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1. Introduction

The tail o-field 7 of a Markov process has been studied by several authors, and
there are many criteria in terms of the paths or of the transition probabilities
which ensure that 7 is trivial or equal to the g-field of invariant events. See e.g.
[1, 3,4, 13, 21, 31-33].

Often Markov processes are given by their infinitesimal generator. In many
cases this generator turns out to be more suitable for calculations than the
transition probabilities. Thus it may be useful to know the connections of the
tail o-field 4 and the infinitesimal generator. In this paper we will study one-
dimensional quasi-diffusions on [0,L) with reflecting boundary 0, which in
particular include diffusions and birth and death processes. Their infinitesimal
generator has the form of a generalized second order differential operator D, D,
where m and p are nondecreasing functions, the so-called speed measure and
natural scale respectively.

We will characterize quasi-diffusions with trivial tail o-field in terms of m
and p, in terms of the spectrum o, of D, D, in IL,(m) and also in terms of the
paths (see Theorem 1).

From the theory of Martin boundaries (see e.g. [28]) it is known that every
parabolic function (ie. every harmonic function for the space-time process),
satisfying some regular conditions, can be represented by minimal parabolic
functions. But it is not always easy to find the minimal parabolic functions for a
given process.

Parabolic functions, which can often be given explicitly, are the so-called
factorizing parabolic functions (see [22, 23, 29]). For quasi-diffusions such
functions are given by h,(x, s)=exp(—pus) @(x, u) where p=supo, and ¢ is a
solution of D,,D 0= p¢.

In Theorem 2 below we will give necessary and sufficient conditions under
which such a factorizing parabolic function for a quasi-diffusion is minimal. This
result is mainly interesting for processes with natural boundary L. For accessible
and entrance boundaries L the minimal parabolic functions are known to be not
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factorizing (up to exactly one of them), in these cases they have been studied in
{18, 197.

The Brownian motion on the real axis has natural boundaries. Woo [36] has
proved that its minimal parabolic functions are exactly the factorizing ones.
Theorem 2 and examples show that this picture is not true for all quasi-
diffusions with natural boundary.

The tail o-field for one-dimensional diffusions was also studied by Rosler
[33] and Fristedt, Orey [10], see Sect. 3 below.

We would like thank H. Langer for valuable discussions around the subject
of this paper, in particular for his suggestion how to prove Lemma 6. We want
to express our thanks also to the referees for their careful reading the manu-
script and many helpful comments.

2. Definitions and Preliminary Results

Let R be the set of real numbers, IK the set of complex numbers, # the o-
algebra of Borel-sets of R and N the set of natural numbers including zero. If E
is a set and A4 a subset of E then 1 ,(.) denotes the indicator function of 4 on E,
instead of 1; we write 1. By @ we mean the empty set.

The Operator D,, D, and Quasi-Diffusions

Let m and p be two nondecreasing functions on an interval [0, L) (L < o0) with 0
=m(0) <m(x)<m(y)<m(L—0)< 0 (x,ye[0,L),x<y) and let p be continuous
and strictly increasing. For every complex valued function f on [0, L) having the
form

fx)=a+bp(x) +z(p(X) —p)gs)m(ds)  (xe[0, L))

where a, b are complex numbers and g is a dm-locally integrable function, we
define D, D, f:=g. For given f (and b if m(0+)>0) D,,D,f is dm-a.e. uniquely
determined. We use the notation D, f(0)=b (for details see e.g. [7, 9, 15]). By E,,
we denote the set of all points of [0, L) where m increases. By definition we have
0eE,. Let €, be the set of all continuous functions on the compact set E, U {L}

L L
with f(L)=0 if fmdp< oo or {pdm= 0.
0 0

Every f from C, can be assumed to be a continuous function on [0,L)
which is linear with respect to the scale p on every subinterval of the open set
[0, L)~ E,,. Define

A4={feC,|D,D,feC,, D, f(0)=0}.

The restriction of D, D, to A is the infinitesimal generator of a strongly
continuous semigroup (B), , of linear operators on C,, with Ry=1I. (This follows
from the theorem of Hille-Yosida, the proof is similar to those in [12, 26, 34],
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see [20].) The semigroup (P) generates a Hunt process X=(X,, {, #,,0,, P) with

state space E,, (see [2, 8, 20, 25]) which is reflected at zero and is killed as soon

as it hits L (and only there). In particular X is right continuous and strongly

Markovian. We will call the process X the guasi-diffusion with speed measure m

and scale p. Firstly this notation was used by Watanabe [35] as far as we know.
Let us give two basic examples.

1. Assume ¥ is a diffusion process on [0, L), connected with the differential
2

d
7% +b(x) 1nstantaneous1y reflected at zero and killed as soon

(20,
bay @

diffusion with speed measure dm(x)=exp ( j—wds) dx and scale dp(x)

operator a(x)-——;

as it hits L. Assume a{x}>0 and s]< o0 (xe[0,L)). Then X is a quasi-

=a"*(x)exp (§ —)ds> dx (see e.g. [26]). In particular, for L=00, a(x)=1 and

b(x)=b the process X is the Brownian motion on [0,00) with trend b and
reflecting barrier 0.
2. Let X be a birth and death process on N with birth rates a, >0 (k=0),
death rates b, >0 (k= 1) and reflecting boundary 0. Moreover, let X be killed as
soon as it hits o0. Then ¥ is the quasi-diffusion having the speed measure

mx)= Y m, my=1, mkza—og—licg—kii (k=1, xe[0,L)
k<x 1 O

and the scale
(x k)
plx)= Z (m;a P {(xelk, k+1), keN).
(LA

Obviously Em=]N and an easy calculation shows
D,D, f(k)=a, f(k+1)—(a,+b) f(K)+b, flk=1) (kz1)
D,f(0)=ao f(1)—aq f(0).

