either (j,j+1)
or (j+1, ).

11) P(Xn+1:j+lan=ja gn)zl_P(Xn+1:j_1|Xn=j’ gn)

_ .W(”,J) s
w(n,])+w(n,]— 1)

For brevity we often designate this walk by X instead of (X, [w]). The ran-
dom variables w(0, j), — o0 <j< o0, are called the initial weights of X, and we
say X is initially fair if all the initial weights are 1. We say the reinforcement
is nonrandomized if w(n, j) is measurable with respect to (X, X4, ..., X,), n=20,
and it is said to be up only [down only] if w(n, j)=w(n—1, j) whenever (X, -, X,)
iS (.]+1’.]) [(]’]_l—]-)] If Xn:.]+15 Xn+1=j or anj: Xn+1:j+1, Wwe say the
walk crosses (j,j+ 1) between times n and n+1, and we say the walk starts
at k if X,=k a.s. The distribution of the walk is the distribution of (X, [w]).
By a reinforcement scheme we mean a rule which, together with the distribution
of (X, w(0, k), —co <k<o0), determines the distribution of the walk. There
is no need to be more precise than this, since when we use the term it will
always be in the context of a specific scheme.

We say a walk is of sequence type if there is a sequence d={a,, k=1} of
nonnegative numbers, called the sequence of the walk, such that if ¢(n,)) is
the number of times that (X,, X, ..., X,) crosses (j,j+1) then w(n, j)=w(0, j)

o(n. )
+ Y a; as. (almost surely). That is, the k-th time X crosses (j, j+ 1), the weight
i=1
of this interval is increased by g, a.s. Often in situations like this (and in fact
in any situation) we omit a.s.

We say a walk is a Diaconis walk if it is an initially fair sequence type
walk, and all coordinates of the sequence are 1.

Matrices in this paper are always infinite matrices of the form {g;;, — o0 <j
<, 1Zi<oo}=[a]. A walk is said to be of matrix type if there is a matrix

of nonnegative terms [a], called the reinforcing matrix (or just matrix) of the
b, )
walk, such that w(n, )=w(0,/)+ Y a;,;. Finally, a walk is said to have iid

reinforcement if i=1
W(n:]):W(O:J)+ Z Zia

O=ign (X, Xiv)=0,j+1)or (+1,)}
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where Z,, Z,... are iid nonnegative random variables and, if n20, Z,,, is
independent of ¢, n=>1, the o-field defined in the definition of RRW. We use
%, only to stand for this o-field and use %, n=0, only to stand for
o(Xy, X4, ..., X,). For most of this paper we will be working with non-random-
ized reinforcement, in which case ¥, equals %,, and in which case there are
a countable number of disjoint atoms in &%, which have probability totaling 1.
(If P(X,=k)=1, there are exactly 2" atoms in %, having positive probability.)
Let 4 stand for one of these atoms and consider the process (X,+;, i=0, w(n
+i,/), i20, — o0 <j< o), conditioned on A. This process is itself a RRW. At
most n of the initial weights for this walk may differ from the original initial
weights, namely those of intervals crossed by X between times 0 and n on
A. If the original walk was a matrix type walk, so is this conditioned one
(not necessarily with the same matrix), but, if the original walk is a sequence
type walk this one may not be sequence type.

Let (X, [w]) be a RRW and let T be a stopping time with respect to 4,
n=0, such that P(T<o)=1. Then (X¢;, i=Z0, w(T+1,j), iZ0, —oo<j<0)
is also a RRW, although not necessarily matrix type even if X is; a finite
(random) number of the initial weights for this walk may differ from those
of the original walk.

We use 7 only for inf{k: X; <0}. Here, as elsewhere, inf (= co. Absolute
positive constants are designated by ¢, C, ¢, etc. The indicator function of
a set A is written I(A4), and the minimum of a and b is written anb. If §
=({vy, Uy, ..., 1,) iS a vector we put L(f}==n.

3. Recurrence and Maximal Inequalities

To begin this section we will study recurrence properties of reinforced random
walk. The proof involves an extension of a martingale argument used by Harris
to study recurrence of the Markov processes described in the first paragraph
of this paper, which we briefly recall. First note that if a and b are positive,
and if Y is a random variable which satisfies P(Y=a"')=a/(a+b), P(Y=
—b~Y)=b/(a+b), then EY=0. Let X,, X4, ... be the process described in the

ji—1
first paragraph of this paper, started at k>0. Put f(j)= ) w;

i=0
f(0)=0. Then f(X;,.), i=0, is easily seen to be a nonnegative martingale
since P(f(Xys )—f (Xp)=w; 1| F)=1=P(f(X,+) = f(X))= —w;, | %)
=w;/(w;+w;-) on {n<rt, X,=j}. Since nonnegative martingales converge a.s.,
it is easy to conclude that if lim f(n)<oo, P(t<o0)<1, while if lim f(n)=co,
P(t<o)=1. See [5], p. 106 for a more detailed description of this argument.
We are going to construct a supermartingale below, and two facts that will
be used are:

(3.1) () If a and b are positive numbers and if P(Z=—b"")=b/(a+b) and
P(Z=d)=a/(a+Db) for some d<a~!, then EZZ0.
(i) If Zisasin i) and if Y=(a~!—d) I(Z=d) then E(Z+ Y)=0.

1 j>0, and
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Lemma 3.0. Let X be a RRW such that all but perhaps a finite number of the
initial weights w(0, j) equal 1. Then P(X,=0 for some k}+ P(X has finite range,
X.*0,k=z0)=1.

Proof. Assume with no loss of generality that X(>0. For 0<n< oo define

. k-1
FXn,k)=F(n k)= Y wnj) ' k21,
j=0
=0 if k<0.
Put
M¥=M,=F(nrt,X,,), n=0,
and

HY=H,=M,+ Y [wi—1X,_ )" '—w(, X;_1)"']

i=1

‘I(Xi>Xi_1,i—1<T), ngo,

where the sum is taken to be zero if n=0. Then M,, n=0, is a nonnegative
supermartingale, and H,, n=0, is a nonnegative martingale. To prove this, first
note that nonnegativity is immediate for M,, and that w(i—1, )Sw(,})), so
that H,=M,. Now put d,=M,—M,_,. We will show

