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Canonical Representations and Convergence Criteria
for Processes with Interchangeable Increments

Olav Kallenberg

The elements of a finite or infinite sequence of random variables (r.v.) or
more generally random elements (r.e.) are said to be interchangeable (ich., also
exchangeable), if their joint distribution is invariant under finite permutations
of elements. Furthermore, a random process (r.pr.) defined on some real interval
has interchangeable increments if its increments (incr.) over disjoint sub-intervals
of equal length are ich. r.v. Interchangeability is one of the most natural extensions
of the concept of independence, being sufficiently general to provide a unifying
framework for the theories of infinite divisibility, empirical distributions and
sampling from finite populations, and yet sufficiently restrictive to admit an ex-
plicit treatment in terms of canonical (can.) representations.

Since the classical work of de Finetti [8], characterizations and limit theorems
have been given by several authors, including Loéve [17], Biihlmann [3], Blum,
Chernoff, Rosenblatt, Teicher [2, 4], Billingsley [1], Davidson [5] and myself
[12, 13]. Here a unified theory is presented based on representations in terms of
random measures (r.m.) and point processes (p.pr.), playing the roles of can.r.e.
and extending the notions of distributions, Poisson spectra and populations in the
classical theories. The various parts of the theory are connected by criteria for
convergence in distribution, and also by results on restriction and extension. In
particular, we generalize results by Prohorov [20] and Skorohod [23] on r.pr.
with independent (ind.) incr. and by Hajek [10], Rosén [22] and Hagberg [9] on
sampling from finite populations.

Throughout the paper we write = and -% for equality and convergence in
distribution of r.e. [1]. The spaces R, R, and R'=R\ {0} are endowed with the
usual topologies, D[0, 1] and D[0, c0) with the Skorohod J; topology [1] and its
natural extension [16]. Product spaces are taken with their product topologies.
For any locally compact second countable Hausdorff (IcscH) space S, let I(S)
and 9t(S) be the spaces of R, - and Z _ -valued Radon Borel measures on § [12],
endowed with the vague or weak topologies. Writing & (S) for the class of bounded
continuous functions S— R with compact support, vague convergence, m,~ m,
means m, f—mf, fe F(S), while weak convergence, m,~%m, means m, f—mf,
feZF(S). (Here mf =j f(s)m(ds), and § is the one-point compactification of S)
Note that, for finite measures, m, % m iff m,~»>m and m,S—mS, but also iff m, > m
in M(S) and m(S~5)=0. R.e. in IR(S) and N(S) in either topology are called r.m.
and p. pr. respectively [12], and we write —9» and —*¢» for convergence in distri-
bution in the two topologies. In product spaces, this notation refers to the measure
component.
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We list some further notations. Let . be the Dirac measure with unit atom at x.
Let 1, be the indicator of the set 4 and put 1, =1, .. Write I, =[ —¢, ¢] and define

h(x)=x, h=hl;, gE)=x/(1+x%), g )=x*/(1+x?.

For meM(S) and measurable f: S—R, define the (signed) measure fm by
(fm) (ds)=f(s)m(ds), and put m'=hm, m*=h*m. A lattice in R, is a set of the
form {a+bz:zeZ, }, a20, b>0, and 77, 7, denote the classes of sets in [0, 1]
and R, respectively which are dense in some interval or contain some lattice. For
I=[0,1] or R, we define Dy (I)={fe D(I): f(0)=0}, and similarly for C,(I). For
any f: R>R, f(, ..., ;) means the vector (f(t;), ..., f(t).

1. Interchangeable Random Elements

Throughout this section, let S be a lcscH space with Borel algebra &, We start
with a can. representation, extending and improving a wellknown result by de
Finetti [8], Loeve [17], p. 365, and Biihlmann {3]. (See also [6, 11, 15, 21].)

Theorem 1.1. Let &}, &, ... be ich.r.e. in S. Then there exists some a.s. unique
r.m. p on S which is measurable on {¢;} and such that, given u, the &; are conditionally
ind. with common distribution p.

We shall call u the can.r.m. of {¢;}. A similar role for finite sequences &;, ..., &,

of ich.r.e. is played by the can.p.pr.n= ) 6, on S.
j=1

Partial Proof. Suppose that, given some g, the ¢; are conditionally ind. with
distribution u. By the strong law of large numbers,

%ZééjA—‘)/,tA as, Ae¥ (1.1)
j=1

Replacing & by some countable DC-semi-ring .# [12] and applying Dynkin’s
theorem, it follows that x is a.s. unique and measurable on {¢;}.

To conclude the proof, we shall use the following result, extending L.3.1 of
Rosén [22].

Theorem 1.2. For neN, let r,eN and let X,=(¢,1,¢,2,...) be such that ¢,;,
j=1,...,r,, are ich.r.e. in S with can.p.pr. x,. Suppose that r,— 0. Then X,—%>
some X in S® iff n,/r,~*%> some p in MM(S). In this case, X has can.r.m. .

