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Application of Pseudo-Boolean Programming to the 
Theory of Graphs 

By 

P. L. IVANESCU and I. I~OSEITBERG 

Abstract. The method of pseudo-Boolean programming (given in [5], [7] and briefly 
described in w 2 of this paper) is used for the systematic determination of the chromatic 
number, of the number of internal stability, of the number of external stability and of the 
kernels of a finite graph. 

w 1. In troduct ion  

The aim of the present paper is to apply the method of pseudo-Boolean pro- 
gramming (given in [5], [7], and briefly described in w 2 of this article) to the 
solution of the following problems of the theory of graphs: 

- -  determining the number  of internal stability of a graph (w 3), 
- -  determining the number  of external stability of a graph (w 4), 
- -  determining the kernel of a graph (w 5), 
- -  determining the chromatic number of a graph (w 6). 

Throughout this paper by a graph we shall mean a finite one. 
The same method of pseudo-Boolean programming was applied for finding the 

minimal number  of rows and columns of a matr ix  covering its zero elements in 
the Hungarian method of solving transportation problems [3], [4], as well as to 
the minimization of Boolean functions [6], a problem arising in switching algebra. 

This manuscript  was ready for print when KHALWD MAGUOUT'S very interesting 
work [8] on the application of Boolean Algebra to the theory of graphs reached 
to us; the approaches of tha t  paper and of the present one are of different types. 

By  a graph G = (V, ~) we shall mean a finite non-empty set V = {vl . . . . .  vn} 
of elements called vertices, and a multivalued application ~ of V into itself. An 
ordered pair (v~, vj) of elements of V is called an edge if v j~ 9v~. We shall sup- 
pose tha t  for any i, vi ~ 9vi. 

We define for any graph G = (V, Q) a n • n matr ix  CG = ((cij)) by setting 

I1 if vj~ ~v~ 
c~j= 0 ff vj~gv~. 

For any set M C V, the characteristic function ZM(V) is defined by: 

1 ff v~ ~ M  
= X M ( W ) =  0 if v, G i .  

Thus, any set M C V is characterised with an n-tuple (x~l . . . .  , x M) of zeroes 
and ones. 

By ]A ] we mean the power of the set A. 
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The concepts of the theory of graphs are defined accordingly to [1]. 
For  the illustration of the methods given in this paper, we shall compute in 

w167 3, 4, 5 the basic numbers and in w 6 the kernels of the graph with 

V = {v l ,  v~, v~, v4, vs ,  v~} 
and 

~ v l  = {v2, v6},  

ev~ = {v+, v6} , 

(see Fig. 1). 

Fig. 1 

ev~ = {v l ,  v6} ,  Qv3 = {v6) ,  

The matr ix  ((cij)) of this graph is 

0 1 0 0 0 1 
1 0 0 0 0 1 
0 0 0 0 0 1 
0 0 0 0 1 1 
0 0 0 1 0 1 
1 1 1 1 1 0 

k.) 

0 
1 

We see tha t  

w 2. Pseudo-Boolean programming* 

Let  L2 be the Boolean Algebra with two elements 0 and 1, its operations 
(the disjunction) " u " ,  (the multiplication) " . "  and (the negation) " - - "  being 
defined by : 

0 1 0 1 a 1 0 1 

0 o o   [lo. 
1 1 1 0 1 

and 
a w b : a - ~  b - - a b ,  (1) 

5 ~ - l - - a  

where addition, subtraction and multiplication are ordinary arithmetical opera- 
tions. 

We put  as usually x l  --_ x ,  x o ~ ~ ~ -  1 - -  x .  

The disjunction of more variables is defined by  

( J  y~ = 0 r  V (y~ = 0) .  
i e I  i e I  

I f  I : 0 w e  put  ( , J y i : 0 .  
i e 0  

A function F : L~ --> R 

is called a pseudo-Boolean function; here L~ is the ehartesian product 

L2 x L 2  x ... x L2, 

while R is the field of real numbers. 

* For proofs and details see [5] and [7]. 
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We have 

F ( x l ,  x2 . . . . .  Xn) = x l F ( 1 ,  x2 . . . . .  Xn) q- ~,IF(O, x2 . . . .  , Xn) 

= xl F(1, x2 . . . . .  xn)  -~ (I --  x l ) E ( O  , x2 . . . . .  xn)  (2) 

= x l [ F ( 1 ,  x2 . . . . .  Xn) - -  F(O,  x2, .. . ,  xn)] -~ F(O,  x2 . . . .  , xn) .  