(3.2) E(d,|%9,-,)=0, nzl

On {n—127}, d,=0, so it suffices to prove E(d,|%,-)=0o0n {n—1<1, X,_,
i1
=j}=4;,j>0. Now, on 4;, M,_;= Y w(n—1,i)"", and none of the intervals
i=0
(i, i+1),i<j—2, can be crossed by X between times n—1 and n, so wn—1,i)=w
(n, i), 0Zi<j—2. Also w(n—1,j—1)=w(n,j—1) on 4;n{X,=j+1}. Thus, on
4;, (3.2) follows from the conditional (conditioned on %,_,) version of (3.1)i)
with Z=M,—M,_,,b=w(n—1,j—1),a=w(n—1,j), and d=w(n, j)~'. Further-
more, E(H,—H,_,|9,_1)=0 on 4; by (3.1)ii), and H,=H,_, on {n—12=1},
so that H,, n=0, is a martingale. Paranthetically we observe that the decomposi-
tion M,=H,+(M,— H,) is not the Doob decomposition of a supermartingale.
Now observe that H,,;—H,=1 on B,={X,,,>X,, n<rt, w(n X,)=1}.
Being a nonnegative martingale, H, converges, so only a finite number of the
events B, occur. Let I be all intervals (i, i+1), i= X, such that the initial
weighting of (i, i+1) is 1. Then B,2D,={n<r, X crosses an interval in I" for
the first time between times n and n+1}. Thus only a finite number of the
events D, occur, that is, only a finite number of intervals in I' are ever crossed
before 7. Since by hypothesis only a finite number of the intervals (i, i+ 1),
i=X,, are not in I', the number of distinct intervals crossed by X before t
is finite, implying the conclusion of Lemma 3.0. [

For later reference, we observe that if the reinforcement is down only then
H,=M,,n=0, so that M,, n=0 is a martingale.
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Theorem 3.1. Let X be an initially fair RRW. Then P(X is recurrent)+ P(X has
finite range)=1.

Proof. It suffices to show that for any integer m,

(3.3) P(X;=m for infinitely many i)+ P(X has finite range, X;=m for at most
finitely many i)=1.

Since the proof is the same for all m, we do this only for m=0. An equivalent
formulation of (3.3) for m=01is

(34) P(X;=0 for some i=n)+P(X has finite range, X;+0 for all i>n)=1,
n=0,1,2,...

We have already observed in Sect. 2 that, for fixed n, {X,;, iZ0, w(n+i,)),
i20, —oo<j<oo} is itself a RRW.

Since the initial weights for X are by hypothesis all 1, at most n of the
weights w(n, i), — o0 <i< o0, can be different from 1. Thus the walk X, ,;, i=1,
satisfies the hypotheses of Lemma 3.0, and (3.4) follows from Lemma 3.0. [

We observe that the hypothesis that X be initially fair in Theorem 3.2 cannot
be entirely dispensed with, since there are initial weights which, without any
more reinforcement, give rise to transient Markov chains.

In special cases we can characterize the sample path behavior. If d=ay, a,, ...

o n -1
is a sequence of nonnegative numbers, put ¢ (@)= Y. (1 + Y ai) )
i=1

n=1

Theorem 3.2. i) If X is an initially fair sequence type RRW, with reinforcement
sequence 4, then if ¢(@)=o0, X is recurrent a.s., and if ¢p(d)<oo, X has finite
range a.s.

ii) If X is an initially fair RRW with iid reinforcement with associated vari-
ables Z,,Z,,...=Z then if $(Z)=o0 as., X is as. recurrent, and if ¢p(Z)< o
a.s., X has finite range a.s.

ili) In the finite range case of i) and ii) above, there are (random) integers
N and j such that X;e{j,j+1} if i>N.

Proof of i). We first consider the case ¢(d@) < oo . Suppose, with no loss of generali-
ty, that P(X,=j)=1 for some j. For n>j put T,=inf{k: X, =n}. Then at T,,
the weight of (n—1,n) is 1+a,, the weight of (n,n+1) is 1, and the weight
of (n+1, n+2)is also 1. Thus, conditioned on {T, < o0} and on Z , the probabil-
ity that (X, X1,+1, X1,+2, ...) is the vector (n, n+1,n, ...), with odd compo-
nents n and even components #+ 1, equals the infinite product

[(1 +;10)+a0][1 j—locl][(l + CZZ)HZ][I fas]--- =p>0,

j
where «;=1+ ) g; is the weight of (n, n+1) when it has been crossed exactly
i=1

j times, and oy =1. Especially P(T, ., < o|T,< 0)<(1—p), which implies P(T,
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< oo for all n)=0, that is, P(sup X;= c0)=0, so, by Theorem 3.1, P(X has finite
range)=1.

Next suppose ¢(d)= oo, and again that P(X,=j)=1. For n=>j, define v,
=inf{k>0: X, =n}, and v;, , =inf{k>v;: X, =n, X +i+1,0<s<k},i=1. Then

i21

and
{v;<00,i=0}={sup X;=n, lim X,=n}.
i1 i— o

Now if n>j, at time v; the weight of (n, n+1) is 1 and the weight of (n—1, n)
2i+1

is 1+ ), a,=p,, since, on {v;<oo}, (1—1, n) is crossed exactly two times be-
k=1

tween v;_, and v;. Thus

Py <o0|v;<0)=P(X,, 1 =n—1|v;<c0)=F/1+5)
1)

P(y;<0,iz0)=P(v, < 0) ﬁ Bi/(1+6)=0.

i=0
This implies P(sqp X;=n, ﬁ X;=n)=0 for each n>j, and almost identical

reasoning yields this result if n=j. Similarly P(sup X;= hm X;)=0 for cach
m=0, so by Theorem 3.1, X is recurrent. iz

The proof of ii) is very similar and is omitted. The proof of iii) will be
given in Sect. 5. [

Let S¢, 84, ... be ordinary (unreinforced) fair nearest neighbor random walk
started at the positive integer u. Let 1 be an integer exceeding g. Then it is
well known that

(3.5) P(max S,=7)=p/i.

0<k<zt

(Recall T=inf{k: S, <0}.) This equality is in fact one of the many ways to prove
recurrence of such unreinforced random walk. If M,, n=0, is a nonnegative
martingale started at u, then (see [3], p. 314)

P(sup M, zAW)Zu/A, A>0.

Osk<t

For general initially fair RRW only a much weaker inequality holds.

Theorem 3.3. There is a constant C such that if X is an initially fair RRW started
at u>0 then

(3.6) P(sup X,ZA<Cw)/2, i>0.
0gk<t
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Furthermore, there is a constant ¢ and an initially fair random walk started at
u such that the analog for this walk of the probability appearing in (3.6) exceeds

cu/ﬂ for each A> u*.

Proof. All constants in this proof are absolute constants not depending on A
or u. First we prove (3.6). Let H,, n=0, be as in the proof of Lemma 3.0,
and let the sets B,, D,, n=0, and I, also be as in that proof. Note that, since
the initial weights for X are all 1, I' is all intervals (i, i+ 1), i> y, so

(3.7) iI(Di)= sup X,—pu.
i=0

0sk<t

Since w(n, X,)=1onD,, H,,;,—H,=1 on D,, so (3.7) implies

(3.8) Z (Hpe1— 2 sup X;—
n=0 0§k<t

Put S(H):[H(2,+ > (H,,+1—H,¢)2:r=[u2+ Y (H,,H—H,,)Z]T. Then S(H) is the

n=0 n=0
so-called square function of H, and by an inequality of Burkholder (Theorem 8

of [1])
(3.9) P(S(H)>2)<C sup E|H,|/A=C,p/3, 1>0,
nz0

the last equality since H is a nonnegative martingale, so that E|H,|=EH,
=EH,=pu. Using (3.8) and (3.9), we get

P>+ sup X,—p>iA)<Ciu/d, 21>0.
0<k<t

Thus
P(sup X, >A%2)<Cufl, A>2up,

0sk<t

which is easily seen to imply (3.6).

