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Let {&} be a sequence of 1v’s with E&, =0, E¢}=1 (k=1,2,...). Assume that
with some functions ¢, (k) and ¢,(k) defined on the non-negative integers we

n+k 2
have either (1) sup|E(&,¢,.,)lS @,(0) or (2) supE[% Y & <eat0 k-1,
n n—1 n i=n+1

2,..; qoi(O)zi), and set w(n)= Y ¢,(k)(n=1,2,...). The main results read as
follows: k=0

Theorem 1. Suppose that (1) holds with a ¢ (k) for which w(n) satisfies the

(2n)

LW ..
condition ) =q>1 (n=ny), furthermore, a sequence {1,} of positive num-
n

[oe]
bers is such that AZ w(n) is non-increasing and Y Alw(n)<oo. Then

n=1

A i &, —0 ae (n—co).

k=1

Theorem 2. Let (k) be a positive and non-decreasing function defined on the

e 1
positive integers for which ZW< c0. If one of the conditions (1) or (2)
k=1 n

1
holds with ¢ (k)=0 (m), where i=1 or 2 respectively, then " &—0 ae.
(n—0). =1

The rate of convergence in the conclusions of Theorems 1 and 2 as well as
the convergence properties of weighted averages are also studied.

§ 1. The Main Results

Let {£,} be a sequence of random variables (in abbreviation: rv’s) having finite
variances. Assume that

E&=0, E&=1 (k=1,2,..). (1.1)
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The sequence {&,} is said to be quasi-stationary associated with a function (k)
defined on the non-negative integers if

supl|E(C, ¢, lSolk)  (k=0,1, ...; 9(0)=1). (1.2)

Furthermore, {£,} is said to be stationary {in the weak sense) if
E¢,¢,.)0=Rk) (=12 ...;k=0,1,..),

where R(k) is called the covariance function of this sequence.
By (1.2) it easily follows that for every sequence {a,} of numbers and for
every b=0 and n>1 we have

b+n 2 b+n n—1 b+n—k
E( T ab) s Y @25 ol Y laa.
k=b+1 k=b+1 k=1 j=b+1
b+n
<own) Y, (13)
k=b+1

where

w(n)=:;go(k) (n=1,2, ...).

The main purpose of this note is to provide strong laws of large numbers as
consequences of restrictions imposed upon ¢(k). One possible way to obtain
strong laws is that first we prove the a.e. convergence (that is, with probability 1)
of the series

2 A (14)
k=1

where {4,} is a non-increasing sequence of positive numbers tending to zero, and
hence we infer via the well-known Kronecker lemma that

2,5,—0 ae. (n—»>00), where s,= Y, &. (1.5
k=1
The following theorem of Gaposkin [2, Theorems 1-37] covers a lot of earlier
results relating to the a.e. convergence of (1.4).

Theorem A. Let {&,} be a quasi-stationary sequence of rv’s associated with some
(k). Then any one of the following conditions ensures that the series (1.4)
converges a.e.:

(i) {4,} is a sequence of numbers for which

Y J22w(n)(log n)* < o0; (1.6)

n=2

(i1} (k) is non-increasing,

1<p, =20 p o 2k,

P(2k)
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and

i w(n)(loglog n)* <

4

ii (k) is non-increasing and for 2, =k~ * we have

(i

=

Mx

log k (logloglogk)? < co.

Gaposkm pointed out that these results are best possible even for stationary
sequences.

Theorem A immediately implies, among others, the following strong laws:

(1) If {4,} is a sequence of positive numbers satisfying (1.6), then (1.5) holds.