Let us denote 

gl  (x2 . . . .  , Xn) = F ( 1 ,  x2 . . . . .  Xn) - -  F(O,  x2 . . . . .  xn)  

h i  (x~ . . . . .  z,~) = F(O,  x2  . . . . .  x,~) ; 

gl and hi are pseudo-Boolean functions of x2, x 3 , . . . ,  xn.  Thus, we have the 
following decomposition : 

.F = x l g l  -~ h i .  (3) 

By induction it follows that any pseudo-Boolean function may be written as 
a polynomial with real coefficients, linear in each variable. 

The following procedure is given for the minimization of a pseudo-Boolean 
function F. Let us put F I - =  F ( x l  . . . . .  xn).  

I f  Ft (x~ ,  x~+l, ..., xn) is defined (1 ~ i < n) we have : 

F~ (xi ,  x i + l  . . . . .  x~) = x~ g~ (x~+l, . . . ,  x~)  + hi (x~+l . . . . .  x ~ ) .  

Let us denote 
n - - i  M~ : -  ((~i+1 . . . . .  o:~) ~ L2 ]g~ (~+1 . . . . .  ~n) < 0 ) ,  

~V~ ( (flt+~, e L n - i  . . . . .  f i~) 2 ]gi ( f l i + i  . . . . .  f i n )  : 0 ) .  

We put 

Xi+l "'" U "-" n, X i + 1  
(g~+l . . . . .  gu) eM~ (fl~+l . . . . .  fin) �9 N~ 

where ut  is an arbitrary parameter in L2. 
§ 

Let xi be the expression of x~ obtained by taking ui = 0 and replacing the 
operation " w "  with aid of formula (1). 

We put F l + l ( x i + l  . . . . .  Xn) = F~(x  +, x~+l . . . . .  xn)  and continue the above 
procedure until we get 

F n  ~ Xn gn -~- h n .  
We put now 

1 if the constant gn < 0 

xn  ~ 0 if the constant gn > 0 (4.n.) 
Un if the constant gn ~- O. 

Introducing the values of Xn given by (4.n.) in (4.n--1) we obtain x n - 1 ;  

introducing these values of Xn and Xn-1 in (4.n--2) we obtain Xn-2 ,  etc. In  this 
way, we obtain 

xi  = x~ (ul ,  Ui+l . . . .  , Un) (i = 1 . . . . .  n) (5) 

where u l , . . . ,  un  are arbitrary parameters in L2. 
I t  is proved that  for each system of values of the parameters u l ,  u2 ,  . . . ,  un  

the system (5) yields a minimum of F1, and conversely any minimum of F1 can 
be obtained in this way. 
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No te .  The computation of x l ,  x2 . . . . .  Xn may be carried out in an order 
different from the above, if this seems to be more convenient. 

Examples of application of the above procedure of minimizing a pseudo- 
Boolean function will be given in  the following paragraphs. 

w 3. The number of internal stability 

A set R C V is called an internally stable set if 0 R ~ R = 0, i.e. if 

v ~ R ,  cij---- l ~ v j ~ - R .  

Let ~ be the family of all internally stable sets of a graph G; by the number of 
internal stability of G we mean 

:r = max I Rl. 
Re!R 

Let us denote with P31 the problem o/ determining the number o/ internal 
stability o / a  graph. 

Denoting with ZR (v,) = x, (i = 1 . . . . .  n) the values of the characteristic func- 
tion of a set R, we can easily prove the following 

Lemma 1. R is an internally stable set o/ G i/  and only i/ 

As 

0. z., ctt xi x 1 
i=l ]=l 

n 

IRI  = 
i = 1  

we see that  problem 3.1. is equivalent with 

Problem 3.2. Find values xi e L 2  (i -~ 1 . . . . .  n), subject to 

and so that  

would be minimal. 
Now, let us consider 

~ cttx~xl = 0 (6) 
i = 1  ] = 1  

-- ~ xk (7) 
k = l  

Problem 3.3. Minimize the expression 

= ~ ~ - ~  
i = 1  ] = 1  k = l  

with xg e L2 (i = 1 . . . . .  n). 
0 Any set (x ~ . . . . .  x ~ with xi e L2 subject to (6) and minimizing (7), also 

