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Summary. In two different ways a result is proved on the inclusion between
a pair of non-random functions of the empirical distribution function based
on uniform spacings. Applications in nonparametric statistics are discussed.

1. Introduction

It is the purpose of this paper to prove a result on the inclusion of the
empirical distribution function (df) based on uniform spacings, between a pair
of non-random functions by two different methods. The first method is directly
based on the well-known property that normalized spacings formed from
ordered uniform spacings are themselves distributed as uniform spacings. It
subsequently enables us to convert the problem into a similar one for the
ordinary empirical df, based on the original independent uniform random vari-
ables (rv’s), so that the sharp results in Robbins (1954) and Wellner (1978) can
be applied.

The main tool in the second approach is an upper bound for the moment-
generating function (mgf) of a certain sum of dependent zero-one rv’s in terms
of the mgf of the corresponding sum of independent zero-one rv’s, which is
based on the negative dependence structure of uniform spacings. This method
is self-contained and is of interest in its own right since it can be used in other
situations as well.

The results we obtain with these two methods described above are com-
parable and close to the classical results in case of an empirical df based on
independent and identically distributed rv’s.

To be more precise, let X, X,,...,Xy_; (N=2) be a random sample from
the uniform (0, 1) distribution and let

O=Xon_ 15X v S S Xy oy 1S Xy =1
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be the ordered sample. The uniform spacings are then defined by
Doy=Xyn =Xy qvoy (=12...,N)
whereas for the ordered spacings we use the notation
Dl:NéDZ:Né"'éDN:N'

It is well-known that the uniform spacings are exchangeable rv’s (see Pyke
(1965)). The common marginal df is

Fy(s)=P(D; ySs)=P(X,.y_<s)=1—-(1—s)" "1,  5€[0,1] (1.1

and the empirical df based on the uniform spacings is as usual defined by

N
Fy(s)=N—1 Z 1o, gD, ), s€[0,1]
n=1

where 14(+) denotes the indicator function of a set S.
We shall develop the two approaches described above in the Sects. 2 and 3
in order to obtain lower bounds for the probabilities P, and P, defined by

Pi=P(Fy()SB " "Fy(s), for se[0,1]),
B =P(Fy(s)2BFy(s),  for se[D, 5, 1), Be(0,1),

whereas in Sect. 4 we shall discuss the applicability of these results towards
statistics.

2. The First Approach

Throughout the paper the symbol £ will be used to denote the law of a
random variable or vector.
The main tool in this section is the well-known relation

g(Dl,N: Dz,N: "'aDN,N)Zg(NDI:N’(N—l)(DZ:N_Dl:N)7 ""DN;N_DN-I:N)7

2.1
see e.g. Karlin (1966, p. 264) or Pyke (1965).
It is immediate from (2.1) that
LDy.5: Dy Dy ) =L (1, T, ..., Ty) (22)

where

T;lz Z (Xm:N—l-Xm—l:N-lj/(N—m+1)> n=1:2:"'7N'
m=1

It follows by simple algebra that

X,n JNST.<X, v JN—=n+1); n=1,2 ... N. (2.3)
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It is already clear from relation (2.3) that with probability one the empirical
df Fy lies above the polygonal line connecting the points (1/N,0), (1/(N —1), 1/N),
woe, (LN —=1)/N). _

For the evaluation of lower bounds for P, and P, we also need an approxi-
mation of the inverse

Fili(s)=1—-(1—s)" V=1 for se[0,1); Fy'(1)=1,
of Fy in (1.1). Using the expansion for the binomial series we find that
1—(1—s)V¥=D=gN—1)+py(s), for s<l,
where, provided N =2, the remainder term satisfies
0= py() SN =1 —s), for O<s<l. (2.4)

Furthermore we use some results on the ordinary empirical df of the
uniform rv’s I, |, say, viz.

Py 1()<(/p)s,  for se[0,1]) =1~y (2.5)
for every ye(0, 1) and N =2 (see Robbins (1954)), and
P(ly_(()>ys,  for se[X;.y_;,1))
z1—e(l/y)exp(—1/7)) (2.6)

for every ye(0, 1) and N =2 (see Wellner (1978)).
We can then state the following theorems.