We preface the formal construction of the example showing the second state-
ment in Theorem 3.3 with a heuristic explanation of what is going on. Suppose
we reinforce an interval by adding M the first time it is crossed downwards
and let M get very large. Then essentially we are contracting that edge after
it is crossed downwards. The number of uncontracted edges between 0 and
X; is just about performing simple random walk. The number of steps this
walk takes before hitting zero is ,u—{-2(supX u), and the tail probabilities

of the time for simple random walk to h1t zero are of order ,u/]/

Now we provide the example in detail. Let X be an initially fair matrix
type RRW with matrix [a] started at pu>0, such that if m=y, the sequence
Gy 121,18 0,2"%1,0,0, ... and if 0<m <y this sequence is 274, 0,0, ... That
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is, reinforce an interval the first time it is crossed downwards. Note that if
0,={i>0: w(n, i)>1}, then

(3.10) Y wn, i)~ <4.

ie®,

Also note that, since the reinforcement is down only, the process M,’,?=M,,,
n=0, constructed in the proof of Lemma 3.0, is a martingale, as was noted
just after the proof of that lemma.

Define #,=0, gy=inf{k>n;_,: |M,—M,, |21}, i=1. If #;_, <7, #; is the
first time after 5;_; that X crosses an interval of weight 1. Note that on F,={y;
<, M,,,,>M,}, (3.10) implies

(3.11) M =M

M'Ii 'li+1_Mﬂi+1—1)+(M'1i+1—1_Mﬂi):l+ z W(n’j)~1<3/2’

jey

fiv1

where y={je®,,:j=X, and me®, , X, <m<j}.
A similar formula holds on G;={n;<t, M
implies

<M, }. Inequality (3.10) now

Ni+i

(3.12) 15|M,,, —M,|<3/2, if p;<x.

It is easily checked that X, and in fact any RRW which reinforces each interval
only once, cannot have finite range with positive probability, and this, together

with Theorem 3.1, implies P(t < oo)=1. Since M,—M,_,=—1, Y P(z=pn)=1.
i=1
Put Q;=M,,, ., j=0, and let N =inf{k: n,=1}. Then Q,, Q,, ... is a mart-
ingale, by the optional sampling theorem, and (3.12) gives

(3.13) 1=1Q;—0;+11<3/2,  j<N.

Now on F, (X,,, -1, Xy, , -1 + 1) is the first interval (m, m+ 1), such that m¢ 0,
and which is crossed by X after #;. Thus, on F,

max X;=1+ max X;,
0= jSmien osjsu

while on G;,

max X;= max X;
0=j=ni+1 0=j=sn;

so that putting 47 ={j: Q;.,>0Q;,0<j<N}, 4~ ={j: Q;.,<Q;, 0<j<N}, and
N7 and N~ respectively the number of elements in 4¥ and 4~, we have

(3.14) N=N*+N",
and
(3.15) N*=max X;—p.

Ogisge
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N N
Let S2(Q)=0%+ >, (Q;— Q-1 =p*+ Y (Q;—0Q;-1)* be the square of the

i=1 i=1
square function for the martingale Q. By (3.13), we see
(3.16) WP+N=SHQ)=p*+(3/2°N.

Shortly, we will establish the existence of a positive constant ¢, such that
(3.17) P(S2(Q)> A >c pulhy,  A>p
Since Q, = and Q=0 we have
~4=0y—00= X (011~ Q) 1(ied")+ X (©1s:1~ Q) 1(i=d"),
$0 (3.13), and the definition of 4™ and A~ imply
(3.18) 3NT—-N"z—pn
Together with right hand side of (3.16), and (3.14), this yields
(12 +(3/2)° 1] +[(3/2)° +(3/2°IN T = 5*(Q),
which, together with (3.17), gives
(3.19) PI(NT>A)>c,u/h,  A>p,

where ¢, does not depend on p or A (Note that to show the existence of a
¢, for which (3.19) holds it suffices to produce constants ¢, ¢4, ¢s such that
P(N*>c3A%)>ca /A, A>cs )

Now we prove (3.17). Very roughly, think of Q as a fair random walk, and
S2(Q) as the number of steps it takes before it hits zero. Now the probability
of Q getting to A before 7 is about /A by gambler’s ruin. Given this event,
Q must get to either 0 or 2, and the number of steps it takes to go from
J.to 0 or 21 is on the order of A>. Now the details are provided. This argument
is a routine application of the methods of [2]. Assume WLOG A>3 u. Put
¢=inf{k: 0,24} AN, A={Qs=1}={Q,+0}. Then (3.13) implies

(3.20) M(A)Z Q= (A+3/2) 1 (A)<2 AI(A),
and since Qy , 5, k=0, is a bounded martingale,
EQy=EQo= i,
so, taking expectations in (3.20) yields
(3.21) P(A)>p/2 ).
Now let ¢=inf{k>¢: |0, — Q4| =A}. Using (3.13) again, we have
(3.22) A(A) S0~ 0yl T(A) <2 AI(A).
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Put g;=Q+y.cI(A). Then g;, 0=<i< oo, is a martingale, and putting e;=g;,
—g;,i=0, we have

6=0,~0y, and Y <5%(Q).

0 i=0

e

13

The orthogonality of ¢;, i =0, implies

(3.23) E(i e,-z)=E(i e,-)zglzP(A),
while 1:0 "
(3.29) E [(i;io e?)z] <S¢ E [(ii ei>4] <ce(21)* P(A),

the first inequality in (3.24) following from a result of Burkholder [1] and the
second by the right hand side of (3.22). Put Z= ) e;. Let P, and E, denote

i=0

conditional probability and expectation given A. Then (3.23) yields E Z > 12
By (3.24), E,Z?<c; 4% ¢7=2%c¢. Thus E, 2¢, A2 ZI(Z>2c, A2)SE Z*<c, 7%,
S0 E,ZI(Z>2c7 A2 <A*/2, implying E,ZI(Z £2¢, 2%)=)2/2, and an easy argu-
ment now gives P,(Z=1%/4)>cg, so that P(Z=1%/4)=cg P(A)=cq A/, using
(3.21) for the last inequality, completing the proof of (3.17).

Now (3.17) has been shown to imply (3.19), which, together with (3.15), shows
that this example has the desired properties. [

To conclude this section we prove the following.

Proposition 3.4. Let X be a Diaconis walk, started at 1. Then

E sup X, <3

O0Zk<t

Proof. Taking expectations on both sides of the equality in (3.2), and summing
over j>0, yiclds

EMn—l—EMn= _E{[W(n> Xn—l)ﬁl_w(n_]-’ Xn—l)_l] I(Xn>Xn—1= n—1<r)}.