minimizes (8). Indeed, ff 

n n n ?$ ~ n 

(n + 1) ~, Z c'1 x,  x 1 - -  ~, x~ < (n + 1) 5 5 c'1 x~ x~ - -  ~, x~ 
i = l  ] = 1  k = l  i = 1  ] = 1  k = l  
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t h e n  

and as 

i t  m e a n s  t h a t ,  

Therefore ,  

a n d  

n ~ n 

(n + ,) 2 Z c, x, xj < y x~ - 2 x~ 
4 = 1  j = l  k = l  k = l  

n n 

y x~ - ~ xo < n, 
k = l  ] c = 1  

O. z_, cij x4 x j  
4 = 1  ] = 1  

n 

0 z., c4i x4 x f 
/ = I  ]=1 

n 

k = l  k = l  

t h u s  c o n t r a d i c t i n g  the  de f in i t ion  of  (x ~ . . . .  , x~ 
Converse ly  i f  t h e  set  (x~ . . . . .  x*) m i n i mi ze s  (8) t h e n  i t  is sub jec t  to  (6). I f  

no t ,  

y c ,  x*x* >-_ 1 
i=1 ]=1 

a n d  E ( x ~  . . . . .  x*) ~ 1, c o n t r a d i c t i n g  E ( 0  . . . . .  0) ---- 0 < 1 ~ E ( x :  . . . . .  x*) .  

T h u s  p r o b l e m  3.3. is e q u i v a l e n t  w i t h  p r o b l e m  3.2. 
F r o m  the  above  ] e m m a  we have  

Theorem I. F o r  a n y  (x ~ . . . .  , x~ m i n i m i z i n g  

a n d / o r  

we have  

= X k  

4=1 ] = i  k= l  

o 1} RO = {v~ l v ~ e V ,  xd = , 

n 

~(G) = S x ~  IR01, 
i ~ l  

a n d  a n y  m a x i m a l  i n t e r n a l l y  stable set m a y  be obta ined  i n  this  way .  

Thus ,  t he  p r o b l e m  of  d e t e r m i n i n g  t h e  n u m b e r  of  i n t e r n a l  s t ab i l i t y  of  a g raph  
is r educed  to  one of  p seudo -Boo lean  p r o g r a m m i n g .  

E x a m p l e .  In  our example n = 6, n + 1 = 7 and 

E = 7(2xlx2 q- 2 x l x 6  -~ 2x2x6 + 2x3x6 -}- 2x4x5 -{- 2x4x6 + 2xsx6) --  
- -  x l - -  x 2 - -  x 3 - -  x a - - x s - -  x 6 ;  

gl = 14x2 + 14x6--  1 
and 

Xl = .~.~e = 1 --  x2 --  xe + x~x6. (9.1) 

E2 = 13x2x6 + 14xaxe + 14x4x5 ~- 14XdX8 ~- 14xsx6 --  x3 --  x4 --  x5 - -  1 ; 
g2 = 13x6 
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a n d  

a n d  

a n d  

a n d  

x2 = ~2" .T6,  

x.~ = o.  

E3 = - -xa  -? 14x3x6 ~- 1 4 x a x 5  A- 1 4 x 4 x 6  ~- 1 4 x 5 x 6  - - x 4 -  x5 - -  1;  

g 3 = - - I  + 14x6  

x a = ~ f i =  1 - - x f i .  

E4  = - -  x4 -~- 1 4 x 4 x 5  ~- 1 4 x 4 x 6  + 1 4 x s x 6  - -  x5 ~- x6 - -  2 ; 

g4 : - -  1 A- 14x5  ~- 14x6  

x 4 = ~ 5 x 6 = l - - x 5 - - x 6 ~ - x 5 x 6 .  

E5  = 1 3 x 5 x 6  -}- 2 x 6  - -  3 ; 

g5 = 1 3 x 6  

X5 = U5X6 

x~ = o.  
E 6 ~ 2 x 6 - -  3 ; 

g6 = 2 
a n d  

x6 : 0 .  

F r o m  (9.6), (9.5),  (9.4),  (9.3),  (9.2),  (9.1) w e  h a v e  

Xl ~ ~2~ X2 = U2, X3 ~ 1 ~ X4 ~ ~5 ~ X5 = U5 
H e n c e  

~(G) = 3 

a n d  i t s  m a x i m a l  i n t e r n a l l y  s t a b l e  s e t s  a r e  

R1 = {vl, vs, v4), R2 = {vl, v3, v~}, 
~3 = {v2, v3, v4}, ~4 = {v2, v3, vs}. 

x6 = O. 