Theorem 2.1. For fe(0,%), N=2 we have

Py z1-B/1-p).
Proof. We shall use (2.2) along with the first inequality in (2.3) and the second
inequality in (2.4). Note that in particular X,y ;=1>NFy!(B) for Be(0,%)
and N =2. It follows that
P,=P(Fy(D,..)ZBn/N, for n=1,2,...,N)
>P(X,.v_,=NF;7Y(Bn/N), for n=1,2,...,N—1)
ZP(X,y_ 1 Z(B/A=PYnAN 1), for n=12,..,N-1)
=P(Iy_(5)=((A—=B)/B)s,  for se[0,1])
=1-p/(1—B),
where in the last step we use (2.5) with y=8/1—-p8). [
Theorem 2.2. For (0, 1) and N =2 we have

Py z1—e((1-p)/B) exp(—(1—B)/B).

Proof. Again (2.2) will be used, but this time together with the second in-
equality in (2.3) and the first inequality in (2.4). We see that
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P,=P(Fy(D,.x)S(n—1JBN), for n=2,3,...,[BN]+1)
2P(X,n_1 S(N—n+D)F7 (n—=1DABN)),  for n=2,3,....[pN]+1)
>P(X,.x_1 S(A=P/B(n—DAN=1),  for n=2,3,...,[FN]+1)
=P(Ily_,()=(B(1—P)s, for se[X;.y_,,1])
=1—e((1—pB)/Byexp(—(1—p)/B)

where in the last step we use (2.6) with y=pg/(1—F). [

3. The Second Approach

For ke{l,2,..., N} we denote the k-dimensional df of a subset of k uniform
spacings out of Dy y, ..., Dy y by

F j(sgse,8)=P(D; y<5,,D; y=5,,..., D) y55),
for all (s, s;,...,s,)€[0, 1]

In particular remark that for k=1, F, y=F, as defined in (1.1). For
ke{l,2,..., N} let

Fon(S15 5 80=P(Dy y>581,D5 y>55, ..., Dy y>50),
for all (sy, ..., s)e[0, 11~

For notational convenience we will write (x, x, ..., x) =x® for xPeR’,

Let Dir (o, 5, ..., &,; %, ;) denote a Dirichlet distribution with parameters
Oy Ogy ovey O3 %y i g Recall that if L(Y, Y,, ..., Y,)=Dir(ay, oy, ..., 0,3 0y 1)
then we have

Y, Y. Y,
% 2 3 yeens m
(1—1/1 1-y, 1=y,

Y1>=D1r(oc2, O3y veny O Oy 1)

(see e.g. Wilks (1962, p.180)). Moreover, from Wilks (1962, p.179) it is also
clear that
LDy Dy s s Dy_y n)=Dir(1,1,..., 1; 1).

Hence we have the following Lemma.

Lemma 3.1.
D D D

Sf( ZN | Z3N .., _TNN p ):,%”(D P ) P ) N ) |
1-Dy y 1-Dy y T T LN~1 V2, N1 Ne 1N~ 1

where (D y_y, Dy y_y,..-s Dy_1 x_1) is a vector of (N —1) uniform spacings of
a sample of size N —2 from the uniform (0,1) distribution.

The main tool in this section is Corollary 3.1, which is based on the
negative orthant dependence structure of uniform spacings. Following Block et
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al. (1980) a random vector (Yy,..., Y,) is said to be negatively lower orthant
dependent (NLOD) if for every (yi, ¥, --» Vm)€R™

P(Y, £y, Y, £y, 0, V29,0 ﬂ P(Y,<y),
i=1

and is said to be negatively upper orthant dependent (NUOD) if for every
(y2>y2) Tt ym)E]Rm

P(Y, >y, Vo>, ., Y, >y S ] PY > ).

i=1

Lemma 3.2. The vector of uniform spacings (D y, D, y, ..., Dy y) is both NLOD
and NUOD, which implies that for every ke{l,2,...,N} and every
(815 ---» SYELO, 1T* we have

k
Fk,N(Sla S S H F1,N(Si)
i=1

and

k
Fk,N S S H 1, NS

Proof. This fact can easily be derived from Block et al. (1980, p.32) since
(Dy. x> D5 n» -+, Dy y) is uniformly distributed on the (negatively tilted) area

0) é snzl)‘ O

Corollary 3.1. For Nz2 let Sy be a sum of N exchangeable zero-one rv’s
Z.,Z,,...,Zy with E(Z)=p=Fy(s) for certain se(0,1). Moreover suppose that

((sl,sz, sy 20,

k
E ([] Zi)szyN(s(")), for k=2,3,...,N.
i=1

Then for heR we have

E(e”sN) _S_ E(ehSN)j

where S, is a Binomial (N, p) rv.