Now if X,> max X, we have w(n, X,,_;)=2 and w(n—1, X,,_;)=1 under
0=£k=n—1

Diaconis reinforcement, so
(3.25) EM, —EM, z(1/2)Pn—1<1,X,> max X,
O0Lk=n—-1

=(1/2)El(n—1<7,X,> max X,).

O0<k=n—1
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N
Now ) (EM,-,—EM,)=EM,—EMy=1, since EM,=1 and EMy20. Also
© n=1
Z In—1<r,X,> max X)= sup X,—1. Thus summing (3.25) from n=1
n=1 O<k<n—1 0gk<z
to oo, we get
I<(E sup X;—1)/2,

0sk<t

proving the proposition. []

4. The Strong Law

In this section we prove the following theorem.

Theorem 4.0. Let X be an initially fair RRW which is either of sequence type
or tid reinforced. Then
lim X,/n=0 as.

=

First note that if P(X has finite range)= 1 then X,/n—0 a.s. Thus, by virtue
of Theorem 3.2, the proof of Theorem 4.0 will be completed upon showing its
truth for X satisfying P(X is recurrent)=1.

A word about notation in this section. For a while we use P and E to
denote probability and expectation for whatever walk we are talking about,
then, to distinguish between several walks discussed in the same sentence or
equation, superscripts make their appearance on P and E, and towards the
end of the section we switch back to just P and E.

If k is an integer, and if ny, ny,...=7 is a recurrent sequence of integers
such that [m;—n;_,|=1, i>0, we define 1;(k)=1;, i20, by 1o=inf{i: X;=k]},
7;=inf{i>7;_: X;=k}, j=1, and call (1,41, 12, ---» 1y, ) the i+ 1)st excur-
sion of i from k, and classify excursions as up or down from k in the obvious
way.

Let 2(k)=2 stand for the collection of all vectors (v, v,, ..., v,) of finite
length which satisfy v, =k—1, v,=k, v;<k, i<n, and {p;—v,_,|=1, 1 <iZn
That is, & is the collection of ali possible down excursions. Similarly let % (k)=%
be the collection of all possible up excursions.

For a recurrent walk X, let DX*=D :(51, D,, ...) be the down excursions,
in order, made by X, and let U=(U,, U,, ...) be the up excursions. Let S be
the infinite sequence, each entry either d or u, such that the j-th component
of §'is d or u depending on whether the j-th excursion is up or down.

The following lemma does not generalize to all (including non-matrix) RRW.
The proof is somewhat long but easy.

Lemma 4.1. Let X be a recurrent matrix type walk ([a]), with constant initial
weighting W, which starts at k. Then X is determined by (S, D, U), and S, D,
and U are independent.
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Proof. The first statement is immediate. Too see that § is independent of (D, U)
2i 2i

We put So=Wy_y, S;=Wi—1+ Y @1 ;> i1, and to=wy, Li=w+ > a;, S0
j=1 i=1

that s; is the weight of (k—1, k) after this interval has been crossed exactly

2i times and ¢; is the weight of (k, k+ 1) after it has been crossed exactly 2i

times. Then at 1,, the end of the n-th excursion, if j of the first n excursions

have been up and n—j have been down, the weight of (k, k+1) is ¢; and the

weight of (k—1, k) is s,—;, and the probability that the n+ 1st excursion is

up is ti/(t;+s,-)=0(j, n—j). Thus the probablhty that the first n entries in

S are, say, all up, given that the first n elements in D, in order, are (d,, ..., d,)
n—1

and the first n elements in U are (i, ..., i,) is just H a(j, 0), and the probability
j=0

of any other possibility for the first n entries in § could similarly be computed
independently of the first n entries in D and U. Thus S is independent of (D, ).

To complete the proof we will show that U is independent of D by showing
that given 4, ii,, ... elements of % and d,,d,, ... elements of &, there are
sequences py, p,... of numbers depending only on #,, i,, ... and ¢, q,, ... of
numbers depending on d;, d,, ... such that if 7 is a vector of length n with
each coordinate u or d with x of the entries u and y=n—x of these entries
d, and if F is the event that the first n coordinates of S are those of #, then

(4.1) P(The first x up excursions are #,, ..., i, in order, and the first y down
excursions are d;, d,, ..., d,, in order | F)

~(012){11)

The numbers p; are the probabilities a certain matrix type RRW started
at k+ 1 has its first L(i;) coordinates the coordinates of i;.

For 0=<j let &;={w(j,i):i=k} be the weighting of the intervals (i, i+ 1),
ik, given as follows. Let ¥(j, i) be the number of times kil,, i, ..., d;(k+1)
crosses (i, i+ 1), where kily, ..., #;(k+1) stands for the finite vector starting at
k, with first j excursions all up and exactly (i, ..., 4;), and with the first step
after i; to (k+1). (If j=0, it stands for the vector (k, k+ 1).) Put

w0
Cl)(j, i)=Wi+ 2 ai,s> JgL (,0(0, i)=wia

s=1

where the sum is to be taken as zero if ¥(j, ))=0. Let [b] be a matrix with
entries

b{,s:ai,sﬂll(j,i)a k<i, sz1.

(What the other entries of [b’] are is irrelevant.) For j> 1 let p; be the probability
that a matrix walk with initial weight &;_, and matrix [~ '], started at k+1,
has first n; coordinates equal to i, if n; is the number of components of i;
(that is, the first n; states visited by the walk are the coordinates of u)). Then
if N is a positive 1nteger given that j of the first N coordinates in S are u
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and N—j arc d, and given that (Ui, ... U)=(iy,...,4;) and that
(D, ...,DN_J-)=(¢71, s dy ;), and also given that the N+1st entry in S is u,
that is, given X m+1=k+1 the probability that the N4 1st excursion is @,
18Pjsy.

This conditioning is on an atom of %, , ;. We have discussed such condition-
ing towards the end of Sect. 2. Especially, we indicated it was a matrix type
walk. The w(j, i) and b, given above are the initial weights of this walk and
those matrix entries of the walk which have bearing on the probabilities in
question. The numbers g; are defined similarly, and similarly the probability
of the j-th downward excursion being Jj, given that the first j—1 excursions
are, in order, d,, ..., Jj_l, can be computed to be g; regardless of what the
upward excursions before the j-th downward excursion are. This establishes
41). O™
Lemma 4.2. Let X satisfy the conditions of Lemma 4.1.

i) The distribution of U depends only on a;;, k+1=5j, 0<i<oo, w;, i2k,

2i+1
and Y a4, 0Si<co.

s=1

ii) The distribution of D depends only on a;;, j<k, 0<i< oo and w;, i<k.
Proof. We use the notation of Lemma 4.1. Part i) follows from the fact that

2i+1
W (i, k) is always an odd number, so that w(j, k), equals wy+ ) @, i20, while
s=1
the other quantities involved in the definition of the probabilities p; depend
only on (ul, y, ..o tly), w,izk,and a;,;, k+1<j<00, 1Si< 0.