(9.2) 

(9.2 + ) 

(9.3) 

(9.4) 

(9.5) 

(9.5 + ) 

(9.6) 

w 4. The  n u m b e r  of external  stabil i ty 

A se t  S C V is ca l l ed  a n  e x t e r n a l l y  s t ab l e  set ,  i f  for  a n y  s ~ S,  ~s  (~ S # 0, 
i . e .  i f  

v ~ S : ~ ( 3 ) v ~ e S ,  c~j= l .  

L e t  | be  t h e  f a m i l y  of  al l  e x t e r n a l l y  s t a b l e  se ts  of  a g r a p h  G; b y  t h e  n u m b e r  of  
e x t e r n a l  s t a b i l i t y  of  G we  m e a n  

f i(G) : m i n  I S  I . 
Se |  

D e n o t i n g  w i t h  Zz (vi) = x~ (i = 1 . . . . .  n) t h e  va lues  of  t he  c h a r a c t e r i s t i c  func-  
t i o n  of  a se t  S,  we can  ea s i l y  p r o v e  the  fo l lowing  

L e m m a  2. S is an externally stable set o/G i /and only i/ 

]~[ (1 - -  c : ,x j )  = 0 (10) 
i = 1  j = l  

where 

~i being the Kronecker symbol. 
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A n  a n a l o g o u s  r e a s o n i n g  as  t h a t  o f  t h e  p r e v i o u s  p a r a g r a p h  p r o v e s  

T h e o r e m  I I .  F o r  a n y  ( x  ~ . . . .  , X~ m i n i m i z i n g  

H = (n + 1 ) ~  (1 - -  e i jx j )  + x~ (1~) 
i = 1  j = l  ~ = 1  

a n d / o r  

s o  = {v,  Iv, L x ~ = 1 } .  
w e  h a v e  

n 
o 

i = 1  

a n d  a n y  m i n i m a l  e x t e r n a l l y  s t a b l e  se t  m a y  be  o b t a i n e d  i n  t h i s  w a y .  

T h u s  t h e  p r o b l e m  of  d e t e r m i n g  t h e  n u m b e r  o f  e x t e r n a l  s t a b i l i t y  of  a g r a p h  is 

r e d u c e d  t o  one  o f  p s e u d o - B o o l e a n  p r o g r a m m i n g .  

N o t e .  I n  t h e  c o m p u t a t i o n  of  t h e  m i n i m u m ,  i t  s eems  c o n v e n i e n t  to  r e p l a c e  

2 / w i t h  Yi. 

E x a m p l e .  

H1 = 7 ( 2 y l y 2 y 6  ~- y 3 y 6  ~- 2 y a y 5 y 6  ~- y l y 2 y 3 y a y 5 y 6 )  - -  

- -  y l  - -  y 2  - -  Y 3  - -  y 4  - -  Y 5  - -  y 6  ~ 6 ; 

gl = 14y2y6 -f- 7 y 2 y s y 4 y s y 6  - -  1 
and 

y l  ~ 1 - -  y 2 y 6 .  (12.1) 

H2 = 7 y 3 y 6  A- 1 4 y 4 Y 5 Y 6  ~ Y~Y6 - -  y2 - -  ys  - -  Y4 - -  Y5 - -  Y6 ~- 5 ; 

g2 = - -  1 A- Y6 
and 

y2 = ~/6 ~- u 2 y 6 ,  (12.2) 

y.~ = 1 --  Y6. (12.2+) 

Ha = 7y3Y6 ~- 1 4 y a Y s Y 6 -  Ya - - Y 4 -  Y5 ~- 4 ;  

g3 = 7 Y6 --  1 
and  

Y8 = Y6. (12.3) 

H4 ~ 1 4 y 4 Y 5 Y 6  - -  Y4 - -  Y5 ~- Y6 ~- 3 ; 

g4 ~ 14ysy6 --  1 
and  

Y4 = 1 - -  Y5Y6.  (12.4) 

H5 ~ YsY6-- Y5 ~- Y6 -~ 2 ;  

g5 = --  1 -4- Y6 
and  

Y~ = ~/6 ~- u 5 Y 6 ,  (12.5) 

y ~  = 1 - y 6 .  ( 1 2 . a + )  

H 6 = 2 y 6 - ~ 1 ;  

g 6 = 2 ,  
and  

Y6 = 0. (12.6) 

From (12.6), (12.5), (12.4), (12.3), (12.2), (12.1) we find Y6 = 0, Y.5 = Y4 ~ Y8 = Y2 ~ Yl = 1 
o r ,  x I ~ x 2 = x 3 ~ x 4 = x 5 = 0 ,  x 6 ~ 1. Thus, 

~ ( G )  = 1 

and its only minimal externally stable set is $1 = (v6}. 