Proof. The statement follows from Lemma 3.2 in view of Proposition 3.1 of
Block et al. (1980) which says that a vector (Y], ..., ¥,) is NLOD (resp. NUOD)

if and only if " m
£ (I %) = 11 E@0)

whenever all ¢, are nonnegative and decreasing (resp. increasing). The lemma
was also established independently in Beirlant et al. (1981). Their proof hinges
on the expansion of the mgf’s of S, and Sy in powers of h. [
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We next state the first main theorem of this section which is the analogue
of Theorem 2.1 but slightly different and proved by a different method.

Theorem 3.1. For fe(0,4), N =2 we have
P z1-f—(4ep?/(1-4Bexp(1—4p).
Proof. Following the approach of van Zuijlen (1982), we have
P,=P(Ey(D,,x)S B~ Fy(D,,y)

N
21— Y P(Fy(D, »)>B ' Fy(D, )

1

3
]

N
=1— Y P(#[D,y <D, x]>NB ' Fy(D, )~ 1)
n=1 i¥n
N 1
=] Z jP(#[DLN §S]>Nﬁ”1FN(s)——1]D,,’N=s)dFN(s)
n=10 i*n
1
=1-N[P(#[D,y SsI>NP ' F(s)—1|D, y=5)dF(s). (3.1
0 25iEN

For se(}, 1) we have by Lemma 3.1 that with probability one, given D, y=s,
the number of D, , 2<i<N, not greater than s is equal to N—1. Moreover,
B<Fy(s) for f<% and d=%, so that Nf~'Fy(s)—1=N—1. So

P(#[D; y <s]>NB~ ' Fy(s)=1|Dy y=5)=0, for se(3, 1).
2=isN
Hence, (3.1) and Lemma 3.1 imply that

P=1~N [ P(Sy_,>NpB~'Fy(s)~1)dFy(s) (3.2)

O oy N

where S,_, is a sum of N —1 exchangeable zero-one rv’s Z,,...,Zy_, with

k K (k)
E(H zl.):F,c,M1 ((Ifs') ) k=1,2,...,N~—1.
i=1

Next, define for j=0, 1,2, ..., N—1

.
Ij={se(0, oinee[f, T )}

d ={5e(0,PIf - 1= NP~ Fy(s)~1<j},
an
Iy={se(0, )| Fy(s)= f} = {s€(0,3)IN B~ Fy(s) - 12N —1}.

On I, j=0, 1, ..., N, we have
P(Sy_>NB ' F(s)-1)=P(Sy_, 2. (33)
Since it can be secn easily that for se(0,3)

Fy_ 1 (28) S Fy(25) £2Fy(s),
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: 1
we have on I}, j=1,2, ..., N, for <3

(J+ D

(N=1)F, | (1 )<2NFN( y<2nUEDP 4. (3.4)

Now, using Markov’s inequality and Corollary 3.1 we have on I, j=1,2,..., N
that for every h>0

P(Sy_1z))Se ME(e )
<e M E(SV 1)

BN
<exp (—hj—(N—l)FN_1 (l—i_—s>(1—e”)>A

Since 0<f<%, we can take h= —log(4f), and using (3.4) we have on I i
j=1,2,...,N,

P(Sy_ zj)sexp(—j(—log(4p)+4p—1)). (3.5)

Writing for convenience Fy(I;) for the measure induced by Fy assigned to I, it
follows from (3.2), (3.3), and (3.5) that for fe(0, }),

P1§1*Ni j‘P(SN 1 ZJ)dFy(s)

j=01;

21—N{Fy(I,) +N§ exp ( j(log(4ﬁ)+4ﬁ“1))FN(1;)}

= ‘-21 exp(—jllog(4f)+4p~1)

1 p Bexp(log(4p)—4p+1)
(1—exp(log(4p)—4p-+1)
=1-f—(4ep*/(1—-4Bexp(1-4p). O
The section’s analogue to Theorem 2.2 is the following
Theorem 3.2. For Be(0, 1), N=2, we have

ef texp(—pH
l—ep~texp(—p~")