Conversely, if X is a quasi-diffusion with speed measure m, which increases
exactly in the points of N, then X is a birth and death process on N.

In this paper we restrict ourselves to processes on intervals [0, L) with
reflecting boundary 0. This is done by two reasons. Firstly, in this case we can
apply results of Kac and Xrein from [15]. Secondly, the tail o-field for general
boundaries can be recovered from our special case. Indeed, this field depends
only on the behaviour of the process near the boundaries, and this can be
studied at one of them. (See also [107] for the motivation.)

The birth and death processes are Markov processes on N jumping only in
neighbour states, i.e, in a certain sense they are continuous. Groh [12] has
generalized this property to quasi-diffusions (he assumes m(0+)=0, but this
assumption is not essential). He has proved that every path of a quasi-diffusion
X can be choosed ¥*-continuous. This means, with the notation
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P y)=1x—yl=sup {lu—vl: (w,)S[x, yINE,} (x=y; x, ye[0,L)

that for every we €, every £>0 and all >0 there exists a §=9(t, ) >0 such that
p*(X (), X, (w))<e for every positive se(t— 9, t+9).

If E,,=[0, L) then p*(x, y)=|x—y| and therefore #¥*-continuity coincides in
this case with the usual continuity.

Define 7, and o, to be the hitting times of [/, L} and [0, I respectively:

7(@)=inf {t>0|X,(w)e[l, L)},

g(w)=inf {t>0|X (w)e[0,1]} with infg=_

From the ¥*-continuity and the right continuity of X we have

Lemma 1. a) Let be l€E, and put I* =inf{y€E, |y>1}, |7:=sup{yeE,|ly<I}
with sup @ =0. Then we have

P(X,_ o=I", X, =)=1 (x€kE,,
P(X, _o=I", X,,=l, 6,<{)=P(0,<() (x,IeE

x<l) (1)
x>1). (2)

ms

b) If weQ and t>0 such that X, (w)<X,(w) then E,N(X,_q(®),
X ,(w))=@. The analogous statement holds if X, (w)<X,_,(w).

Proof. a) (1): From the right-continuity of ¥ and the definition of ¢, follows
X, £land X =I" P-as. (x=]). The ¢*-continuity implies p*(X,,_, X,)=0.
Thus (1) holds. (2): The proof is similar.

b) The existence of a state z€ E,, in the interval considered in b) would imply

p*(X,_o(w), X,{w))>0 which contradicts the ¥*-continuity. _I

T2

The Function ¢(x, 1)

Let X be a quasi-diffusion with speed measure m and scale p. Then every linear
operator P (t=0) can be uniquely extended from IL,(m)n C,, to a contraction T,
on IL, (m), the Hilbert space of dm-quadratic integrable functions on [0, L]. The
family (T)),s, is a strongly continuous semigroup on IL,(m).

Its infinitesimal generator is the restriction ID,,ID, of D,,D, to 4,:=H, "H,
with

H,={fell,(m)|D,,D, felL,(m), D, f(0)=0} and
H, if Epzdmzoo,

L L

H,={{feH,|f(L)=0} if jp*dm<oco and [mdp<co,
0 o
L L
{feH,|D, f(L)=0} if {p*’dm<oco and [mdp=co,
0 0

(see [9] for strongly increasing m, [17] for birth and death processes and [19, 20,
25]). The operator ID,ID, is self-adjoint and nonpositive, in particular its
spectrumn o, is included in (— oo, 0]. Put A,=supo,.
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A detailed study of ID,,ID, and its spectrum o, was given by Kac and Krein.
A summary can be found in [15], see also [7]. The following lemma is an
immediately consequence of [15], § 11, formula 11.5.

Lemma 2. If p(L)=o0 then 1,=0, if p(L)<co and if moreover A, is an isolated
point of ¢, then A,<0.

For every complex u the solution of

D,D,o(.,=po(.,1), D,e0 =0, @0 =1 (3)

exists and is uniquely determined. Indeed (3) is equivalent to

ox, W=1+p E (P(x)=p(s) @(s, Wm(ds)  (xe[0, L)) 4)

and this equation is solved by the function

Pl p) =) Wo,(x) with g@yx)=1 and

=0

@pi1(X)= g @, (s)m(ds)  (xe[0, L))

Obviously o, iy=¢(l, ) (ueIK) holds. The function ¢(l,.) is entire and its
zeros (/;(1));.n are simple and strictly negative. Thus the representation formula

oli=T] (1-75)  wew) g

holds (see [15] for details).
Obviously, if u>0 then ¢(., ) is strictly increasing with

o(L M)ZHMEWZ(S)dP(S) (Ie[0, L)) (6)