(i) If @k)=0[k *(logk)’| (which is equivalent to w(n)=O0[n*~*logn)’]),
where 0<a <1 and p is arbitrary, then for each ¢>0 we have

Sn
n(2 —zx)/Z(IOg n)(l +/3)/2(10g 10g I’l)(3 +¢e)/2

(i) If for an ¢>0 we have

-0 ae (n—o0) (L.7)

1
k B .
P)=0 <(10gk)z1Og10gk(10gloglogk)3“)’ (1.8)
then
n~1s,»0 ae (n— ). (1.9)

We note that the assertion under (i) was obtained by Petrov [6, Theorems 2
and 4] in a slightly more special form as follows: Let {&,} be a stationary
sequence with the covariance function R(k). Then, for each ¢>0,

N

n—1 172 "
[n (Z IR(k)I)] (log n)*2(log log m)* +9/2
k=0

The result under (i) is sharp if for every 6 >0 we have w(n)=0(n°). Thus, for
example, if p(k)=0[k™'(logk)*~1], or equivalently w(n)=O0[(log n)*], where « is
an arbitrary number, then

-0 ae (n—oo0)

Sn . -
nl/z(logn)‘“”)/z(loglogn)““)/z—’0 ae. (e>0;n—00);

if p(k)=0[(klogk)~'(loglogk)*~ '], or equivalently w(n)=0[(loglogn)*], then

Sn

"2 (log n) A(loglogm vz 0 4¢ (6= 05n= o)

On the other hand, the strong laws under (i) and (iii) are not sharp in
general. In fact, we will prove below that a factor loglogn in the denominator of
(1.7), and a factor logk(logloglogk)® in the denominator of (1.8) are superfluous.
Similar observations can be made also in the cases when we start with Theorems
6 and 7 of Gaposkin [2] in order to obtain strong laws for stationary sequences.
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We mention one more result. The proving technique of Serfling gives a
somewhat sharper result than that in [9, Theorem 2.17: If for an ¢>0 we have

1

olk)=0 ((log k) log log k(log log log k)lﬂ)’ (1.10)
then (1.9) holds.

Although (1.10) requires less than (1.8), from our Theorem 2 below it follows
that here a factor logk in the denominator can be omitted without weakening
the conclusion.

Our reasoning is based on a moment inequality for the maximum cumulative
sum. Before stating it in an explicit form, set

b+n
Sb,n= Z @&, and M, ,= max |Sb,k|=
k=b+1 1<k<n

where {a,} is a sequence of numbers, b=>0 and n=1 integers. In the particular
case b=0 we set

Sn=SO,n: Z akék (ngl)

ke 1
Furthermore, set W(1)=w(1) and, for n=>2,
W2(n) =W (m—1) + wl%(m), (1.11)

where m denotes the integral part of 3(n+2). It is obvious that W(n), together
with w(n), is positive and non-decreasing for n=1,2,.... Furthermore, from
(1.11) it follows that if 2*<n<2**! with some k=0, then

k
W1/2(n) é W1/2(2k+ 1 1) — Z Wl/2(2}')'
j=0
The results below are obtained by adapting more or less standard arguments
[8] to make use of a recent result [4] which gives bounds for the v-th moment of
M, , in terms of assumed bounds on the v-th moment of |S, ,|, where v 1. The
following theorem is a special case of Theorem 4 of [4].

Theorem B. Suppose that (1.3) holds for all b=0 and n=1, and let W(n) be
defined by (1.11). Then we have
b+n

EM2)S2W(0) Y a (1.12)

k=b+1
for all b=0 and n=1.

We note that if w(n)=1, then W(n)<(log2n)? which follows from 1+log2(m
—1)<log2n, the latter being true since n=2m—2. Further, if wn)=»’ with
some f>0, then W(n) <(2n)?/(2° — 1)}/, etc. From this it is seen that in the latter
case (1.12) provides a bound for E(M?2 ) which is asymptotically optimal as
n—oo in the sense that it is of the same order of magnitude as the bound
obtained for E(S} ). We will show that the situation is the same, whenever w(n)
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increases so “fast” that

>g>1  (n=ny). (1.13)

(See Lemma 1 in Section 2.)

Theorem 1. Suppose that the quasi-stationary sequence {C,} is such that w{n)
satisfies (1.13), furthermore, the sequence {A,} of positive numbers is such that
A2 w(n) is non-increasing and

Y A2 w(n) < oo. (1.14)
n=1
Then
I i &—0 ae (n—>w). (1.15)
k=1

We note that if (1.14) holds, then AZw(n) tends to zero as n— oo, thus the
assumption that A2w(n) is non-increasing does not mean a strong condition.

