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Uniform Rates of Convergence
for Markov Chain Transition Probabilities

J. W. Pitman

1. Introduction and Statement of Results

Let P be a Markov matrix indexed by a countable set of states J, and denote
the n-th iterate of P by

(1.1) P =), ijed, n=0,1,2,....

If P is irreducible and aperiodic then according to a well known theorem of
Kolmogorov [14]
(1.2) lim p{7'=1/m;,

where m;; denotes the expected recurrence time of state j, and 1/m;; is taken to be
zero in the transient and null recurrent cases when m;;=oo. In his book [1]
Breiman gives an elegant proof of this theorem in the positive recurrent case which
is based on the simple probabilistic device of comparing the progress of two inde-
pendent Markov chains with the same transition probabilities P but different
initial distributions. It is shown here that this device can in fact be used to cover
the null recurrent case too, and more importantly that in the positive recurrent
case it is possible to further exploit the idea to obtain a number of new and powerful
refinements of the main limit theorem. The central results will shortly be stated in
Theorems 1 and 2 below. These theorems provide new results on the rate of con-
vergence in (1.2) for Markov chains with infinite state space. The results generalise
the work of Feller [5] and Karlin [9] on the rate of convergence of renewal
sequences, as well as extending results from the potential theory of positive re-
current chains due to Kemeny, Snell and Knapp [10].

To state the results we first require some notation. Let A=(4)) be a probability
distribution on J, to be thought of as an initial distribution, and set

p&"} =AP");= Z A; PEE’)-
. ied

Here, as everywhere in the sequel, it is tacitly assumed that j ranges over the state
space J and n ranges over the set N of non-negative integers. For the initial distri-
bution §; on J which attributes probability one to the single state i in J we shall
always write simply i instead of J; in subscripts. Let us suppose that on a suitable
probability space (2, # IP,) a Markov chain (X,) has been constructed with state
space J, initial distribution A and stationary transition probabilities P. We then

have that
Py =TP,(X,=)),

so that A P" is the distribution of X,.
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A bounded signed measure v on the power set of J will be referred to simply as
a signed measure on J, such a signed measure being determined by its values
v;=v{j} on single point sets {j} <J. The total variation norm of v is denoted

by [v]:
vli= ) Ivj.
jedJ
We shall only consider the norms of signed measures v on J with total mass v(J)
equal to zero (e.g. differences between probabilities), and then also

(1.3) vl =2 sup |v(H)|.
HeJg

For the rest of the introduction let us suppose that our given Markov matrix P
is irreducible, aperiodic and positive recurrent. By virtue of dominated convergence
and Scheffé’s theorem [ 18] the limit theorem (1.2) can berestated for thiscase in the
following way: for all initial probability distributions 4 on J,

14 lim |AP"—n| =0,

where n=(r;) is the (unique) invariant probability measure for P given by n;=1/m;;.
From (1.4) and the triangle inequality for || || we have also that for any pair of
initial probabilities 4 and g,

(1.5) lim [|AP*—u P"| =0,

(1.4) being the special case of (1.5) when u=m. It may be noted that the sequences
of norms appearing in (1.4) and (1.5) in fact decrease monotonically to zero, since

AP"—puP*=(A—p)P"
and P is norm decreasing on the space of signed measures with total variation norm.

It is the rate at which these norms decrease to zero which is the main concern of the
two theorems stated below. Also considered in these theorems are the measures

AY, P* associated with initial distributions A on J. Recalling our Markov chain
k=1 ’
(X,) defined on (2, &%, IP,) with initial distribution 4 and transition probabilities

P, we have that just as A P" is the distribution of X,, so 4 Z P* is the “expected

occupation time measure” which attributes to a subset H of J the expected number
of times k with 1 <k=<n that X, € H, that is to say

IE, ZIH(X)

where IE; denotes expectation with respect to IP, and 1 is the 1nd1cator function
of the subset H of J.
Let T} denote the first passage time of (X,) to the state jin J:
T;=inf{n: n>0, X, =j3},
and set
(1.6) my=IE, T;)=3 Amy;.

ieJ
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We are supposing that P is irreducible and positive recurrent, and thus for all i
and j in J we have

(1.7) M < o0

(see Freedman [8], 1.8). In Theorem 1 we shall be imposing the condition on an
initial distribution 4 that m;,; be finite for all j in J. It is an easy consequence of (1.7)
that this is in fact the case as soon as m;; is finite for some j in J, and in particular
the condition is satisfied whenever 4 has finite support.

Theorem 1. Suppose that P is an irreducible, aperiodic and positive recurrent
Markov matrix with countable state space J, and let A and u be two initial distri-
butions on J such that for all j in J both m,; and m,; are finite. Then both

(1.8) lim n |4 P"— u P"| =0,
and
(1.9) Zl [AP"—puP"|| < o0;

Jfurthermore there is a signed measure v on J with total mass zero such that

[zzpk uZPk]—v

1 k=1

(1.10) lim

n—aw

=0,

and v is given by
(1.11) vi=(my;—m)/my;,  jed.

Proof of this theorem is the subject of Section 3. To illustrate the strength of
the assertions of convergence in norm it is perhaps worth spelling out in detail
some of the statements of Theorem 1. Thus according to (1.8) we have

(1.12) hm ny Iy —pi=0,
jelJ

or, using (1.3), for every subset H of J
lim n|A P"(H)—u P"(H)|=0,

the convergence being uniform over all subsets. Naturally similar amplifications
can be made corresponding to (1.9) and (1.10), and for that matter any of the other
assertions of convergence in norm which follow later. Elaborating on the state-
ments (1.9) and (1.10) we see that if m,; and m,; are both finite, je J, then

(1.13) Z (0 — P =(my;—my )my;,  jel,
and the series are uniformly absolutely convergent over j in J, indeed

(1.14) Y Z 5] —pil<co.

jeJ n=1
Apart from the assertions of uniform and absolute convergence the result (1.13)
can be found in Kemeny, Snell and Knapp [10] where it is also shown that
14*
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Y Ivj is finite, a fact implicit here in the statement that v is a bounded signed
jeJ

Jmeasure. However as far as I am aware both (1.12) and the assertion that the series
in (1.13) are absolutely convergent are new even in the simplest case with /. =9;
and u=9J, for particular states i and k in J, when the results invariably hold and
reduce to statements purely concerning the limit behaviour of the n-step transition
probabilities p{? and p{?, jeJ (cf. (5.14) below).

Obviously a most important special case of Theorem 1 will arise on making
the simplifying substitution of the invariant probability = for the second initial
distribution g, but the statement of both this and another important corollary of
Theoremi 1 are being left until after the statement of the more general Theorem 2
below (see the special cases r=2 of Corollary 1 and r=1 of Corollary 2).

Forr=1,2, ... let m{) denote the r-th moment of the first passage time to j for
initial distribution A: . .

m(,{}=lE,1(TJ) = Z A; mgj)-
iel
If m{? is finite for some j in J then m{? must be finite for all j in J and we say that
P has recurrence times with finite r-th moment (see Freedman [8], 2.9). In this case

(1.15) mf) < oo

for all i and j in J, and for a general initial distribution 1 on J either m{) is finite for
all j in J or m{)} is finite for no j in J. In particular the former case obtains if 1
has finite support. Theorem 1 is the special case r =1 of the following more general
theorem:

Theorem 2. Let r be a positive integer and suppose that P is an irreducible and
aperiodic Markov matrix with countable state space J and recurrence times with
finite r~th moment. Let ) and u be two initial distributions on J such that both m§) and
ml) are finite for j in J. Then

(1.16) fim w7 |}A. P" — u P"| =0,
(1.17) Y AP —puP <00,
n=1
and
(1.18) lim n" ! [/IZP"-MZP"]—V =0,
im0 k=1 k=1

where v is the signed measure on J given by (1.11).

This theorem is proved in Section 4. There is a useful alternative way of ex-
pressing the condition that m{) be finite. Fix j in J, let /P denote the sub-stochastic
matrix obtained from P by replacing the j-thcolumn by zeros, and define a matrix
iU by .

(1.19) U= (Py,
n=0

so that /U is the matrix with (i, k)-th entry equal to

IE; [Number of times in state k before first passage to j],
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which is of course finite under our assumption that P is irreducible. It is a conse-
quence of Proposition (4.6) in this paper that for any positive integer r and any
initial distribution A an J

(1.20) E, T(T;+1)...(T;+r—1)=r! 2(UY 1,

where on the right hand side 1 denotes the function on J which takes the constant
value one. Thus m§) is finite if and only if ACU) 1 is finite, and this reduces the
condition to one which involves only the first moments of first passage times,
since with our implicit assumption that P is positive recurrent we have

W= (my+mjy, — my) g+ 03— 5,

where d,,=1 if g=h,0 otherwise (cf. Chung [3], I.11). Considering now the in-
variant probability = for P, it is well known and easy to prove that '

(1.21) 6,(U)y=m;n=n/x;,

and putting this in the moment identity (1.20) above for 4=4§;, r=2, we obtain
after rearrangement the identity

M =(mi +m;p)/2m;,

(cf. Chung [3], L.11); furthermore for r=2, 3, ... we see that m¢;" is finite if and
only if m{} is finite, i.e. P has recurrence times with finite r-th moment (Kemeny,
Snell and Knapp [10], 9.65). Thus taking u=n in Theorem 2 gives us the following
corollary:

Corollary 1. Suppose that P is irreducible, aperiodic, and positive recurrent with
invariant probability m, and that P has recurrence times with finite r-th moment for
some integer ¥=2. Let ). be an initial distribution such that m{;™ is finite for j in J
(in particular this will be the case if A is bounded by a multiple of 7). Then

(1.22) lim n"~* | A P"— | =0,
(1.23) n AP — 1| <0,
n=1
and
(1.24) lim 2|1y P*—nn—v'| =0,
n—- k=1

where V' is the signed measure onJ with total mass zero which is given by
(1.25) vi=[m? +my)2m;—m; Nmy;,  jel.