Z.  W a h r s c h e i n l i c h k e i t s t h e o r i e ,  B d .  3 12 
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w 5. The kernel  of a graph 

A set  T C V which is bo th  in t e rna l ly  and  ex te rna l ly  s table  is called a kerne l  
of  the  graph.  I t  is shown t h a t  a necessary  and  sufficient condi t ion  for T to  be 
a kerne l  is t h a t  

ZT(Vi) = 1 - -  m a x  ZT(Vi) 
Vj~QV~ 

where,  ZT is the  charac te r i s t ic  funct ion  of  T ([1], t heorem 3, chap te r  5). As 
usua]ly,  we p u t  x, ---- ZT(Vi) and  Yl = 2i. W e  have  

xi = 1 - -  m a x  e~j xj 
J 

or, 

y, = m a x  cii xi = ~ )  ctl xj (i = 1 . . . . .  n ) .  

I f  g and  fi are e lements  of  L2 then  g = fi is equ iva len t  wi th  

~ + ~ = 0 .  
Thus,  f rom (13) we have,  

n n 

yt U cij xj + xl U cij xj = 0 
j = l  j = l  

or, 

(i = 1 , . . . , n )  

(13) 

n n 

y l I ~  (1 - -  c~jxi) + ~Jc~ixt x j : 0 (i ---- 1 . . . .  , n) . 
] = 1  j = l  

As c~ 1 xi xj ~ 0 (i, j ---- 1 . . . .  , n) we m a y  p u t  

x =O ( i = 1  . . . .  , n / .  
j = l  j = l  

Since the  l e f t -hand  p a r t  of  the  above  express ion is non-nega t ive  for a n y  i, the  
condi t ion  m a y  be wr i t t en  in the  following fo rm:  

T$ n ~ n 

J = ~ . ~ ' i ~ I  (1 - -  cljxl) + ~ ~ c i f x i x  I = O .  ( 1 4 )  
i = l  i = 1  i = 1  ] = 1  

As J ( x l ,  . . . ,  xn) > 0 for a n y  (Xl , .  Xn) ~ 2 i t  is obvious  t h a t  for f inding 
those  xl  . . . . .  Xn which fulfill the  condi t ion  (14) we have  to  minimize  the  pseudo- 
Boolean  func t ion  J ;  i f  f lmin = J (x ~ . . . . .  x ~ > 0 then  the  g raph  has  no kernel ;  
i f  J m i n  ---- J ( x~ - . . ,  X~ = 0 then  the  g raph  has  the  kerne l  

T = (v lv  v ,  x ~ = 1) 

and  a n y  kernel  can be ob t a ined  in th is  way.  
W e  have  thus  p roved  

Theorem I I I .  The graph G -= (V, ~) has a kernel i / a n d  only i] the m in imum of 
the ~seudo-Boolean ]unction 

i = 1  ~=1 i = 1  1=1 
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= o 1} i s  i s  zero. I n  th is  case, i / J m i n  J (x  ~ . . . . .  XOn) = 0 then  T : {v,  I v, e V ,  x i =- 

a kernel  a n d  a n y  kernel  m a y  be ob ta ined  i n  th is  w a y .  

N o t e .  T h e  s a m e  p r o b l e m  m a y  b e  s o l v e d  b y  c o m p u t i n g  t h e  s o l u t i o n s  o f  t h e  

B o o l e a n  e q u a t i o n  

n n n 

U ~ t l ~ ( ~ , j u @ )  u U U c ~ x i x j  = O. (16) 
i=i j=i i=i j=i 

T h i s  c a n  b e  c a r r i e d  o u t  i n  v a r i o u s  w a y s ;  s e e  f o r  i n s t a n c e  [9]. 