Lemma 1.1. Let S;,S,,S; be measurable spaces and suppose that S,,S; are
metric Borel. Let &, &, &,, ... and 4,1, 1,, ... be ind. sequences of r.e. in S; and S,
respectively, and let ¢, ¢, @5, ...: S; X S;— S5 be measurable. Further suppose that
Ho—S>1 and that S, = S, withne S} a.s. is such that ¢ ,(&,, y) —%> @ (& y) whenever
Ya=>Ys V1> V2, ---€82,YES). Then @, (&, 1)~ @& n).

Proof. Let f: S;— R be bounded and continuous and define y/(y)=Efoq (¢, y),
() =Efo,(&,, ), yES,, ne N. By assumption, y,— ye S, implies ¢, (y,)— ¥ (y),
so Th.5.5 in [1] yields y,(,)—2— (1), which in turn implies Ey,(n,)— Ey (1)
since the i, are uniformly bounded. But by Fubini’s theorem, this is equivalent to
Efop, (&, 1) —Efo(£, 1), and the assertion follows.
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Proof of Th. 1.2 (with X and u related as in Th. 1.1). First assume that n,, n,, ...
are non-random with =,/r,—%>pu. We then have to prove that (&, ..., &) —%>
(¢4 .., &), ke N, where the &; are ind. with distribution yu (cf. [1], p. 19), and by
Th.3.1 in [1], this is equivalent to

k k
Pﬂ{fn‘]EAj}ﬁ HMA]’ keN, AJES, IlaA]=0, ]:1,,k
i=1 Jj=1

For k=2 it suffices to consider the cases A, =A,=A4 and 4, 4,=¢, and we get
respectively

A A-1
P{ntEA, énZEA}= T ~n-n-_>(lu'14)2a
T, r,—1
n, A TmA
P{lued,, {naeds}= ; l‘r—_i&"‘_’ﬂAHJAr

The proof for general k is similar. To extend the result to random {=,}, use L.1.1
with §,=I(S), S,={meIN(S): mS=1}, S;=5%, and S; as a suitable space
supporting the randomizations leading from p to X and from =, to X, neN.
Conversely, suppose that X,—%» X and note that {u,=mx,/r,} is vaguely tight
[12], so that any sequence N'< N must contain a sub-sequence N” with y,—>
some g, ne N”". If P{uS<1—¢} =z ¢for some ¢>0, we get for any compact F< S

limlglr}fP{,Lt,,F”>s}=lim1\i,,r}fP{ynF<1—8}§P{uF<1-—8}2P{;¢S<1—8}§3,

since the set {m F <1 —¢} is open in IM(S) [12]. But since
P{( eF}=Eu, FFzeP{u,F'>¢c}, neN,
this implies limlé;}f P {&, € F°} =%, contrary to the tightness of {&,,}, and hence

uS=1 a.s. The uniqueness of u now follows from the direct assertion and the uni-
queness in Th. 1.1, so we get y,~*%> u by Th.2.3 in [1].

End of the Proof of Th. ].1.From Th. 1.2 it is seen that {{;} is distributed as a
sequence of the asserted type. We may therefore use (1.1) (with .# in place of &)
to define a r.m. yu, which will automatically possess the asserted properties.

Theorem 1.3. Let re N and suppose that, for ne N, X, is an r-sequence of ich.r.e.
in S with can.r.m. p, (p.pr. @, ). Then X,—%> some X in S iff u,~*% some u in
M(S) (m,~*9> some = in N(S)). In this case, X has can.r.m. y (p.pr. n).

Proof. Proceeding as in the proof of Th.1.2, it suffices to show that, for non-
random {u,} ({n,}), p,— pt (7,—*—>7) implies X,—%> X. But this follows easily
from the definition of weak convergence for r< oo and from Th.3.2 in [1] for
r=o0.

2. Finite Interval Processes with Interchangeable Increments

The following can. representation extends results by Davidson [5] and myself
[12, 13] for r.m. and p.pr. (Compare [7, 14].)
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Theorem 2.1. Ifa r.pr. on [0, 1] is separated by the binary rationals and has ich.
incr., then its sample paths are a.s. continuous except for jumps and its equivalent
version in D0, 1] has the form

X(0)=X©O+at+0BO+ Y Bl (—t)—,  te[0,1], 2.1)
j=1

in the sense of a.s. uniform convergence, where

(i) @eR,0€R,, ;S By< - S0Z - SB, < B, arer.v. with Y f7 < oo as,
j

(ii) B is a Brownian bridge on [0, 1],
(iil) 7y, 15, ... are ind. and uniformly distributed r.v. on [0, 1],
(iv) the three groups (i)-(iii) of r.e. are ind.