In particular, we deduce from the corollary with r=2 (i.e. from (1.13) really)
that if P has recurrence times with finite second moment and m; is finite, jeJ, then
for jeJ

(1.26) S (o) — )= lim [ng‘}-m,] _—
PO k=1

n=1
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and the series on the left is uniformly absolutely convergent over j in J, indeed

(1.27) Yy z Py —mj<co.

jeJ n=1
The case of (1.26) with =0, was proved by Feller in [ 5] using power series methods
Also implicit in Feller’s work is the result

hm n|p? —n =0,

which is of course implied by (1.19) with r=2. The corresponding special cases with
r greater than 2 can be found in a renewal theoretic context in Karlin’s paper [9],
but the uniformity assertions are new.

If P has recurrence times with finite r-th moment and 2 is such that m{) is
finite then it is easy to see that m{} ; is also finite; thus taking y=AP in Theorem 2
gives us rates for the convergence of A P"(I — P) to the zero signed measure n(I — P).

Corollary 2. Let r be a positive integer and suppose that P is irreducible and
aperiodic with recurrence times having finite r-th moment. Then for all initial distri-
butions . on J such that m§) is finite for j in J, both

(1.28) lim " |4 P"(I - P)| =0,

and "

(1.29) : St AP"(I—P)| <.
n=0

In particular, from the case r=1 of Corollary 2 we see if P is irreducible, aperi-
odic and positive recurrent then for any initial distribution 4 on J such that m; is
finite for j in J, the sequences

(p(ﬂ.nj))neNv ] € ‘]

have uniformly bounded variations

Z Ip("’—p("+1’|
and indeed
YIVil<oo.
jed

The only result in this direction which seems to have been obtained previously
is that V}; is finite for each j in J (see Kingman [13], 1.6(iv), where this result is
seen to follow from the original Erdos-Feller-Pollard proof of the renewal theorem
using Wiener’s theorem on the reciprocal of an absolutely convergent Fourier
series).

These then are the main results of the paper. For each of the above results
concerning the convergence of A P" for measures A on J there is a corresponding
dual result on the convergence of P"f for functions f on J, and putting the results
for measures and functions together it is possible to obtain a very complete de-
scription of the way in which 4 P"f converges to nf for varying probabilities 4 and
functions f on the state space. These matters are discussed in Section 5 after a
reformulation of the main theorems in terms of the way the transition matrix P
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acts on signed measures of total mass zero, a reformulation which shows up the
connection between the present results and the potential theory of recurrent
Markov chains due to Kemeny, Snell and Knapp. At the end of Section 5 there
is a discussion of the lack of converses to the main theorems. Finally, in Section 6
we consider the implications of our results for renewal theory. The uniformity
assertions of the Markov chain theorems are not of any interest in this context,
but it is still found that the present results extend the theorems of Feller and
Karlin on the rates of convergence of delayed renewal sequences (ie. sequences
of transition probabilities (p§}),.n). However the results for zero delay renewal
sequences (i.e. sequences of diagonal transition probabilities (p};f’),,em) are not as
sharp as those obtained by Stone in [19] using Fourier analytic techniques.

2. The Bivariate Chain

In this section the central theme of the paper is developed. This is the analysis
of the limit behaviour of the n-step transition probabilities of a Markov chain by
comparison of the progress of two independent Markov chains with the same
transition probabilities but different initial distributions. We take as given a
Markov matrix P with countable state space J and use the notation developed
in the introduction.

The Markov matrix P is irreducible if for all states i and j in J there is an n>0
such that p{P>0. A state j is said to be transient if IP,(T;<co)<1, recurrent if
IP(T;<co0)=1, null recurrent if m;=IE; T, is infinite, and positive recurrent if
my; is finite. A measure 7 on J is said to be invariant for P if  P=m. The following
proposition summarises most of what will be required from the elementary theory
of Markov chains. These facts will be used in the proof of the main limit theorem

.(2.8) below, so proofs are indicated which do not rely on this theorem.

(2.1) Proposition. Suppose that P is irreducible.
(i} Either all states are transient, all states are null recurrent or all states are
positive recurrent.
(ii) Let A be a probability on J, j a state in J. The states are recurrent if and only
if the series .
Y. pS)
n=0

is divergent, and in this case
IP,(T;<o0)=1.

(iii) The states are positive recurrent if and only if there exists an invariant
probability measure n for P if it exists this m is unique and given by n;= Imj;,jed.

Proof. For part (ii) and the fact that the states are either all transient or all
recurrent see Freedman [8], Section 1.5. For (i) it remains to show that if the states
are recurrent then they are either all null recurrent or else all positive recurrent.
This will now be proved together with (ifi). Suppose that there is a state i in J
which is positive recurrent. Then an invariant measure y for P may be defined by
setting ¥ (H) to be the expected number of times that a Markov chain with initial
distribution 6; and transitions P visits the set H<J before the time T; of its first
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return to i (see [8], 2.19). Evidently ¥ (J)=m;; and thus y//m;; is an invariant prob-
ability for P. On the other hand, if there exists an invariant probability = for P
then all states must be recurrent by the criterion of (ii} with A==, and since irre-
ducibility implies ©;>0, jeJ, it follows by applying an elementary identity due
to Kac ([81, 2.46) to the stationary process of occurrences of a given state j derived
from a stationary Markov chain with initial distribution n and transitions P that

so that all states are positive recurrent and = is unique as specified.

By virtue of part (i) of the above proposition an irreducible Markov matrix P
is itself described as transient, null recurrent or positive recurrent according
to the behaviour of its states.

A state j is said to be aperiodic if the greatest common divisor of the set
{n: n>0, pi7 >0}

is one. If P is irreducible then either all or no states are aperiodic, and sothis prop-
erty too is attributed to P. If P is irreducible and aperiodic then for each pair of
states i and j in J there exists an n*e N such that

(2.3) pw>0 forall n>n*

(see [8], Section 1.4).

We now turn to the consideration of two independent Markov chains (X,)
and (X;) defined on the same probability space, both with stationary transition
probabilities P, but with different initial distributions 4 and p. Setting Z,=(X,,, X,),
it is clear that the bivariate process (Z,) is a Markov chain with countable state
space J x J, initial distribution 1x u and stationary transition probabilities P
given by

(24) i’§§’,’,~>, k. D ZP%) pyl')9 Ljkled.

It is of vital importance to the analysis which follows that many properties of P
are inherited by P. Typically we have the simple Proposition (2.5) below; some
more subtle relationships between P and P will be brought out later.

(2.5) Proposition. Suppose that P is irreducible and aperiodic. Then P is also irre-
ducible and aperiodic; if furthermore P is positive recurrent then so is P, and if P is
transient then so is P.

Proof. Suppose P to be irreducible and aperiodic. That P is irreducible and
aperiodic follows immediately from (2.4) and (2.3). If P is also positive recurrent
then (2.1)(iii) shows that P must be positive recurrent too, for if 7 is the invariant
probability for P then 7 x 7 is evidently invariant for P. Finally, P is obviously
transient if P is transient.

There is a remarkable gap in Proposition (2.5): P need not inherit from P
the property of null recurrence. Indeed if P is null recurrent then P may be either
null recurrent or transient, though it obviously could not be positive recurrent.
Examples of both possibilities are readily constructed from the P’s corresponding
to suitable null recurrent one (respectively, two) dimensional random walks, for
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which P can be made to correspond to a null recurrent two dimensional random
walk (respectively, transient four dimensional random walk).

From now on it will be assumed that the bivariate process (Z,) has in fact been
constructed in the usual way as a sequence of JxJ vajued random variables
Z,=(X,, X,) defined on a measurable space (2, # %) such that for each probability
measure n on J x J there is a probability measure IP on % under which (Z,) is a
Markov chain with initial distribution # and stat10nary transition probability
matrix P given by (2.4). Let / and p be two probabilities on J. Then under 1P, ,
the processes (X,) and (X)) are two independent Markov chains, both with state
space J and transition matrix P, but with initial distributions A and u respectively.

Let us now take an arbitrary state i in J, to be considered fixed throughout the
discussion, and let 7;; ; (or simply T') denote the first passage time of (Z,) to (i, i):

T, y=T=inf {n: n>0, X, =X, =i},

where T takes the value oo if (Z,) never hits (i, i). The point of the construction of
the bivariate process is this: under 1P, . the distribution of X, is AP" and the
distribution of X is 4 P"; but once T has occurred the evolution of the two processes
is distributionally the same since both processes start afresh at time T in state i,
and thus any difference between the distribution A P* of X, and the distribution
uP" of X can only arise from the set {T>n} in the underlying probability space
@ on which T happens after time n. To be precise, we recall that ||v|| denotes the
total variation of a signed measure v on J; then with no extra assumptions what-
soever on the nature of the transition matrix P indexed by J we have the following
inequality:

(2.6) Lemma. Let A and p be two probabilities on J, i a state in J. Then
|AP"—uP"| < 21P,, 2T y>n).
Proof. For j in J we have

P

Axp

I

p(;l}:]plxﬂ(X":] (T m, X "‘])+ Axu(T>n’ an.])