Hitting Times and Some Path Properties

The resolvent operator R, =u3-1D, IDI,)'1 (u>0) is given by

Ruf(X)=£ru(x, Nfyymdy)  (fell,(m)
with

X y)=0lx Wy, w)  (x=y; x,yeE,)
and

1 w=00, W)~z Wpdz)  (see e.g. [7,15,19,26]).
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Using R, f(x)=E, [ e7*f(X,)dt and the strong Markov property of ¥ we get
0

for f=1, ;, and every A1>0:

R, /() o(x)
R,/ ol olEw

(see e.g. [14], if m(L—0)=c0 then R, f—hm]R fowith f=1, )

From the theory of Laplace transforms 1t follows (see [6]) that

E. oxp(—iz)— x<l) ™

& o(x,4)
D oLl ®

E tt=(— 1)k1

Now from (8) and (4) we have (with 7,:=lim 1))
ITL

!
E.t,=(mdp (x,1eE,u{L}, x<lI). )

X

L
Assume |mdp=oo. From (6) and (7) it follows that P,(t;=c)=1 (x€E,,), i.e.,
0

the boundary L is inaccessible for X. Thus for the life time { holds P.({<c0)=0
L
(xeE,). Depending on | pdm<oo or =oo an inaccessible boundary L is called

0
an entrance or natural boundary (Feller’s classification, see e.g. [9, 14, 26]).
Throughout this paper we make the

Assumption.

L

[mdp=oc0, ie L is inaccessible. (10)

0
Now let us give some properties of the paths of a quasi-diffusion, necessary for
the proofs in Sect. 3.

Let be x,l€E,, with x<I<I*, i.e. m is constant on (I, [*). From (9) it follows
that E_t1,<E,7,+, and by Blumenthals zero-one-law (see e.g. [2]) and the strong
Markov property we have

P.(t;<1+)=PB(1;. >0)=1. (11)
Analogously it follows for x, e E,, with x=1>1" that
P(0,<0,-)=B(0,->0)=1. (12)

By virtue of (11} and (12) and the strong Markov property the process X jumps
over every interval I=(l, I,) where m is constant only finite often in finite times.
Denote by 749 (w) (% (w)) the k-th jump of X. (w) over I from below (from above)
if it exists and define it to be oo if it does not exist.

Lemma 3. Assume k=1, I=(l;,1,) is an interval from [0, L)\E,, with I, 1,€E,
and let x€E,. Then for P-ae. o with tP(w)<o0 (0¥ (w)< o) there exists a
strongly increasing sequence t,1t¥(w) (t,1o{(w)) with X, (w)=1,(X, (w)=1,).
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Proof. By virtue of the strong Markov property and Lemma 1 it suffices to
prove the proposition for 7{!, 6{" only. We restrict ourselves to ("), for 6" the
proof is completely analogous. We put =1, I* =[,. Obviously we can assume
x<1. Then the equation t{")=1,. holds P-a.s. If I~ <[ then ! is an isolated point
of E,. By virtue of P (X, ,_o=0)=1 (Lemma ) it follows that X, _ =/ for
every sufficient small positive s P-a.s.

Let be I==I Then ! cannot be a holding point. (Indeed, define ¢
=inf {r>0|X,+1} and assume B(&,>0)+0. By Dynkin [8] Theorems 5.4 and 5.5
it follows for every fed that

DD, f(h=—af(D+alimE, f(X, _,) forsome a>0. (13)
BL0

We have H(ax<rl+)=5—((ll%)€§(% g

Thus E, f(X,, )= f(), e D,D, f()=0.
Therefore [ is absorbing ([8], Lemma 5.3). This contradicts E,;1,.

l+
= | mdp< oo. Therefore we have
i
R(§>0)=0) (14)
From (11) and (14) it follows that '
B(o, <t,. for some nelN)=1 (15)

where (y,) is any strongly increasing sequence from E,, with y, 1{. For every t =0
we define

A,={olt-(@)>t, Ise(r, 1+ (w): X (w)y=1}.
Then we have

{oli(,), 101 (w): X, (w)=1}=1{){4,]t=0, t rational}
and from the Markov property it follows that

P(4)= | Py(Ay)dP..

{ty+>1

Lemma 1 implies

P(A4,)=0 for y<l (16)
Thus P,(4,)=PB{A,) P.(z;« >1). From (15), (16) and Lemma 1 we get

F(Ag)=lim F(A4,, o, <7,.)<limsup B(4,,

n— 0 n—w

=limsup F(g, <7,+) B, (4,)=0.

n— o0

Uyn<fl+)

L]
"

Therefore P.(4,)=0, and the lemma follows immediately.
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The Tail o-Field and Parabolic Functions

Let X=(X,, .#,, 0,, ) be a quasi-diffusion with state space E,, and infinite life
time, i.e. with (10). We denote by Z,™ the o-field generated by {X s=t}, by I*

the intersection () %>, and we identify all elements of 7 * being equal P,-a.s.
t>0

for every xeE,,. The o-field 4 of all equivalence classes thus defined is called
the tail o-field of X

By Pt (x,5), AxG):=P(X,eA)l;(s+1t) (AeBNE,), GeBn[0,x);
s,t€[0, c0)) a transition function P on E, =E, x [0, o) is determined, which is
stochastically continuous and Fellerian. (See [18].) Thus it generates a Hunt
process £=(X,, 4,, 0, P{x o) on E,, the so called space-time process for X. The
first component of f{ has the same finite-dimensional distributions as X and thus
it can be identified with X. In this sense it follows that

PN(x,s)(sz:(XnS"'t)):l ((X, S)EEm),

Let h be a nonnegative function on E, . We say that h is parabolic for X, if it
is harmonic in the sense of [28] for the space-time process %, i.c. if

— h is ¥-universally measurable,

— h(x,s)=E_h(X - Ty +s) for every open neighbourhood UcE,, of (x,s)
with compact closure in E,, where 1, denotes the first hitting time of E~U
((x,s)eE,).