E x a m p l e .  W e  h a v e  

J 1  : 2y lY2Y6  -~ Y3Y6 "~- 2yaYsY6 -~ y iy2ysy4Y5Y6 + 2(1 -- Yi) (1 -- Y2) ~- 

-4- 2(1 - -  Yl) (1 - -  y6) -4- 2(1 - -  y2) (1 - -  y6) A- 2(1 - -  Ys) (1 - -  y6) A- 

+ 2(1 - -  ya) (1 - -  Ys) A- 2(1 - -  y4) (1 - -  yr A- 2(1 - -  Y5) (1 - -  Y6) 

14 - -  4yz  - -  4y2  - -  2y3 - -  4y4 - -  4y5 - -  10y6 -4- 2 y l y 2  -~ 2 y l y r  -]- 2y2y6  ~- 

-~ 3y3y6 -4- 2y4y5  A- 2yay6  -4- 2y5y6  ~- 2 y l y 2 y 6  ~ 2y4y5y6 -~ Y lY2y3yaysy6 ;  

gi = - -  4 -~ 2 Y2 ~ 2 Y6 -~ 2 y2 Y6 -? Y~ Ya Y4 Y5 Y6 
a n d  

Yl = 1 - -  YuY6. (17.1) 

J2  = 10 - -  2y2 - -  2y3 - -  4y4  - -  4y5 - -  8y6 ~ 2y2y6  -4- 3y3y6 

~- 2y4Y5 A- 2y4y6 ~- 2y5Y6 A- 2y4YsY6;  

g2 = 2 Y6 -- 2 

Y2 = Y6 ~- u2Y6, (17.2) 

y~ = 1 - -  Y6. (17.2+) 

J3  = 8 - -  2 Y3 - -  4 Y4 - -  4 Y5 - -  6 Y6 -~- 3 Y3 Y6 ~- 2 Y4 Y5 -~ 2 Y4 Y6 ~- 

-~ 2y5Y6 ~ 2yaysy r  

g3 = - -  2 -t- 3 y6 

Ya = Y6- (17.3) 

J4  = 6 - -  4y4  - -  4y5 - -  4y6 ~- 2y4Y5 ~- 2yay6  + 2 y s y 6  ~- 2y4y5Y6 ; 

a n d  

a n d  

g4 = - -  4 ~ - 2 y 5  + 2y6 ~- 2ysY6 
a n d  

Ya = I - -  ysY6.  

J5 = 2 - -  2 Y5 --  2 Y6 ~- 2 Y5 Y6 ; 

g5 : - -  2 A- 2y6 
a n d  

Y5 = Y6 + usY6,  

y~ = 1 - -  Y6- 

Now,  J6  = 0,  gG = 0 a n d  hence  

Y6 ~ u6 .  

F r o m  (17.6), (17.5), (17.4), (17.3), (17.2), (17.1) we find 

xl  = 1 - - y l  = u 2 u 6  

x2 = l - - y 2  = u 6 - - u 2 u 6  ~ ~2~t6 

x 3 =  1 - - y 3 = u 6  

x 4 =  1 - - y 4 ~ u 5 u 6  

x 5 = l - - y s = u 6 - - u s u 6 : u s u 6  

x s = l - - y 6 = ~ 6  

(17.4) 

(17.5) 

(17.5 + ) 

(17.6) 

(18) 

12" 
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For the various values of the parameters u2, u5 and u6 we find the kernels 

T~ = {Vl, v3, v4}, 
T 2 = { V l ,  v 3 ,  v s } ,  

Ta = {v2, v8, v4}, 

T4 = {v2, vs, v5}, 
T5 = {v6}. 

N o t e .  I t  is proved (theorem 5 of  chapter  V of  [1]) t h a t  ff each subgraph of  
a graph has a kernel then  the graph has a funct ion of  GRUI~Du I t  m a y  be de- 
termined then with a procedure based on pseudo-Boolean programming.  

w 6. The chromatic number  

Given a finite graph G = (V, ~) by  a chromatic  decomposit ion of  it we mean  
a family of  disjoint internal ly stable subsets M1, M2 . . . . .  Mk of  V so t h a t  

k 
~ J M ~  = V. The chromatic  decomposit ion with the smallest number  y(G) o f  
h= l  
subsets is called a minimal chromatic  decomposit ion and y (G) is called the chromatic 
number of the graph. 

An  internally stable set M of G = ( V, ~) is called superior ff for any  internal ly 
stable set N of  G, M = N implies M ---= N. 

Le t  71 be the minimal number  of  internally stable (not obviously disjoint) sets 
covering V. Let  y2 be the  minimal number  of  superior internal ly stable sets 
covering V. 

Lemma 3. 7 = 71. 