%1

v (T=m) pii=™ + 1P,

Axpy

(T>n, X, =j),

1

B 3
1= =

o

by the Markov property of (Z,). But equally

=P, (X=j)=Y B, (T=mpi ™+, (T>nX,=j),

m=1

and thus
(27) p(lnj) pg;)_ IPAxu(T>n7 Xn :.])_rP

Axu

(T>n, X, =)).
Certainly then
P =P S Py (T>n, X, =)+ By, (T>n, X, =),

and adding this inequality over all j in J yields the inequality of the lemma.
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As we shall soon see the simple inequality of Lemma (2.6) permits the decisive
resolution of a great many questions concerning the convergence of the n-step
transition probabilities of the original Markov chain with transitions P. All that
is left to do to obtain limit theorems for P" is to ascertain how the transition matrix
P and the initial distributions A and y influence the decay of the tail probabilities
P, .(T>n) of the first passage time T of the bivariate process. Already from Pro-
position (2.5) we have enough to establish the main limit theorem:

(2.8) Theorem (Kolmogorov). Let P be an irreducible and aperiodic Markov
matrix with countable state space J. Then for all initial distributions A on J

(2.9) 11m P =1/m,

Ji?

where m;; is the expected recurrence time of state j and 1/m;; is taken to be zero in the
transient and null recurrent cases when m ;= co. If P is positive recurrent then further-
more

(2.10) ‘ lim || P"— || =0,

where n=(n;)=(1/my;) is the unique invariant probability for P.

Proof. If P is transient Ehen (2.9) is an obvious consequence of (2.1)(ii). If P
is positive recurrent then P is recurrent by Proposition (2.5) so that given two
initial distributions /4 and u on J and a state i in J we have from (2.1)(ii) applied to
P that

(2.11) ]~Plxu(7—(‘i,i)<oo)=1-
Thus hm IPA)< (T, »>n)=0 and the inequality of Lemma (2.6) gives us
(2.12) lim ||A P"—uP"|| =0.

The results (2.9) and (2.10) now follow on taking u to be the unique invariant prob-
ability = for P (see (2.1)(iii)).

Lastly, if P is null recurrent then either P is transient, in which case by (2.1)(ii)
and (2.4) we have

Me

ll U= Z (p(n)

so that quite obviously hm P =0, or else P is null recurrent, in which case (2.11)

and (2.12) still hold and we can deduce (2.9) by the following argument due to
Orey [15]: Suppose that there is an initial distribution A such that p{) does not
converge to zero for all j in J. Then by the usual diagonal argument there exists
an increasing sequence of positive integers (k,) and a sub-probability measure
¥ =(y;) on J such that

(2.13) hm PiP=y,, jeJ,

with 0<y(J)<1, this last inequality being a consequence of Fatou’s Lemma.
Now using (2.13) and (2.12) with u=AP it is easy to see that i must be invariant
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for P so that ¥/i(J) is an invariant probability for P. But according to (2.1)(iii)
there exists no such invariant probability for null recurrent P, and we have a
contradiction. This completes the proof of the theorem.

Orey showed in [15] that (2.12) in fact holds for all irreducible, aperiodic and
recurrent transition matrices P (see also Freedman [8], 1.13), but the argument
here only works when P is recurrent. It might be thought that the present argument
could be repaired by replacing T by the earlier time 7* when (X,) and (X)) first
meet anywhere in J, but unfortunately there even exist null recurrent P for which
T#* can be infinite with positive probability (cf. Freedman [8], 1.13).

In the proof of the theorem for positive recurrent P we used only the recurrence
of P, disregarding the actual positive recurrence of P which is assured by (2.5).
In the next section this positive recurrence of P is exploited in conjunction with
the inequality (2.6) to obtain the sharper statements of Theorem 1, while in Sec-
tion 4 we obtain the further refinements of Theorem 2 by using the fact that P in-
herits from P the property of having recurrence times with finite 7-th moments,
r=1,2, .... These results are only of interest for positive recurrent Markov chains
with infinite state space J, since if J is finite they are eclipsed by the fact that
convergence of the transition probabilities occurs geometrically fast (see Kendall
[117). This fact too can be deduced from the key inequality (2.6), for if the state
space J is finite then so is the state space J x J of the bivariate chain, and it then
follows from the irreducibility and recurrence of P that there exist constants ¢
and p with 0<c < oo and 0 < p <1 such that for any initial distribution on J x J

II’,,(T>n)_S_c p", neN
(see Freedman [8], 1.9, (79)). Thus immediately from (2.6) with y=n we have that
for any initial distribution 4 on J

|AP"—7||£2¢cp”, neN.

It might also be possible to study geometric ergodicity of recurrent Markov
chains with infinite state space in this way, but the method does not seem to be
immediately rewarding (cf. [11], [12], [207]).

We conclude this section with a derivation of the Erdos-Feller-Pollard
renewal theorem [4] from Kolmogorov’s theorem. That this can be done is well
known, but the argument here is not the usual one and we shall wish to refer back
to it later.

(2.14) Theorem (Erdos-Feller-Pollard). Let (f,) be a probability distribution on
the positive integers with g.c.d. {n: f,>0}=1, and let (u,) be the associated aperiodic
renewal sequence:

n
u=1;  u,= > fothy_pm, n=12 ...
m=1

Let uy= Y nf,. Then
n=i lim u,=1/u,
where 1/ is taken to be zero if 1= co.

Proof. Let M be the supremum of the set of integers n for which f,>0, and con-
sider the state space J comprising all integers j with 0<j< M. Define a transition
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matrix P indexed by J as follows:

Poj=fis1, OZj<M,
and for O<i<M

=0  otherwise.

Obviously P is irreducible, and P is recurrent and aperiodic since for initial distri-
bution d, the distribution of the first passage time to 0 is just (f,). Furthermore it is
easy to see that p{ =u, and thus the proof is completed by applying (2.9) to this
transition matrix P with A=4, and j=0.

The P used in the above proof is actually the transition matrix of the forward
recurrence time Markov chain associated with a discrete time regenerative phenom-
enon with renewal sequence (u,) (see Kingman [13], 1.6, (xiv)). Most frequently
it is observed that the renewal theorem can be derived by applying Kolmogorov’s
theorem to another Markov chain associated with a regenerative phenomenon,
the backward recurrence time process, which also has a state with recurrence time
distribution (f,). However we shall see later that the forward recurrence time chain
considered here is neatly tailored to suit the applications to renewal sequences
of the various refinements of Kolmogorov’s Theorem which we will shortly be
proving.

3. Proof of Theorem 1

Suppose throughout this section that P is an irreducible, aperiodic and positive
recurrent Markov matrix with countable state space J, and that 1 and yu are two
initial distributions on J. We shall always be working within the framework
developed in the previous section, but for the sake of brevity the tildes have been
dropped from the previous notation (3, % IP,,): on an underlying measure space
(@, F) it is assumed that for each probability distribution # on J xJ we have a
measure IP, on # such that a JxJ valued process (Z,)=((X,, X,)) defined on
(2, #) is a Markov chain with initial distribution » and stationary transition
probabilities P given by (2.4). In particular we have that under IP, » the processes
(X,) and (X,) are independent Markov chains with state space J, transition prob-
abilities P and initial distributions 4 and p respectively. An arbitrary state i in J
is taken as fixed from now on, and as in the last section T is the random variable
defined on (2, #) to be the first passage time of the bivariate process (Z,) to (i, i),
that is to say the first time that both (X,) and (X, are simultaneously in state i,

The hypothesis of Theorem 1 is that 2 and u are probabilities on J such both
m;; and m,; are finite, but for the moment let us further suppose that

3.1 E, T<o.

(It may be observed that the quantity IE,, , T'is simply a first passage moment for
the bivariate chain bearing the same relation to P as m;,; does to P, and were it
not for the clumsiness of the notation we might well write something like /1, , ¢ ;)
instead of IE,, , T.) Most of this section will in fact be spent showing that (3.1) is
actually implied by finiteness of m,; and m,;, but once granted (3.1) the proof of
Theorem 1 is easy.
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Indeed, according to Lemma (2.6) we have
(32) HAP"~/,LP””§2]P’,Xﬂ(T>n),
but with IE,, , T finite we have

lim nlp,, (T>n)=0,

hence also
lim n ||A P*—u P"|| =0,

which is the first assertion (1.8) of Theorem 1. Again, adding the inequality (3.2)
over # gives us

o

2 AP —uPS2Y P, (T>n)=2E,,,T,

n=0 n=0

and thus with (3.1) we have

<«

(3.3) Y AP —uP| <o,

n=1

which is just the second assertion (1.9) of Theorem 1. F inally, letting v, denote the

n

signed measure Y (L—p)P* of total mass zero, it is an immediate consequence
k=1

of (3.3) that (v,) is in fact a Cauchy sequence in the Banach space of signed measures
on J with total variation norm | |, and thus (v,) must indeed converge to some
signed measure v on J with total mass zero. It only remains to evaluate this limit
v, and this is effected by Proposition (3.5) below.