Obviously the constant function 1 is parabolic.

A parabolic function h is said to be minimal, if there is no parabohc function
ho with O0<h,<h unless hy=ch for ce(0, 1). Bounded parabolic functions are
continuous (see [207). The constant function 1 is minimal if and only if 7 is
trivial. More generally, the relation

Z—h(x,s)=E,Z 0, (17)

establishes a one-to-one correspondence between the set of all bounded 7 -
measurable random variables Z and the set of all bounded parabolic functions
h. The inverse formula of (17) is given by Z=1im h(X,, ¢).

t— oo
For the proof we recall that by virtue of the finite life time of X a bounded
nonnegative function h on E, x[0, c0) is parabolic for X if and only if it is
invariant, i.e. if

E WX, s+t)=h(x,s) (xe€kE,; s,t=0) (18)

holds (see e.g. [20], p-41).

Now the assertion can by verified analogously to the proof of the same
proposition for discrete time Markov processes in [307], Chapter V.

Formula (18) implies that (h(X,, s+1)),», is a2 martingale with respect to P,
(xeE,, s=0). Indeed we have -

E (X, ,,s+t+u)|X,, v=0)=Ey h(X,, s+t+uy=h(X,,s+1)
(xeE,; s, t,uz0). (19)

m?3
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If h is continuous, nonnegative and satisfies the equation

-~

oh
Dle,h+g=0, D, h(0,5)=0

then 7 is parabolic for the quasi-diffusion X (see [18, 201). (The boundary
condition D h(0,5)=0 is necessary because Oc E, and 0 is reflecting.)
In particular for every u= A, the function 4, defined by

hy(x,s)=exp(~us)o(x, 1)  ((x.s)€E,)
is parabolic {see [20]).

The Coincidence Property

We say that a quasi-diffusion X has the coincidence property if two independent
versions X, X of X, starting in arbitrary states x, yeE respectively, coincide
F, ,-as. at some time. (Here and in the sequel P denotes the product
measure P ®P,; x, ye E,.) More precisely, putting

x, 9

o(w)=inf {t 20| XM (0) = X ()}

the coincidence property means F, plo<oo)=1(x,yekE,).
In [16] it was proved that a birth and death process with intensities a,, b,
has the coincidence property if and only if

k

0
z akmk -t z mr(Wk+1*Wr):OO
o= r=0

with

m—1

W= Y (am) Zm and w,=0
iZ0

where m, (keN) are defined as in the example above.
In terms of the corresponding speed measure m and scale p this criterion can
be written as follows (see [257):

O =

}c }m {t)pldtym{ds) p(dx)=

A simplification of this analytical criterion will be given in Theorem 1 below.
The coincidence property for random walks on IN has been considered in

[23].

3. Quasi-Diffusions with Trivial Tail o-Field

The theorem below characterizes the quasi-diffusions ¥ with trivial tail o-field
J by different objects connected with X: by the parabolic functions, by the
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trajectories, by the functions m and p and by the spectrum ¢, of ID,, D,
IL,(m).

If L is an entrance boundary then an easy calculation shows that (v) and
therefore (i)~(vi) hold. If L is a natural boundary then (v) may but need not hold
(see the examples below). Thus Feller’s boundary classification can be refined by
the theorem below, indeed, the quasi-diffusions with natural boundary L are
divided into two classes according to the convergence or divergence of the
integral in (v).

By the way if L is accessible then non of the properties (ii)~(vi) holds.

Theorem 1. Let X be a quasi-diffusion on [0, L) with speed measure m and scale p.

L
The boundary 0 is assumed to be reflecting, L is assumed to be inaccessible (jmd P
= oo) Then the following properties are equivalent:
(1) The tail o-field F is trivial,
(i) The constant function 1 is minimal parabolic,

(iii) The process X has the coincidence property,
(iv) lim E (7,—E,t)*=00 (x€E,),

1L, leE,,
L

(W' [(p(L—=0)=p(x))*dm’(x)= o0
0
(vi) The spectrum o, of ID,ID, contains a sequence (Z,),.y of pairwise

different real numbers 2, such that Y. A7*=co (with the notation 0~%=0), i.e.

n=0
Ry=(ID,ID,)~" is not defined or does not belong to the class &, of Hilbert-
Schmidt-operators.

If X is the Brownian motion on [0, co) with zero drift, which is reflected at
zero then L=co is a natural boundary and (v) holds because p(x)=x and
therefore p(L—0)=co.

