
Probab. Theory Relat. Fields 102, 289-311 (1995) 

Probability 
Theory ,.d Related Fields 

�9 Springer-Verlag 1995 

Large time behavior of interface solutions to the heat 
equation with Fisher-Wright white noise 

Roger Tribe 
Weierstrass Institut ffir Angewandte Analysis und Stochastik, Mohrenstrasse 39, D-10t 17, 
Berlin, Germany 

Received: 8 November 1993/In revised form: 16 August 1994 

Summary. The one-dimensional heat equation driven by Fisher-Wright 
white noise is studied. From initial conditions with compact support, solu- 
tions retain this compact support and die out in finite time. There exist 
interface solutions which change from the value 1 to the value 0 in a finite 
region. The motion of the interface location is shown to approach that of 
a Brownian motion under rescaling. Solutions with a finite number of interfa- 
ces are approximated by a system of annihilating Brownian motions. 
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1 Description of results 

We consider in this paper the equation 
1 = gAu + lu(1 - u ) l l / 2 W ,  (1) 

where W is a space-time white noise on [0, oo ) x ]R. The equation arises from 
a model of population genetics (see [9]). It also arises as a hydrodynamic limit 
from the long range voter process (see [5]). We consider only solutions for 
which ut(x) ~ [0, 1] for all t, x. Let cg = (f :  ]R ~ [0, 1] continuous) with the 
topology of uniform convergence on compacts. The existence of continuous 

valued solutions (with possibly random initial conditions) can be estab- 
lished using the methods of Shiga [8] or Reimers [7]. Uniqueness in law (and 
the strong Markov property) follows from a duality relation where the dual 
process is a system of coalescing Brownian motions (see [9]). 
In Sect. 2 we use the duality relation to calculate certain moments needed in 
later sections. In Sect. 3 we prove a compact support property. Define 
f o r f e  ~, 

R ( f )  = sup(x: f ( x )  > 0), L ( f )  = inf(x: f ( x )  < 1) 
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and let cgx=( f~cg :  _ o o  < L ( f ) < R ( f ) <  oo). We show that if uo~Cgt 
then ut ~ cgx for all t. We call the region lying between L(ut)  and R ( u J  an 
interface. In [6] solutions with values in cgl are studied and it is shown that the 
shape of the interface converges to a unique stationary law concentrated on oK1. 
The aim of this paper is to describe the evolution of the position of this interface. 

In Sect. 4 we consider initial conditions in cgl and show that, under 
Brownian rescaling, the motion of the position of the wavefront (t ~ R(u ,2J /n)  
converges to that of a Brownian motion as n ~ oo. In Sect. 5 we show that 
solutions that initially have compact support  die out in finite time. We then 
consider solutions started from initial conditions with a finite number of 
interfaces. The solution for all time consists of intervals where it equals 0 
or 1 separated by interfaces. When two interfaces collide they annihilate each 
other precisely because solutions with compact support die out. Using this we 
show that (again under Brownian rescaling) the motion of the interface 
locations approaches the motion of a system of annihilating Brownian motions. 

We remark that the proofs require the exact moment formulae given by 
duality and do not immediately generalise to similar equations for which in 
general no such formulae exist. 

Notation. For f, g:IR ~ lR we write (f, 9) for the integral f f ( x ) g ( x ) d x  whenever 
this is defined. We use the same notation (# , f )  when # is a measure on IR. 
M will be the space of Radon measures on IR with the vague topology: #, ~ # if 
and only if (/~,, ~b) ~ (#, ~b) for all q~ a Cc the space of continuous functions on 
IR with compact support. For a function f :  [0, o'o ) x IR --, IR we write f ' ,  A f  for 
spatial derivatives and f f o r  the partial derivative in time. II f lip denotes the L p 
norm for p 6 [1, oo ]. We write pt(x) for the Brownian transition density and 
Pt for the Brownian semigroup. We write L ~  for the local time at 0 of 
a semimartingale Y. We have the convention that inf(0) = + oo. Finally C will 
denote a quantity whose dependence will be indicated but whose exact value is 
unimportant and may vary from line to line. 

2 Duality and moments 

The dual process is a system of Brownian particles where each pair coallesces at 
1 rate ~ measured by their intersection local time. Here is a construction. Fix 

z (z l , . . .  z , , )~IR re.Let i 
_ = , (B) i=i  . . . . . .  be independent Brownian motions with 
B~ = zi under Ez. Let (eld)~,~= 1 . . . . . .  be an independent collection of exponential 
mean 2 variables. Write l~.j for the local time of B i - B j at zero. We shall define 
for each particle i >~ 2 a coallescence time T~ and a coallescence partner e~. The 
definition is inductive on i. Set T 1 = oo. If T1 . . . .  , Tk are already defined then let 

Tk+l, j -----inf(t: lk+l,j(t /~ Tj) >--_ ek+l , j ) ,  

Tk+ l = min(Tg+ l,j: j = 1 . . . .  , k),  

o~ k = min(j a {1 . . . .  , k}" Tk+l = Tk+l,j). 



Heat equation with Fisher-Wright white noise 291 

The duali ty relation becomes:  for any solution u to (1) s tar ted a t f e  cg, 

i \ i E ( 1  . . . . .  m ) : T ~ > t  / 

We now use this to establish two m o m e n t  bounds  that  are needed during the 
remaining sections. 

L e m m a  2.1 Let  u be a solution to (1) started at f 6  cgl. 
a) 

E(fu~(z)(1 - u,(z + x))dz) ~ 1 + (x V O) as t ~ 

and the expectation is bounded by 1 + (x V O) + ( R ( f )  - L ( f ) )  for all t. 
b) I f  f <= I(0, M)  then for I xJ < 1 

E(fu,(z)(1 - u,(z + x))dz) < CMt-1/~. 

c) For e > 0 there exists C(e) < ~ such that whenever I zl - z~l V r z2 - z3 [ < 1 
and d := rain(z1, z4) - max(zz,z3) > 0 then 

E ( fu t ( z l  + x)u,(z2 + x)(1 - ut(z3 + x))(1 - ut(z4 + x))dx)  

< C(e)d72(1-~)(R(f)  - L ( f )  + 1) for all t. 

d) 
E(  f fu t (x ) (1  - ut(x))u,(y)(1 - u t (y))dxdy)  <= C ( f )  for all t. 

Proof  a) F r o m  the duali ty relat ion we have 

E( fu,(z)(1 - u,(z + x))dz) 

= fE(z,z+~)(f(B~) - 1~ f ( N ) ) d z  
i e ( 1 , 2 ) :  T~>t 

= fE(z,z+~)(f(Bat)(1 - - f (B{ ) ) I ( t  < T2))dz 

= E(o,~)(f f (z  + B~)(1 - f ( z  + B{ ) )d z I ( t  < T2)) 

= E(o,~)(f f (z  + Btl)(1 - f ( z  + B2) )dze  -~,~(t)/2) 

< E(o,~)(fI(z + B~ < R ( f ) , z  + B 2 > L ( f ) ) d z e  -I',~(~ 

< E(o,~)((R(f) -- L ( f )  + (U 2 - B))+)e  -'',~(')/2) 

= E(o,~)((R(f) - L ( f ) ) e  -l''2(0/2) + (x V O) 

+ E(o,~l e , (~) - (~)(Bs - B2)+)l~,2(ds) 

+E(o,x)(Je- l l ,2(s) /Zsgn(B 2 1 2  ) -  B~ )d(B~ - B~) 

= E(o,~)((R(f) -- L ( f ) ) e  ll'~(t)/2) -Jv (X V O) 