In the proof of Proposition (3.5) and again later we will make essential use of
the version of Wald’s identity now stated as a lemma:

(3.4) Lemma. Let IP be a probability on (Q, F), and suppose that on the probability
space (Q, 7, IP) there is defined a sequence (Y)) of independent and identically distrib-
uted non-negative random variables with IP(Y,;>0)>0, as well as a non-negative
integer valued random variable N such that for eachn=1,2, ... the event {N<n}is
independent of Y,. Then

N
IE Y Y,=(E ¥, (EN),
n=1

where IE denotes expectation with respect to P, and a vacuous sum is taken to be zero.
Proof. See [8], 1.8, (71).
(3.5) Proposition. If IE,, , T is finite then

Z (24 ”‘P(;fi))z(mui‘mu)/mii,
n=1

and the series is absolutely convergent.

Proof. We already know from (3.3) that the series is absolutely convergent;
that it converges to the stated limit is a well known fact which can be deduced
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from the main limit Theorem (2.8) by dominated convergence arguments (see
Kemeny, Snell and Knapp [10], 9.48 and 9.50), but it is nonetheless interesting to
consider the following alternative evaluation of the sum which is more in the spirit
of the present approach through the bivariate chain. From adding the identity (2.7)
over all n=1 we have

(3.6) Z(p"” )= Z]szu (T>n, X,=0)— ZIP“M(T>n X,=i)
since both series on the right hand side are bounded above by

ZIPZXLL T>n) ]Elxu
But let N be the random variable defined on (€2, %) as the number of times that
X, =i, 0<n<T,and define N’ similarly in terms of (X}). Then (3.6) just states that

(37) Z(p(n) pfznz)) IElxpN‘—lE}.xuN"

To evaluate the right hand side of (3.7) let us set T, =0 and define random variables
0<T,<T,... on {Q, F) as the successive positive times that X,=i:

T,=inf{n:n>71T,_ ;, X,=i}, m=12, ..

we set R, =1, ., — T, and make similar definitions for 7,,and R, in terms of (X,).
Now evidently

N N’
T=T,+ Y R,=T/+ ) R,
whence m=1 m=l

(3.8) E, ,T=my;+m;E;, , N=m,+m;E, N,

where we have used the fact that IE, , , Tjis simply m,,, and applied Wald’s identity
(3.4) to the sequence of random variables R;, R,, ... which are independent and
identically distributed under IP,, , with mean m;; (cf. [8], 1.3, (31) and (32)), with
the random time N which is such that under 1P, , the event {N <m} is independent
of R,, by the strong Markov property of the bivariate chain at its stopping
time 7,,, together of course with similar considerations for the primed quantities.
But this identity (3.8) gives us exactly what is needed for (3.5) in (3.6):

IE}.xuN"_]E}.xuN,=(mui_m}.i)/mii-

This now completes the proof of Theorem 1 under the additional assumption
(3.1) that IE, , , Tis finite. It only remains to show that this assumption is in fact
implied by the hypothesis of the theorem that both m;; and m,; are finite. This is
the substance of the following proposition, whose proof takes up the remainder
of the section.

(3.9) Proposition. Let  be a probability on J x J with marginal distributions /. and
pon J. Then IE, T'is finite if and only if both my; and m,,; are finite.
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Proof. One way is quite trivial: if IE, T is finite then certainly both m,; and m,,
are finite, indeed less than or equal to IE, 7, since for the first passage time 7; of the
marginal chain (X,) to the state i we have certainly T; < T, thus

my=IE, [, <IE, T,

with similar considerations for m,;. It is however the converse implication which
is required to establish (3.1), and for this part it seems to be necessary to build up
the proof gradually. Completion of the proof is therefore deferred until after the
development of some preliminary results.

Let us first observe that since P is irreducible and positive recurrent we do at
least know that IE, T is finite whenever 1 has finite support (see (1.7)), so in particular
if A is a probability on J with finite support then IE;,, , T'is finite. We thus deduce

from (3.5) that if A has finite support then

8

(3.10) (P?i') - P(A"i)) = (my; —my)/my;,

n=1

and the series is absolutely convergent. This is enough to establish the following
two lemmas:

(3.11) Lemma. The identity (3.10) holds for an arbitrary initial distribution 4 on J
provided the series is interpreted as diverging to + 00 if m;;= 0.

Remark. It may be noted that we are not yet asserting the actual absolute
convergence of the series in (3.10) when m,; is finite. This has to wait until Lemma
(3.15) below when it may be deduced from (3.5). The trouble is that for the partial
sums of the absolute series there is no obvious bound analogous to (3.12) below
which would make a dominated convergence argument work directly from the
absolute convergence of (3.10) for A with finite support.

k
Proof. For a probability y on J let Sk denote the k-th partial sum ) (p{Y’ — p(?).
n=1
A simple first entrance to i argument shows that for any probability y on J and
for all k we have

(3.12) ~1=85<m,
(see [8], Lemma 9.48). Now
Si=Y 1,8,

Jjed
and we know from (3.10) that
l}i_fgslfz(mﬁ_mii)/mm
with |$%<m;; by (3.12) and Y A;m;;=m,;. Thus if m,; is finite we deduce by

jedJ
dominated convergence that

,}i_g’osﬁz 2 Ajlmy —my ) my; = (my,—m)m,,.
Jjed
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If on the other hand m; is infinite, we have from Fatou’s lemma that

lim inf $2 ) 2, lim 8} = Zi(m —my)/my;= o0,

jeJ
which is to say that the series (3.10) diverges to + oo.
We shall also employ the following interesting consequence of (3.10):
(3.13) Lemma. Let (u,) be an aperiodic renewal sequence associated with a distri-

bution (f,) on the positive integers which has finite mean. Then for any sequence (a,)
of real numbers the series " N

Yoa, and ) a,u,

n=0 n=0

converge and diverge together.

Proof. Consider (3.10) for the particular Markov matrix P that was used in the
proof of the renewal theorem (2.14), with i=0, 1=4, . In this case we have

(n) (m__
p(;g""una Pio=U,_1, Tlgl,

and thus the absolute convergence of the series in (3.10) gives us
(314) Z 1un—un—1[<oo
n=1

(see also Kingman [13], 1.6, (iv)). The assertion of the lemma is now a well known
property of any sequence (u,) which satisfies (3.14) and has a non zero limit (see
Ferrar [7], Theorem 25 A).

We are now in a position to establish the special case of Proposition (3.9)
when # is of the form 4 x ; for some probability 4 on J. This is Lemma (3.15).

(3.15) Lemma. Let A be a probability on J.
If my;<owo then IE; ;T<oo.

Proof. Suppose that m,; < oo. Now Lemma (3.11) above is expressed in terms
of the original irreducible, aperiodic and positive recurrent Markov matrix P,
but it applies equally well to the derived matrix P which has these same properties
(Proposition (2.5)). Thus to establish that IE, , ; T'is finite it suffices to demonstrate
the convergence of the series

(3.16) Z [P(z i), (i, ) sza‘ G, 1)] Z (P(") ngnz) (")

(see (2.4)). But since m,; < o we have from Lemma (3.11) (applied straightforwardly
now to P), that the series ©
Z (vl —p%)

is convergent, and furthermore (p{?) is the aperiodic renewal sequence associated
with the first return distribution of the state i which has mean m;;. Thus taking

=p"—p™ and u,=p{? in (3.13) we deduce that the series (3.16) is convergent
and (3.15) follows.
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At last we can prove Proposition (3.9) in its full generality:

Proof of Proposition (3.9). Suppose # is a probability on J x J with marginals 1
and p on J such that both m;; and m,; are finite. We wish to show that IE, T is
finite. Now as in the proof of (3.5) let T{ be the first positive time that X, =i, and
let o denote the IP, distribution of X,,. We have that IE, T, =m,; < oo and from
the strong Markov property of the bivariate chain at the stopping time T} we get

IE’1 szui+IEax6i T.

But now by (3.15) it suffices to show that m,; < cc, and to this end we consider the
random time W when (X,,) first hits i after T7, the first positive time that (X}) hits i,
By using the strong Markov property at T; again we have

E,W=m,+m,;,

so all we have to do now is show that IE, W< co. But letting M denote the number
of times n that X, =i, 0<n< T, we find by applying Wald’s identity (3.4) as in the
proof of (3.5) that

]E" W=mli+miiIE,,M§mAi+miimui<oo7

where we have used the fact that M <17 so that IE,M <IE, T/=m,;. This con-
cludes the proof.

4. Proof of Theorem 2

We shall be proceeding very much as in the proof of Theorem 1 in Section 3,
and we retain the general framework and notation of that section. Let # be a
positive integer. For Theorem 2 we suppose that P is an irreducible and aperiodic
Markov matrix which has recurrence times with finite »-th moments, and that 1
and p are two initial distributions on the state space J such that both m{} and
m) are finite. We shall devote ourselves to the task of establishing that these
assumptions in fact imply

4.1) E,  T'<ow,

where T is still the first passage time of the bivariate process to (i, ). Once granted
(4.1) the reader will easily deduce Theorem 2 from the fundamental inequality
(2.6) by making the obvious extension of the arguments used at the beginning of the
last section for the case r=1.