The sum in (2.1) is a.s. invariant under non-random permutations of terms, and the
r.e. occuring in (2.1) are a.s. unique and measurable (except for values of B as 6=0
and of 1;as B;=0, je N, and for the order among t; with equal B;). Conversely, formula
(2.1) subject to (i)~(iv) determines a r.pr. in D0, 1] with ich.incr.

Corollary. A r.pr. on [0, 1] has ich.incr. and is continuous in probability iff it
is equivalent to some r.pr. X as in Th.2.1.

We introduce the p.pr. =) dg, 0n R" and call o, o, B the can.r.e. of X — X(0).
J

Partial Proof ! of Th.2.1. Consider non-random «, o, B satisfying (i)-(iv). By
Th. 3 in [9], the right side of (2.1) converges in distribution to somer.e. Yin D[0, 1],
and Y has clearly ich. incr. Since the set of fixed discontinuities of Y is at most count-
able ([1], p. 124), it must be empty by interchangeability, and so (2.1) holds for
some X in the sense of a.s. uniform convergence by [14]. Since 2R < o0, the L,-
limit exists for each ¢ and is invariant under permutations, so the a.s. limit has the
same properties, and the a.s. invariance in (2.1) follows by right continuity. These
results on interchangeability, a.s. uniform convergence and invariance under
permutations extend to random ¢, o, § by Fubini’s theorem.

To prove the assertion on uniqueness and measurability, let X be defined by
(2.1), and note that a=X(1)—X(0) a.s. and that, by (iii), the pairs (;, 7)) a.s.
represent the sizes and positions of the jumps, which are clearly measurable (cf.[13]).
Next reduce by subtraction to the case X=o¢ B, and note that X has a.s. square
variation ¢? since any Brownian motion has a.s. square variation 1 ([17], p. 559).
We finally get B=X/o whenever o=0. Now suppose that X' is another r.pr.
in D[0, 1] such that X 4. Starting from X' and proceeding as above, we may
then construct r.e. X', o, §', {7}, ¢, B’ which are jointly distributed as X, «, §, {z;},
o, B, and since (2.1) is a property of this joint distribution, it must hold for X' as
well.

To complete the proof, consider r.pr. in D0, 1] of the form
X, ()= Y &y te[0,1]. 22)

JjSrat

! My first proof of Th. 2.1 extended the one given in [13]. P. Jagers called my attention to the work of
Hagberg [9].
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The following theorem extends results by Prohorov ([20], p. 197), Skorohod
([23], Th. 2.7). Billingsley ([1], Th. 24.2) and Hagberg ([9], Th. 5). (See also [18].)
To avoid repetitions we introduce the conditions

(©) X,(—>some ¢, teT*, keN, (D) X()=¢(, teT", keN.

Theorem 2.2. For neN, let r,eN, let {,;, j=1,...,1,, be ich.r.v. with can.p.pr.
n, and define X, by (2.2). Suppose that r,— oo and that Te 7 . Then X,—%— some X iff

(!l R, n2) 45 some (&, 6% 5o+ %) in R x M(R), (2.3)
and also iff (C) holds. In this case, X has can.r.e. o, o, f and (D) holds.
Note that (2.3) is equivalent to

(mi R, 72 R, m,)—%> some (o, 6> + >R, ) in Rx R, x R(R'),

or more explicitly

(Z fnj’ Zf,?j,énl,gnz, ...)—dﬁsome ((x, 0'2+Zﬁj2, ﬁl’ ﬂz, ...) in Roo,
J J J

where the &, ; are obtained by ordering {£,;} just as {$;} was ordered in Th.2.1.
A similar reformulation in terms of vague convergence is possible in all subsequent
limit theorems. To appreciate (C), compare Th.15.1 in [1].

Proof. We first prove that (2.3) implies X,—%» X. For non-random {r,} with
7l R=0, this is Th.5 in [9]. If 7} R=a,—a, define X, as X, but with £,; replaced
by Eni= i) —a,/1,, and verify that the corresponding p.pr. 7, satisfy (z,)! R=0,
(, )ZR—->O' +p% R, n,—¥ B, so that X,—9%—» X —ah, and hence X, +ah—%> X by
Th.5.1 in [1]. Now

|Xr’n(t)+a t—Xn(t)I=|at+an[rn t]/rnléla_anl-"'ani/rn_)o

uniformly in t, so we get X,—2>X by Th.4.1 in [1]. To extend to random =,, use
L.1.1 with §,=R xI(R), S;=D[0, 1] and S, as a suitable space supporting B,
{7;} and the randomizations leading from {r,} to {£,;}.