Part ii) is 31m11ar but simpler; or, we could solve it by reflecting X about

k and vsing i). [

Let m>k. Ifi=(&q, ..., E)e, let i =(&;,, &y, ...y &) 0= n, be those entries

& of 4, in order, which satisfy either &,e[k, m) or &;=m and &;,_; <m. Then
L(#@™) is the number of jumps made by ki between two adjacent integers in
[k, m]. Similarly define, for d=(y;, V2, ..., 7)€@ and A<k, d*=(y,,...,7:),
where the entries are those components of d either in (4, k] or else equal to
4 and with immediate predecessor greater than 1. Let #™={ii": ie#} and 2*
={d*:deP}. Note that if a vector in %™ has i-th component m, the next compo-
nent must be m— 1. Thus the distribution of U"=(U?, UY, ...) does not involve
,i=m or a;;, j=m, i>0, and so the following lemma holds for essentially

IR A
the same reasons as Lemma 4.2.

Lemma 4.3. Let m>k, and let X satisfy the conditions of Lemma 4.1,
i) The distribution of U™ depends only on w;, k<i<m, a;,;, k<j<m, i>0,
2i+1
and Y. a5, i20.
s=1
ii) Let A<k. The distribution of D* depends only on w;, ASi<k, and a;;,
AZj<k,i>0. O

The proof of the following lemma is virtually identical to that of Theorem 3.2,
and is omitted. For the matrix [a], put d;={q;;,i21}, —0 <j< .
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Lemma 4.4. i) If X is a matrix type walk with matrix [a] and P(X is recurrent)=1
then ¢(d;)= 00, —o0 <j< 0.

i) If X is a matrix type walk with matrix [al, satisfying ¢(d;)= , =00 <j
<0, and if all but a finite number of the initial weights are 1, then X is recur-
rent. [

Now let 0 <k and let M > k. Define

TM= Z I(Xie(oa M]’Xi+1e[07 M]: i<T)>

i=0

so that Ty, is the number of jumps X makes in [0, M] before . Divide these
jumps into those made in [k, M] and those made in [0, k] by putting

Tl\}—,k= Z I(Xie[k, M:I, Xi+1e[k, M], l<T)
i=0
and

Ta= ), I(X:e[0,k], X4, €[0,k], i< 7).

i=0

Define a matrix [a"*]=[d'] associated with the matrix [a] by a},=a;,,
JFEki>0,a, =01, 0 2;=0,i21, @ 2101 = 2;+ G 211,12 1.

Lemma 4.5. Let k>0, and M>k. Let P and E be probability and expectation
associated with the recurrent matrix type walk, started at k, with matrix [da]
and initial weights w=w;, —o0 <i< o0, all but a finite number of which are
1. Let P' and E’ be associated with the walk with matrix [a'], all other conditions
the same. Then

4.2) ETyZE Ty.
Proof. Our straightforward argument will in fact show
(4.3) P(Ty2y|D, U)z P (Ty 2 y|D, U),

which, since (D, U) has the same distribution under both P and P’, using Lem-
ma 4.3, implies (4.2). Let y, be the number of u appearing before the n-th d
in S§. We note that y, is independent of (D, U), and that if I'=inf {i: D; has
a zero entry}, so that t occurs in the I'-th down excursion from k, then, given
(D, U), the distribution of T, is determined by the distribution of y,. In fact,
given (D, U),

r
(4.4) Ty=const.+ Y 6,

i=1
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where 6, is L(UM) and theﬁsum is taken to be zero if y, equals zero, and the
constant is determined by D. Thus to prove (4.3) it suffices to show

4.5) P(yrzj|D,U)= P (yr2j|D, U),
which is implied by
(4.6) P(y,2j|D,U,=n)2P(y,2j|D, U, =n)

since I' is determined by D. Now 7 is determined by S, which by Lemma 4.1
is independent of (D, U) and thus (D, U, I'), so to prove (4.6) it suffices to prove

4.7) Pazp2zP(.2j) jz0, n2l

We prove (4.7) by induction on n. Recall the definitions of s;, t;, and «(j, n—})
made in the proof of Lemma 4.1, and let s, ¢;, «'(j, n—j) be the analogous
quantities for [a"]. Now s;=s;,i21, but t;=1;,i2 1, so that a(j, n—j) = ' (j, n—)),
n>0, 0<j<n. That is, given the first n entries in §, the probability that the
n+1st entry is u under P is always greater than or equal to the probability
of this event under P’. Especially since {y; =/} is the set where the first j entries
of § are u, we have P(y,=j)=P'(y, =j). Now suppose (4.7) holds for n=m21.

We will show it also holds for n=m+ 1. We first note, for §=0, z=0,

z—1

(4.8) P(pmr120+2]yp=0)=[[ a(d+im)

i=0

z—1
2 [[o(G+im)

i=0
=P,(ym+1éé+zl’ym=5)
Furthermore, since a(j,m)<a(j+1,m), j=0,m=0, we have

Thus

M8

P(?m+1Z—Y)=

i

Pm+12¥|ym=0)P(ym=1)

0

1\
™8

POt ZYVm=1) P' (ym=1)

i=0

P s 1 ZYvm=0) P (ym=1)

Y
gb1e

13

=P,(’ym+1 ;y)’
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the second inequality following from (4.8), and the first from (4.9) and the induc-
tion hypothesis in the following manner: Put ¢;=P(y,,4+ 12 y|y»=1). Then by
(4.9), ¢, is increasing in i. Thus

Y e POn=i)= Y (e—er- 1) Prn2 1) + e Plyn20)
i=0

i=

Ms

2

i

(i € I)P,('))mzl)JreOP/(‘))m 0)

)

1

P (ym=1).

I
irs
o

i

This completes the proof of (4.7) and thus Lemma 4.5. [

Define the matrix [a”] associated with [a] by af;=a;; if j+k and by
U 2i-1=0,121, @ 2;= 351+ 2,12 1.

Lemma 4.6, Let 0 <<k< M. Let P! and E* be probability and expectation associat-
ed with a recurrent matrix type walk, started at M, with matrix [a] and initial
weights W, all of which, except perhaps a finite number, equal 1. Let P? and
E? be associated with the walk in which everything is the same except that [a”]

replaces [a]. Then
E'Ty=E*T,,.

Proof. Let v=inf{i: X;=k}. The distribution of (X, ,,, i=0, w(j,iAv), —0 <j
<00, i20) is identical under P! and P?, since the distribution of these variables
involves only quantities the same under P! and P2 Let 4 be an atom of %,
of the form {X,=i,, ..., X,,=i,, v=n}. Of course i,=M and i,=k here. Then
as previously remarked, conditioned on A, {X,,;, i20, w(j, n+i), i=0, — o0 <j
<o} is a matrix type walk, and under both P! and P? it has the same initial
weights, and starts at k. Especially note w(n, k)=w(0, k)+a; , under both P!
and P2 Now if [b] and [b] are the respective matrices for these walks, we
have b;;=b;, j*k, i=1, while b, ;=a;;+, and b, ;=a; ;4 =by ;+by ;- if i
is odd, =0 if i is even. Thus Lemma 4.6 follows from Lemma 4.5. [

The next lemma is an easy consequence of Lemma 4.6.