If ¥ is a diffusion on [0, 1) with reflecting boundary 0 and

2

d .
D,D, (1+x) +(1+x)(expx)—d— ie.,

dm(x)=(~1 +x)‘ exp((expx)—1dx, dp(x)=exp(l—expx)dx,
then L= oo is a natural boundary and (v) does not hold (see [25]).

Proof of the Theorem. At first let us give some more properties of the hitting
times 7,. Using (4) and (8) we get for IeE,,

Eyi2= azz " 0 (jmdp) ~2[ [ [ m(t)dp(t) dm(s)dp(2)
000

and thus we have

1 If p(L—0)=co then the integral is defined to be equal co.
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D%fz=Eo(Tz—Eofz)z=2§f}m(t)dp(t)dp z) dm{s). (20)
Oss

From (5) and (8) it follows immediately that
Dit,= Z 272 (IeE,). (21

Now let (I,),. be a strictly increasing sequence from E, with ;=0 and lim |,
ntco

= L. We use the notation 7,=1, and n(y)=min {neN|/, =y}. For every xekE,
the variables 1,, (1, ; —7) (kZn(x)) are independent with respect to P,. This is
an easy consequence of the strong Markov property of X and the property X
=1 P-a.s. (Izx) (see (1)). Thus for every n=n(x) the hitting time 7, is the sum of
random variables which are independent with respect to P,:

n—1

Tn:Tn(x)+ Z (Ik+1‘_Tk) Px-a.s. (22)
k=n(x)

If we put x=1,, [=I, then in particular we have

Défl:DéTx‘}‘D(z)(Tl—Tx), Le.

Dit,=E_(1,~E 1)*=D3}1,— Dz

1z
2 [§ fm(tydp(r)dp(z) dms). (23)

gz’;~

Let us recall that the partial sums (Z,) of a sequence of independent random
variables on a probability space (Q, <, P) is said to be essentially divergent, if no
sequence (4,) of real numbers exists such that (Z,—A4,) is P-a.s. converging 1o a
finite random variable (see e.g. [24]).

(iv) = (iil): Assume that (iv) holds.

Lemma 4. For every xeE,, the sequence (t,) defined by (22) is essentially divergent
with respect to P,.

Proof. The function ¢(y,.) is entire and has strictly negative zeros only (see
Sect. 2). Thus the right hand side of (7) is holomorphic in {zelK|Rezz= —§} for
some J>0. The function z—E_ exp(—z1,) is also holomorphic in {zelK|Rez >0}
and continuous on the corresponding closure. In particular we have

Px, i
@(l, i)
(With i here we mean the imaginar unit.)

Let xeE,, and (4,) a sequence of real numbers such that (z, —A4,) converges
P-as. to a finite limit. Then the functions

Ex eXP(—iﬂfz):

(neR; x,leE,, x<I).

)= exp(ipd,) plx, i
e(lwip

converge pointwise as n— oo to a characteristic function p(.). From (4) it follows
that

E, exp(—iu(r,— A (ueR)
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K

lotinf=T] (1+12(D)>1+1m ¥ 450

Now (iv) and (21) imply p(.)=0 which is a contradiction. _I

As in Sect. 2 let XV, X® be two independent versions of X on a probability
space (9, o7, B (x, y€E,) where F, , denotes the product measure P, ®E. Let
7 be the hitting time of [, by X® (z—l 2). If we abbreviate

= =1 =P~} (,neN, j<n)

then for all x, yeE,, the variable T,
random variables

T;, » with jo:=n(x v y) is a sum of independent

[ =2 )@ =] Go<ks=n-1)

having symmetric distributions with respect to F, .

Lemma 5. For every x,yeE, the sequence (T,
respect to R

o> jo 1S essentially divergent with

x,)°

Proof. The proof can be provided analogously to the proof of Lemma 4 if we use

lo(,ipl®

Now it follows from a theorem of Lévy ([24], p.147) that R, (T, ,=0
infinitely often) equals either 0 or 1.

By the symmetry of the distributions of T, , this probability has to be 1.
Another theorem of Lévy ([24], p.147) 1mphes that R, (T, ,=c infinitely
often) 1 for every ceR. By virtue of () —cP=7—7®+T  we have
B, , @ =12 >0 infinitely often)=1 and, by symmetry Py (r(1$—1(2)<0 in-
finitely often) L

In particular we get with the notation

E(x y)exp( l.u( jo.n An))=

T=inf{t20l(x— »)(XP— X?) <0}

that

Feplt<o)=1 (x,yeE,) 24
Lemma6. If F, ,(t<o)=1(x,yeE,) then the coincidence’ property holds:
R, ,(c<o0)=1(x,yeE,).

