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A Probabilistic Example of a Nowhere Analytic C~-Function * 

J .  FABIUS 

l~eceived M a y  24, 1965 

I t  is well known tha t  there exist functions which are infinitely differentiable 
bu t  nowhere analytic.  I n  fact, MOXGE~STE~N [1] has shown tha t  the nowhere 
analyt ic  functions are by  far in the major i ty  among the infinitely differentiable 
functions on [0, 1]. A number  of  examples, as well as an extensive bibliography, 
are given by  SALZ~ANN and ZELLE~ [2]. 

I t  is the purpose of this note to show tha t  another  example is provided by  the 
o o  

restriction on [0, 1] of  the distribution funct ion F of  X = ~ 2 - n ~ n ,  where 
1 

~1, ~2, .. .  are independent  r andom variables, uniformly distr ibuted on [0, 1]. 
One easily verifies t ha t  F(0)  --~ 0, F(1)  ---- 1 and 0 < F(x) < I for all x ~ (0, 1). 

oo 

Moreover, since 2 ~ 2-n~s  is independent  of~l ,  and has the same distribution as X,  
2 

.[ F (t) dt for x e [0, �89 
1 o 

(1) F(x) = .[F(2x - -  y)dy ---- 
1 

S F ( t ) d t + 2 x - - 1  for x e ( � 8 9  
~ 1 2x--1 

which implies t ha t  F is a continuous function. For  notat ional  convenience we 
introduce another  funct ion f, which we take to be the unique funct ion on [0, ~ )  
which coincides with F on [0, 1] and satisfies the relations 

(2) ] ( x ) = l l - - / ( x - - 1 )  for x e ( 1 , 2 ]  
( n _ _ / ( x _ _ 2 )  for x e ( 2  n ,2n+l] ,  n - - - - l , 2  . . . .  

Clearly / is continuous and vanishes only at  the nonnegative even integers. 
Moreover, 

2z 
(3) / (x) ---- .[ ] (t) dt 

o 

for all x e [0, oo). For  x e [0, �89 this is just  a res ta tement  of  (1), for x ~ (�89 1] and 
for x e(1, 2] it follows f rom (1) and (2) by  easy computat ions,  and for x E (2 n, 2n+1], 
n ---- 1, 2 . . . .  we prove (3) by  induct ion on n:  I f  (3) holds for all x e [0, 2 n] and 
some n ~ 1, then we have for x e (2 n, 2 n+l] 

2X--2 n+l 2X 2X 
/(x) ~--- - - / ( x  - -  2 n) -~ - -  [./(t)dt : ~/(t)dt : .[/(t)dt, 

0 2 n + l  0 
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since (2) implies t ha t  
2n+l 

f / (t) dt ~- 0 
0 

for all n ~ 1. 
I t  follows f rom (3) t ha t  ], being continuous, is differentiable with 

/ ' (x)  = 2 / (2x )  

for all x ~ [0, co) and hence, t ha t  / is infinitely differentiab]e with 

(4) /(n) (x) = 2n(~+1)/2 / (2~ x) 

for all x a [0, oo), n = 1, 2 . . . .  
I n  view of  the fact  that. [ vanishes only at  the nonnegat ive even integers, (4) 

implies t h a t  at  any  b inary  rat ional  of  the form x = (2k - -  1)2 -n with /~ and n 
positive integers all derivatives except the first n vanish. Consequently the Taylor  
series expansion of  ] a round such a point  is a polynomial  of  degree n, which cannot  
possibly coincide with [ on any  neighborhood,  since at  every b inary  irrational 
point  all derivatives of  [ are nonzero. Thus / is nowhere analytic,  being singular at  
all b inary  rationals. 
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