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Lévy Homeomorphic Parametrization
and Exponential Families

OLE BARNDORFF-NIELSEN

Summary. Let #={F,: 0e®} be an exponential family of probability distributions with 8 the
canonical parameter and consider the one to one mapping ¢: F,— 0. It is shown that, under mild
regularity assumptions, ¢ and ¢ ~! are continuous with respect to the Lévy metric in £ and Euclidean
metric in ©.

Let (Z, 8, ) be a Euclidean statistical field, i.e. Z is a measurable subset of
some Euclidean space, 4 is the g-algebra of its Borel subsets and £ is a family of
probability distributions on 4. Z is said to be parametrized by ¢ if ¢ is a one to
one mapping from £ onto a subset © of a Fuclidean space. Such a mapping ¢
will be called Lévy homeomorphic if it is a homeomorphism with respect to the
Lévy metric in 2 and the usual, Euclidean metric in ©.

P is exponential if it is dominated by a o-finite measure u and if there exist a
positive integer k, real functions a|2, a2, ..., %,|? and real, measurable func-
tions b|Z, T,|%, ..., T,|Z such that u—a.e.

WP =ape® ™, pes, W
u

where a=(x;, ..., o), T=(T}, ..., T,) and where - denotes inner product. The smal-
lest k for which there exists functions a, «, b and T so that dP/du can be written
in the form (1), is the order of #; the order does not depend on which dominating
measure p is considered. In an exponential family the probability measures are
mutually absolutely continuous.

It is assumed in the sequel that 2 is exponential and that k is equal to the
order of #. Under this assumption the functions 1, T, ..., T; are linearly inde-
pendent in the sense that if for some constants y,, 74, ..., 7, and some (and hence
all) Pe# there holds

P{yo+y L+ +yT,=0}=1

then yo =9, =---=7,=0.
Consider the mapping
¢: P-a(P), Pec?,

and let
©={a(P): Pe?}(<R".

@ is one to one and hence & is parametrized by .
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The purpose of this note is to prove the following
Proposition®. If @ is open and T is continuous, then ¢ is Lévy homeomorphic.

Remark. As is apparent from the following proof, ¢ is continuous whether
© is open or not.

Proof. Let By=¢~'(0) and write a(f) for a(B). Then, u—a.e.
dh

(x)=a(@)b(x)e’ 7@,  9eO,
du

h
wnere a’l(g)zfee'T(x)b(X)d/l.

a is a continuous function of 6 because the multidimensional Laplace transform
is continuous at all inner points of its domain of convergence.
Thus §,— 0 (0, 8, ©) entails
dB, _dF,
—-— p—ae.
du du
and this implies, by a wellknown corollary to the dominated convergence theorem,
dp, R
Nl
du du
Consequently B, — P, (weak convergence) and the continuity of ¢ ~! is established.

To prove continuity of ¢ it must be shown that if B, — B, then ,— 6. Let
C,(R¥) denote the space of continuous functions on R¥ with compact support
and let To P (P e %) be the measure on R* induced from (%, 4, P) by the mapping T.
From B — K and the continuity of T'it follows that Te B, — To B, i.e.

[f@®)dTo R, - [f()dToR, feCy(RY.
For shortness, let n=To F,. Now,

in mean w.r.t. g.

[f@dToB, = f) 20 gonor-c gy

a(0)
and thus it suffices to prove that if 0e @ and if for some sequence a,
a, [ ft)e™ Tdn— [ f()dn, feCy(R¥, )

then 4,- 0.

On account of the compactness of the surface of the unit sphere in R¥, one can,
without loss of generality, assume

0
0
F(c)=n{teR*: t-e<c}, ceR.

F is a distribution function with at least two points of increase, ¢; and ¢, >c;.
In fact, if F had only one point of increase ¢, then

l=n{t-e=c}=B{T-e=c}

"H —e, where |e]|=1.

Let

1. This proposition gives an answer to the question raised by Nolle [1; p. 771
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in contradiction to the linear independence of 1, T3, ..., T,. Choose a d¢e (0, Cz_;&)

and let J,={t: ¢, —6<t-e<c, +d}. Furthermore, let f be a nonnegative function
in C,(R*) which satisfies
f=0, t¢J,

[ ft)dn>0.
J1

and

Such f certainly exists. Let S, denote the (compact) support of f. For n sufficiently
large one has

0, t=6, [( Hg:H —e) -t+e-t]§|]0n|l (c1+26),  teS,

and hence
a, jf(t) ot dn<a, jf(t) ellfnll e +20) dn=a, ellonll c1+29) ff([) dr.
Rk Sf Rk

By letting n— oo and employing (2), one obtains

1<lim inf g, e!l®/l €1 +29, (3)
In a similar way it may be shown that

1>1lim sup a, /l%! ¢¢2-29, 4)

(3), (4) and the inequality ¢, +2d<c,—24 together imply 0, 0.

Acknowledgement. 1 am indebted to Karl Pedersen for a useful remark which led to a shortening
of my original proof of the continuity of ¢.
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