Next suppose that X,—%» X . Then (C) follows since X is continuous in proba-
bility, and in particular we get 7} R = X, (1)—%> X (1)=a. Moreover, r,—%> some f.
To prove tightness of 72 =n2 R, ne N, suppose on the contrary that the distribution
of 5, converges improperly [6] as n— co through some N'< N. Without loss of
generality [24], we may assume that the =, are all defined on the same probability
space and satisfy 7. R —a, n,—f and #,~n a.s., neN’, where P {n=00}>0,
and that {X,} is defined from {z,} by ind. randomizations. Since conditioning on
the set {# = o0} preserves the interchangeability and tightness of X, we may assume
thatn,— oo a.s. By the direct assertion we get X, /n,—3%—some Y asnesome N” <N,
where P{Y+0}>0. By the tightness we get for any 1[0, 1]

P {Y(0)40}=1im P {| Y(¢)|> £} lim liminf P {1, (0| > 2}
<lim lim%up P{X,(t)|>e"1} +lirré limsup P{n,<e2}=0,

which yields the contradiction Y=0 a.s., proving tightness of {5,}. Now (2.3)
follows as in the proof of Th.1.2.
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Let us now assume that {X,(¢)} is tight for some fixed 1€(0, 1). If {X,} is not,
then neither is #2=(nl R)® + =2 R, neN. As above it then suffices to assume that
n,—oo a.s. and X,/n,—%> Y, ne N” = N, where Y has a representation of form (2.1)
and satisfies P{Y=+0}>0. By Fubini’s theorem, this implies P{Y(t)+0}>0,
which again leads to a contradiction, now proving tightness of {X,}. In particular,
(©) implies tightness and therefore convergence in distribution of { X,} by Th.5.3
below, since any limiting process is continuous in probability.

End of the Proof of Th.2.1. Let X be a r.pr. on [0, 1] which is separated by the
set T of binary rationals and has ich. incr. Put

Ey=X(2 = X((-127), j=1,....2% neN,

and let X, be defined by (2.2) with r,=2", neN. Then (C) is trivially satisfied,
so by Th.2.2, X,—%>some Y of form (2.1) satisfying X (£)2 Y(¢), te T*, keN.
By the proof of Th. 15.8 in [1] it follows that the sample paths of X are a.s. continu-
ous except for jumps. Since X is continuous in probability, its right continuous
version is distributed as Y.

Proof of the Corollary to Th.2.1. If X has ich. incr. and is continuous in proba-
bility, then there exists an equivalent separable process X’ ([17], p. 507) which has
clearly the same properties, and we may take the binary rationals as the separating
set ([17], p. 510). By Th.2.2 there exists an equivalent version X" in D[0, 1] of
form (2.1). The converse part is obvious.

Our next theorem extends results by Skorohod ([23], Th.2.7) and Hagberg
([9], Th.4).

Theorem 2.3. For ne N, let X, be a r.pr. in Dy [0, 1] with ich. incr. and can.r.e.
Oy Oy, By Suppose that Te 7. Then X,—% some X iff

(0t 02 8o+ B2) %> some (o, 62 8¢+ f2) in R x M(R), (2.4)

and also iff (C) holds. In this case, X has can.r.e. o, ¢, § and (D) holds.

Proof. Suppose that (2.4) holds for some non-random «,,q,, §,. For any
N'<N there exist some N"< N’ and ¢/, ¢” with ¢’2+¢”*=¢? such that ¢,— ¢,
B2R—¢"?+ B> R, neN". Let X' and X” be ind. with can.r.e. (2, ¢, 0), (0, 6", B),
and for neN”, let X, and X, be ind. with can.r.e. (2,,0,,0), (0,0, §,). Then
X;—4- X" is obvious while X' —9— X" holds by Th.4 in [9], so we get (X}, X;/)—%-
(X', X") by independence ([1], Th.3.2), and hence X, < X!+ X/ —4> X'+ X" L X,
neN”, since addition is continuous C[0,1]1xD[0,1]—D[0,1]. By Th.2.3 in
[1] we obtain X,—%» X, neN. The remainder of the proof is similar to that of
Th.2.2.

The following tightness criteria which are implicit in Th.2.2-3 and their proofs

will be needed below. Similar results hold in all subsequent limit theorems and
also in Th.1.2-3.

Lemma 2.1. The sequence {X,} is tight in Th.2.2 iff {n} R} and {n? R} are tight,
in Th.23iff {a,}, {0,} and {2 R} are tight, and in both iff {X,(t)} is tight for some
(any) te(0, 1).
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3. Infinite Interval Processes with Interchangeable Increments
We recall [6, 17] that a r.v. ¢ is infinitely divisible iff

logEe™é=iul + [(e"*—1—iug (x))(g,(x)) " A(dx), ueR,
R

for some I'eR and AeM(R) with AR < o0, i.e.
log Ee“¢=iuy,—u? a2+ [(e"*—1—iuh,(x))A(dx), ueR,
e
for some (any) £>0. Here and below, (I', 4) and (y,, o, 2) are related by

F='y£+l(g1"h£), A20250+g2)“'

For r.pr. with stationary ind.incr. they refer to intervals of unit length.

The following can. representation improves results by Biihlmann [3]. (See
also Davidson [5] and myself [12] for the particular case of p.pr.)