Lemma 4.7. Let P and E be probability and expectation associated with an initially
fair matrix type walk started at M >0. There is an initially fair matrix type
walk with up only reinforcement such that, if P' and E' are probability and expecta-
tion of this walk stated at M,

ET,2ET,.

Proof. By Lemma 4.31i), only the entries of the matrices corresponding to (i, i + 1),
0=<i<M, have bearing on this. Thus the result follows from Lemma 4.6, upon
changing the M rows of the matrix corresponding to each of these intervals,
one at a time. [
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For Z=zg, zy, ..., a sequence of real numbers and (a, b) an interval, put
n,=inf{k: z,<a}, m; =inf{k>=ny: z; 2 b}, and for i> 1, n;=inf{k>m;_: z, < a},
m;=inf{k>n;: z, = b}, and let uz(a, b)=sup {i: m;< oo} (sup ¢ =0). Then u.(a, b)
is called the number of upcrossings of (a, b} by Z. The basic idea of the following
lemma goes back to Neveu [7]. See Dubins [4].

Lemma 4.8. Let y and 0 <a<b be real numbers. Let Z=2Z,, Z,, ... be a sequence
of integrable random variables, which are all bounded below by the same constant,
and put #,=0(Z;, 0=i<n). Suppose
i) P(Zo=y)=1,

i) P(Z,<a,Z;+,>a)=0,i=0,and P(Z,>a, Z,, ;<a)=0,i=0,

iii) P(Z;<b,Z; . >b)=0,i=0,and P(Z;>b, Z;,, <b)=0,i=0,

) E(Z,+1| ) 1(Z,<b)=2,1(Z,<b), n20,

v} P(Z,e(a, b))=0,n=0, and

vi) lim Z,=Z_ exists, and Z , <a.

Then Euz(a, b)=[(y na)—EZ 1/(b—a).
Proof. Suppose first that y<a. Let

vy =inf{k: Z,=a} (inf¢p=0)
ni=inf{k>v;: Z, =b},
Ui:inf{kgni—-lzzk:a}’ l:>:17

m=inf{k=v;: Z,=b}, i=l.

By property ii), {v;<oo}={Z;2a for some i}. Let M be a positive integer.

Now f Z,, .y=aP(@,<M), and since Z, , ,,, k =20, is a martingale, by prop-
{v1 =M}

erty iv) and the definition of v, we have (Z,, , ;= Zo=y. Thus

(4.10) [ Zy=y—aP@,<M).

{v1> M}

Foriz1, Z,=aon {v;S M}, and Z, 1y ., [(0;SM), kz0, is a bounded mart-
ingale, so that
I ZM/‘"!': j ZM/\vi=[lP(Ui§M).

{vi S M) {v; =M}

Also, since Z,,=b on {§;< 0}, | Zy,.,=bP(;=M),yielding

{n: =M}

(4.11) [ Zy y=aP0; EM)—bP(n; < M)

{visM,n;> M}
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Now {v;>M}u | ) {v;<M, 5,>M}={Z, <a}, using property v). Thus adding
i=1

(4.10) and (4.11) we get

[ Zy=y+@—b)Y PlrsM)—a Y [Pl SM)—P(oss, SM)],

{Zm=a) i=1 i=1

and now letting M approach infinity yields, with the aid of vi), the bounded
below property of Z;, i=0, and the fact the second sum above equals P(Z,,=b),

which goes to 0 as M —co, the equality {Z, =y+(a—b) Y, P(g;<0)=7y+(a
—b)Eu3(a, b). =1

If y2a, let £=inf{j: X;=a}, and apply the result above to the process X, ;,
iz0. [

Lemma 4.9. Let P° and E° be associated with an initially fair recurrent RRW
of matrix type, started at M= 1. There is an absolute positive constant C such
that

E%t>CM:,

Proof. We will actually show E°T,,> CM-. Invoking Lemma 4.7, we assume

with no loss of generality that X under P° has up only reinforcement on (i, i + 1),
M-1

1<i<M. Let u; be short for uy, o . (@ i+1). Put U= ) wu;. Then U<Ty,

<1, and we will prove i=1

E°U>CM-

Let [a°] be the matrix corresponding to P°, and for 1<n<M—1 let [a"] be
the matrix which satisfies a} ;=ay; if i¢[M —n, M —1], and ai ;=0 if M—n<i
<M. Let P" and E" be probability and expectation associated with the initially
fair RRW with matrix [a"], started at M.

Define

f"i,j)=0 if j=M—n

M-n—-1
=— > w@o) ', 0Zj<M-n
2=
i-1
= > w(o) M—-n<j<oo.
a=M-—n

Note f"(i, ))=F (i, M—n)—F(i, j), where F is as in the proof of Lemma 3.0. Let
Ol=f"(inrt, X,, ), i=0. Then under P", Q%, i=0, satisfies the conditions i}-vi)
required of the process Z in the statement of Lemma 4.8, with (q, b) in this
statement replaced by any of the intervals (4, A+ 1), A an integer, 0< A <n. This
is immediate except for condition iv). The proof of iv) follows with reasoning
similar to that which led to the comment after the proof of Lemma 3.1, since
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under P* the reinforcement of (i, i+1), 0<i<M —1, is up only, and there is
no reinforcement of the interval (i, i+ 1) if M—n<i<M.

The behavior of U for PM~1 is particularly easy to analyze, since under
PM~! none of the intervals (i, i+1), 0Si<M—1, are reinforced before 1, so
that U has exactly the same distribution under PM ! that it would for (unrein-
forced) fair random walk started at M. We have P¥ 1 (Q¥~"'=M —1)=1 and
PY-loM~1= __1)=1,and Q¥ '=X,—1if i<t. Thus Lemma 4.8 implies

and so
M-1

4.12) EM-ly= Z i=M(M-1)/2.
i=1

i=

Now put W,=w(t, M—n)~', 1<n<M—1. We will prove, for ISnsM—1,
>0,

(4.13) E" ly,=FE"u,, i<M—n,

(4.14) Eru—E ly=EY(1—W), i>M—n,
and

(4.15) E" tyuy —Eruy_, =" ' =1 P Y (W, <e).

To prove (4.13) we first note that the distribution of (w(z, i), 0<i<M —n)
is the same under both P* and P""!, and use Lemma 4.21ii), applied to the
process X, X, 1, ... conditioned on an atom in %,, where y=inf{i: X;=M —n},
in the same manner as the stopping time v was used in the proof of Lemma 4.6.