+ E ( o , x ) ( 1 - e  - l ' ' ~ ( ~  a s t ~  oo ,  
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where we have used integration by parts and Tanaka's formula in the fifth 
equality. The upper bound follows from the penultimate line. A lower bound is 
obtained in exactly the same way and together these prove convergence. 
b) As in part a) we have 

E(fut(z)(1 - ut(z + x))dz) = E(o.x)(ff(z + Btl)(1 -- f(z  + B2))dze -'1,~(t)/2) 

ME(o.:o(e -tl,2(')/2) 

= ME(~)(e- L~ 

Using the Levy equivalence, L~ 1) -~ sup,<tB~ under Pro), an easy calcu- 
lation bounds the exponential moment 

E(~)(e L~ ~ Ct -1/2 for all Ixl < 1. (2) 

c) We expand the product u,(zx)u,(z2)(1- u~(z3))(1- u,(z4))) and use the 
duality relation on each of the four resulting products. To recombine them on 
one probability space we rewrite 

E{LIt(Z1)Ut(Z2)Ut(Z4)) ~--- E( ........ )( [I f(B~)] 
\ iE (1 ,2 ,3 ) :T ,> t  / 

= E=(f(B~t)f(t, B2)f(t, B 3, B~)), 

where 

Then 

f(t, BI) = { lf(Bi) ifif t>=t < T,,T~' 

{ f(B~) if t < T,, 

f(t, B3,, B4t) = f (B 3) if 7"4 < t < T3, c~(4) = 3, 

1 otherwise. 

E ( u , ( z l ) u , ( z 2 ) ( 1  - u , ( z 3 ) ) ( 1  - u, ( z4 ) ) )  

= E~(f(Blt)f(t, B2)(1 - f (B~)  - f ( t ,  B 3, B 4) +f(B3)f(B4))) 

= E~(f(BI)U(B2)(1 -/(Bt3))(1 -f(B4t))l(t  < T2 A T3 A T4) 

+f(B~)(1 --/(B3))(1 -- f(B~))I(T2 < t < T3 A T4) 

+f(B])f(B{)(1 --f(B3))I(T4 =< t < T2 A T3,~(4) = 3) 

+f(B))(1 -f(B3t))I(T2 V T4 ~ t < T3,c~(4) = 3)), 

where the last equality comes by exhaustively considering each case. 
Let fa (x )=I(x  <= a). Then JL < f < f R  and we may then bound this last 
expression by 

E~(fR(B~)(1 --fL(B3t))I(t < T3)I((t < T4)u(t  > T4,c~(4) = 3))). 
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Then 

E( f u , ( q  + x)u~(z2 + x)(1 - u,(z3 + x))(1 - u,(z4 + x))dx)  

< E s ( f f g ( x  + Be)(1 --fL(X + B~) )dx I ( t  < T3) 

l ( ( t  < T 4 ) v ( t  >= T4,~(4) = 3))) 

= E~( (R ( f )  -- L ( f )  + B 3 - B,*)+I(t < T3) 

l ( ( t  < T4)w( t  >= T4,~(4) = 3))). (3) 

Recall now the hypotheses  on the initial posit ions Za . . . . .  z4. Let 
Y2i, j = inf(t: B[ = B{) and define z = Z-l, 2 A Zl, 3 A "c2, 4 A z3, 4. The  pair  of 
particles (B 1, B 4) remains  to the right of  the pair  (B 2, B 3) upto  the t ime z. So 

I(t  < g3)I((t < T4)w( t  >_ T4,~(4) = 3)) 

<= l( l l ,r  A "c) < ea,4,12,3(t A z) < e2,3) 

= = e 1 r -e)~ < l ( t A r < d 2 ( ~ - ~ ) ) + l ( l l , a ( d 2 ( 1 - ~ ) ) <  1,4, 2,3t j < e 2 , 3 . c > d 2 ( 1  e)). 

Let t ing ~r = a(B~: s < z, i = 1, . . . ,  4) we have by arguing as in par t  a) that  
E((B~ - B~)+I(t < T3)IN~) < 1. So, cont inuing f rom (3), 

E( fu t (z l  + x)ut(z2 + x)(1 - u,(z3 + x))(1 - u,(z4 + x))dx)  

< E~((R( f )  - L ( f )  + B 3 - B))+I(t  < d 2(1 -e))) 

q- E z(/('c ~ d 2(~-~))E~(R(f) -- L ( f )  + (B 3 - B~t)+I(t < T3)[f#~)) 

+ E~(I(ll,4(d m-~))  < ea,4,12,3(d e{~-~)) < e2,3z > d 2(1 ~))E=(R(f) - L ( f )  

+ (U3t - Ba)+I(t < T3)[ff~)) 
3 1 

_ _ B d ..... )+) < E~( (R( f )  L ( f )  + Bd ...... 

+ ( R ( f )  -- L ( f )  + 1)P~(z < d 2(1 -e)) q- ( R ( f )  - L ( f )  + 1) 

• E_z (exp ( - / , ,  4(d 2(* -~))/2))Ez ( e x p ( - / 2 ,  3 (d 2~1 - ~))/2)). (4) 

The  last two expectat ions in (4) are bounded  using (2) by Cd -(1-`). The first 
two terms are easily bounded  using Brownian  crossing probabil i t ies  by 
C ( R ( f )  - L ( f )  + 1)d -2 complet ing par t  c). Par t  d) follows f rom parts  a) 
and c). [ ]  

3 Compact support property 

We shall need control  of sup~ ut(x). Given  the Green 's  function representa t ion 

t 

Ut(X ) = P, f (x)  + f fp ,_~(x  -- Y) I us(y)(1 -- u~(y))]l/zdWv,s 
0 

this can be done by control l ing SUpx Nt(x) where 

t 

N~(x) = f f p , _ , ( x  - y) Ju,(y)(1 - us(y))[ a/2 d W v s .  
0 
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This in turn is done by controlling all increments INt (x ) -  Nt(y)l  for x , y  in 
dyadic grids (as in say the proof of the modulus of continuity of Brownian 
motion). Estimates of the sort in the following lemma occur in several papers 
([4, 103) but since none are quite suited to our needs we prove another. 

Lemma 3.1 For  ~, t > O, A ~ IR 

P(lNs(X)l  > e,~s < t , x  > A) < Ce-2~ V t z2) ( f ,  P t I (A ,  oo)) .  

P r o o f  We use the estimates, for 0 < s < t, x, y ~IR, 

t 

f f ( p ,  s(x - z) - p, s(y - z))2 d z d s  < C t x  - yl A ?[2 ,  
0 

x 

f f ( p , - r ( x  - z) - p~-r(x  - z))Z d z d r  < Cl t  - sl 1/2 A s 1/2 . 
0 

Applying Burkholder's and then Holder's inequalities we have, taking p > 2, 

E( lN , ( x )  - N,(y)I  ap) 

<= C ( p ) E  (p t - s ( x  - z) - P t - s (Y  - z)) 2 us(z)dz  ds 

< C(p) ( Ix  - Yl A tl/2) p-1 

(? ) x E (Pt-s(X - z) - Pt s(Y - z)) 2 UPs(Z) dz ds 

< C(p) ( l x  - y] A t1/2) p - 1  

x E ( f  ( t - s ) - i / 2 f ( p , _ s ( X - z ) + p , _ , ( y - z ) ) u , ( z ) d z d s )  

<~ C ( p ) ( I x  - y[ A t l / 2 ) p - l t l / 2 ( f ,  p t ( x  - -  ") + Pt(Y -- ")).  