Let us introduce the following notation. For a positive and non-decreasing
W(k) defined on the positive integers write ye ¥, if

|
——— < 00. 1.16
2 (116
Further, we say that (k) increases “slowly” if
Y(2k)
—=<r<2 k>k). 1.17

We remark that (1.17) does not contain any strong restriction, since the only
case interesting for us is Y(k)=0[(log k) **] with an >0 (owing to (1.16)).

Theorem 2. Suppose that Wye¥,, (k) satisfies (1.17), and the quasi-stationary
sequence {&,} is such that

1
plk)=0 <W) (1.18)
Then
%igﬁo de. (n—oo). (1.19)

For stationary sequences a slightly finer result was proved by Gaposkin [1]
as follows: Let {£,} be a stationary sequence with the covariance function R(k). If

> Rk

SR

=1k
then (1.19) holds. However, his proof cannot be extended to quasi-stationary
sequences, since it is based on the spectral representation of the covariance
function.
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The following consequences of Theorem 1 are interesting in themselves.
Corollary 1. If w(n) satisfies (1.13), then (1.15) holds for
1
in:__'vAm___T7
[rnw(m) y(m)]Y

Corollary 2. If o(k)=0[k™*(logk)’] where 0<a <1 and B is arbitrary, then (1.15)
holds for

with any ye'?,.

- 1
" [ (log n)f Y]

The case a=0 coincides with the most general case when @(k)=1, i.e., when
we require nothing on {&,} but (1.1).

with any We'..

Corollary 3. Let {£,} be an arbitrary sequence of rv's satisfying only (1.1). Then
(1.15) holds for

Py= o[ ) I with any YeV,.

Now Theorem 2 improves (1.8) and (1.10), while Corollary 2 improves (1.7).

In the meantime, Gaposkin [3] announced without proof a number of
results on the strong laws of large numbers for stationary and quasi-stationary
sequences, among others, the above Theorem 2. A version of Theorem 2 is also
stated in [3], when the condition (1.2) is replaced by

EF 3 e;k] <g(m) (forall b0, n21), (1.20)

Ryp—b+1

where ¢(n) satisfies (1.18) with a ye¥,. More precisely, the following holds.

Theorem 2. Suppose Ye',, y(k) satisfies (1.17), and the sequence {&,} of rv’s is
such that (1.20) and (1.18) hold. Then (1.19) follows.

Theorem 2’ can also easily be proved by making use of Theorem B.

Furthermore, Gaposkin states that Theorems 2 and 2’ are best possible in
the following sense: if y(k) is a non-decreasing sequence of positive numbers
such that

© 1
Z ki

then there exists a quasi-stationary sequence {£,} for which

E(é,,éb+n)|=0(‘,,—z,5) and E[ kbifk]z‘ (1//(1n))

for all >0 and n>1, but n~'s, diverges a.e.

=OO’

§ 2. The Proofs of Theorems 1 and 2

We need some auxiliary results, which seem to be known; however, we could
not find any reference and thus we carry out their proofs here.
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Lemma 1. Let w(n) be positive and non-decreasing for n=1, 2, ... and satisfy
(1.13). Then we have

m

Y w(2)=0[w2™]. Q.1

j=0

Proof. We may suppose that n,=1 in (1.13). A repeated use of (1.13) gives that
. 1\m-i
w2 < (g) “Wam (=0, 1, ..., m),
q

whence, on account of ¢>1, we obtain that

5 w2)=w2m 3 (%)mﬂzowzm)],

j=0 j=0
in accordance with (2.1).