Proof. Following the approach taken in van Zuijlen (1976) we have

P2=1—P(O (”—5?1\71<FN(D,“N))>

P>1—

h=2
N -1
>1— P( D, >t )
n§2 N( N) ﬂN
[BN1+1

SN ACARER )
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Now, for n=2,3, ..., [BN]+1

n—
BN
where Sy is a sum of N exchangeable zero-one 1v's Z,,Z,,...,Z, with E(Z,)

-1
! and for every ke{2, 3, ..., N}

e
()= (5 G) )

From Markov’s inequality and Corollary 3.1 it follows, for >0 and n=2, 3,
..., [FN1+1, that

P (RuD,>" ) =Py s 1)

P(Sy<n—1)=P(e "8z g=hn—1))
Seh("‘ I)E(e—hSN)
<D (1—ptpe

éeh(n—l)—Np(l_e~h)
since 1 —x<e~* Choosing h= —log B yields for n=2, 3, ..., [AN]+1
P(SNén—l)ge—n(logﬂ+lg—1_1)’

where log B+ =1 —1>0 for Be(0, 1).
Hence
ef~exp(=p7Y)
I—ep~texp(—f7Y)

Remark 3.1. In order to give applications in nonparametric statistics (as done
in Sect. 4) it is also necessary to establish lower bounds for

O

+ ©
P>1- Z e—nlogf+p=i-1 _1_
n=1

P =P(1—-B~*(1—-Fy(s) S Fy(s), for se[0,1])
and
132 =P(15N(s) =1—-F(1—Fy(s), for se[0,Dy.x1),  pe(®,1).

This can be done by looking at the rv’s D, y=1-D, y, n=1,2,..., N with df
F, and empirical df F, say. Clearly one has the following relations

P, =P(E(s) < B~" F}(s), for se[0,1])
and
P, =P(F}(s)= BF(s), for se[D.y, 11),

where Dj.y is of course the smallest of the D, , n=1,2,...,N. Since (D} y,
DY n» ..., Dy y) is also both NLOD and NUOD, lower bounds for P, and P,
can be derived following the approach of this section.

Paralleling the proofs of the Theorems 3.1 and 3.2 one obtains that for
some universal number N,eN,
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f’1g1—-ﬁ~(2e52/(1-125exp(1—2[3)), for fe(0,4) and Nz N,
and

5 eftexp(—f7Y)

P,>1— > for Be(0,1) and N=2.

2= 1”‘€£—1;exp(’“ﬁhl) /3 ( ) =

The method developed in Sect.2 doesn’t seem to yield a good result in this
- case. This can be intuitively understood as the probabilities P, and P, are to a high
degree determinated by the behaviour in Di, resp. D)., 18 In Dy, 1esp.
Dy _i.y- The inequalities (2.3), however, become less sharp for larger values of
.

4. Applications

In this section we give two applications of the linear bounds for F obtained in
the Sect.2 and 3. %t will be convenient to work with the rescaled spacings
ND, y=D¥ .. Remark from (1.1) that the common marginal df of the D y is

Fﬁ(x)=1—(l—-%>N~1, xe[0, N].

.n» Whereas the

For the ordered Df y we use the notation DY.ySD¥.y=... <D},
K. Note that

empirical df of the rescaled spacings D} , will be denoted by F

[FE(x)<B~1Fi(x), for xe[0,NT]

=[Fy()S B~ Fy(s), for se[0, 1]] (4.1)
and
[F¥(x) 2 BF¥(x), for xe[D¥,y, N1]
=[F ()= BEy(s), for se[D, .y, 111, 4.2)

so that the theorems of Sects. 2 and 3 can be restated in terms of F¥.
We next define the empirical spacings process X3 by

X3 =N (B ) —FE(),  xe[0,N]
and the reduced empirical spacings process Xy by
Xy (=N F(Fy () —s)  se[0,1].

Moreover, let {V(s)|0<s=1} be a Gaussian stochastic process (defined on the
probability space of X}¥) with mean zero and covariance function E(V(s)V(z))
=s(1—1)—v(s)v(?) for all 0<s<r=<1 where v(s)= — (1 —5) In{1 —s).