Similarly, for 0 < s < t, 

E ( I S , ( x )  - N~(x)l 2p) 

< C ( p ) E ( ( / f p Z , _  ( ) ( )d  ) v )  = r x - z  U r Z  z d r  

+ C ( p ) E  p,_~(x - z) -- p s - r ( x  - z)) 2 u~(z)dz dr 

< C(p  p ~ ( x -  z ) d z d r  E p ~ ( x -  z )u~(z )dzdr  

+ C(p)( l t  - s l  A s) (p 1)/2 

x E f f (p~_~(x  - z) - p , - r ( x  - z)) 2 ur(z)dz  dr 
6 

< C(p)l t  - -  s ] ( P - 1 ) / 2 t l / 2 ( f ,  p t ( x  - -  ") ~- ps(X - -  " ) ) .  
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Define x~ = t~ = j 2 - "  for j e Z, n ~ N.  Define the events 

A),k,.(~) = { J N / x  k + ' ~ , ~  . , - ~ ( x . ~ ) J  _-> ~2 - ' / 1 ~  

2 A j. k., (e) = {IN,~ (x~) - N,;-, (x~)l > a2-"/1 o }. 

Set no = inf(n > 1: 2 - "  < tuz). Then  

E E y, 
n>=n o 1 <j<=2"t k>=2*'A 

< Z Z 2 e-zP2"p/SE(INtg(xk, +1) - N,~(x,k)J 2p) 
n >= n o 1 <j=<2"r k >= 2"A 

< C(p)e-2;tl/2 ~ 2 "(2-(4p/s)) 
n > n  o , < j < 2 " t  

~X k + l • 2 2 - ' ( f , P ~ (  xk , -  ") +p,~ , - ")) 
k>= 2"A 

<= C ( p ) ~ - Z P t  1/2 ~ 2 n (2 - (4p /5 ) )  

n > n  o l<j<=2"t  

< C(p)e-2~P/a Y~ 2 "(2-(4~/s~ 
/1 ~il o 

x ~, ( ( fP~I(A,  oo))(tJ,/t) -1/; + (t,J)- 1/2(f,(A - 2 - %  oo))) 
1 < j < 2 " ~  

C ( p ) g ,  2p(t  V t 1/2) 2 2 n ( 3 - ( 4 p / 5 ) ) ( f ~ P t l ( A ,  00)) 2 2- '( t ,J)  -1/2 
n> n  o 1 __<j_<_ 2"t 

15 < C(p)g-2p(t 3/2 V O(.s 00)) i f p  > ~- .  

The  same bound  (with a different constant)  holds when A ~ is replaced by A 2 
provided that  we take p > --.~ Define 

n>_n o 1 < j < 2 " A  k > 2"A  

Then  taking p = 10 we have P(A(~)) < C(t V t3/2)~ - 2o(f, PJ(A, oo )). On the 
set X(e)  we m a y  est imate IN~(x)[ for s < t, x > A by an infinite sum of 
increments  over  ne ighbour ing  dyadics in the usual manner .  Moreove r  we 
need at mos t  2t increments  over  step length 2 -"0 and two steps (one in space 
and  one in time) of length 2 - "  for n > 2. So 

IN~(x)l < 2t~2 -1/1~ + 2 ~ 82 -'/1~ <_ Coe(1 + t). 
n > 2  

The set A(co tg(1 + t)-1)  then leads to the desired result. [ ]  

We now establish a compac t  suppor t  p roper ty  by considering the Laplace  
functional  of a solution, adap t ing  the me thod  used for super -Brownian  
mot ion  in D a w s o n  et al. [2]. 
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Proposit ion 3,2 Let  u be a solution to (1) such that R (uo ) < O. Then  for  all t > O, 
b > 4t t/2 

P ( s u p R ( u s ) >  C( t -1 / z  v t~3)e-b~/16t" 

Remark .  By considering 1 - u we obta in  a corresponding result abou t  Lv  

Proof  Fix 0:IR--+ [0, 1] continuous, integrable and with (x: 0 ( x ) >  0 ) =  
(0, oo). Let  0k(X) = 0(X -- b). Fo r  0 < a < b define s topping times 

za = inf(t > 0: ut(x) > ~, 3x > a), Pb = inf(t > 0: (u ,  0b) > 0). 

Fix t and let (q52(x): s e [0, t] ,  x e IR) be the unique non-negat ive  bounded  
solution to 

The existence and uniqueness for this equat ion is discussed in [3]. C o m p a r i n g  
with the solution to the same equat ion without  the -- l(~bx)2 term shows that  
r  and is thus integrable. The  function 
h(x) = 3(b - x) -2 solves �89 = lh2  on ( - o o  ,b). Arguing as in the p roof  of 
the m a x i m u m  principle shows that  ~b2(x) < 3(b - x) -2 for all x < b, s < t, 
2 > 0. Using the F e y n m a n - K a c  representat ion for q~a as in [2] L e m m a  3.5 we 
have for any r E (x, b) 

4~(x) < 3(b - r) 2px(inf(q: Bi(q)  = r) < t - s) 

G 6 ( b -  r ) - 2 p o ( B l ( t  - s) > r -  x) 

by the reflection principle. Supposing that  b > 4t 1/2, x < b - 2t ~/2 we choose 
r = b - t ~/2 to find 

(02(X) <= 6 t - l e  -~b-~)~/St Vs  <=t. (5) 

I to 's  formula  gives 

((  )) d exp - (us, O~s) - 2 u~,Ok)dr 
0 

= e x p  - (u ,42) - 2 (lus(x)(1 
0 

_ - yA ~b, - 2Oh) + I(U~(1 u~),(O2)~-)ds) 

So, using the integrabili ty of qS~" to show the stochastic integral is a martingale,  

0 

--- E(1 - exp( -- (Uo, 0~))) 

(? (  ) ) + E  exp (us, q~2) ,~ f (u~ ,Ob)dr  -~u~ �89 
0 

< E(1 -- e -("~ + E (au~I(- -  c~, a),(O2)2)ds . (6) 
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As 2 --+ oo so ~b ~" T ~b :o with ~b[ (x) = oo for x > b, s < t. Let t ing 2 --+ oo in (6) 
gives 

U 2 P ( P b < r a A t ) <  l i m E  1 - e x p  - (  tA~o, Cfl, A~o)--2 f (ur, Ob)dr 
2 ~ o 0  \ 0 

< E(1 - e -~"~ + E [(�88 
d 

o r  o 
< f OY(x) d x +  f i = ~ps(x - y)(qs2 (x)) ~ dy dx ds. 

- c o  0 m - m  

Choosing  a = b/2 and using the bounds  in (5) we have for b > 4t ~/2 

P(Pb < ~b/2 A t) 

0 t b/2 0 

< f 6t-le-~b-x~/8'dx + f f f p~(x-y)9t-2e-(b-x)~/4'dydxds. 
- c~ 0 - oo  - ao 

b/2 

< 24b-%-b'-/8, + 9t -1 f e-(b-~)~/4tdx 
o0 

< C b - %  b~/16t 

<= C t -  l / 2 e - b 2 / 1 6 t .  (7) 

But f rom L e m m a  3.1a) we have for b > 4t ~/2 

1 P(%/2 < t) = P(P~f(x) + N,(x) >= 2,3x > b/2,s <= t) 

1 < P(PtI( -oo,  O)(b/2) + N~(x) > 5,~x > b/2,s < t) 

< P(N~(x) > 1 _ Po(BI(1) > 2),3x > b/2,s < t) 

<= C(t V t22)(I(-c~,O),P,I(b/2, oc)) 

C ( t  ~/ t e e ) t l / e e  - b 2 / 8 t ,  

which combined  with (7) completes  the proof.  [ ]  

Corol lary 3.3 Let u be a solution to (1) with Uo ~ ~i. Then the path t ~ R(ut) is, 
almost surely, right continuous with left limits and at jump times 
R(ut) < lims~, R(u~). 