Theorem 3.1. If a r.pr. on R is separated by the binary rationals and has ich.
incr., then its sample paths are a.s. continuous except for jumps and its equivalent
version X in D[0, co) determines a.s. uniquely and measurably a r.v. I and ar.m. A
on R such that, given (I', A), X has stationary ind. incr. with distribution determined
by (I, A).

This time we take I', A or y,, 0,4 as our can.r.e. The Corollary to Th.2.1
carries over with obvious changes.

Partial Proof. To prove the uniqueness and measurability of I" and A, note that
they are continuously determined from the conditional distribution of X (1) — X (0)
([6], p. 561), which in turn is unique and measurable by Th.1.1. If X" is distributed
as X, we may define can.r.e. I", A’ through these mappings to obtain the desired
representation.

The proof is completed as for Th.2.1 by means of the following result, where we
consider r.pr. in D0, co) of the form
X (= ) &, teR,. (3.1)
jErat
Theorem 3.2. For neN, let r,eR ., let {,;, je N, be ich.r.v. with can.r.m. y, and
define X, by (3.1). Suppose that r,— oo and that Te 7,,. Then X,—%> some X iff

1(Un 81 > 82 ) 9> some (I', A) in Rx W(R), (32

and also iff (C) holds. In this case, X has can.r.e. I', A and (D) holds.

Proof. By [16] and Th. 5.5 in [ 1] we may assume that7,e N,ne N. Then X,—%> X
iff (C) holds, according to L.2.1, Th.5.3 and [16]. For non-random {u,}, (3.2)
implies (C) and therefore X, —9— X by [6], p. 564, and this result extends to random
{n,} by L.1.1. Finally suppose that (C) holds with T=N. Applying Th. 1.3 to the
increments X,,(j)— X,(j—1), je N, yields u* ™% some p in M(R) (x for convolu-
tion power). For non-random {u,} this implies 7, u, g, —1I, 1,8, u,—— A ([6],
p. 564), which by [24] extends to random {u,}.
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Theorem 3.3. For neN, let X, be a r.pr. in Dy [0, o) with ich. incr. and can.r.e.
I, A,. Suppose that Te 7. Then X,—%— some X iff

(I, A,) %> some (I', A) in RxWM(R),
and also iff (C) holds. In this case, X has can.r.e. I', A and (D) holds.

Proof. Proceed as in the last proof except that uF™, r, i, g, and r, g, u, are re-
placed by p,, I, and A, respectively, where y,, is the r.m. corresponding to I, 4,.

4, Limit Theorems for Processes on Increasing Intervals
The following result extends Th.5.1 of Hajek [10].

Theorem 4.1. For neN, let r,eR, and meN, let ¢,;, jeN, be r.v. such that
&njsJ=1, ..., m,, areich. with can.p.pr. m,, and let X, be defined by (3.1). Suppose that
r,— o0 and c,=r1,/m,—0, and that Te 7. Then X,—%> some X iff

(7, 81, 82 ) 2% some (I, A) in Rx M(R), 4.1)

and also iff (C) holds. In this case, X has can.r.e. I, A, and (D) holds.

Proof. The equivalence of X,—%>X and (C) is proved as in Th.3.2. Next
suppose that (4.1) holds for some non-random {z,} with uniformly bounded
atom positions. For ne N, extending ideas of Hajek [10] and Hagberg [9], let
X, J=1,...,m,, be the atom positions of =, let the r.v. 1,5, j=1, ..., m,, be ind.
and uniformly distributed over the set {j/r,: j=1,...,m,}, and put

Y=Y x,;1,(t~7,;), teR,.
j=1

Furthermore, suppose that the r.v. v, je N, are such that v,;, j=1, ..., m,, have
a multinomial distribution corresponding to m, trials and equal probabilities

m; Y, and put

Rn(t)= Z vnj" ?n(t)= z énja tER+-

jSrat JSRa(t)

Since {c,n2 R} is bounded, it follows from Hajek’s L.2.1 [10] that the finite-
dimensional distributions of {X,} and {Y¥,} converge simultaneously, and that
their limits agree in case of convergence. Since the restrictions of Y, and ¥, to
[0, c, 1] are equally distributed, it thus suffices to prove (C) with Y, in place of X,,.

For arbitrary meN and 0=t,<t; <---<t,,, define
énjk=xnj[1+(tk—tnj)—1+(tk—1—rnj)]9 k=1’ Y () .]=1: s My, neN.
Proceeding as in §4 of [10] we get

lim ZP{{,U,c Eénell =t —t_1) AL, k=1,..,m, 4.2)

n—»oo

for any A-continuity interval I = R which is bounded away from the origin. Further,
by the uniform boundedness of x,,;,

lim ZVarémk—(tk*tk J(©@*+A2R), k=1,....,m, @.3)

n—»oo
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and also
EénjkN(tk_tk—-l)cnxnj—)O’ n— 0, k=13"'7ma

uniformly in j, yielding for ¢>0 and k, le {1, ..., m}, k=,
limsup Z P{l&j—E&ln |&nji— E &l > €}
n— je=1
! 4.4)
<limsup )" P{[&,ul A &0 >8/2} =0.
- i
Finally, by (4.1},

i Cov (&njis Enj) ~ — i Efnjk Efnjz 4.5)
j=1 j=1

~~t—t_)G—t_,) ;T R0,  k+l.