Proof. We show that the event A={o=o00,7< o0} has the probability zero with
respect to every F, .. Let be x, yeE,. We can assume x <y. Choose weA. Then
we have

x,¥)"

X)X Po(w) and  XP(0)>XP(w). 25)

Assume XP (0)=XP (w)=1 If X (w)>] and XP(w)<! then from the ¥*-
continuity it follows that / has to be an isolated point of E . This implies that
XY (0)=X"? (w)=I for sufficiently small but positive s, i.e. c(w)<7t(w) holds.
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Thus we have XM(w)=1 or X?(w)=1, let us assume the second equality.
Putting X"(w)=1, we have I, >1 and (by Lemma 1b)) (,,1,)=[0, L)~ E,,. From
Lemma 3 it follows that there exists a strictly increasing sequence (t,) with
t,11(w) such that X{V(w)=1 By virtue of ¢, <t{w) we have

I=XD(w)<XP(w) (neN)
and because (1,1,) does not contain an element of E,, we get
XO(@)zl,  (neN)

This contradicts X* ((w)=1I<I,. Thus the assumption of equality in (25) was
false, i.e., we have

XD o(@0)<X? (), XY(0)>XP(w). (25)
Now from (25" and the ¥*-continuity (see Lemma 1b)) it follows that
XDo(@)<XP(w), XPo(0)>XP(w). (26)

(If we assume X)X (w) then XP(w)<XP(0)<X? (w), ie,
(XP(w), X o(w)) contains an element of E,,. This contradicts Lemma 1b). The
second inequality follows on the same way.)

Analogous conclusions imply

Xo(@)=XP(0)=a;, XPo(w)=XP (w)=a,

Put [=(a;,a,). Then t(w)=1""(w)=0P""(w) for some j,keN where t{* de-
notes the j-th jump of X over I from below and ¢'* the k-th jump of %(2) over
I from above,

The distribution functions of ("), ¢{>® under P, , are absolutely con-
tinuous, therefore the probability of the event that both processes XM, X jump
at the same time equals zero, ie., F, ,(4)=0 holds.

(The absolutely continuity was shown by Rosler [33] for processes with
strictly increasing speed measure m. His arguments hold aiso for general m.)
Thus the lemma is proved. _J

From (24) and Lemma 6 it follows that F_ (0 <o0)=1(x,yeE,), ie., (il
holds.

(i) = (i)): Let & be a bounded parabolic function and define £
=o[ X", XPu<t] to be the o-field generated by {XV, X{(?|u<¢}. Then for
every s 20 the processes (h(X",s+1), %), , (i=1,2) are martingales with respect
to B, ,(x,yeE,). B

Indeed, choose 4=4,nA, with 4,ee[XPu<t](i=1,2). Then from the
independence of X" and X® under F, ,, it follows that (put for example i= 1)

t+ 0>

{x, y) t+v?

XY, s+t+0)dP 5h(X<1’ s+t+v)dP, [ dP,
A Az

(see (19)).

(x,¥)

= [h(XD, s+1)dP.P(4,)=[h(XM,s+1)dP
A Y 2 A

Recall that the set of all such A generates &,
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The random variable ¢ defined in Sect.2 is a (#,)-stopping time. Now a
stopping theorem for martingales (see [27], VL 14.), property (iii) and XV = X‘»
R, y-as. (x,yeE,) imply

h(x,s)=E, WXV s+0)=E, XD s+o)=h(y,s) (s=0,x,yeE,).

(x,y) (x,»)

This means that for every se[0,o0) the function h(.,s) is constant. Now it
follows from (18) that A is constant. Therefore the constant function 1 is minimal
parabolic.

(i) = (i): Let be A€.7. The function h, defined by

hA(xz S):EC(GSA) (XEEmaSgO)

is bounded. Because Ae#,* for every t=0 it follows from the Markov property
that

ho(X, =B, (0,A)=B(A[X,,us) P-as  (xcE,) 27)

Thus (h,(X,,1),»0 is a bounded martingale with respect to E (x€kE,). The
stopping theorem for martingales mentioned above implies that k, is parabolic
(the universal measurability follows from the X-excessivity of &, see e.g. [28]).
By virtue of (ii) A, has to be constant. From (27) and the convergence theorem
[27], VL 6. we have by virtue of 4eF#* (t=0):

limh, (X, t)=P(A|X,,uel0,0))=1, PE-as. (xeE,).
t—

This means h,=0 or h, =1, ie. (1) holds.
(i) = (iv): Assume (iv) does not hold, ie., by (23) and (9),

lim D} 7 < co. (28)
ItL
For every x€E,, and every k with [, =x the random variables 7, (t;, ; —7);24
are independent with respect to P, (see above). We have for every xek,,

n—1

T,—Eo1,= Z (’Cj+1—fj—EO(Tj+1_Tj))
J=n(x)
+ (Tn(x) - EO Tn(x)) Bc-a‘s'

Thus by virtue of (28) and (23) we can conclude that (r,—E, t,) converges E-a.s.
and in P-square mean (x€E,). The limit is denoted by Z.

For all neN and s>0 the equation 7, 8,=1,—s holds on {z,>s}. By virtue
of lim7,=1, = oo (EB-as., x€E,) we have {7,>5}1Q (B-as., xeE,) for n— o and
all s>0. It follows that Zo6,=lim(r,00,—E,7,)=lim(r,—s—Eyt)=2Z—5 B-
a.s. (xekE,) for every s>0. nme pmeo

This implies that Z is % *-measurable for every s>0, i.e.,, Z is J -measurable.
Because D2Z = lim D3 (t,— E,t,)>0 the variable Z is nondegenerate, ie., 7 is

n—oo

nontrivial, and thus (i) does not hold.
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(iv) = (v): Assume (v) is not true. Then p(L—0)< oo and integration by parts
yields for every Ie[0, L)