Proof. We first use L e m m a  3.2 to obta in  a one-sided modulus  of  cont inui ty 
for t - - ,  R(ut). Define ty = j 2 - '  and  

"" R(ut) k2 -"/4) A " z(j, k, n) = inf(t > tj. ___ R (u,j,) -- t~+, 

AU, k,n) = ( sup R(u~) >= R(u~o,k,,)) + 2 -("/4,+ 3 ) .  
\ t~[r(j,k,n),t~'+ l] / 

Applying L e m m a  3.2 at the s topping time ~(j ,k,n) shows that  
P ( A ( j , k , n ) ) < C 2  "/2 e x p ( - 2 " / 2 ) .  Fo r  any K , L  Borel Cantelli  provides 
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a no = no(K ,L ,  co)< oo almost  surely so that  o ~  AC(j,k,n) for all n > no, 
0 < j < K2", 0 <- k <- L2 "/4. Also by lemma 3.2 we have 

Fix co with R(u,) ~ [ - L / 2 , L / 2 ]  for all t < K and no(K ,L ,  co) < oo. Fix also 
n > no, j < K2 n. Choose  k < L2 n/4 such that  

inf R(ut) E [R(uc) - k2n/4,R(uq) - (k + 1)2n/4). 
t~[Gq+l] 

F r o m  the definition of A(j,  k, n) and z(j, k, n) we have 

n n R(uq+ 1) - R(us) < 2 -("/a)+4 for all s ~ [tj,tj+ l] .  

F r o m  the definition of A(j,O,n) we have 

R(us) - R(uc) < 2 (,/4)+3 for all s ~ ItS, t~+l].  

These combine to show give the modulus  R(u,) - R(us) < C(t - s) 1/a for all 
0 < s < t _< K with t - s  _< 2 -"o. 
The modulus  immediately implies that  lim SUps~t R(us) < R(u,). The continu- 
ity of (t, x) ~ u,(x) implies 

lim infR(u~) > R(ut).  (8) 
s ~ t  

So t ~ R(ut) is right continuous.  Also if l imsup~tR(u~)  > liminf~TtR(us ) we 
may obtain a contradict ion to the modulus  of continuity. So left limit exists 
and the fact that  jumps  are backwards  follows from (8). [ ]  

The last lemma in this section gives control  on the width of the interface. In 
Mueller and Tribe [6] the moments  in Lemma 2.1 are used to show that  for 
a solution u started a t f E  cg~ the width satisfies for a ~ [0, 1) 

E(lR(ut)  - L(ut)l ~) < C(f,~) < oo for all t > 0. (9) 

We now combine this with Lemma 3.2 to control  the width over finite time 
intervals. 

1 1 Lemma 3.4 For u a solution to (1) started at f ~  cg~ we have for p ~ (~,~], 
q e (0,3p - 1), t > 0 

P ( S  p R ( u ~ ) -  L(u~) > tP) < C( f , p ,q ) t  q 

\ s = t  / 

Proof  We may take t > 1. Choose  ~ E [0, 1) such that 1 + q < (2 + c~)p and 
set/~ = 1 + q - c~p. Let sj ~-jt~/144. By Chebychev and the moments  (9) we 
have P ( R ( u ~ ) -  L(u~) > tP/3) < C ( f ) t  ~P. F r o m  Lemma 3.2 we have 
P(sup,~t~,.s,+,~R(u, ) - R(u~) > tP/3) < C(p, q) t -  l. A similar estimate holds for 
the left hand  edge. Combining these gives 

P(V~E~,,sj+~ l s u p  R(u t ) - -  L(ut) > tP) < C( f , p ,q ) t  -~p. 
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The interval [0, t] is contained inside the union of Ct 1 -p of the intervals 
[ss, ss+,] and Boole's inequality gives the result. [] 

4 A s ing le  w a v e f r o n t  

Throughout  this section u is a solution to (1) started a t f ~  %. Define 

v~"~(x) = u.~,(nx). ( 1 0 )  

Lemma 4.1 For (0 ~ Cc the processes ((vl'), ~b): t > 0),=1,2, ... are tight. 

Proof Rescaling the Green's function representation gives, for integrable qS, 

t 

(vl n), Of) = (V(on),Pt~) q- t~ 1/2 f flv~"~(x)(1 - v~n)(x))[1/zPt_s~(x)dl~Tx, s (11) 
0 

for some new white noise IY. Note that all terms in (11) are continuous in t. 
The first term on the right hand side of (11) converges to ( I ( -  0% 0], PtqS). We 
shall check the Kolmogorov tightness criterion for the stochastic integral in 
(11). For  0 < s < t 

t 

n 1/2 f f l  v ~ ~  - v~"~(x))l 1/zP,-rO(x) dWx, r 
0 

s 

- nl/2 f f l  v~"~(x ) (1  - v~"~(x))J ~/2Ps- r(a (X) dff/x,r 
0 

t 

= nil2 f f l  t0~n)(X)( 1 -- V~n)(X))I 1/2pt-r(O(X) dW~,~ 
s 

s 

-}- rt 1/2 f f[ V~")(X)(1 - -  v~")(x))l I/2 (P,-,.4)(x) - Ps-,.'r dWx,,.. 
0 

Using the moment bounds from Lemma 2.1d) 

E( (n~/2 /f,v")(x)(l - v'n)(x)),l/2pt-rO(x)dl~/x,r) 4) 

((?, )2) 
< CII4II~E nv")(x)(1 -- v )(x))drdx 

<= C(O)(r  - s)E u,2r(x)(1 - -  u.2r(x))dx dr 

< C(~ , f ) ( t  - s) 2 . 



300 R. Tribe 

Using the bound  IIP,~ - Ps~ IIoo ~ I[~lloo(It - s[ s-1 A 1) we also have 

E n 1/2 v ) ( x ) ( 1  - v ~ ( x ) ) l l / 2 ( e , _ r 4 ( x ) -  Ps -~4 )dWx ,  r 

((? ;) < C(O)E  u,2r(nx)(1 - u ,2~(x))dx( l t  - sl2(s - r) -2 A 1)dr 

< C(~)( t  - s ) / E  ,,2dnx)(1 - u,2dx))dx  t - sl2(s - r) 2 A 1)dr 

< C(4) , f ) ( t  - s) 2 . 

This checks Kolmogorov ' s  criterion and completes the proof. [ ]  

Theorem 4.2 a) Given e > O, T < oo then fo r  all suff iciently large n there is 
a coupling o f  processes  (fit, Bt: t > O) with B a Brownian  mot ion s tarted at O, 
fi a solution to (1) s tarted at f and 

P ( s u p  I(R(u.2t)/n) - Btl V I(L(u.~t)/n) - Btl > e~ < ~. 
\ t < - T  / 

b) I f  u is a solution to (1) started at f then the processes (R(un~t)/n: t >= 0),=1,2, ... 
converge in distr ibution to a Brownian  mot ion s tar ted at O. 