Remark 1. In particular, setting Lg , 5(n)==1 for 1=n<8 and

Ly, s(m)=(log n)f (loglog n)" (log log log n)°
for n=8, by virtue of Lemma 1 any sequence

1-z

n
Lﬁ, y,a(n)

satisfies condition (2.1) for 0=<u <1 and for arbitrary f, y and J; and con-
sequently, for the sequence W(n) defined by (1.11) we have W(n)=0[w(n)].

win)=

Lemma 2. Let y(k) be positive and non-decreasing for k=1,2,... and satisfy
(L.17). Then we have

:};1 ﬁ= 0 (@}Z—”ﬁ @2)

Proof. We may suppose again that k,=1 in (1.17). For any n=1 let us define m
=0 by 2"<n<2m*!. Now using (1.17) repeatedly, we find

2 s(i)"’” 2 G0,
Y(2)—\2 ¥(2™) CT

Since Y(k) is non-decreasing, hence we get that

S A B AU n
Y gw= 2 =i 2 ) 0 )
k=1 W) T S0 (2 TR 2o \2 ¥(n)

In the last equality we took into account that

Y(m) SY2" ) <rp(2m).
Thus the proof of (2.2) is complete.

Remark 2. By Lemma 2 it follows immediately that
n 1 l-a
T ]
k=1 k*Lg , 5(k) Ly, ,,5(1)
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provided that 0<a <1 and §, y,  are arbitrary, but the first non-zero member of
o, B, y and 6 is positive.

Lemma 3. Let we'f’ Y(k) satisfy (1.17), and set

wn)y=1+ n=1,2,...).

()= Y o

Then n~?w(n) is non-increasing, w(n) satisfies (1.13) and
S wn
Z (

Proof. The fact that n~2w(n) is non-increasing easily follows from n~ 4y (n) S w(n),
which is obvious.
By Lemma 2 we have

w(n) _% (n=1,2..), (2.3)

where C is a positive constant. Hence

w(2n) 1 25t 1
Y 14,
w(n) w(n) kgn- yk)y— rC
i.e, (1.13) holds for g=1+(rC)~*
Finally, (2.3) and (1.16) yield

P =,§1 i~

After these preliminaries we turn to the

/\

Proof of Theorem 1. Set s,= Y &, and let ¢>0. By (1.3) and by Chebyshev’s
inequality, =t

/12
PAls=e] < E;_ E(s2)=0(nw(n) A2).
Hence

ZPUMWPQ 0(1) 3. 2w(2) A2,

i=1
Since A2w(n) is non-increasing, by a well-known theorem of Cauchy the series

Z AZw(n) and Z 2iw(2) A%
simultaneously converge or diverge. In virtue of (1.14) and the Borel-Cantelli
lemma, with probability 1,

Aailsyi|<<e  for all i large enough. (2.4)
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Now we want to apply Theorem B. (1.13) implies via Lemma 1 that W/?(n)
=0[w'?(n)], where W(n) is defined by (1.11). Thus (1.12) provides

PlAy M 26l = < /12 E(M3,,,)=002'W(2') 23).

Using again the Borel-Cantelli lemma, we can see that, with probability 1,
AyiMyi yi<e  for all i large enough. (2.5)
Taking into account the relations (2.4), (2.5) and that
sl Slspd+ My 5 if 21Sn< 20,

we have, with probability 1,

A ls,l<2¢  for all n large enough.

Therefore, (1.15) holds.

1
Proof of Theorem 2. Without loss of generality, we may assume that go(k)zm
for k=1,2,.... Lemma 3 shows that the present w{n) satisfies all conditions of

Theorem 1 in the special case A,=n~'. The application of Theorem 1 provides
(1.19), which was to be proved.

Proof of Theorem 2’ is almost immediate after the proofs of Theorems 1 and
2. In fact, by (1.20) we have

[ § gk] <n?o(n)=0 (%)) (for all b20, n21). 2.6)

k=b+1

Hence, for any >0,

P[n~1s >¢]< nl E(s?)= O(w(l ))

and consequently,
Z P27 syl ze] = 0(1)2 (21)
Thus 275, —0 a.e. (i— o).
After this we apply Theorem B starting with (2.6), where now w(n) =% and
n

a,=1. Here w(n) satisfies (1.13) owing to (1.17), and a fortiori, by Lemma 1 we
have W(n)=0[w(n)]. Thus

i;P[T’ 2,002 8]= 01)171 ://(21 0,

whence 27'M,;: ,:~ 0 a.e. (i — o), which makes the proof complete.