We begin with a general result concerning moments of first passage times
which we will later apply to both the bivariate chain and its marginal chains. To
formulate this result we suppose that we are given an arbitrary Markov matrix P*
indexed by a countable set of states K, and that on our underlying measurable
space (2, #) we have defined for each initial distribution x on K a probability IP*
on # under which a sequence of K valued random variables (Y,) defined on (2, #)
is a Markov chain with initial distribution x and stationary transition probabilities
P*,

In addition to defining the probabilities IB¥ on (2, %) for probabilities x on K
it is convenient also to define a measure IP* on (2, #) corresponding to a measure

15 Z.Wahrscheinlichkeitstheorie verw. Gebiete, Bd. 29



210 J.W. Pitman

x=(x) on K even when k is not a probability. We define this measure IP* by

B¥ = Z K IR
kek

Let W be an extended positive integer valued random variable defined on (2, ),
to be thought of as a random time. The pre-W occupation measure for (Y,) under IP*
is the measure v on K defined by

‘ W1
42 o(H)=IE} ) 14(Y), HcK,

n=0

where 1y is the indicator function of the set H = K and IE¥ denotes integration with
respect to IB*. Thus for a probability k on K, v(H) is the expected number of visits
of (Y,) to be the set H before time W for initial distribution x. That v is indeed a
measure is apparent from the alternative expression

4.3) o(H)= Y B¥(Y,eH,W>n), HcK
n=0

which is easily derived from the definition. We note in particular that v(K)=IE* W.

We need finally some notation to describe the higher moments of a random
time W. For extended non-negative integers n let [n],=1 and forr=1,2, ... let

[nl,=n(n+1)...(n+r—1).

IfIP is a measure on {(Q, #) and IE denotes integration with respect to IP, then of
course

o0

(44) E[W],= ) [n],IP(W=n),

n=1

and for r =1 we also have the useful identity
(4.5) E[W],=r) [n],_, P(Wzn).
n=1

(4.6) Proposition. Suppose that W is the first passage time of the Markov chain
(Y,) to some set of states G contained in K. Let k be a measure on K and let v be the
pre-W occupation measure for (Y,) under IP¥ defined by (4.2). Then for r=1,2, ...

we have
lEi [W]r=rIE?; [W]r—l .

Proof. If IP¥(W=c0)>0 then the identity holds trivially since both sides are
infinite. If on the other hand IP* (W= c0)=0 then we will show that in fact

4.7) P*(W=n)=IP*(W=n), n=12,....

Multiplying this identity by r[n],_, and adding over n now yields the desired
result by virtue of (4.4) and (4.5). To prove (4.7) we define a matrix Q to be the
transition matrix P* with all columns corresponding to states in G replaced by
zeros, and set R=P*—(Q. Now it is easy to see that for any measure v on K we
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have for AcK,
4.8) P*(W=n, X,eA)=vQ"'R1,, n=12, ..,
4.9) B*(W>n, X,ed)=vQ"1,, n=0,1,2,....
But now we have
P (W=n)= Z P*(W=m)= Z kO™ 'R1 by(48)
=( Y k") Q"' R
m=0
=pQ" 'R1 by (4.3) and (4.9)
=IP*(W=n) by (4.8).

In particular we deduce at once from Proposition (4.6) the identity (1.20)
which was stated in the introduction, and we also have Corollary (4.10) below
which plays a vital role in our proof of Theorem 2. A number of other results
related to the identity (4.6) can be found in [16] and [17].

(4.10) Corollary. Suppose as for (4.6) that W is the first passage time of the Markov
chain (Y,) to some subset of its state space and that v is the pre-W occupation measure
Jor (Y,) under IP*. Then for eachr=0, 1, ... we have

Ef Wtl<oo ifandonlyif IEF W <oo.
Proof. This is immediate from (4.6) and the trivial inequalities
nW=Z[n],sr'n’, nreN.

Let us return now to the consideration of our irreducible, aperiodic and
positive recurrent Markov matrix P with invariant probability n. As observed
in the introduction we have immediately from (4.10) and (1.21) that for each
r=1,2, ...,

4.11) mi+tY<oo ifand onlyif m¥<oco.

Considering again the bivariate chain ((X,, X;)) defined on (@, %, IP,) with initial
distribution # and transitions P derived from P, we recall that T is the first passage
time of the bivariate chain to (i, i). We have the following lemma:

(4.12) Lemma. Let y be a measure on J x J with marginals u, and n, on J such
that both m,,; and m,,; are finite, and let @ denote the pre-T occupation measure for

((X,., X)) under IP,. Then the measure ¢ on J x J has marginals ¢, and ¢, on J such
that there exist finite non-negative constants ¢, and ¢, for which

(4.13) PL=0 +C T,  QPy=0y+Cy7,

where T is the invariant probability for P, o, =n, (‘U) is the occupation measure for
the first marginal chain (X,) prior to its first passage to i, and a, =n, (‘U) is defined
similarly in terms of (X,).

Proof. We prove the lemma just for # a probability on J xJ since the result
for an arbitrary measure 5 follows at once. Now it is clear that the first marginal

15%
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¢, of ¢ is simply the pre-T occupation measure for the first marginal chain (X,)
under IP,. That is to say, if for H=J we let V; be the number of times n that

X,eH,0<n<T, then
¢ (H)=IE, Vy.

Now as in the proof of (3.5) let T,=0 and let 0< T, < T, <--- be the successive
positive times n that X, =1, and for k=0, 1, ... let V¥ be the number of times » that
X,eH for T,<n<T,, with N being the number of times n that X, =ifor 0<n<T.
Now clearly .
Va=Vi+ 3, Vi,
k=1
so that we have

N
(pl (H)‘_‘En VH:]EY] V}? +]Er, Z Vllia
k=1
whence
4.14) o (H)=o,(H)+(E,N)n(H)/z{i}, HcJ

by the definition of «; and the now familiar application of Wald’s identity (3.4),
this time to the sequence V3, ¥V, ... of independent and identically distributed
random variables with mean n(H)/n{i} (see [8], 1.3, (31), and (1.21)), with the
random time N which is such that for k=1, 2, ... the event N <k is independent
of V£ by the strong Markov property of the bivariate chain across its stopping
time T,. We note that IE, N is finite since N < T and IE, T is finite by (3.9) and our
assumption that both m, ; and m,,; are finite, and thus with (4.14) we have proved
the first relation of (4.13) with the constant ¢; equalling (IE, N)/x;, and the result
for the second marginal follows symmetrically.

We come now to the result which completes our proof of Theorem 2. For a

different formulation see (6.10)(ii) below.

(4.15) Proposition. Let r be a positive integer and suppose that P is an irreducible
and aperiodic Markov matrix which has recurrence times with finite r-th moments.
Let 1 be a measure on J x J with marginals n, and n, on J. Then IE, T" is finite if

and only if both m{y); and m{}); are finite.

Proof. Just as was the case with Proposition (3.9), it is obvious that if IE, T"
is finite then both my); and m{?); must be finite, without any assumptions whatsoever
on P. For the converse part we have to prove that given an irreducible and aperi-
odic Markov matrix P the following statement is true for each r=1,2, ...:

(4.16) If P has recurrence times with finite r-th moments then IE, T" is finite for
all measures n on J x J such that both m{); and m{;); are finite.

We proceed by induction. We know that (4.16) holds for =1, since this is just the
content of Proposition (3.9), so let us make the inductive hypothesis:

(4.17) The statement (4.16) holds for a particular r.

We wish to show that (4.17) implies that (4.16) also holds with r replaced by r+1,
S0 we suppose that

(4.18) P has recurrence times with finite moment of order r+ 1,
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and

(4.19) # is a measure on J xJ with marginals 1, and 5, on J such that both

(r+1) (r+1) P
my 17 and my, 1) are finite.

We will establish that
(4.20) E, T+« oo,

Now since T is the first passage time to (i, i) of the bivariate chain it follows from
(4.10) that to prove (4.20) it is sufficient to show that

(4.21) E, T <o,

where ¢ is the pre-T occupation measure for the bivariate chain under P,. But
by (4.18) the recurrence times of P certainly have finite moment of order r, and
thus by our inductive hypothesis (4.17) we see that it is sufficient for (4.21) to
establish that the measure ¢ on J x J has marginals ¢, and ¢, on J such that both
m); and mi); are finite. But since (4.19) implies that m, ,=m) is finite we have

according to Lemma (4.12) that
Q=0 +¢ 7

where o, is the occupation measure prior to the first passage time to i for the
marginal chain (X,) with initial distribution #,, ¢, is a finite constant, and = is the
invariant probability for P. Thus by linearity we have

m)i=m®;+c, mi).

But mg); is finite by (4.10) and the assumption (4.19) that m{¥ Y is finite, and m¢) is
finite by (4.11) and (4.18). We thus deduce that m{?); is finite, and by symmetry so
too is my);, so that (4.21) and thence (4.20) follow by the inductive hypothesis
(4.17) and the argument by induction is complete.

Taking =/ x p in Proposition (4.16) we see at last that our assumption (4.1)
that IE;, , T" is finite is indeed implied by the hypotheses of Theorem 2 that P
has recurrence times with r-th moments and that both m{) and m{) are finite for j

J
in J. Our proof of Theorem 2 is thus complete.

Finally, there is an obvious corollary of Proposition (4.16) which is worth
stating:

(4.22) Corollary. Suppose that P is irreducible and aperiodic. Then so too is P,
and for each r=1, 2, ... P inherits from P the property of having recurrence times
with finite r-th moments.

Proof. Take =4, x d; in (4.16).