(f)(p(L—O) ~ p(x))* m*(dx)

=(p(L—0)—p(h))>m*()+2 g(P(L* 0) —p(x)) - m*(x) p(d x). (29)

By assumption the left hand side and therefore all terms of this equation are
bounded with respect to I€E,,. Thus the inequality

1 1
i P(L—0)~p(x)) m*(x) p(dx) Z { (p() — p(x)) m*(x) p(d x)

Il

(P(l)—p(X))M(X)gm(dS)p(dX)

() =p)m(x) pdx)m(ds)

i

p(dt)ym(x) p(d x)m(ds)

I

Oty o Oy e O ey O ey
[Z R S S P SN S
Y ey o K Gy o

| [m(x)p(dx) p(deym(ds)=D3

(see (20)) implies

lim D} 7, < co.
ITL
This contradicts (iv),

(v) = (iv): Firstly let us remark that for every nonnegative continuous
function f(.) on [0, L) it holds

! !
2{ f@ym(t—O)ym(dn) <[ £ ©ym*(d1)
0 0
i
L2{f(®mt+0ym(dr)  (I€E,). (30)
0
(The first and the last integrals are understood in the Lebesgue’s sense. The
proof of (30) is left to the reader.)
From (30) it follows

L LL
%(f)(p(L—O)—p(X))2 m*(@dx)={ [(p(L~0)~p(1) p(dt) m(x +0)m(d x)

L L

=] [(p(L=0)=p)m(t)p(dD) m(d>)
LLz

=£ § fm(®) p(dt) p(dz)m(ds).

Now it follows from (v}, (20) and (23) that (iv) holds.
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(v) = (vi): Assume that (vi) is not true. Then the spectrum o, of the self-
adjoint operator ID,ID, consist of a sequence (4,),. of eigenvalues with
o0

Y A7?<oo and Ay=max g, <0.
n=10

Thus the operator R,=(ID, ID,)~" exists and has the spectrum (A, '), . It
follows from Lemma 2 that p(L—0)<oco. With the notation ry(x, y):=(p(L—0)

—p(x v y)) we have

R, f(X)=£Vo(x, NS ) mdy).

This follows from the general theory of the operator ID,ID, and can be also
proved by direct calculations (see e.g. [15]). For the trace of RZ we thus have
(see e.g. [117, 111 §10)

o0 L /L
0> Y i7=] (I o6 9703, mid) ) m(d )
n=0 0 \0
= (P =0) =P+ 0) m(x—0) md), (1)

Using (30) we get a contradiction to (v).
(vi) = (v): If (v) does not hold, we have p(L—0)< oo and

L
J(p(L—0)—p(x))* m*(d x) < 0. (32)
0
Therefore the integrals in (29) converge to a finite limit if /7L and thus the
limit lim(p(L—0)—p(l)) m(l) =: C exists and is finite. If C>0 then for every [eE,,
"L

L
sufficiently near to L we have by virtue of (30) and the assumption [mdp=oco:?
0

(p(L—0)=p(x)*m*(dx) =2 [ (p(L—0)—p(x))* m(x —0) m(d x)

~e—

L

2CJ(pL~0)—p(x)m(dx)=C I(M(S)—M(Z—O))P(dS)

>C (?mdp—m(l—O)p(L—())):

This contradicts (32). Therefore C=0 holds, and this implies that the spectrum
o, Is discrete and consists only of eigenvalues (4,),. Without finite accumulation
point (see [15], §11). It now follows from Lemma2 that 1,<0 holds. In
particular the trace formula

© L
Zoi,fz=_([(P(L*O)—P(x))z(m(x+0)+WI(X—0))M(dX) (33)
holds (compare (31) and the cited place in [11]).

L L

The integrals | ... v(dx) are defined to be equal | ... v(dx) (v=m or m?).
4 -0

2
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By virtue of (32) the integral in (33) converges. This can be seen as follows.
By the first inequality of (30) it suffices to consider the integral

L
§(p(L—0)—p(x))*(m(x+0) ~m(x—0) m(d x)
0]

=Y (p(L—0)— p(x))* (4 m(x))? (34)

where the sum runs over all x such that 4m(x)=m(x +0)—m(x —0)>0. But this
sum is less or equal

2AP(L—0)—p(x))* Am(x)(m(x +0) +m(x —0))

L
=2 (P(L—0)—p(x))* (m*(x +0) —m*(x ~0)) éi(p(L 0)—p(x))* m*(d x).

Thus the integral in (34) and therefore also the integral in (33) are finite. This
means that (vi) does not hold.
The proof of the theorem is finished. _I

Remark. In the proof above we have shown that

(p(L—0)—p(s)* m*(ds) < oo

= s

is equivalent with the B-a.s. convergence of (t,—Et,) as I1L to a 7 -measurable

nontrivial random variable Z with finite variation lim D2 7,. This result has been
LTL

proved for diffusions also by Fristedt, Orey in [10] in another way. Moreover,

these authors bhave shown in [10] that Z generates the o-field 4 and that ¢

—Eqty, converges to Z P-as. (xeE,,).