By [6], p. 585, it follows easily from (4.2-5) that
Y a[Y(6)— Yt )] Z a[X(t)—X(t_1)], a,...,a,€R,
k=1 k=1

and so (C) holds by Th.7.7 in [1].

In the case of unbounded non-random atoms, let ¢ >0 be arbitrary and choose
au>0with A0I,=0, AI{<e Let X', X1, X5, ... be the r.pr. obtained from X, X,
X,, ... by omitting jumps of modulus >u. Let v, v, v,, ... be the number of such
jumps in the interval T=[0, 1]. Then

P{X()=X'(t), teT¥=P{y>0}<Ev=AIL <¢ (4.6)
by [17], p. 550, while
Ev,=[r]m, I5/m,<c,m, s> Al<e (4.7)
implies
P{X,()=X.(t),te T}=P{y,>0}<Ev,<¢ (4.8)

for large n. Furthermore, (4.1) clearly remains true for X, X7, X5, ..., so we get
X;,—4> X’ by uniform boundedness. Now (C) follows from (4.6, 8) by Th.4.2 in
[1]. The result extends to random {z,} by L.1.1.

Next assume that X,—%> X. To prove (4.1) it clearly suffices to show that the
sequences {c,mt I}, k=1, 2, are tight for arbitrarily large u>0 and that

lim limsup P {c, ®, I:>¢&}=0, &>0. 4.9)

U~y 0O n—» O

For the first assertion, proceed as in the proof of Th. 2.2, putting
ny=(c,m, L) +¢,m; 1, neN, (4.10)

where X has a.s. no jump of modulus u, and observing that {X,/4,} is tight and
X,—4> X". To prove (4.9), let A, be the set of functions in D[0, co} with no jump of
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modulus >u in [0, 17]. Then

I 129 ¢\ In
P{XneA,,lnn}=(n';I“)/(m”)g(ﬁ-"—) =(1—1:rf—") <exp(—c,m, 5 (4.11)

r’l mn n

provided r,e N (which involves no real restriction), so we get

liminf E exp (—c, n, I)) = liminf P {X,e 4,} =P {X€A,,},

n— G n—

where the right side tends to zero as u— oco.

For the next result, let the can.r.e. of a r.pr. X on [0, s] with ich. incr. be de-
fined as those of the process X (s 1), te[0, 1].

Theorem 4.2. For ne N, let s,>0and let X, be ar.pr.in D, [0, co) whose restriction
to [0,s,] has ich. incr. and can.r.e. o, 6,, B,. Suppose that c,=s;t—0 and that
TeZ, . Then X,~—%> some X iff

cn(an— ﬁn(h—gl)a O-% 50+g2 Bn)"‘w_d_)some (Fa A) in Rx EUE(R), (412)
and also iff (C) holds. In this case, X has can.r.e. T, A, and (D) holds.

. Proof. Suppose that (4.12) holds for some non-random «,,, ¢, f, such that the
p, bave uniformly bounded atom positions. Then clearly

Caln =7, Cn(O'ﬁ(SO-I—ﬂ,Z,)L)O'Z(sO—l-/lz,

where y=lim y,. As in the proof of Th.2.3, we may assume that («,, 0, B,) takes

either of thg three forms (o,, 0, 0), (0, 6, 0), (0, 0, B,). The first case is trivial. In the
second case, X ,(t)=0,B,(c,t) on [0, s,] for some Brownian bridge B,, so for s<t
we get by [1], p. 65,

Cov (X,(s), X,(0))=0% ¢, s(1 —c,t)— 0?5,

and hence X,—%- ¢ M where M is Brownian motion. In the third case we have
X,0=Y B[, (t—1,)—c,i], te[0,s,], neN, 4.13)
j=1

where, for ne N, f,=3" 6, and the 7,; are ind. and uniformly distributed on [0, s,].

J
By Th.4.2 in [1] and CebySev’s inequality, we may assume the number of non-
zero terms in (4.13) to be finite. For fixed me N and O0=1, <, <---<t,, we put

énjk:ﬁnj[1+(tk—"rnj)_ 1+(tk—1 —Tnj)—cn(tk—tk—l)]a k= 1: e, m, j9 neN.
Then (4.3) (with co in place of m,) follows from
Var énjkzﬁrzlj Cn(tk_tk——l) [1 “cn(tk_tk—l)]a k=15 cee, M, j7 neN.