This same observation gives the first step in the proof of (4.14), namely

(4.16) E” (ME_ 1 w(t, i)~ 1) =g ! (M_Enf 1W(‘L’, i)*l) dfan_

i=0 i=0
M-n—-1
Since Q'=— Y w(t, i)},
i=0
EnQ;l:'—én

so for i> M —n, Lemma 4.8 implies

4.17) Eu;=[i— (M —n)]+3,.
M-n

Now Qr '=— 3 w(t,i) "}, s0
i=0

Bl =6, B w(n, M—n) "t = —6,— E" W,
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so for i> M —n, Lemma 4.8 gives
(4.18) Ety=[i—(M—(n—1)]+6,+E"" ' W,

which, together with (4.17), gives (4.14).
Next we prove (4.15). Put "= Y w(r,s)”". Then it follows from the

discussion of the next to last paragr(;}é);:tnlllz—l:

4.19) - Przn=P"" 'Y 21, 0=Zt<oo.
Furthermore, w(t, 0)=1, since reinforcement is up only, so we have
4.20) Pz =1.

In addition, recalling that W,=w(t, M —n)~ !, we have

(4.21) Qi=—y", QU l=—y"-W,.

Now under P*, Q7, ., 0=<i< oo, upcrosses (0, 1) exactly when X;, ,,0Zi< 0,

inte

upcrosses (M —n, M —n+ 1), so that, by Lemma 4.8, and (4.21), we have
4.22) E*up ., =E"y".
To estimate E" ™ 'u,,_,, put
yy=inf{i: X;=M —n},
¢ =inf{i>y;: X;i=M—n+1},
yi=inf{i>€i_1:Xi=M—n} l;l,
and
2i~1 -1
Let 6i=(1 + Y aM_,,,k> =w(y;, M—n)~',i=1. Then under P"~*, Q7 '= —§;

k=1

on {y;<t},and Qi '=0on {§<1}. Put 4;={{; <1}, B;={y;<t<&}. We have
(4.23) Upg—p= Z I(A4)).
i=1

Foriz1, put

g§= ?y:-&j)/\ii/\rl(yi<’c)s 0§j<00, g':{g;’J;O}
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Then, under P*~!, g* is a martingale which is bounded above by 0 and below
by — M. Furthermore, under P*~*

go=—0,1(y;<7),

while
gk ..=0 on A;

= — 5i— lpn on Bi'
Now A;u B;={y;<7}. Since g; is a martingale under P*~ 1,

En_lgB:En_lgéi/\tI(’yi<T)a

so that
—5iP"_1(Vi<T): f (_5i_¢")dpn—1= ‘5iPn_1(Bi)“ f ‘//"dpn_ly
yielding " ;
8, P 1 (A4y)= | yrdpP L
Especially, "

P (A ze ! [ yrdPr i 57 et

B;

Thus if m=inf{i: 6; ' =2e~1}.

i

Pn—l(Ai)ge—l J‘ l//ndPn_1=8‘1 j‘ wndPn—l,

{Ym<r)

i
B;

1C8

while, noting 6;=1, i=1, and {&; <1} ={y;4, <7}, we have

m—1

Z Pn_l(Ai); I lﬁndPn_lz j‘ lpndpn—1.
1

i=1 m— {Ym>1)
U B
=1

i

Together with the previous inequality and the fact "= w(0, t) 2 1, this gives

18

Pn—l(Ai)gEn—llljn_}_(gﬁlﬁ_l) j‘ lﬂndPn_i

i=1 {rm <7}

ZE"T Y (T )P (e <)

n

Since {y,, <7t} ={W,<e}, this together with (4.22) and (4.23) completes the proof
of (4.15).
Now we conclude the proof of the lemma. Using (4.13)+4.15), we have
M-1
B U—E'U=E" 'uyy y—E'uyg_o+ Y E "' (W,—1)

i=M-n+1

2 =) P W, L)+ (n—1)E" 1 (W, —1).
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Using (4.12), we have

M-1
(4.24) E°U= Y (E" 'U—E"U)+E¥~'U
n=1
M-1 M-1
2 1-1) Y P WS+ Y - DETUW,
n=1 n=1
M-1
— Y (n=D)+MM~-1)2
n=1
M-1 M-1
27t Y P WS+ Y (i DET W,
n=1 n=1

Now let M=12. Then if [ ] (not be confused with a matrix) denotes the
greatest integer function, we have M/4 <[M/3] (M —1)/2, so that either [ M/3]
of the probabilities P"~'(W,<¢) exceed 1/2 or [M/3] of the probabilities
P~ Y (W, 2 ¢) exceed 1/2. In the first case,

M-1

et Y PTI(WLe)zeT M8, if M=12,

n=1

while in the second E"~! W, >¢/2 for at least M /4 integers n, and so, for M =12

M-1 [M/3]}
Y =DET'W,z Y (h—1)g/2
n=1 n=1

2(M/A—1)(M/4) /4 =(M/6)(M/4) ¢/4.
Thus taking e=M "%, we get
ECUZM3%96, Mz=12,

which, together with the fact that E° U > 1, finishes the proof. []J

Now we complete the proof of Theorem 4.0. Recall that just after the state-
ment of this theorem we observed that it is trivial except in the case that X
is recurrent, an assumption we make from now on. Let ¢>0 and pick M =M (g)
so large that CM*?2> M/e, where C is as in the statement of the last lemma.
Suppose with no loss of generality that P(X=0)=1. Let v, =inf{i: X;= —kM},
0<k<oo,and put

vgri—1

o= Y I(—kM=X, X, < —(k+1)M).

i=v

k—1
Then v, = ) ¢;.
i=0
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First, suppose X is initially fair sequence type with associated sequence d.
Then the distribution of ¢; conditioned on %, _, is exactly the distribution
of ¢, for any i = 0. This follows from Lemma 4.3ii), together with the comment
about conditioning made in Sect. 2. Thus ¢;, i=1, are iid. Furthermore Lem-
ma 4.9 and our choice of M give Ev, > M/e. Thus kh_m_ v/k>MlJe, so v,>Mkfe

-

for all but finitely many k, that is X;> — Mk, 0<i<Mk/e for all but finitely
many k, which implies lim X;/i> —e&. Similarly lim X;/i<e This proves Theo-

fe=xs) i
rem 4.0 for sequence type walk.

Now we treat the case of iid reinforcement in Theorem 4.0. Let u be a
distribution on [0, co) such that the initially fair walk with iid reinforcement
in which the reinforcing variables have distribution p is recurrent. Another
way to construct a RRW with the same distribution is as follows. Let [Z]=Z; ;,
—on<j<oo, 1Li<oo, be iid variables each with distribution u. The initially
fair RRW which reinforces (j, j+ 1) by Z; ; the i-th time it is crossed has exactly
the same distribution as the original walk, so it suffices to show that this walk
satisfies the strong law. Let P and E be probability and expectation associated
with this walk, started at 0. Now conditioned on [Z]=[r], where r is a matrix
of positive numbers for which this conditioning makes sense, the walk under
P is an initially fair matrix type walk, and so the last lemma implies

E($l[Z)zCM"2.