Proo/. Let  M1 . . . . .  M71 be internal ly stable subsets of  V, covering it and let 
us pu t  

P1 = M1,  

P2 = M2 --  M1,  

. . . . . . . .  . . 

i - - 1  

P~ = i i  - -  ~ J  M~, (19) 
j = l  

y l - - 1  

P ~ , =  M r , - - U M ~ .  
i=1 

i - - 1  

I f  P i  = 0, then Mi C ~J M i and the family M I ,  . . . ,  MI-1 ,  M/+I ,  . . . ,  My1 
i=1 

would be a covering of  V with only 71 - -  1 internal ly stable subsets, in contra- 
dict ion with the definition of Yl. Therefore P ,  ~ 0 (i = 1 . . . . .  71). Thus, we 
have obtained a covering of  V with 71 disjoint internal ly stable subsets of  it. 
Hence Y ~ yl.  

As the converse relation does obviously hold, the lemma is proved. 

L e m m a  4. y l  = Y2. 

A n y  internally stable set can be imbedded in a superior internally stable one. 
Hence, for any  family M1 . . . . .  Mv~ of  internally stable sets covering V, there 
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exists a family N1 . . . . .  N~ of superior internally stable sets covering V with 
k < 71. Thus we see that  72 =< Yl- As the converse relation does obviously hold, 
the lemma is proved. 

Theorem IV. The chromatic number 7 o/ a graph G = (V, ~) is equal to the 
minimal number of superior internally stable sets covering V. 

Let Ts = {M1 . . . . .  Mq} be the family of all superior internally stable sets 
of G; they may  be determined (see lemma 1) by  minimizing the expression 

W ~ c/j xi xj. 
i ~ l  ] = 1  

Let us put  d/l = 1 ff the vertex vt belongs to the superior internally stable 
set M i and d~ i --~ 0 in the other case. For any subfamily ![2' of T2 we shall denote 
with xj the values of the characteristic function Z~,(Mi). 

Lemma 5. Y2' is a covering of V i /and  only if 

(a,j + d,j j) : o .  (20) 
i = 1  j = l  

Proof. The vertex vi belongs to an element of ~ '  if and only if 

i.e. 

q 

~Jd~jxj ~- 1 (21) 
j = l  

q 

]~[ (dij • ~j) = 0. (22) 
j = l  

That  means that  ~ '  is a covering of V ff and only if for any i, we have 

o r  

q 

] - I  ([/fl + dii Yj) = 0 (23) 
j = l  

q 

I ~  (dfl + dij 2j.) = 0 (24) 
i = l  ] = 1  

q.e.d. 
An absolutely analogous reasoning with tha t  of the previous paragraph shows 

tha t  we have 

Theorem V. The chromatic number y of a graph G : (V, e) is equal to the 
minimum of the pseudo-Boolean expression 

K = (q + 1) (d j + d j2j) + xj ; (25) 
i = l  j = l  j = l  

and a minimal chromatic decomposition P1 . . . . .  Pv o/ G may be obtained from that 
family of superior internally stable subsets M 1 of V for which x t : 1, by formulas (19). 

S i m p l i f i c a t i o n  1. I f  there exists a vertex v~ of G, covered only by  a single 
superior internally stable set Mj., then obviously x I = 1 and we can examine 
only the subgraph generated by the vertices V --  Mj. 
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S i m p l i f i c a t i o n  2. I f  t h e r e  ex i s t  ve r t i c e s  vi~ a n d  vi~ so t h a t  for  a n y  super io r  
i n t e r n a l l y  s tab le  se t  M j  

vi~ e M 1 :::> vi~ e M i , 

t h e n  we  can  s impl i fy  t h e  p r o b l e m  b y  e x a m i n i n g  o n l y  t h e  s u b g r a p h  g e n e r a t e d  b y  

V - { v io} .  
R e p e a t  s impl i f i ca t ions  1 a n d  2 as m a n y  t i m e s  as possible .  

N o t e .  I t  seems  c o n v i n i e n t  to  w o r k  w i t h  t h e  u n k n o w n s  yj = 1 - -  xj. 