Further, for any A-continuity interval I = R which is bounded away from the origin,
we get for sufficiently large n

P{&nel}=c(ti—ti_ 1) (B[l —calts—ti_ 1) k=1,...,m,
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uniformly in je N, so by approximation we easily obtain

(tk— tk—l) ).Iéllmll’lfz P {5njkEI} éhmsup Z P {énjlcEI} —_<—(tk— Zk——l) Al
n— 0 j n— oo K

for all k, and (4.2) follows. Finally we get for k<! and §>0
ZP{lfnjkl/\ |6njl|>8}_*)0= ZCOV(énjk, gnjl)—)o (414)
i J

as in (4.4-5). From (4.2-3, 14) we obtain (C) as in the preceding proof.
The remainder of the proof follows that of Th.4.1, except that formulas (4.7,
10-11) are now replaced by
Ev,=c, B, I, = AIi<e,

M = ()" + ¢, (07 + B3 R),
P {XnEAulﬁn} =(1 _cn)ﬂﬂlﬁéexp(_cn ﬁnI; .

5. Restriction and Extension

For any r.m. u and p.pr. =, 7/, we say that = is a subordinated Poisson pr.
directed by u if, given u, 7 is conditionally distributed as a Poisson pr. with inten-
sity . Further, n’ is a p-thinning of 7, if 7’ is obtained from = by deleting the atoms
independently with probability 1-—p (cf. [19]). For any r.e. (y,0,4) in Rx R x
M(R) we define the FL-transform (FL=Fourier-Laplace) H by H(u,v,f)=
Eexp(iuy—vor—Aif)forueR,veC, ={x+iy:xeR,,yeR}, feF, ={f: f meas-
urable R'—C, and f(x)=0(x?) as x—0. Write N(0, 1) for the standard normal
distribution.

Theorem 5.1. Let X be ar.pr. in Dy [0, o0) with ich. incr. and can.r.e.y,, 0, A, and
let o, ¢', B be the can.r.e. of its restriction to [0, 1]. Then
(i) P is a subordinated Poisson pr. on R’ directed by 4,
(i) ¢'=0,a=0 9+1£113 (y.+ B I°) a.s., where 9 is N(0, 1),

(iil) 3 and the randomization involved in (i) are mutually ind. and ind. of (y,, 6, A).
The FL-transforms H, of (x, 6, B) and H, of (y,, 6, A) are related by

H (u,v, f)=H,w,v+u?2 iuh,+1—e""7), ueR, veC,, fe# . (5.1)

Proof. By conditioning, the first assertion is reduced to the case of non-random
y,, 0, 4, for which (i) follows by [17], p. 550. To prove (ii)-(iii), let us first assume
that A1,=0 for some ¢>0. Then X =X, + X, where X, is a pure jump pr. while
X, =7, h+0o M for some Brownian motion M ind. of X;. Now 3=M(1)is N(0, 1)
and ind. of the Brownian bridge B(t)=M (t)—tM (1), te[0, 1], since

Cov [9, B(2)]=Cov [M(1), M()]—t Var M(1)=t—t=0, te[0,1],

while ¢ =y,+0 3+ B* R, and this proves (ii)-(iii). For general 4, let 1, be the re-
striction of 4 to I¢ and write X=X, + X|, where X, is ind. of X, with can.r.e.
Ve, 0, 4., constructed as in [14]. By martingale convergence, we easily obtain
X,(1)— X(1)=u a.s. as e—0, which proves (ii). Furthermore,

a=0§+y,+lim [A(h,—h,)+ Bh],

3 Z.Wahrscheinlichkeitstheorie verw. Geb., Bd. 27
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where h,=h—h,, so forueR,veC,, fe F,

Eexp[iu(o 9+, +A(h.—h,)+ BH,)—v e — Bf]
=E {exp [iu(y, +A(h.—h,))—vo*] E["“"®|g] E[fi =D |77}
=Eexp[iu(y, +A(h,~h))—va®~u? 6?2~ A(l—e™" V)]
=H_ (u, 0+u?/2, iu(h,—h)+1—e“m),
and (5.1) follows as ¢— 0 by dominated convergence.

Theorem 5.2, Let X be a r.pr. in Dy [0, 1] with ich. incr. and can.r.e. o, o, , and
let o', ¢', B’ be the can.r.e. of its restriction to [0, p], pe(0, 1). Then

(i) B’ is a p-thinning of B,
(ii) 0’'=0y/p, & =ap+587/p(l —p)+Hm(B'—pp)L; a.s. where 8 is N(O, 1),

(ili) 9 and the randomization involved in (i) are mutually ind. and ind. of (a, o, B).