Thus E ¢, = CM?>?> 1t is easily checked that the ¢, are iid and thus the same
proof used in the previous paragraph can be used to prove the strong law
here. [J

5. Appendix: Herman Rubin’s Generalized Polya Urn Theorem,
the Proof of Theorem 3.2iii), and Two Open Problems

In the classical Polya urn, an urn contains both red and white balls, one is
drawn at random and replaced together with another ball of the same color,
and this procedure is repeated indefinitely. It is easy to show that, with probabili-
ty one, infinitely many balls of each color are drawn, regardless of the initial
distribution. Here is a much tougher problem: Is it still true that infinitely
many balls of each color are drawn probability 1, if now the k-th time a red
(white) ball is drawn it is replaced together with k additional red (white) balls?
This question is, as will be seen later, related to the proof of Theorem 3.2iii).
The proof is, as we mentioned earlier, due to Herman Rubin. Such urn models
have been studied by learning theorists (see Luce [6]) but to our knowledge
questions of this type have not been addressed.

To state Rubin’s theorem in the generality necessary, we disregard urns
and just give a rule for generating an infinite sequence of letters, each r or
w. Let #=(rq, 7y, ...) and Ww=(wg, wy, ...) be two sequences of nonnegative
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k k
numbers such that ro>0 and wo>0. Put Ry= Y r; and W,= ) w;. The first
i=0 i=0
entry of the infinite sequence is r with probability Ro/(R, + W), w with probabili-
ty Wo/(Ro+ Wy). Given the first n entries consist of x #’s and y=n—x w’s, in
a given order, the probability that the n+1st entry is r equals R,/(R.+W,),
and the probability it is w equals W, /(R,+ W,). A sequence so generated will
be called a generalized Polya sequence (corresponding to 7 and w). Let p,= P(all
but finitely many elements of the sequence are red) and p,,=P(all but finitely

many elements of the sequence are white). Put ¢(®= Y, R, p(W)= Y. WL
i=0 i=0

Rubin’s Theorem. i) If ¢ (A < co and ¢(W)< oo then p,>0, p,,>0, and p,+p,=1.
i) If ¢(A)< o0 and ¢(W)y=o0, p,=1.
ifi) If ¢(F)=co and ¢ (W)= o0, both p, and p,, equal 0.

Proof. Let Yy, Y;, ... be independent exponential random variables such that
EY,=R;'. Let Z,, Z,, ... be independent exponential random variables which
are also independent of the sequence Y;, i=0, and such that EZ,=W.” 1. Put

k k

A=Y Yi,kgo}, B={z Zi,kgo}, and G=AUB. Let &, be the smallest
i=0 i=1

number in G, and in general let &£ be the i-th smallest number in G. Define

a random sequence of r’s and w’s, called the random variable sequence, by

making the k-th element of the sequence r if £,€4, wif €,eB.

The sequence just constructed above has exactly the same distribution as
the generalized Polya sequence corresponding to 7 and w. The proof of this
relies on the lack of memory property of the exponential as well as the fact
that if U and V are independent exponentials with expectations u and v, respec-
tively, PU<V)=u"Yu t+0v™Y) and P(V<U)=v"Yu *+v~Y). Thus the
probability that the first entry in the random variable sequence is r is given
by P(&,€d)=P(Yy<Zy)=Ry/(Ry+W,), as it should be, that is, agreeing with
the probabilities defining the generalized Polya sequence. Instead of giving a
proof that the conditional probabilities are also what they should be, to avoid
complicated notation we will just treat a representative case, by calculating
the probability that the fourth component of the random variable sequence
is r given H = {the first three components are rwr}={¢;€4, £,€B, £;€4}. On
H, the distance o from &5 to the smallest element of A greater than &5 is Y,,
and conditioned on H, o has the distribution of Y,. On H, the distance f from
&3 to the smallest element of B greater than &5 is Z,+&,—&3=2Z,+Z,—(Y;
+7Y,), and the lack of memory property of Z, implies that, conditioned on
H, B has the distribution of Z,, noting H={Y,<Z,<Yy+Y,<Zo+Z,}, s0
that even given H and the values of Y,, Y;, Z,, B still has the distribution
of Z,. The independence of the random variables {Y;, Z;; i=0} guarantees that
o and f are conditionally independent given H. Thus

P(£4eA|H)=P(a<p)=R,/(R,+W)).
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This agrees with the relevant conditional probability for the generalized Polya
sequence, and completes our justification that the random variable sequence
has the same distribution as the generalized Polya sequence.

The rest of the proof is almost immediate. We note P(Z Y.< oo)=1 if
i=0

Y Rit<w, P(Z Y,-:oo)=1 if ¥ R;'=o0, and that if ) R '<oo,
i=0 i=0 i

i=0 i=0 i

¥;

s

0

has a density which is positive on (0, co). Analogs hold for ¥, Z;. Finally, we
[2e) e o) ee] e8] i=0

note that p,———P(Z i<y Z,-), and psz(Z Z;< ) Yl-), and it is easy to use
i=0 i=0 i=0 i=0

these, together with the remarks just made, to finish the proof. [J

Proof of theorem 3.2iii). Let j be an integer, and let T; =inf{k>0: X, =/}, and
T,=inf{k>T,_;: X, =j}, i>1. Write down a sequence of #’s and w’s by making
the i-th entry r if X4, . =j+1, and making the i-th entry w if X, ., =j—1.
This may be a finite sequence, but the probability we generate an infinite
sequence of r and w with an infinite number of both r and w appearing is
less than or equal to the probability the same event occurs in a generalized
Polya sequence, with the corresponding 7 and w depending slightly on whether
X, equals j, exceeds j, or is smaller than j. For example, if X,=j, both r,
2i :
and w, equal 1, and both r; and w; equal 1+ ) a;, i= 1. Essentially this obser-
s=1

vation was the basis of Diaconis’ approach to Diaconis reinforcement. Now
under the hypothesis of Theorem 3.2iii), ¢(d)< oo, which implies that ¢ (7)< o0
and ¢(W)< oo for the 7 and w corresponding to the urn that would yield our
sequences of r’s and w’s. Now part i) of Rubin’s Theorem gives that p,+p,,=1,
so the probability of infinitely many r and infinitely many w equals zero, which
translates in our situation to the statement that, with probability one, both
j—1 and j+1 are not visited infinitely often. This, together with the fact that
X has finite range with probability one, completes the proof of Theorem
3.24i0). [

Finally, we mention two questions we have been unable to solve. The first
is whether every reinforced random walk X, as defined in Sect. 2, satisfies
lim X,/n=0. The second is to decide if the two dimensional analog, on the

standard two dimensional lattice, of the reinforced random walk described in
the fourth paragraph of the first section is recurrent. (For this walk each line
segment of length 1 connecting lattice points (i, ) initially has weight 1, and
the weights determine the jump probabilities, so the first jump our walk makes
is equally likely to be in any of the four directions. The first time a segment
is crossed its weight increases to 2, and this is never increased further.) The
same question was asked by Diaconis for the analog of Diaconis reinforcement
on the lattice. OQur question, which involves a simpler reinforcement scheme,
should be easier than Diaconis’, which is also unsettled, but we cannot handle
it. Of course, our conjecture is that the walk is recurrent.
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