E x a m p l e .  To  d e t e r m i n e  al l  t h e  i n t e r n a l l y  s t ab le  sets  l e t  us  m i n i m i z e :  

We have thus 

W1 = 2 ( x l x ~  + x l x 6  + x2x6 + x sx8  + x4x5 + x4x6 + xsx6)  

gl = 2(x2 + x6) ,  

x l  = Ul X2X6, (26.1) 
x~ = 0. (26.1 +) 

W2 = 2(x~x6 + x sx6  + xax5 + x4x6 + x s x 6 ) ,  

g2 : 2x6, 

x2 = u2x6, (26.2) 
x~ = O. (26.2 +) 

W s  • 2 ( x s x 6  + x4x5 + x4x6 + xsx6)  

g3 = 2 x 6 ,  

XS = U3.~6,  (26.3) 
x~ = 0. (26.3 +) 

W 4  = 2 ( x 4 x 5  -~- x 4 x 6  -~- x 5 x 6 )  

g4 = 2 (x5 + x6), 

x4 = u4 x5x 6, (26.4) 
x~ = 0. (26.4 +) 

W5 = 2 X5 X6 

W6 = 0 

g5 = 2 x6  

x5 = u5x6, (26.5) 
x~ = 0. (26.5 +) 

g6 = 0, 
x6 = u6. (26.6) 

Xl = U l  U2 u6  

X2 = 7~2 U6 

X3 = U 3 ~ 6  

X4 = U4 U5 ~6  

X5 = U 5 ~ 6  

(27) 

X6 ~ U6 

and this gives us all the internally stable sets of the graph. I t  is easy to verify that  the superior 
ones one: 

Mi  = (vi, vs, v4}, 
MS = {vi, vs, vs}, 

MS = {v2, vs, v4}, 
M4 = {v2, v~, vs}, 
~/5 = {v6}. 

As v6 is contained only in M5 we can confine ourselves (simplification 1) to the subgraph 
generated by {vi, v2, vs, v4, vs}. 
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As vs is contained in all Mj 's  we may confine ourselves (simplification 3) to the sub- 
graph generated by {vl, v2, v4, vs} and its superior internally stable sets 

M~ = {vl, v4}, 
M~ = {v~, vs}, 
M~ = {~ ,  v4}, 
~ i  = {~2, vs}. 

The matrix ((d~j)) is 

and 

and 

and 

(i10 0) 0 1 1 
0 1 0 
1 0 1 

and 

K1 = 5 (Yl Y2 + ys Y4 ~- Yl Y~ -~ 
gl = 5 y 2 - ~ - 5 y a - - 1  

and 

Y2Y4) -~-4--yl--y2--ys--Y4 

Y l = y 2 Y s .  

K2=5y2Y4--y2ys-~-5ysya--Y4-~-3, 
g2=5y4--ys 

(28.1) 

P~ = {Vl, V3, V4} ] 

P~ {v2, vs} I (32) 

P~" = {v2, vs, vs} 
pI2I {Vl, v4} / (33) 

P~'~ = {vl, vs, vs} 
P~" = {v2, v4} / (34) 

P ~  = {v2, v3, v4} 
P ~  = {v~, vs} / (35) 

Ys = Y4. (28.3) 

g 4 : 0  

Y4 ~ u4. (28.4) 
Hence y'  of the simplified problems is 2; ? will be equal to y '  plus one (corresponding to 

the eliminated set M5), i.e. 
= 3. (29) 

The coverings of V with superior internally stable subsets of it  may be obtained by giving 
various values to the parameters. 

The solution of (28.1), (28.2), (28.3), (28.4) being (u4, u4, u4, u4) we obtain the coverings 
/ M / / (M1, M~} and { 2, M3}. Thus the coverings of the initial problem will be: 

{Ml, M4, Ms} (30) 
and 

{M2, Ms, M5}. (31) 

Applying formulas (19) in various orders we obtain the minimal chromatic decompositions: 

-~4 = 2 

Y2 ~ Ya Y4 • u2 Ya Y4, (28.2) 

Y~ = Ya -- Ys Ya. (28.2+) 
K s = - - y s ~ 6 y s y 4 - - y 4 ~ 3  

g 3 = - - l ~ - 6 y a  
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N o t e .  The above method  of de termining  the min ima l  chromatic decomposi- 
t ions of a graph combined with the method  given in theorem 4 of chapter  4 
of [1] permits  us to determine a func t ion  of G~uNDu on G. 

CVLIK recent ly  defined in  a paper  to appear  in "P rob lemy Kyberne t ik i "  the 
n u m b e r  of completeness of a graph G as being the min ima l  n u m b e r  of complete 
subgraphs of G conta in ing all its vertices and  edges. This problem m a y  also be 
t rea ted by  pseudo-Boolean programming.  
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