Proof. Par t  b) follows directly from part  a). The key step in proving part  a) is 
to show that the measure valued processes (vl ~)(x) dx: t _>_ 0), = 1,2,..,  as defined 
in (10), converge in distribution as cont inuous M valued processes and that  
the limit has the law of the process 

#t(dx) =- I ( x  <__ Bt) dx  (12) 

where Bt is a s tandard Brownian mot ion  started at 0. 
Lemma 4.1 and the fact that  [ vl ")(x)l _-< 1 imply that  the M valued processes 

(vl")(x)dx: t >__ 0),=1,2, .. are tight (see [1],  3.6.4). We extract  a convergent  
subsequence, which we continue to label v ("). By changing probabil i ty space 
we may take measure valued processes #("), # with #!")~v!~)(x)dx and 
#(n) a.s. #. Thus for any t > 0 and ~b cont inuous with compact  support  we 
have 

sup ](#]"), q~) - (Us, ~b)l ~ 0. (13) 
s<_t 

Note  that  sup~ e o #~')((h) < [1 q5 II 1 a.s. Using this we may extend the conver- 
gence in (13) to cont inuous integrable q~. No te  also that  #o = I ( x  < O)dx a.s. 
Suppose 4)s(X)is smooth,  bounded  and sup~[o,~I~b~] V ]A~b~[ V [q~] is integr- 
able. Then  

8 

(n) l @ ) d r  m(s")(O) for < (#7 ,4)s )  = (#(Y,4,o) + f ( # ~  , ~ 4 ) ~  + + s = t ,  
0 

m]")(~b) is a cont inuous martingale with 
s 

[m(")(qS)]s ~ f fng)Z(x)u,2,(nx)(1 - u,~-~(nx)) dx  dr.  
0 



Heat equation with Fisher-Wright white noise 301 

Note that [m~")(0)l =< (1 + s)ll sups~o,110sl v IA0sl V t~slr I1. We may pass to 
the limit n ~ oe to see that 

s 

(#s,0s) = (#o,0o) + f (#r, 1TAO, + ()r)dr + ms(O) for s =< t 
o 

ms(O) is a continuous martingale. 

We shall now identify the brackets process of mr(O) for certain 4. The crucial 
lemma is as follows. 

Lemma 4.3 Fix 0 >-- O, smooth, of compact support and with fO(x)dx = 1. Let 
Os = Pt-sO. Then as n ~ o~ 

t t L 2 

f fnO~(x)u,2s(nx)(1 - u,2s(nx)) dx ds - f fzOs(x) O;(x)u,2s(nx)dx ds --, O. 
0 0 

We delay the proof of this lemma to the end of this section. 
Choose 0 1 , - - . , 0 ,  eCc and 0 < r l <  --. < r , - < r - < s .  For Os(X) as in 
Lemma 4.3 

E((ms(O) - mr(0))2(#r,, 01)--. (#r~ 0,)) 

- lira E((m~')(O) (') 2 (n) (n) - .. (~ .... 0 . ) )  --mr (4)) (#r, ,01) - 
n--+ o9 

-- lim E(([m(')(O)]s - Ira(')(0)] r)(#r~('),01) '.. (#(') 0,)) 
n ~ o o  

= Jirn E nu,~a(nx)(1- u,,~q(nx))Og(x)d xd '@' )  ' '  r~ , " F I !  " '"  ".,(v(n)r, , O n )  

n-+oo ' IV (n) ~lt ]~ = lim E 20q(x) Oq(X)U,~q(nx) dx dq (v~"], 0 0 . . - ,  ~~ ~-,,] 

= E(/(#s ,20qO'q)  dq(#r~, 01)'. .  (#r,, 0 , ' )  

using Lemma 4.3 in the penultimate step. This calculates the brackets process 
and shows that the limit point # satisfies the following martingale problem: 
For all 0 > 0, smooth, of compact support and with fO(x)dx = 1 

(#~, Pt-s0) = ( I ( -  o% 0), Pt0) + ms(0) for s < t, 

ms(0) is a continuous martingale with 

s 

[ms(0)] = f(#,.,2Pt-~OPt-~O')dr for s < t. 
o 

Applying Ito's formula shows that #t given by (12) also satisfies this martingale 
problem. It remains to show that uniqueness of solutions holds. By polarisa- 
tion show that 

t [m~(O), ms(~)] = f (#~, Pt-rOPt-r~' + P,-~OPt-~O ) dr. 
0 
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Applying Ito's formula gives 

k 
E ( ( ' t , / / / 1 ) - - - ( / 2 t ,  I~tk)) = F [  ( i [ ( -  oo ,0 ) ,P t~ / i )  

i=1 

+ 
k 

i , j= l;i ~ j 

! t 

k ~ i , j  

(14) 

The identity E((/~t, ~)) = ( I ( -  o% 0), P~O) can be extended by a monotone class 
argument to hold for all non-negative t). Similarly using induction and (14) the 
moments E((#t, ~1) ..- (/~t, Ok)) are determined. Since/1~(6) < II ~ II1 these mo- 
ments determine the distribution of/~t and, as usual, uniqueness of the one 
dimensional distributions implies uniqueness for the martingale problem. This 
completes the proof of convergence as measure valued processes. 

To obtain the coupling stated in part a) we fix a e (0,1), T < oo and choose 
k > 1 such that P(0)(sup, _< r B] > k) < ~. We also choose 0 < q~ e Cc with 
(4 > 0) = (0,1) and define 0k(x) = ((x + k + 1) A (k + 1 - x) A 1)+, an ap- 
proximation to I( - k, k). Since #{") ~v (") it has a jointly continuous density 
~In)(x) and defining fix(x) -{") = v~/,~(x/n) then, by extending the probability space 
to define a suitable white noise, fi is a solution to (1) started a t f  The process 
/~t=sup(x:  #t((x, oo ) )>0)  has the finite dimensional distributions of 
a Brownian motion. Letting Bt = limsup(/~s: s < t,s ~ Q,s ~ t) produces 
a Brownian motion started at 0 such that #t(x)dx = I(x < B~)dx, Vt >0. 
We consider sufficiently large n so that R(r/o")),L(~ I) ~ [- - 1, 1]. Then 

P ( sup  (#, 4 ( - \ t =  r - k ) ) >  O) 

= Po(supB~>xt<_r k)<e.= 

So for sufficiently large n, using Lemma 3.4 and (13), we have 

P(supIR(u"~t)/nl\t__<r V IL(~)/n[ V IBt[ > k) < 5~, 

i,tx B,),,k), 
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On the complement of the union of these three sets we have 

R(~.+)/n = R(~I ~ 

< L(~I ")) + 

= ( / ( x  < L(~I"~)), 0k) - (k + 1) + e 

=< (~I ~ 0k) - (k + 2') + 

< ( / (x  < ~,) ,  0k) - (k + 2') + 2s 

= B t + 2 z .  

Similarly L(~,2,)/n > at - 2e which gives the desired coupling. [] 

Proof of  Lemma 4.3 Fix 0, ~bs as in the statement of the lemma. Let X l, X 2 be 
independent variables with density O(x) and independent of the Brownian 
motion _B. Define f <n~(x) = f (nx). 

L e l n m a  4.4 

E [fn4)es(x)u,2s(nx)(1 - u,;s(nx))dxds - 2 fPsf(X)4s(X)#(x)dx 
d 

< 2ffPt@(x)Pt@(y)f<")(x)(1 - f t~)(y))I(y  < x)dy dx + le(n, t)l 

where e(n,t) is independent o f f  and 1 > le(n,t)l ~ 0  as n-~ oQ. 