Finally, we define R: (0, )~ IR to be the function

R(s)="[s(1-5)]7",

and write | f||} for the supremum over [a,b]=R of the absolute value of any
fila,b]—R.
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Application 1

In a separate paper Beirlant and van Zuijlen (1982) show that for 6€(0, 3],
IO = VENRFPEDI =Xy = VIR 55 0, (4.3)

a result which implies the weak convergence of the weighted empirical spacings
process. For =% (the unweighted case) (4.3) has been established in Shorack
(1972a). A critical part of the proof of (4.3) consists in showing that

|(Xy=V)RF§N >0 and H(XN_V)R%_(}Hi“I—P_) 0. (4.4)

To show (4.4) we need the following lemma in the proof of which we make an
essential use of the linear bounds.

Lemma 4.1. There exists Ke(0, +o0) such that for every N=2,3,..., every
8¢e(0,%], and every ¢>-0

P( sup |Xy(s)|R*%(s)=c)<K(cNo)~ .
O<s£L
- N

1—L§s<1
N

Proof. The proof is patterned on that of Lemma 1.4 in van Zuijlen (1978). We
note from Theorem 2.1 or 3.1 that for 0< <35, N=2 there exists C>1 with

P s Pz YN scp,
0<s§% S
so that for every d€(0, 3]
P sup Xy R *(s)>12(B ~1)N~)=CP
0<ssL
-N

which proves the lemma for c>ﬂN ~% and hence for all ¢>0. The part of the

. . 1 -
lemma where we consider s=1 N follows by a similar argument. []

Moreover we mention a Lemma, also proved in Beirlant and van Zuijlen
(1982) which together with (4.3) implies that for every >0 and d€(0, 17 there
exists M (g, 6) such that for every NelN

P(IXyR*?|szM)se (4.5)
which means that H)?NR%“’llé# | X%RE(F¥)|Y is bounded in probability.

Lemma 4.2. There exists Ke(0, + ) such that for every 5€(0,3], every
0<0<3, and every ¢c>0

P(V(s)| <cR**%(s), for all se[0,0]U[1—6,1])

0 2
>1—-Kc™* (f Rl’”(s)_ds) )
0
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Application 2

We next give an application of the linear bounds to linear combinations of
(functions of) ordered spacings. Such statistics are useful in a number of
practical problems, such as problems of fit; see Pyke (1965) for an extensive
survey. It is interesting to include linear combinations with relatively high
weights for the smaller and larger spacings as e.g. in Jackson (1967). See also
Beirlant and van Zuijlen (1982). More precisely, let us consider statistics of the
form

N
SN: Z CnNW(D:!::N)
n=1

where ¢, y, Cop» -, Cyy are given numbers (the weights) and ¥: (0, + o) —» R is
a given function.
We assume that the weights are generated by a given function J: (0,1)—» R
according to
Ne y=J(m/(N+1)).

Writing J(sN/(N + 1)) =J,(s) for s€(0, 1] we may represent S, by
N
Sy = § Iy(FF(x) P (x) dF¥ (x). (4.6)
0

We are interested in the asymptotic distribution of statistics of this type, in
particular when we allow |J| to tend to oo as 5|0 or sT1, which corresponds to
relatively high weights for the smaller and larger spacings.

This way of representing the statistics Sy in the form (4.6) almost naturally
leads to a Chernoff-Savage (1958) approach for the asymptotic distribution
theory; see Ruymgaart and van Zuijlen (1977; 1978) where the same approach
has been used for linear combinations of (functions of) ordinary order statis-
tics. In the proof a number of properties of empirical df’s like the one in
Theorem 2.2 or 3.2, that might be of independent interest, appears to be
needed.

Writing

N
iy = In(FE(0) P (0 dEF (),

0

a proper standardization of S turns out to be

N%(SN_MN):AON_{—AlN_I_BN
where

Aoy=N?* (f) Ty (FF () P (0 dLEF () — F (0],
Aiy= ? XF )T (F¥ (x)) P (x) dEF (),

By=N*# [ [Ty (B (x)) = Iy (F ()] P () dFF () — A .

JSpa—
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As far as the A-terms are concerned, notice that A,y + A,y is a sum function
of unordered spacings, to which a version of central limit theorems established
by Holst (1979), Beirlant et al. (1982) can be applied for proving the asymptotic
normality.

