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A Generalization of the Mean Ergodic Theorem 
in Banach Spaces 

Lee Jones 

The purpose of this note is to combine the weakly almost periodic compactifica- 
tion of de Leeuw and Glicksberg El] and a mean ergodic theorem proven in E3] 
in an elementary fashion to obtain the following theorem. 

Theorem. Let T be a linear map of the Banach space X into itself. Suppose for 
each x ~ X  the "orbi t"  { T" x}~ is weakly conditionally compact. In such a situation 
we call the semigroup { T"} ~ weakly almost periodic. Then given x ~ X, e > O, and {hi} 
an increasing sequence of non-negative integers of positive lower density; there 
exists x 1, x2 , ..., Xk 6 X and complex numbers 21,22 . . . . .  )~k of modulus 1 such that: 

1 u k 1~2~2. 
lira sups ~-  ~ T"' x -  ~ 1 "' < 8 .  
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We note that, since - -  ~ e i"~ --+ 0 for 0+0(27r), the mean ergodic theorem follows 
as a corollary. N 1 

Now suppose T satisfies the conditions of the theorem. By the uniform 
boundedness principle II Tnll < M  for some finite M and all n. We define Bp to be 
the closed invariant subspace of X generated by all eigenvectors of T with eigen- 
value on the unit circle. Bp is called the set of almost periodic vectors. We define 
B w as follows: x e B  w iff there exists A c Z  + with density d(A) of A = I  such that 
T" x --+ 0 weakly. Bw is called the set of weakly mixing vectors. It follows trivially 

neA 

that Bp n B w = {0}. 

Lemma 1. Let {Ai} be a countable family of sets of positive integers each of 
density 1. Then there exists ~{ of density 1 such that -~ \ Ai is finite for each Ai. 

Proof Simply t a k e / 1 =  (~ Ai ~ {n<-_qi} for a suitable sequence qi; for example 
such that a 

_ 1 for ~>_qi. card {n: n < fE and n~ Ai} => 1 - 2- 7- 

Corollary 1. B w is a closed invariant subspace of X. 

Proof d(A)=I~=~d(AQ1)=I implies B w is invariant; d (A )= l  and d(B)= 
1 ~d_(Ac~B)=l implies that B w is linear. For  the closure suppose xi~B~ and 
x i -~ x. Choose A i such that T n xi --+ 0 weakly. Then T n x ~ 0 weakly where A is 

n~Ai n~.~ 
constructed as in the above Lemma. 
8* 
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Definition I. Let {xi} be a sequence of vectors in a Banach space. We define 
~({xi}) to be a countable family of linear functionals constructed with the aid of 
the Hahn-Banach theorem satisfying the following property: For each finite 
sequence of non-negative rationals {~i}~, whose sum is 1, there exists f ~  of 
norm one such that 

f ( ~ c q x ~ ) =  ~c~x~ . 

Lemma 2. Let {xi} be a conditionally compact sequence in the weak topology 
of the Banach space X. Then xi--+ 0 weakly iff lira f (x i )=0  for all fe~({xi}). 

Proof If x~ + 0 weakly, 3 g e X* and a subsequence {xe} s.t. g (xe) > e > 0 for all 
where g has norm 1. Hence by  the conditional weak compactness of the sub- 
sequence {xr there exists a nonzero weak accumulation point of this sequence 2. 

By a well known theorem of Mazur ~ may be approximated abitrarily in 
norm by a rational convex combination of elements in {xe}. It follows that there 
exists f~  ~ ({xi}) with f(~) + O. This contradicts f(xe) --+ 0 weakly. 

Corollary 2. x e B,, iff ~ If(T" x)l ~ 0 for all f eX*.  
1 

Proof. Apply Lemma 1 to the family 

9.1 = {{ n: [ f ( T " x ) , < l } ; k ~ Z + , f ~ ( { T " x } ) }  

obtaining A. Then f (T~x) --> 0 weakly for all f e ~ ( { T  ~ x}). Since ~({T" x},~A)c 

({ T ~ x}), r "  x --+ 0 weakly by Lemma 2. 
n~l  

1 N 
Since the main result in [3] asserts that ~-  ~ T "' x --+ 0 for all {n~} of positive 

J .  

lower density and all x e B~, our theorem will be proven if we can show that each 
x s X  may be written as x = x  I + x  2 where x~eBp, x2eB,,. To this end we consider 
the semigroup {T"}g of operators on X in the weak operator topology, i.e. the 
weakest topology on {T"}~ ~ in which all of the functions f(T"x) are continuous 
( feX*, neZ +, xeX). The closure of {T"}g in this topology is a compact com- 
mutative semigroup of operators S on X in which multiplication is separately 
continuous [1]. We also have IIsLI _-<M for all seS. Since S is commutative it con- 
tains a minimal ideal K which is algebraically a group and topologically closed. 
By a theorem of Ellis [2], K is a compact topological group in which multiplication 
is jointly continuous. The identity E of K is a projection on X, i.e. E z = E. Since K 
is an ideal the restriction of S to the subspace "range E"  is a compact topological 
group in the weak operator topology bf uniformly bounded linear operators. By 
the use of weak integration and some rather delicate machinery in the theory of 
compact topological groups, it is proven in [1] that "range E"  is contained in the 
closed invariant subspace generated by the finite dimensional invariant subspaces 
of the semigroup {T"} restricted to "range E ' .  Since the action of T" on each of 
these finite dimensional spaces has a uniformly bounded inverse, T may be 
diagonalized on such a subspace. Clearly each eigenvalue has modulus 1 and 
"range E"  ~ Bp. 
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We now write X--- E X  + (1 - E) X and it remains to show E x = 0 ~ x ~ B w. Now 
consider ~ ({T" x}). Since E is in the weak operator closure of {T"} there exists 
for each finite subfamily q~c ~({T" x}) a subsequence t~ such that f ( T  ~ x ) ~  0 
for all f ~ .  By the usual diagonalization argument we may construct a sequence qi 
such that f ( T  q' x) ~ 0 for all f ~  ~ ({ T" x}) ~ ~ ({ T q' x}). Hence T q' x --+ 0 weakly. 
Now consider the bounded class of functions gi(s)= I f ( s  T q' x)J which are in C(S). 
Since f ( s y ) e X *  for each seS,  gi(s)~O pointwise in C(S). Hence g~--*0 in the 
weak topology of C(S) by the bounded convergence theorem. By Mazur's theorem 
for each 8>0 we may find cq, ~2 . . . . .  % > 0 ( ~  ai = 1) such that 

p 

~i [ f ( s  T q~ x) l < e for all s ~ S. 
i=1 

Since T n ~ S, we have 

1 N p 

~> N . = I  ~' ,~=1 [f(T"+a'x)[ 

=i=1 1 l l f ( r " x ) l )  " 

1 N 
Hence l imsup ~ ~ [ f ( r"x ) l<e .  Since e , f  were arbitrary xeBw and the proof 

& 

is complete. 
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