5. Results for Signed Measures and Duals for Functions

Theorems 1 and 2 in the Introduction are concerned with the difference in
behaviour between two recurrent Markov chains with the same transition matrix P
but different initial distributions A and u. However, these initial distributions 2
and p really only enter the picture through their difference /4 — y, and thus inasmuch
as any signed measure of total mass zero is a constant multiple of the difference
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between two probabilities, these theorems are really concerned with the way P
acts on signed measures of total mass zero. In Theorem (5.2) below we reformulate
Theorems 1 and 2 from this point of view to obtain what is actually a slight
strengthening of the original theorems. Even though casting.our results in terms
of signed measures seems at first to be losing much of the probabilistic content of
the original theorems, when we go on to consider the duals of these results for
signed measures it turns out that we again have results of probabilistic significance,
and putting things together at the end in Corollary (5.13) we find that for a positive
recurrent P with invariant probability 7= we can give a very complete description
of the way in which 4 P"f converges to nf for varying initial distributions A and
functions f on the state space. The section is concluded with a discussion of the
lack of converses to the main theorems.

Suppose throughout that P is an irreducible, aperiodic and recurrent Markov
matrix indexed by the countable state space J. The reformulation of Theorems 1
and 2 which is stated below as Theorem (5.2) is perhaps best regarded as a refine-
ment for chains having recurrence times with finite r-th moments of the following
result due to Orey which is valid even for null-recurrent chains: for all signed
measures ¢ on J with total mass ¢ 1 equal to zero,

(5.1) lim ||¢ P"|| =0.

This is just a restatement of the result remarked upon at the end of the proof of
(2.8). Let us agree to say that a random variable which is finite with probability
one has finite moment of order zero (arbitrarily setting 00° =c0), and then Orey’s
result becomes the case r=0 of the theorem stated below. The reader should
refer back to (1.19) for the definition of the matrix /U associated with a state j in J.

(5.2) Theorem. Let r be a non-negative integer and suppose that P has recurrence
times with finite moment of order r. Then for all signed measures ¢ on J with total
mass @ 1 equal to zero and |@|(‘UY 1 finite for some (and hence every) state j in J,
we have

(5.3) hngo n o P =0;
if P is positive recurrent (r 2 1) then also

(54) L HePl<eo,
n=0

n—1

and as n tends to infinity the signed measure Y ¢ P* converges in total variation
k=0
norm to the signed measure Yy = — @ C on J, where C is the matrix with entries

cij=mij/mjj’ i+j
=0, i=],
indeed

(5.5 limn !

n- o

i <PP"~¢“=0;
k=0
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the limit signed measure Y has total mass Y 1 equal to zero, and ¢ may be recovered
from \ through the identity

(5.6) p=y(I—P).

Remarks. (i) We note that by the assumption that P has recurrence times with
finite moment of order r, the hypothesis that |¢| ((U)"1 is finite holds if and only if
mip) = Z lg;| m? is finite, and that this condition is satisfied if either ¢ has finite

support or if P also has recurrence times with finite moment of order r +1 and |¢|
is bounded by a multiple of the invariant probability 7 (see (1.20) and (1.21)).

(ii) To fit in with the notation of recurrent potential theory the sums con-
verging to Y are from 0 to n—1 here, not from 1 to n as they were in Theorem 1.
This creates the identity (5.6) and the zeros along the diagonal of the C matrix.

Proof. For r=0 the theorem states nothing more than (5.1). For =1 define
probabilities 2 and g on J by A=¢*/(@*1), p=¢ /¢~ 1). The results of the
theorem can now be simply read off from Theorems 1 and 2 by the linearity of the
operators P", the final observation (5.6) coming from the fact that P is a con-
traction on the space of signed measures so that

n—1
Y(I—P)=lime Y P*(I-P)
=0 k=0

=p—limeP'=¢,

where the limits refer to convergence in || ||, and the last step follows from (5.1).

Theorems 1 and 2 as stated originally are essentially just the above result for
r2>1 expressed for the difference 4 —u of two probabilities 4 and p on J. However,
we see now that rather than requiring as we did in Theorem 1 that both

my;=> Jymy; and m,;= Z”i m;
ieJ ieJ
be finite, it is really only necessary to assume that
Z |2 — il my;

ieJ

is finite, provided that we replace m, ;—m,; by

Z(Hl L m;,

ieJ

with similar remarks applying to Theorem 2.
As far as I know the results of Theorem (5.2) are new apart from the case r=0
and the assertion of convergence of ) ¢ P" for positive recurrent P. This latter is
n=0
essentially just Theorem (9.50) of Kemeny, Snell and Knapp [10], with pointwise
convergence of the signed measures strengthened to convergence in norm. In the

potential theoretic terminology of [10], the signed measure Y= Y @ P is the

n=0
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potential of the charge ¢. Such limits also exist under certain circumstances for
null-recurrent P (see [10]), but consideration of such matters seems to be beyond
the scope of the present methods.

We come now to-the fact that each of our results concerning the convergence

n—1
of the signed measures ¢ P" and ), ¢ P* has a dual concerning the convergence
n—1 k=0

of the functions P"f and Y P¥f for real valued functions f on the state space J.
k=0

For background on this duality theory of recurrent Markov chains the reader is
referred to Section 6.2 of [10], but for present purposes it suffices to take from
this source the following facts: corresponding to our irreducible, aperiodic and
recurrent Markov maAtrix P=(p;j); je; with invariant measure n=(rn;) there is a
dual Markov matrix P =(p;}); ;,defined by

ﬁijz(nj/ni) Djis

this Markov matrix P is also irreducible, aperiodic and recurrent with the same
invariant measure =, and each state j in J has the same recurrence time distri-
bution under P as it does under P, so that in particular P has recurrence times
with r-th moment finite if and only if P does too. In our notation a quantity with a
hat relates to P in the same way as the quantity without a hat would relate to P:
thus 7, is the mean first passage time from i to j for a Markov chain with tran-
sitions P, and so on.

Let us now consider the dual of Theorem (5.2). Attention is naturally restricted
to functions f on J which are integrable with respect to n, and we denote by [ f,
the usual I! norm of f in the space of all n-integrable functions on J: | f|, =7 |f].

(5.7) Theorem. (Dual of (5.2).) Let r be a non-negative integer and suppose that P
has recurrence times with finite moment of order r. Then for all real valued functions f
on J with n-integral o f equal to zero and n(*UY | f| finite for some (and hence every )
state jin J, we have

(5.8) limn" || P"f],=0;

if P is positive recurrent (r = 1) then also

o)
(5.9) Y|P <o,
n=0
n—1
and as n tends to infinity the function Y P*f converges in | |, to the function
k=0
g= —G f, where G is the matrix with entries

gi=my/my;=[n(U)];, j*i

=0, j=i,
indeed
n—1
(5.10) limn™! Z P f—glt =0;
n=>0 k=0 n
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the limit function g is such that ©g=0, and f may be recovered from g through the
identity

(5.11) S=gI-P).

Remarks. (i) We note that because of the assumption that P has recurrence
times with finite moment of order r, the condition that n(U) |f]| be finite is
satisfied if either f has finite support or if the recurrence times of P also have finite
moment of order r+ 1 and f is bounded.

(ii) It is easy to derive the following explicit formulae for ;; in terms of first
passage moments of the original chain:

ﬁ’ji=mij+ Z(mki_mkj)/mkk

kel
=mij+mni_mnj
(2) (2)
_ 1 {m; my;
=ty Cng " my, )
My My

where the first formula holds in any positive recurrent chain but the last two are
only valid if recurrence times have finite second moment.

Proof. One simply applies Theorem (5.2) to P with the signed measure Q=
(@;)=(n;f)) of total mass zero, for a trite calculation shows that |l¢ P"|| = | P"f],,
and one finds that

l9I00Y 1=r(UY |f| since ((OY)u=—t (U )

(see [10], Section 6.2).

The probabilistic content of the theorem above is this: if P has recurrence
times with finite r-th moment and f has n-integral zero and =(‘U)"| f| finite, then
for all probabilities ¢ on J (or even signed measures @) which are bounded by a
multiple of x (e.g. ¢ with finite support),

(5.12) limn’ @ P"f=0,

and for fixed f the convergence is uniform over all ¢ bounded by a particular
multiple of 7. (For a probability measure ¢ on J the quantity ¢ P"f is of course
the expectation of f(X,) for a Markov chain (X,) with initial distribution ¢ and
stationary transition probabilities P.) One derives (5.12) from (5.8) by simply
observing that if |@|<c7 then

lpP"f1=]ol P fIScm |P"fl=c | P"fl,,

and naturally enough the other statements in Theorem (5.7) can be given similar
interpretations. It is interesting to observe that the statement above concerning
the convergence in (5.12) is the dual of a similar amplification of (5.3) which does
not however admit quite such an immediate probabilistic interpretation: if P has
recurrence times with finite r-thmoment and ¢ is a signed measure with total mass
zero with |@|(UY 1 finite, then (5.12) holds for all functions f on J which are
bounded (by a multiple of 1), and for fixed ¢ the convergence is uniform over
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uniformly bounded f. The greatest value of these results concerning the con-
vergence (5.12) is that for positive recurrent chains with invariant probability =
they give two dual criteria for rates of convergence of A P"h to nh for probabilities
A and m-integrable functions h: one can either take f=h—1{(xh) in (5.12) with
¢@=24 and use the first result above for functions with n-integral zero, or one can
take f=h and ¢=A4—7 and use the second result for signed measures of total
mass zero, though to obtain a useful result in either way one ends up wanting
n(*UY1 to be finite, which is tantamount to requiring that the recurrence times
actually have finite moments of order (r+ 1). We have in fact the following corol-
lary of Theorem (5.2) and its dual (5.7):

(5.13) Corollary. Let r be a positive integer and suppose that P is positive recurrent
with invariant probability m and recurrence times with finite moment of order r.
Suppose that either

(i) A is a probability on J such that A(U)~*1 is finite for some jin J and f is a
bounded function on J, or

(ii) A is a probability on J bounded by a multiple of m and f is a function such that
n(U) Y| f] is finite for some jin J.