Proof of  Lemma 4.4 Using duality as in Lemma 2.1a) we have 

E ( ~ f nu,~s(nx)(1- u,~(nx) )C~ 2s (x) dx ds) 

(? ) = - u+,-~(nx))4),-s~(X) dx ds E nUn~(t_s)(nx)(1 2 

t 

1 2 - l~, ,<.~<t--s)) /2  ) dx = f f4Z-Ax)Eo( f (nx  + B,,<,-s))(1 - f ( n x  + B.~, ~>))ne ds 
0 

t 

= ff(P~O(x))2Eg(f<")(x + B~t_~))(1 -f<")(x + B~t_~)))ne -"*',2(t-s)/2) dx ds 
0 

(? = E_o <")(X ~ + B~)(1 -f<")(X 2 + B?)) 

n(L ~ L ~  + B 1 _ X 2 _ B2)) • n e  

/ 

= Eo_(f(")(X ~ + Btl)(1 --f(">(X 2 + Bt2))(1 - e "L~ 

= Eo_(f<'~(X a + B~)(1 --f(")(X 2 + e{))I(z =< t)) + e(n, t), (15) 

w h e r e z = i n f ( t : X  I + B t  ~ = X  2 + B  2) and 

le(n, t)[ < E([1 - e -nL~ - -  I C e  <= t)[) --+ 0 as n --+ oo . 
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Let fo(X) = I (x  < 0). Note t h a t f  (n) -+fo as n --* oo. 

Eo( fo (X  ~ + B1)(1 --fo(X 2 + B2))I(r  < t)) 

= P o ( X  ~ + S~t < O,X 2 -1- B 2 => 0,~ < t)) 

= 2Po(X* + Bt ~ < 0,X 2 + Bt 2 _-> 0,X 2 < X 1) 

= 2 P o ( B ~ < X  2_<X * < s t  ~) 

((i ; ) = Eo_ O(z)dz  I(Br >= B~) 
r 

R. Tribe 

(reflection principle) 

This is a smooth function of(t, B~, Bt 2) and may be expanded by Ito's formula. 
This leads, after some calculation, to 

Eo x 2 1 1. 2 2 = gffo~ s + ~  s ~ s 

t 

= ffps(x)+ (x)dx ds 
0 

t 

= 2 f f P J o ( x )  G ( x ) G ( x ) d x  ds. 
0 

By replacing 0(Y) by 0(Y + a) we see that the same equality still holds if f0 is 
replaced by f~(x) = I(x  <__ a). F o r f e  % smooth we have 

t 

2 f f P s f ( x )  G ( x ) G ( x ) d x  ds 
0 

f - 2 f ' (a)  f f P J ~ ( x ) G ( x ) G ( x ) d x d s d a .  
- - o 0  0 

= - 7 f '(a)Eo_(f,(  X1 + Bt~)( 1 - f ~ (  X2 + B2t))I( z < t))da 
- o o  

= - Eo_ f ' ( a ) I ( X  1 + B~ <_ a < X 2 + B2t,z < t)da 

= E g ( ( f ( X  1 + Br - - f ( X  2 + B~))I(T <= t , X  2 + B~ > X 1 + B~)).  

The same equality must then also hold without the smoothness assumption 
on f. Then 

t 

E o ( f ( X  1 + B~)(1 - f ( X  2 ~- B2))I(r  <= t)) - 2 f f P, f(x)4~(x)O'~(x)dxds 
0 

= Eo_(f(X 2 + Bt2)(1 - - f ( X  1 + Blt))l('c ~ t , X  2 + B~ >-_ X"  + B*,)) 

+ E o ( f ( X  1 + Bt*)(1 - f ( X  2 + S2)I(*  < t , X  2 + U2t < X '  + S~t)) 
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< 2Eg(/(X ~ + Bt~)(1 - f ( X  2 + B z ) ) I ( X  2 + B 2 < X 1 + B~)) 

= 2f fP,  O(x)P,O(y) f (x)(1  - f ( y ) ) l ( y  < x )dydx .  

Combining (15) and (16) completes the proof of Lemma 4.4. [] 

We can now finish the proof of Lemma 4.3. Let ~ t  = er(u~: s < t). 

t 20~(X)~s(X)U,2~(nx) dx ds 2 / f  ~(x) nU,~s(nX)(1 -- u.~(nx)) dx ds - 

= 2E n x)U,~s(nX)(1 -- u,~-s(nx)) - 2~s(x)~bs(x)u.~(nx)dx 

( ~ f  O2(y) (y)(1 (y) )  2q~(y)~b(y)' ( y ) d y d ) d  • n Un2 r ~ - -  Un2 r H - -  r r ~lnZr ~ r s 

- 2()~(y)O'(y)u,,2r(ny) dy dr Y.~]] ds, 
/ 
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(16) 

(17) 

integrable by where 0 __< Z, < C(qS)(1 + fu,~s(x)(1 - u,,-,(x)) dx) is square 
Lemma 2.1d). We use the Markov property and Lemma 4.4 to bound the 
conditional expectation in (17) by 

2f fPt-s~(x)Pt-s~(y)u,~s(nx)(1 - u,2s(ny))I(y < x )dx  dy + e(n, t - s). (18) 

Note that both terms in (18) are bounded. Substituting the bound (18) into (17) 
will produce a term that vanishes as n --, Go provided that the terms in (18) 
converge to zero in probability as n --* r This is immediate for e(n, t - s) by 
Lemma 4.4. For the first term in (18) we have, using the duality again, 

E ( f f  Pt_ ,~(x)Pt_sO(y)u ,2s(nx) (1-  u,2~(ny))I(y <= x ) d x d y )  

= f f  p ,_sO(x)Pt_sO(y) i (y  < 1 _ ftB22 ,le-,,,2(.2s)/21 = x)E( . . . .  y)(f(B,2,)(1 , ,  , ~,, , dx dy 

= f f P t - ~ ( x ) P t - ~  (y ) I (y  < x)E(x,y)(f(")(B~)(1 - f ( ' ~  ,1,, ~(s)/2) dx dy 

<= f f  P t - ~ 9 ( x ) P t - ~ ( y ) I ( y  <= x) 

• E(x,y)(I(B~ < R ( f ) / n ,  B 2 > L ( f ) / n ) e  -nl',~(~)/2) dx dy 

<= f f  P t - ~ ( x ) P t - s ~ ( y ) I ( y  <= x)(Eex, y)(I(Zl,2 < s)e -"t~'~(~)/2) 

+ P(x)(B~ ~ [ L ( f ) / n ,  R ( f ) / n ] ) )  dx dy. 

where zL2 = inf(t: B] = Bt2). Now the integral converges to zero by the 
dominated convergence theorem which finishes the proof of Lemma 4.3. [] 
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5 Multiple wavefronts 

In this section we fix f~ ~ cdx, i = l, . . . ,  21 and al  < a2 < " .  < a2t ~ R. We 
consider the initial condit ions 

21 

f " ( x )  = ~ ( -  1)ifi(x - nal). 
i = 1  

We consider only n large enough that  nak + R ( f k ) <  nak+l + L( fk+i )  for 
k = 1, , . . ,  21 -- 1 and  so in par t icular  f "  e cg. This section contains  the p roof  
of the following result. 

Theorem 5.1 Let  u" be a solution to (1) started at f" .  Set v~(x) = u",,-t(nx). Then 
v". (x) dx converge in distribution as n ~ oo as continuous M valued processes. 
The limit has the law of  

21 

v[~ dx = ~ ( -  1)iI(x ~ Xi(t)) dx ,  (19) 
i=1 

where (X1, . . . ,  X2;) is a system of  annihilatin9 Brownian motions started at 
(ab . . . ,  a2;). (Here we have the convention that X i ( t ) =  - oo for values of  
t after the annihilation of  particle i). 