For the asymptotic normality of the A-terms some conditions are needed,
in particular in order to guarantee the existence of moments. These conditions
will also be needed to prove the asymptotic negligibility of B, which is in fact
the only real problem. These conditions are that W is measurable, J has a
continuous first derivative JU throughout (0, 1), and that there are numbers
ce(0, + o) and a, be(0,3) with a+b <L such that

[¥(F¥ (s)| £cRb(s), s€(0,1), uniformly in N, (4.7)
[JO(s)| <cR*Ti(s), se(0,1), ie{0,1}. (4.8)

It will be convenient to briefly write By as

By=N*

Qe 2

N
(..)dEf—N*{(...)dF%.
0

The proof that By-—~0, as N— + oo, will follow at once if we can show that
each of the integrals

Fi 1) N

Biy=N* [ (.)dEf, B,y=Nt [ (.)dEy (4.9)
0 Fit1-y)
R Ay ¢)) N

B;y=N* [ (.)dFf, B,=N* | (.)dFf—>0, (410)
0 Fi1(1-v)

as 7]0 and N — + o0, along with

Fi-t(1—-y) N , Fi1(1—vy)
N+ [ (DARE-NE T ] (L)AR =50 (4.11)

Fim1(y) Fim '

as N — + oo, for all ye(0,1).

In dealing with the integrals in (4.9) the importance of Theorem 2.2 or
Theorem 3.2 will become apparent. We restrict ourselves to a full proof of the
asymptotic negligibility of B, . The second integral B,y can be handled by
similar methods using the results stated in Remark 3.1.

Let us notice that the random measure dF restricts integration to the
random interval

AN: [DT:N7 D;ET:N]J

. 1
3k —_—
and that NAN+1) FN(x)e[ T 1 N 1]

value theorem applies to the integrand and yields (for xe4,)

<(0,1) for xedy. Hence the mean

NHI(F () = Iy (B () = N* (B (0) = F ()T (G () = X () TR (GH (),
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where G*(x) is a random point swicly between F¥(x) and F¥(x). The point
G¥%(x) satisfies

B (0 A F¥(x) SGH(x) S FE (o) + | B — |- (4.13)
We next introduce the subsets

QY ={weQ|F¥(x)2 BF¥(x), xedy},

QP c={weQ| I XFR*°(F)IT=C}
for some 6€(0,4—a—b). From now on let us fix an arbitrary £>0. As a result
of relations (4.1) and (4.2), Theorem 2.2 (or 3.2), and the boundedness in
probability of |XERE=%(F¥)|} (see 4.5)) we may claim that there exist §, and

C, such that
PQY,nQP)=1—¢ forall N22 (4.14)

provided =B, and C=C,. From now on we shall also take f and C fixed
such that (4.14) is satisfied.
For any y&(0,) we have on Q. that

F(x)+ | B —FXIN<F¥(x)+CN-*<i,  for xe[0, FF ' (y)] (4.15)

and provided N is chosen sufficiently large. Combining (4.13) and (4.15) we see
that on Q. we have

FrAR(0SGH0SE,  for xedyn[0FE 0], (416)

provided N is sufficiently large.
The condition (4.8) on J and (4.16) entail that on QF), QY. we find the

bound R .
A(GREN = cR*HGR (%)

ScR*HEF(x) A F¥ ()

<cR™(BE¥(x)

Sc(l/By R (EF (%)), (4.17)
for xeAy N[0, F¥ ()]

Finally, it follows from (4.7), (4.12), and (4.17) that on Q{ N QP the
integrand (including N*) of the integral B, is bounded by

NHTy (B () = Ty (F ()] |2 ()|

S C(L/BI PRI ()R (B (x) R~ (B (x))
SACL/P RTINS (RE(x),  xedyn [0, FE ()]

So for each weQ);n QY B, itself is bounded by

F* 1(

Zc(l/ﬁ)aT j Ra+b+ +5(Fa<(x))dF*( )
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and hence

FimY(y)

E(1 By S CQ/Bt | RSB () dF (x)

O N 0
Y
:CZ C(l/ﬁ)a+1 J‘ Ra+b+%+§(s)ds’
0

—0, as v]0, (4.18)

because a+b+L+45<1.

It is now obvious from (4.14) and (4.18) that B,, converges to zero in

probability as N — + co and 7]0.
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