(In particular both conditions are satisfied if A is bounded by a multiple of ©
and f is bounded.)

Th
o limn*=* (A P"f—7 f)=0,
and if r=2 then also
Y W2 AP f—nfl< o0
n=0
and
r—2

lim n

Rr— o0

J (ép’c) fenmf—(z—1) Df | =0,

where D is the matrix with entries d;;=m;;/m;;.

In case (i) for fixed A the convergence is uniform over uniformly bounded f,
while in case (ii) for fixed f the convergence is uniform over all A bounded by the
same multiple of m. ’

Remark. Note that the sums in the last part are from 1 to n again. This simplifies
the expression for the limit signed measure (z —A) D which has j-th component

[(—2) D], =(m,,,—my)/m;;
= [(mB +m; )/ 2m;;—m; 1fm;;.

Proof. As outlined above.

It may be observed that under condition (i) the corollary is just another way
of expressing Corollary 2 in the introduction, and the result under condition (ii)
is dual. We mention one final corollary of Theorems (5.2) and (5.7) which explicitly
concerns the limiting behaviour of the n-step transition probabilities p{? and
illustrates how these theorems really do tell us more than Corollary (5.13).
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(5.14) Corollary. Let r be a positive integer and suppose that P has recurrence
times with r-th moments finite. Then for all states i, j, k and lin J,

im ' (9, — P} ) =0

and

0

Y P — p | < 0.

n=1
Remark. The point is that from (5.13) we only know that

lim 1~ ({97, 1)=0.

Proof. Taking ¢ =6,—6, and f=46;/r; in (5.12) and using the second criterion
for convergence derived from (5.3) we have

Lim " (p{}/m;— pij/m;) =0,

while taking ¢ =0y, f=0J,/n;— 6/, in (5.12) and using the first criterion derived
from (5.8) we have

Tim " (o), pi3 /) =0.

The first result above now follows on adding and the second result is proved
- similarly from (5.4) and (5.9).

We conclude this section by examining the possibility of obtaining converses
to our theorems above. Let us consider Theorem (5.2). The strongest conclusion
of the theorem is evidently the convergence of the series of norms (5.4), and one
might at least hope that this implied the hypotheses of the theorem. However any
such hopes are dashed by the counterexample considered below. This example
provides an irreducible, aperiodic and recurrent Markov matrix P which has
recurrence times with finite moments of all orders, together with a signed measure
¢ of total mass zero such that

Z |l m;;=00, jeJ,
ieJ
but such that
¢ P'=0, nxl.

(5.15) Example. Let Q=(g;;) be the Markov matrix with state space the non-
negative integers IN which was used in the proof of the renewal Theorem (2.14)
for the distribution ( f,)=(1/2%):

q0j=1/2j+19 ]_20,
Qj,j~1=1> izl

It is obvious that Q is irreducible and aperiodic, and that Q has recurrence times
with finite moments of all orders. Let N’ and IN” be two further copies of the non-
negative integers IN, with non-negative integers j in IN corresponding to j in N’
and j” in IN”. Now on the countable state space J=IN UIN'UN”" define a Markov
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matrix P by Po =0 jeN
0j—

pOj’=p0j”=%q0j=1/2j+29 jeN
pyi=py ;=1 jeN
pj,j—lzla JGN\{O}.

Roughly speaking, a Markov chain with transitions P may be thought of as a
Markov chain with transitions Q which has been altered by putting in shunts
through one or other of the extra copies of N at each transition away from zero
of the original chain: each transition 0—j is altered with probability half to
0—j —j and with probability half to 0—j’—j, the alterations being made
independently of each other and of the original chain. We have the following
communication diagram for P which makes it obvious that P is irreducible and
aperiodic, and that P too has recurrence times with finite moments of all orders:

N/

/.

{0} N~ {0}

]N//

We now take a distribution (a;) on IN such that ijaj =o0,8ay ap=0,a;=1/j(j+1),
j=1, and define a signed measure ¢ on J withj Z;tal mass zero by
¢,;=0, JeN,
p;=aj, jeN',
Qp=—a; j'eN".
Then since evidently

mpo=mpo=mj+1=j+1, jeN~{0},

we have

o a0 1
(5.16) Y lodmo=2Y aG+D=2% ()
j=0 j=1 \J

ieJ

0,

while ¢ P is quite obviously the zero signed measure.

The Markov chain constructed above also provides a counterexample to an
erroneous result of Kemeny, Snell and Knapp (Theorem (9.53) in [10], the assertion
that g= —Gf). Their claim is equivalent by duality to the assertion that if § is a
signed measure of total mass zero then f§ is the potential of the charge «= (I — P),
and that §= —x C where C was defined in Proposition (5.2). The first assertion
is certainly correct, but the second is not, as we see by taking P as in the example
above with f=¢, when o=@ (I — P)=¢ too, but «a C=¢ C is undefined by (5.16).
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The error in their proof occurs in the second last sentence, where it is tacitly
assumed that A(°Nf) equals (A°N) /. However, only the first of these products is
necessarily well defined, and the associative rule cannot therefore be invoked.
Confining attention to the case r=1 of Theorem (5.2) it is worth observing
that the kind of behaviour in Example (5.15) is only possible if ) ¢ m;; and

ieJ
Y. @; m;; are both infinite. If only one of these quantities is infinite, say the first,
ieJ
then it is easy to deduce from Lemma (3.11) that for all j in J

n—1
lim < Y (pP") =—o00,
n=0 \gp=0

J
hence certainly

Y llpPl=00.
n=0

However whether or not this implies

lim supn o P"| >0

I do not know. It is also possible to make similar observations for r=2, 3, ...,
and one can thus formulate partial converses to Theorems 1 and 2 and Corollary 1
in the Introduction, but this is left to the reader.

6. Applications to Renewal Theory

Let Yy, Y, ... be a sequence of independent N-valued random variables defined
on a probability space (@, &, IP), and suppose that the initial random variable ¥,
has distribution (a,) and that the later random variables Y, Y,, ... have identical
distribution (f,) with f, =0. Setting

(6.1) Sp=Yo+-+Y%,, meN,

we say that (S,,, meN) is a delayed renewal process with delay distribution (a,)
and recurrence distribution (f,), and putting

(6.2) v,=IP{S, =n for some meN}, nelN,

we say that (v,) is the delayed renewal sequence associated with the delay distri-
bution (a,) and the recurrence distribution (f,). The sequence (v,) is the obviously
unique solution to the renewal equation

(63) Un=an+ Z Uk‘fn—k: neN:
k=0
and (v,) is also determined by
Uy, = Z Ay Uy k>
k=0
where (u,) is the zero delay renewal sequence associated with (f,) through (6.3)

witha,=1,a,=0,n=1, 2, .... For background on this set up the reader is referred
to Feller [6], X1I1.10. We consider here various limit theorems for delayed
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renewal sequences (v,) which extend those to be found in Feller {5] and [6] and
Karlin [9]. These results can either be interpreted probabilistically through (6.2),
or alternatively they can be viewed as purely analytic theorems concerning the
limit behaviour of the convolution equation (6.3), where it is assumed that f, =0,
a,z0, and

(6.4) if,,=1, ia,,=1.
n=1 n=0

It may be noted that by arguing as in Feller [6] it is a simple matter to extend
results to the more general situation where only the sequence (f,) is required to be
positive and the assumptions (6.4) are dropped. We shall also assume from now
on that (f,) is such that

gcd.{n: f,>0}=1,

but again it is well known how to reduce questions for periodic renewal sequences
to this aperiodic case (see [6]).

The connection between Markov chains and renewal theory is extremely
close. Indeed if (X,) is an irreducible and recurrent Markov chain with initial
distribution A and transition matrix P, then the sequence of times that (X,) visits
a particular state i forms a delayed renewal process with delay distribution the
distribution of the first passage time to state i, recurrence distribution the recurrence
time distribution of the state i, and associated delayed renewal sequence the
sequence of transition probabilities (p?),.n- Conversely we see below that every
delayed renewal process can be viewed as the sequence of times that its own
forward recurrence time chain visits state zero, and there is thus a one to one
correspondence between theorems concerning sequences (p§),.n of Markov
chain transition probabilities to a fixed state i and theorems concerning delayed
renewal sequences (v,),en (cf. Kingman [13], Theorems 1.1 and 1.6, (xiv)).

Consider now our delayed renewal process (S,,) defined by (6.1). Let V, be the
indicator function of the event {S,,=n for some me N}, so that from (6.2)

v,=IP(V,=1), nelN.

In the terminology of Kingman [13] the process (V,) of zeros and ones is a delayed
regenerative phenomenon. The forward recurrence time random variables F, are

defined by
E=inf{k: k>0,V, =1}, nelN.