The FL-transforms H, of (&, o', B') and H, of (a, 6, B) are related for ueR, veC_,
feF, by

H,(u,v, f)=H,(up, vp+u? p(1—p)/2, iuph—log[1—p(1—e™*=")]). (5.2)

It is interesting to observe that Th.5.1-2 essentially contain the main result of
Mecke [19]. In fact, if X is a r.pr. on [0, 1] with ich. incr. and can.t.e. o, o, f, then
by Th.5.1 its distribution may be extended to R, for some o provided f is a subordi-
nated Poisson pr., and by Th.5.2 provided § is a p-thinning for each pe(0, 1), so
these two conditions must be equivalent. Th.5.1-2 have simple analogues for se-
quences of ich.r.e., but there the notions of sample pr. [12] and sampling take over
the roles of Poisson pr. and thinning here.

Proof. As for Th.5.1, it suffices to prove (1)-(iii) in the case of non-random
o, o, f with 8 I, =0 for some &0, Then (i) is obvious, while the continuous compo-
nent of X takes the form X,=(x—p! R)h+¢ B for some Brownian bridge B.
Defining 3=B(p)/y/p(1—p); B'(s)=[B(sp)— sB(p)]/ﬁ, se[0, 1], and verifying
that 9 is N(0, 1), that B' is a Brownian bridge ind. of 9 and that

X,(sp)=@—p'R)sp+o53)p(1-p)+aypB'(s), se[0,1],
we obtain (ii) and (iii). Finally, (5.2) follows by proceeding as in Th.5.1 and using
Hilfssatz 4.1 of Mecke [19].
Theorem 5.3. Let X and Ybe r.pr. in D, [0, 1] or Dy [0, o0) with ich. incr. and let
TeJ; or T, respectively. Then X 2 Y iff X (t)2 Y(t), te T* keN.
Note that the corresponding statement for sequences of ich.r.e. is false. For a
strengthening in the case of simple p.pr., see [12], Th. 5.2.

Proof. For TeJ;, the extension to the closure of T is unique by continuity.
(Only this fact was needed in the proof of Th.2.1.) By interchangeability and induc-
tion, we may assume that T=[0, p] for some fixed pe(0, 1), so it suffices to prove
that H, determines H; in Th. 5.2. Substitution in (5.2) yields with g=1/p

Hy(uw,v,f)=Hy(ug,vq+u’q(1—q)/2,iugh—~log[1—q(l~e**=1)]) (53)
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for ueR, Re [vq+u*q(1—4q)/2120, and for fe#_ with
iugh—log[1—q(1—e*"/)]eZ, . (5.4)

Now H, (u, v,f) is analytic in ve C, for fixed ueR, fe#, , so H, is determined by
(5.3) for all ve C,, . Put p=1/2 and note that the principal branch of the function

w=—log[1—-p(1—e~?)]=—log [(1+e~2)2]

maps {z: Re z>0} onto D={w: |Im w|<arccos e ®"}, except for w=1log2. By
(54), H, is therefore determined for all fe#, such that iux—f(x)e D\ {log 2},
xeR'. The exception for log 2 is removed by continuity.

For fixed ueR, veR , let f; be some fixed function of this type with f, (x)=
0(x?), x— 0, which exists since Re w~ (Im w)2, w—0, on the boundary of D. Let I
be any compact sub-set of R, and choose some disjoint partitioning I,, ..., I, of f
and some z,...,z€C_, such that

_ f(‘)(x), x¢17
f(x)—{z sely, j=1, ...k, e

']?
has the same properties. Since the values of z,, ..., z; may be varied around the
initially chosen numbers, it follows by analyticity that H, is determined for any f of
the form (5.5) with z,, ..., z,€ C_ . By successive sub-divisioning of I, ..., I, it is
seen that f may be chosen arbitrarily on I, and this result extends to /=R’ by
dominated convergence.

Finally, let T contain some lattice, and assume without real loss that T=Z .
By Th. 1.1, the can.r.m. u of X(j)— X(j— 1), je N, is then uniquely determined, and
u determines I' and A by [6], p. 564.

Our last result improves and extends Th.4.9.6 of Biithlmann [3].

Theorem 5.4. For I=[0,1] or R, let X and Y be r.pr. in Cy(I) with ich. incr.,
and suppose that T < I has a limit point in the interior of 1. Then X £ Y iff X ()2 Y(1),
teT

Proof. 1t suffices to take I=[0, 1]. Let t,e(0, 1) be a limit point of T, let X =
ah+oB, and define the FL-transform H by H(s,v)=Eexp(isa—vo?), seR,
veC . For ueR and rel we get

C(u, t)= Eeiulx’(r)= EE [eiuatq-iucB(l)la’ a.] - E [eiuat E(eiuaB(t)[a.)]
=E[e™ exp(—u? 0?t(1—1)/2)]=H{ut,u* (1 -1)/2),

SO
C(s/t, )=H(s, (" =1)s?/2)=H(s,v), seR, tel, v=(t"'—1)s%/2.

For fixed seR’, the left side is assumed to be known for all te T, so H(s, v) is deter-
mined for some v-set with limit point v, =(t5* —1) s>/2>0, and hence by analyti-
city for all v>0.
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