We have been unable  to follow the me thod  of p roof  used in Theo rem 4.2 
since we cannot  find a suitably simple mar t ingale  p rob lem for the system of 
annihilating Brownian  motions.  Ins tead we use the following argument:  the 21 
wavefronts  move  independent ly  until they begin to overlap. Fo r  large n the 
posit ions of the wavefronts  move  approx imate ly  as Brownian  mot ions  so with 
large probabi l i ty  the first collision will be between exactly two wavefronts  and 
the others will still be separated by a distance O(n). By L e m m a  3.4 the 
colliding wavefronts  will have total  width O(n 1 -") for some t / >  0. By L e m m a  
5.2 below these two colliding wavefronts  will die in t ime O(n 2- 2,) which is too 
quick for the other  wavefronts  to have interfered or for ano ther  collision to 
have occurred. After the first annihi lat ion we are left with 2l - 2 wavefronts  
and the a rgument  can be repeated. 

L e m m a  5.2 For all solutions to (1) started at f<= I(O,M) and all t > 3 

P((ut, 1) > 0) < CMt-1 /2  

Proof  The proof  is in two steps. First  we use m o m e n t  est imates to show that  
the total  mass  (us, 1) is likely to be small at t ime s = t - 2. Then we est imate the 
Laplace t ransform E(exp( - 2(ut, 1))) and letting 2 --, oo bound  the probabi l -  
ity of complete  extinction. 
Define a smoothed  density ~tt(x) = .[1_/2/2 ut(x + z) dz and set I, = (ft(1 - fit), 1). 
Note  that  f t(x) is zero for all large I x[ by the compac t  suppor t  property .  Also, 

1 Lfi;(x)l < 1 for all x and if there exists x with ~,(x) > �89 this implies that  It > g. 
< ! for all x then Conversely if f t (x)  = 2 

(u ,  1) = (fit, 1) < 2(~,(1 -- ~t), 1) = 21t. 
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Hence  (u, 1)I(L < 1 ) <  21, The m o m e n t s  in L e m m a  2.1 b). imply  that  
E(It) < C M t -  1/2 which  gives con t ro l  on  the to ta l  mass  at  t ime t and  comple tes  
the first step. 

Let  r = inf(s > t - 1: sup~us(X) > �89 The process  exp( - 4(t - s) 1(us, 1)) 
for s ~ [0, t) has  drift 

exp( - 4(t - s) 1(us, 1))( - 4(t  - s)-2(us,  1) + 8(t - s)-Z(us(1 - us), 1)) 

which  is nonnega t ive  for s e [t - 1, z A t). So 

P((ut, 1) = 0) + P(z < t, I t -2  < �89 

_-> P((~t ,  1) = o,-~ __> t, It 2 _-< I)  

+ E(exp(  - 4(t - z)- l (u~,  1))I(r  < t, I t -2  < I)) 

> lira E(exp(  - 4(t - (z A s))-l(u~A s, 1) ) I (L-  2 < ~)) 

> E(exp(  - 4(u,_ 1 ,1)) l ( I t  2 < 1)).  

R e a r r a n g i n g  gives 

P((u, ,  1) > 0) 

< P(It-2 > 18) + E((1 - exp( - 4 (u t - i ,  1 ) ) ) I ( I t -z  < I))  + P(~ < t, I t -2 < I) 

< P(I t -2  > I) + E(4(u t -2 ,  1)I(It-2 < I)) + P(z < t, I t -2  < I) .  (20) 

1 
N o t e  tha t  on  ( L - 2  < I )  - ((ut-2, 1) < �88 we have  Psut-2(x) < ~ for all s > l. 
So 

P(z < t, I t -  2 <= I) < P(I u' 2+s(X) - Psut-2(x)[ > �88 3s < 2,x ~ IR, I t -  2 < ~8) 

CE((Rt_2 ' 1)i(it_2 ~ 1)) 

by L e m m a  3.1. C o m b i n i n g  this with (20) and  step one gives 

e((u,, 1) > O) ~ P(It_ 2 ~ l )  Jr- CE((ut-2, 1)I(It-2 < I))  

< CE (It- 2) 

< CM(t  - 2)-1/2.  [ ]  

Proof  o f  Theorem 5.1. Given  e o > 0 ,  T <  oo, m > l , q ~ l ,  ... qSm6C~ with 
II q~ [] ~o < 1 we shall show,  for sufficiently large n, there  exists a so lu t ion  u to (1) 
s tar ted  at f "  and  a process  v ~176 aris ing f rom annih i la t ing  B r o w n i a n  m o t i o n s  
(X1 . . . . .  X2l) as in (19) such tha t  

P ( s u p l ( v ' ; , O ; ) -  (v~, r  > eo ,3 j= 1 . . . .  ,m~ < eo. (21) 
\ t <  T / 

This implies the desired convergence  in dis t r ibut ion.  
Given  e > 0, for sufficiently large n we may,  by T h e o r e m  4.2, find a p robab i l i ty  
space with the fo l lowing variables:  i ndependen t  solut ions  (ilk: k = 1 . . . . .  2/) to  
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(1), s tar ted  at  fk ,  driven by  independen t  white noises W k and Brownian  
mot ions  /~k such tha t  P (A  c) =< e where 

A = {In- lR( f~k .h  ) -- /~tk[ V I n -1  -k - <-_ 

for k = 1, . . . , 2 k ,  t < T}.  (22) 

We fix such an n and solut ions  (hk: k = 1, . . . ,  21) (suppressing the dependence  
on n). Define for k = 1 . . . .  ,21 

u~(x) = R~(x --  nag), B k, = ~k + ai.  

We now cons t ruc t  our  so lu t ion  u to (1) s ta r ted  at  f "  by using the processes 
(uk: k = 1 . . . .  ,2 / )  as the bas ic  ingredients.  We  seem to need a fair a m o u n t  of 
no t a t i on  alas. We  shall  define s topping  t imes T1, . . . ,  Tt that  m a r k  the t imes of 

successive coll is ions and subsets  (1, . . . ,  2/) = So ~ $1 ~ ..- ~ Sl = 0 tha t  list 
the labels of the remain ing  wavefronts  after each collision. Sk will have 21 - 2k 
elements  tha t  we list in increasing order  as s(k,  1) < -.. < s(k,  2l - 2k). Define 

To = 0 and  for k = 1 . . . .  , l  

T k'i = inf(t > T k - l :  Rt(u  s(k71"i)) -=- L t ( R s ( k - l ' i + l ) ) )  for i <= I S k - l l  - -  1 

T k = i n f (Tk ' i :  i = 1, ... , 2 1 - -  2k + 1) 

j k  = inf(i: T k = g k'i) 

a(k)  = s(k --  1 , J  k) 

b(k)  = s(k  - 1, j k  + 1) 

Sk = Sk , -- {a(k),b(k)}.  

W h e n  a coll is ion occurs  we shall  use a new independen t  so lu t ion  of (1) to 
follow the ann ih i l a t ion  of the two col l iding wavefronts.  F o r  k = 1, . . . ,  I let ~k 
be solut ions  to (1) dr iven by  an independen t  white noises I~  k and with ini t ial  
condi t ions  

- -  / ,~T k . 

Let wkt_r ~ = v~, k for t > T k, k = 1 . . . .  , l and  let w ~ --- 0. F ix ing  e e ( 0 , 1 ]  we 
p lan  tha t  the col l iding pai rs  of wave fronts die out  in t ime n2e. So we define 
a process  2, t ak ing  the values 

•21 2k( __ |~s(k,j),,s(k,j) [ T k , ( T  k -I- n2g) A T k+l) for 0 _--<_ k < 1, zL, j =  1 ~, * !  m q -  ( - -  1)b(k)w~ o n  

Z_aj=~2l-2k[1 I, - -  l'LS(k"i)U , o n  [ ( T k q - n 2 g )  A T k + l ,  T k + l ) ,  0 < k < l -  1, 

0 on IT l + n2g, oo ). 