232 F. Méricz

§ 3. The Rate of Convergence

The method used in proving Theorems 1 and 2 is suitable to provide infor-
mation on the rate of convergence in (1.15) and (1.19). For simplicity, we
concern ourselves with the estimation of convergence rates in (1.19).

We begin with

Lemma 4. Let w(n) be positive and non-decreasing for n=1,2,... and satisfy

w(2n)

o Sr<2  (nznyg). (3.1
Then

& w2 (w(2")

L _0( i ) (3.2)

Proof. (3.2) immediately follows from the following elementary consequence of
(3.1):
wH P W2 (j=m, m+1, ).

Theorem 3. Suppose that the quasi-stationary sequence {&.} is such that w(n)
satisfies (1.13) and (3.1). Then, for each ¢>0,

B=Plsupk™ s 2e] = 0( (n)> (3.3)
Proof. Obviously we have
= Z Pl max Kk Us)ze] < 3 P[Mo i 22%6],

2igk<2itt Jom

where m20 is defined by 2"<n<2"*1 On the one hand, (1.13) ensures that
Theorem B can be applied. By (1.12) it follows that

o j+1
~omy, Wgﬂ ) (3.4)

On the other hand, by (3.1) we can use Lemma 4, according to which

reo ()0 2.

n 2m+1 n

This completes the proof of (3.3).
Thus we have

Corollary 4. If o(k)=0([n"L; , 5(n)]~") or equivalently
nl—a
W =0 ().
L, , 5
where 0 <o <1 and B, v, 6 are arbitrary, then for each ¢>0 we have

1
Plsupk=lls |=e]=0 (*——>
[kgI: sl ] n"‘Lﬂ,y,a(n)
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The case a=0 is of special interest. As in this case (3.1) is not satisfied, we
have to treat it separately.

Theorem 4. Suppose that e, y(k) satisfies (1.17), and the quasi-stationary
sequence {&,} is such that (1.18) holds. Then, for each £>0,
O |

S ()’

Proof. Lemma 3 shows that w(n) satisfies (1.13). Thus, as in the proof of Theorem

3, we come to (3.4). Then making use of (2.3), we complete our reasoning as
follows:

B =P[supk~!|s,|=¢]=0(1) (3.5)
kzn

o0 W(2j+ 1)

=0(1) Z i+l T ; 2J+1) oa )Z )

j=m
where 2" <n<2"*! The last equality in this chain is obtained by the Cauchy
theorem mentioned above (Y(k) is non-decreasing). The proof of (3.5) is finished.
The implications of Theorem 4 are of some interest.

Corollary 5. For any ¢>0,

1 1
ky=0 (%) implies B,=0 (i>,
0 KLy 1,1+:(k) P (logloglogn)®
1 o 1
w()=0 (k log k(loglog k)”e) implies I,=0 ((loglogn)s>’
1 1
el (k(log k)He) implies F,=0 ((log n)s)

§ 4. Weighted Averages

Let {a,} be a sequence of numbers, a, +0. We are interested in the convergence
properties of

S,= Z at, (m=1,2,..),
k=1
where we assume that
A,= Y ai»oo  (n—o0). (4.1)
k=1

Starting with Theorem A of Gaposkin, (1.6) implies

Corollary 6. If (4.1) holds, then for any Ye'P,

5,
(W) A, p(A, )] P Togn 0 & 170 “2

In fact, this immediately follows via the Kronecker lemma from the fact that the
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series (1.4) converges a.e. for
A=) A p(A)]~ 2 (log bt (kZ2).

The latter assertion is a simple consequence of (1.6) and the following lemma,
applied widely in the theory of numerical series (see, for example, [5, Lemma
11): Let d, =0 be the terms of a divergent series with partial sums D, (d, >0). Then
the series

ud d

2 n

=1 D ¥(D,)
converges for any Yye'¥..