4. Minimality of Factorizing Parabolic Functions

As an application of the Theorem 1, in particular of the characterization (vi), we
can decide, if the factorizing parabolic functions (x, W—h,(x,5)=
exp (—us)yo(x, p)(u=A,=supo,) are minimal parabolic. This is substantial for
studying the Martin boundary of the space-time process corresponding to ¥. We
formulate this application in the following

Theorem 2. Let X be a quasi-diffusion on [0, L) with speed measure m and scale p.
L

Assume O is reflecting and L is inaccessible (fmdpzoo). Then the following
properties hold: 0
(i) The parabolic function h,, is minimal parabolic,

(ii) If L is natural and ¢, contains pairwise different nonzero A, (A, =1) with

Z L7t =00 then for every u> A, the parabolic function h, is minimal parabolic,
n=1

(i) If L is natural and o, does not contain pairwise different nonzero A, (nz1)
[¢e)
with Y )%= 00 then for no u> ., the parabolic function h, is minimal parabolic,

n=1
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(iv) If L is entrance then for no u>A, the parabolic function h, is minimal
parabolic.

Remark. 1f L is accessible, then &, is also minimal parabolic but the functions
h, (u>4,) are not. The minimal parabolic functions for this case (and for the
case that L is an entrance boundary) have been described in [19, 207.

Example. If X is a Brownian motion on [0, o) with zero drift and which is
reflected at zero, then 1,=0 and h,(x,s)=exp(—us) cosh(]/ﬁ x). The boundary
L= is natural and by virtue of p(x)=x we have p(c0 —0)=oc0. Thus the
corollary implies that every h, (u=0) is minimal parabolic in this case. Woo has
shown in [36] that for the Brownian motion on (— o0, 00) with zero drift a
parabolic function is minimal if and only if it is of the form

g, ) =exp(—ps+1/2ux)  (ue(— o0, 0))

(up to a multiplicative constant).

His proof makes use of analytical properties of the corresponding transition
densities which are not available for general quasi-diffusions and thus it can not
generalized to our case. Furthermore the Theorem 2 above shows that the
results for the Brownian motion are not the model for all quasi-diffusions with
natural boundary L. Indeed, if ¥ is the diffusion on [0, o0) given in the example

L

after Theorem ! then L=oco is a natural boundary and [(p(L—0)
—p(x)* m*(dx) < cc. 0

Thus the corresponding factorizing parabolic functions h,(u>1,) are not
minimal.

Proof of Theorem 2. We start with some preparation. Let be u=4, Then by
dm®:=g2(.,p)dm, dp®:=¢~%(.,u)dp a new speed measure m* and a new
scale p® on [0,L) are defined (compare e.g. [9]). The corresponding quasi-
diffusion is denoted by X¥®. (All notions connected with (m", p*) we mark with
the superscript “.)

Using the Lagrange identity for D, D, (see [15]) we get

1
D, Dp(m g=mDmD,,(g o, W)—ug

for all g such that the expressions are well defined. Therefore

exp(— ut)
@(x, 1)

For details see [19, 20], the transformation X— X" is a special case of transfor-
mation of Markov processes by multiplicative functionals.

It follows from this formula that a function k on E,, x [0, o) is parabolic with
respect to X® if and only if (x,s)—exp(—us)@(x, u)hix,s) is parabolic with
respect to X. Now the following Lemma is obvious.

PE(XWedy)= B(X.edy)o(y, ).

Lemma 7. Assume u= i, Then the function (x,s)—h,(x,s)=exp(—us)¢(x, ) is
minimal parabolic for X if and only if the constant function 1 is minimal parabolic
Jor XW,
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Analogous statements for special Markov chains and for the Brownian
motion has been used in [5, 23, 36] to study the minimality of factorizing
parabolic functions for the corresponding processes.

Now the following lemma is the key for the successful application of
Theorem 1 to the processes X

Lemma 8. (i) The spectrum ¢ of ID,,uID 0 in IL,(m™) is the translation of o,
by —u:

W ={A—pullea,},
(i) the boundary L is (m,p)-natural if and only if it is (m*, p®) natural.

The proof of part (i) easily follows from the definition of between ID,,,, ID ., and
ID,ID,. The proof of part (i) is more complicate, see {197 or [20].

Now we are ready to prove the Theorem 2. Let X be a quasi-diffusion on
L

{0,L) with speed measure m, scale p and {mdp=oco. Then X%’ is a quasi-
0

Dl

diffusion on [0, L) and we have /{9 =sup ¢4 =0 by virtue of Lemma 8(i).
L

Thus p“(L—0)= oo (see Lemma 2) and this implies {m*) dp*)= oo, ie., L
is also X“)-inaccessible. 0

Therefore Theorem 1 is applicable to the process X9, By virtue of 4§ =0,
X% obviously fulfils (vi) of Theorem 1, and therefore it follows from this
theorem and Lemma 7 that h,  is minimal parabolic for X, i.e. (i) of Theorem 2
holds.

Let L be natural for X. By Lemma 8(ii) L is also natural for X*. Thus
Theorem 1 is applicable to X%, Using Lemma 8(i) it is clear that the conditions
in (i) and (lii)) of Theorem 2 are invariant under the transformation
(m, p)—(m®, p for u>J,. Thus (ii) and (iii) of Theorem 2 immediately follow
from the Theorem 1 and Lemma 7.

The part (iv) requires other methods and was proved in {18, 197, |
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