The process  ~ will be the desired so lu t ion  on the set where no th ing  goes 
wrong.  We shall  modify  the defini t ion whenever  the annih i la t ing  pairs  
of wavefronts  live too  long (Sk2 > T k + nee below), coll ide with ano ther  
wavefront  (S~ < T k + nee) or  when ano the r  coll is ion occurs  dur ing  their  
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annihilation (T  k+ l < T k + n2e). Define 

S~ = inf(t > Tk: R(w))  > L(ut (k-l'y~+2)) or L(1 - wt k) =< R(u~(k-l 'J~-l))) ,  

S~ = inf(t > Tk: (w~, 1) = 0), 

S = inf(S~ A T k+l" S~ A T k+l < T g + n20/~ inf(T k + n2e: T k + n2e < S~). 

(We need to define R(u~ (k 1,-1)) = _ ~ ,  gt(u~(k-l,2l-2k+3)) __-- O0 t o  ensure 

S~ is well defined). 
The stopping time S is the first time something goes wrong. Let ~ be a solution 
to (1) driven by yet another  independent  white noise W and with starting 
condit ion Uo = Us- Then we define 

u, = ~d(t < s) + ~ _ d ( t  >= s) .  

Then it is possible to check that  u is a solution to (1) started a t f  n. 
Let (X~: k - -  1, . . . ,  2/) be the system of annihilating Brownian mot ions  

induced by (Bk: k = 1, . . . ,  2/) and let v | be the induced measure valued 
process by the recipe (19). Also let v~(x) = u,2dnx ). We shall now check that  
(21) is satisfied which will finish the proof. 
We define various good  sets: 

k 
BI={(WT~+~2~, I )=0 ,  V k = l , . . . , 1 } ,  

B2 {(R(wf) - R(wkTO) V (L(1 - k = WT0 -- L(1 -- w~)) < ne 

Vk =1 ,  ... ,/, V t ~ [ T k ,  T k + n Z e ] } ,  

B = B~ c~B2. 

Define S z'~ = inf(t > 0: B] - BI _-< 2e) and S~'J = inf(t __> 0: B] - B~ < - 2 0 
and 

C~ = {[S~'~,S ~'j + e] are disjoint intervals for all 1 < i < j  < 2l}, 

C2 = {[B~ - B~I /~ IB~ - B~I > 3~, Vk r Vs,t c [Si'J,S i'i + ~], 

Vi,j: 1 < i < j < 2l}, 

C 3 = ( [ B ~ - B { [ ~ r  V t ~ [ S i ' J , S  ~'i + e], Vi,j: 1 <=i < j  < 2l}, 

C = C l C ~ C 2 ~ C 3 .  

To prove (21) it is enough to prove the following two claims. 

Claim I. On the set A ~ B n C we have I(v~, gb) - (v?, ~b)[ < CE 1/3 for t < T and 

Claim I1. l im~.o lira SUpn~ ~ P(A  c ~ B ~ u c O  = O. 

We choose e small so that  la~ - a~-~l > 2a Thus at time zero, on the set A, 
the wavefronts are separated and in the same order as the Brownian motions.  
On  the set A we have n - 2 T  ~'j ~ [S~'g,S~'g]. So on Ac~C1 we may  match  the 
sequence of  collisions T t, . . . ,  T t exactly with the successive collisions in the 
annihilating Brownian motions.  In part icular  the kth annihilation is between 
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the Brownian  part icles  B ~<k~,B b(k) and occurs  dur ing  the in terval  
[ s a ( k ) , b ( k )  ~ a ( k ) , b ( k ) ] .  

We now check Cla im I. O n  A ~ C 1  we have T k+l  ~ T k + n2e. O n  B1 we 
have inf(T ~ + n2g: T ~ + n2e < S k) = ~ .  On  Ac~C2c~B2 we have for 
t ~ [ T  k, T k + n2g], t < T 

n - l n ( w ~ )  < n-'R(w~r~) + 

= ~ - * R ( u ~ %  + 

r~b(k) 
= D n 2T~ -f- 2e 

DS(k -- 1, J~ + 2) 
< s 2t - -  g 

and similar ly L(1 - w k) > R(u~ r ~'~ ~). Thus  S k > T ~ + n2~ and this pa ra -  

g raph  has then checked tha t  on A c~ B c~ C we have S = ~ and  the so lu t ion  
u agrees with the process  ~ cons t ruc ted  from the independen t  par ts  
(u J: j = 1 . . . .  ,2l) .  

We  work  now on the set A c~BmC.  Fix  q5 with [[q SHoo < 1. F o r  
t ~ [~o(~),b(k) + e,S~(k+*l,b<~+l)], k = 0, . . . ,  1 -- 1 we have 

(v~, ~ )  = (u,- , , (~') ,  r 

= (o~ ~) 

2l - 2k 

= ~, ( -  1)s(~,J)(u~,2)(n.),~) 
j = l  

2l - 2k 

= Z ( - 1)s~162 + nas(k,j))). 
j = l  

Also for such t 

co (v~ , ~) = 
21 - 2k 

( _ 1)s~k,J)(i(x < ~ k , j ) ) , ~ ( .  + na~(k,j))). 
j = l  

So [(v~, ~b) - (vT, ~b)] < 21~ by the defini t ion of A. 
F o r  t ~ IS ~k)'b~k), f~k~,b~k) + ~], k = O, . . . ,  1 there are two possible  ex t ra  errors:  

I(Wkn2t(/~'), ~b)[ ~ / ~ -  l ( R ( w k n 2 t )  - -  L(1 --  Wkzt)) 

_< 2~  q-  n I ( R ( w k ,  Q - -  L(1 - WrO)k 

= 2e + n - l ( R ( u b ~  ~) - -L(UT~))  

= - -  L ~ n - 2 T k  ) 

g l / 3  _]_ 4 e  

and 

x~,~, r (x)  d x  
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where in bo th  bounds  we use the defini t ion of C3. This proves  C la im I. 
1 1 

To prove  Cla im II  we fix 5 > /5  > p > 5 and  0 < q < 3p - 1. Define 

= 1) = 0 ,  V k  = 1,  . . . ,  l }  

B 3 = {R(fi~) - L(f i~)  < n2pTP, Vk  = 1, . . . ,  2l, t < n 2 T } .  

F r o m  L e m m a  3.4 we have P(B3) < C ( ( f i ) i , p , q , T ) n  -2q. O n  the set B 3 we 
have R(wkr~) k - - L ( w r k )  < 2n 2pT p so f rom l emma 5.2 we find 
P(13~1 c~ B3) < c ( r ) n  2(p-~). F r o m  L e m m a  3.2 we have P(B~2 c~B1) < C(1)n 92~ 
exp( - e2n 2(1-2p)/16). Then  since/~1 ~ BI for large n we have 

l im sup P(B c) < l im sup P(B~) + P(/3~ c~ B3) + P(B~2 c~/31) = 0. 
n--+ co n ~ o o  

P(C c) is i ndependen t  of n and it follows f rom e lementary  proper t ies  of 
Brownian  mot ions  tha t  P(C ~) -4 0 as e ~ 0. Toge ther  with (22) this comple tes  
Cla im II  and  the proof.  [ ]  
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