We remark that for independent rv’s (when w(n)=1) a stronger result was
proved by Petrov [5, Theorem 1]: If {&,} is a sequence of independent rv’s
satisfying (1.1), and if {a,} is a sequence of numbers satisfying (4.1), then, for any
ye¥.,

Sn
[A, (A7~

The result (4.2) is sharp in the case w(n)=0(n°) for every 6>0 (cf. Gaposkin
[2, Theorem 8]), in particular, in the case of orthogonal rv’s (when again
w(n)=1) (see Tandori [10] and Petrov [7]). Nevertheless, it is very probable that
if w(n) increases “fast” in the sense of (1.13), then in the denominator of (4.2) the
factor logn is unnecessary. More precisely, we set up the following

0 ae (noo).

Conjecture. Suppose that the quasi-stationary sequence {&,} is such that w(n)
satisfies (1.13), furthermore, the sequence {a,} of numbers is such that (4.1) and
perhaps some more requirements on the “regular” behaviour of A4, are satisfied.
Then, for any ye¥,,

S,
Dwin) A,y
In case g, =1 (i.e., when 4,=n) the conjecture coincides with Corollary 1.

For the sake of simplicity, we present here a possible generalization of Theorem
2 and Corollaries 2 and 3, respectively.

0 ae (n—>o0) (4.3)

Theorem 5. Suppose that the quasi-stationary sequence {£,} is such that w(n)
satisfies (1.13), furthermore, the sequence {a,} of numbers is such that (4.1) and

An
llf(A,,)> (4.4)

are satisfied, where Yye'V,. Then

w(n)=0 (

A7S, -0 ae (n—>0). 4.5)

Theorem 6. Suppose that {£,} is such that w(n) satisfies (1.13), furthermore, {a,} is
such that (4.1) and

w(n)=0[4, %log 4,)"] (4.6)
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are satisfied, where either O<a <1 and f arbitrary or a=pB=0. Then, for any
ve?,
S

A7 (log A:)ﬂ ST -0 ae (n—o0) 4.7)

It is obvious that (4.4) and (4.5), further, (4.6) and (4.7) are special cases of
(4.3).

Proof. As the proofs of Theorems 5 and 6 run along the same lines as that of
Theorem 1, we concern ourselves only with the proof of Theorem 5.
To this effect, define a sequence of integers 1 <n, £n, <... in such a way that

A <2<d, (i=1,2,...; A4,=0). (4.8)

n—1=

This choice is possible by (4.1), and obviously n,— o as i— oo,
By (1.3) and Chebyshev’s inequality,

1 2w(n)

PLIS 2045 5z BSDS )
Hence, by (4.4)

@ 2 2 wn )

P[IS, |24, 15—

Ertsazends; ¥ 5R-003 s

The series on the right-hand side is convergent since by (4.8)
<)
i—1 ‘p(A ) iy

and the latter series converges if and only if Y€, (by the Cauchy theorem).
Hence the Borel-Cantelli lemma implies, with probability 1, that

A MS, |<e  for all i large enough. (4.9)

Now we are going to apply Theorem B. By (1.13) Lemma 1 implies that W(n)
=0[w(n)]. Therefore, with v,=n,, , —n,—1,

1 wiv)(4,, _1—4,
P[M, ,2eA,]<5—5 e E(M2 ')___0( (v)( oo 1 ,)),

provided that i is such that n,<n, _, — 1. Observing that

"i+1—1—A”i < 4
Ai’ _A'ni+1’_1,
we get that
1 —1
P[M, , =e4,]=0 (M)
A"i+1—1

Hence (4.4) implies that
o] 0 1
> PIM, . zed,]=01) ) ——
i=1

<0
i=1 ( nl+1—1) ’
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where )" means that the summation is extended to those i’s for which n;<n;,  —1.

By

wh

the Borel-Cantelli lemma.
A "M, <g  for all ilarge enough,

ich, together with (4.9), gives the wanted (4.5).
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