If V,,=1 we say there is a renewal at time m, and thus F, is the time which elapses
between time # and the time of the first renewal at or after time »n. The sequence (F))
is a Markov chain with state space IN and transition matrix P given by

Poj=Jjt+1> JjeN,

=0 otherwise.
We clearly have that

(6.5) {F=0}={V,=1}, neN,
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and (S,,) is just the sequence of times that the Markov chain (F)) visits state zero.
Furthermore, F, =S, so that the delay distribution (a,) is not only the distribution
of the first passage time to zero of the forward recurrence time chain (E), but also
its initial distribution. This fact is particularly useful since in view of (6.5) we have
simply

(6.6) v, =piy,

and thus we are immediately in a position to apply the Markov chain theorems
of the previous sections to obtain limit theorems for the most general delayed
renewal sequence (v,). We observe that if M =sup {n: f,>0} = oo then the forward
recurrence time chain is irreducible, aperiodic and recurrent so that our Markov
chain theorems can be applied directly. If on the other hand M is finite the state
space of the forward recurrence time chain decomposes into an irreducible,
aperiodic and positive recurrent class {0, 1, ..., M} and a transient class
{M+1,M+2, ...}, with the probability of absorption into the recurrent class
being one regardless of the initial distribution. This creates no real difficulties
however since the theorems of the previous sections are easily adapted to cover
this situation, but details are omitted.

The first result is of course the renewal theorem (see Feller [67, X111.10):
(6.7} Theorem. Whatever the delay distribution (a,),

limv,=1/y,
where u= Y nf, is the mean of the recurrence distribution (f,) and 1/u is taken to
n=1
be zero if p=co.

Proof. Just as for (2.14), one simply applies Kolmogorov’s theorem to the
forward recurrence time chain with initial distribution (a,), exploiting (6.6).

If we go back through the proof of the Kolmogorov theorem given in Section 2
we find that the argument being used here to establish the renewal theorem is
essentially this: On a suitable probability space (Q, %, IP) we define two inde-
pendent delayed renewal processes, both with recurrence distributions ( f,) but
with delay distributions (a,) and (a;) respectively, and we let (v,) and (v}) be the
associated delayed renewal sequences. Let T be the time of the first simultaneous
renewal. Then it is easy to see directly that just as for (2.6) we have

(6.8) lv,—0,| L2IP(T>n).

If the mean recurrence time y is finite then the second delay distribution (a)) can
be chosen so as to make the sequence (v,) identically equal to a constant (necessarily
1/n), by taking B

69) a=1/w Y fi, neN

k=n+1

(this is of course the invariant probability for the forward recurrence time chain).
The renewal theorem (6.7) then follows from (6.8) since T must be finite with
probability one by virtue of part (i) of the following proposition:
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(6.10) Proposition. Suppose that on a probability space there are defined two inde-
pendent delayed renewal processes with the same aperiodic recurrence distribution
(f,), but with possibly different delay distributions. Let T be the time of the first
simultaneous renewal. Then

(i) if the recurrence distribution has finite mean then T is finite with probability
one.

(ii) For positive integers r, T has finite moment of order r if and only if both the
delay distributions and the recurrence distribution have finite moment of order r.

Proof. These results follow immediately from (2.6) and (4.15) applied to the
forward recurrence time chain.

Another way to prove (6.10)(i) is to observe that if (S,,) and (S;,) denote the two
independent delayed renewal processes, then the time T is certainly earlier than
Sy, where N is the first m such that S,,=S5,,. But N is just the time of the first visit
to zero of the aperiodic random walk on the integers (S,,—S,,, meIN) which has
mean zero increments if (f,) has finite mean, whence N is then a.s. finite by a well
known theorem of Chung and Fuchs (see Chung [3], 8.3). This furnishes a direct
proof of the renewal Theorem (6.7) for p< oo which avoids the use of the forward
recurrence time chain, but unfortunately there does not seem to be any such
simple argument when p=o0. Part (ii) of (6.10) leads of course through (6.8) to
rates of convergence in the renewal theorem, and indeed (6.10)(ii) is equivalent
to the case of Proposition (4.15) when % is of product form #; x#,, the result
which is so important for our proofs of Theorems1 and 2. It would be most
desirable to prove (6.10)(ii) directly without recourse to the rather devious Markov
chain methods employed in the proof of (4.15), but I have been unable to do this.

Let us now consider rates of convergence in the renewal theorem (6.7) when
the aperiodic recurrence distribution (f,) has finite mean u. For the rest of the
section let (a,) and (a;) be two different delay distributions with finite means g,
and u, and let (v,) and (v;) be the delayed renewal sequences associated with (£;)
through (a,) and (a,). The central result is the general Theorem (6.11) below which
compares the asymptotic behaviour of the differently delayed renewal sequences

(v,) and (v;). Note that the quantity Z v, is the expected number of renewals after
k=1
time zero and up to and including time n for delay distribution (a,).

(6.11) Theorem. If u,, u, and u are all finite, then

(6.12) limn |v,—v,|=0,
(6.13) lim [Z o=y u;] =Y (=)= (s — 1)1t
[ I § k=1 n=1

and the central series is absolutely convergent. Let r be a positive integer. Generalising
the above results for r=1 we have that if (a,), (a;) and (f,) all have finite moment
of order r, then

(6.14) Limn" |v,—v,]|=0,

n-» o0

(6.15) Y 1o, — v <0,

n=1
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and

(6.16) tim = | 3 o= Y ok~ (il =0.
k=1 k=1

n— oo —

Proof is a straightforward application of Theorem 2 to the forward recurrence
time chain, using (6.6). Alternatively the results can be derived directly from (6.8)
and (6.10)(ii).

The following corollary to Theorem (6.11) corresponds to Theorem (5.2)
applied to the forward recurrence time chain:

(6.17) Corollary. If p is finite and (b,) is a sequence of real numbers with

o0 o0

> b,=0, Y nlb|<oo, Y nb,=pm,
n=0

n=1 n=1

then the unique solution (w,) to the renewal equation

n
wnzbn-"_zwkf;;_k, l’l=‘—"0, 1,...,
K=0
is such that

limnaw,=0,

n-+» oo

Wp=— /ML,

ie

n

the series is absolutely convergent, and the obvious analogues of (6.14), (6.15) and

o0

(6.16) hold if (f,) has finite r-thmoment and ) n"|b,|<o0.
n=1
Proof. Let B=Y b} =) b,, and then apply Theorem (6.11) with a,=b,}/B,
»=b; /B. =t e
Taking b,=a,—a, for an arbitrary pair of delay distributions (a,) and (a,),
Corollary (6.17) makes it clear that it is unnecessary to assume for (6.12) and (6.13)
that both (a,) and (a;) have finite means p, and u,; rather it need only be assumed

o
!

that ) nla,—a,| is convergent, provided p;,— , is replaced by ) n(a,—a,), and
n=1 n=1 .
similar remarks apply to (6.14)-(6.16).
Given an arbitrary delay distribution (a,) with finite mean we may take the
second delay distribution (@,) in Theorem (6.11) to be given by ay=0, a,=a,_,
n=1, when we get v, =0, v,=v,_,, n= 1, and we obtain the following corollary:

(6.18) Corollary. Let r be a positive integer. If (a,) and ( f,) both have finite moment
of order r then

(6.19) limn"|v,~v,_,|=0,
and

(6-20) n v, —v,_[<o0.

fs

Proof. Immediate.

16 Z.Wahrscheinlichkeitstheorie verw. Gebiete, Bd. 29
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This corresponds of course to the Markov chain result expressed as Corollary 2
in the Introduction. Perhaps surprisingly, the only known case of (6.18) seems to
be the result (6.20) for the zero delay renewal sequence (u,) with r=1 (see (3.14)).
Even the corresponding case of (6.19) does not seem to be known: if (1,) is the
renewal sequence associated with an aperiodic distribution (f,) with finite mean,
then

limn|u,~u,_,|=0.

Finally, taking (a,) in Theorem (6.11) to be the stationary delay distribution
(6.9) which makes v, =1/u, we have the following result corresponding to Corol-
lary 1 in the Introduction.

(6.21) Corollary. Let r=2 be a positive integer. If (a,) has finite moment of order
r—1 and (f,) has finite moment of order r, then

'}i_{ri)n"l lv,— 1/u|=0,

©
=2 o, —1/ul <o,
n=1

and

lim n"~2 kZ ve—n/p— [P+ p)/2 p—p,) /| =0,
=1

n— o

where p'®) is the second moment of (f,).

Proof. Immediate.

The results of Corollary (6.21) are due to Feller [5] (r=2) and Karlin [9]
(r= 3), both these authors basing their proofs on power series arguments involving
Wiener’s theorem on the reciprocal of an absolutely convergent Fourier series.
Sharper results for the zero delay renewal sequence (u,) were obtained by Stone
in [19] using different Fourier analytic techniques, but it does not seem to be
possible to achieve Stone’s results with the present methods. In fact both Stone’s
and Karlin’s results apply to distributions {f,) on the whole set of integers and
these authors also have analogues of Corollary (6.21) for renewal theory on the
line, but unfortunately these generalisations seem to be quite beyond the scope
of the present probabilistic methods.

The emphasis here on Theorem (6.11) being the basic result rather than the
known Corollary (6.21) is quite important: neither Theorem (6.11) nor either of
its Corollaries (6.17) and (6.18) could possibly be derived from Corollary (6.21),
since for example the former all give results when pu<oo but u® =00, whereas
the latter does not. As far as I know both Theorem (6.11) and its Corollaries (6.17)
and (6.18) are new, though Theorem (6.11) could no doubt also be established
using the techniques of Karlin and Stone, and this would lead to generalisations
to distributions on the whole set of integers and to analogues for renewal theory
on the line.

Acknowledgement. 1 would like to thank Dr. T. P. Speed for his helpful advice during the preparation
of this paper.
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