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1. § Introduction

Let f(x)(—o0 <x<o0) be a measurable function such that

fx+1)=1(x), gf(X)dX=0, Hfl!2=£f2(X)dX<+OO‘ (1.1)

The asymptotic properties of the sequence f'(n; x) for rapidly increasing sequences
n, of integers have been investigated by many authors. In particular, it has been
proved (see [3]) that for any fixed f satisfying (1.1) there exists a sequence n,
such that the sequence f(m,x) imitates the properties of independent random
variables in a very strong sense. If f satisfies certain smoothness conditions, one
can also give estimates for the rate of growth of the sequence », implying this
“independent-like” behaviour. For instance, if f satisfies the Lipschitz condition
then n, , ;/m, — o0 guarantees that f(n, x) obeys the central limit theorem and the
law of the iterated logarithm (see [7, 17]). Here n, ,/n, — o0 cannot be replaced
by the weaker condition

Moo /mzg>1  (k=1,2,..) (1.2)

even for very smooth functions f: a simple example shows that for any given ¢
(arbitrary large) there exists a trigonometric polynomial f and a sequence 7,
satisfying (1.2) such that the sequence f(n x) fails to satisfy the central limit
theorem. A closer look at the problem shows that in the case when only (1.2)
is assumed, the asymptotic behaviour of f(n,x) is strongly influenced by the
arithmetical properties of the sequence n,. For instance, the independent-like
behaviour holds if n,=a" (a=2 is integer) but can fail if n,=d*—1. Similarly,
we have the independent-like behaviour if n, ,/n,—oa where o« is irrational
for every integer r= 1. This phenomenon has been investigated profoundly by
Gaposkin (sec [4] and also [2]) who has given a necessary and sufficient con-
dition for f(n,x) to obey the central limit theorem. Let us say that a sequence
m, <m, <+ of positive integers satisfies condition B, if the number of solutions
of m +m=v (k>1I) does not exceed a constant C for any v>0. Gaposkin’s
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theorem states that if n, satisfies (1.2) then the sequence f(n, x) obeys the central
limit theorem for all sufficiently smooth functions f (satisfying (1.1)} if and only
if, for any m=1, the set-theoretic union of the sequences {n.}, {2n,}, ..., {mn,}
satisfies condition B,.

The purpose of the present paper is to investigate the asymptotic properties
of the sequence f(m,x) when only (1.2) is assumed. Though the central limit
theorem does not necessarily hold for such sequences, we shall formulate positive
results without imposing any arithmetical restrictions on n,. To state the results
qualitatively, let us note that the validity of the central limit theorem and the law
of the iterated logarithm for the sequence f(n,x) mean that the asymptotic

N ;

distribution and asymptotic order of magnitude of ) f(n.x), N—oo are the
k=1
same as those of {(N), N—»oo where { is a standard Wiener-process. Let us

introduce the quantities

. (i+1)2-% , M4+N 2
vifa=28 ( )y f(njx)) dx
i2=%  \j=M+1
Now, the main result of our paper states that if f is smooth enough, the sequence
n, satisfies (1.2) and C; N<vify<C,N hold for certain values of M, N, ik
N

(Cy, C, are positive constants) then the asymptotic behaviour of Y f(n.x),
k=1
N — o0 is the same as that of {(zy), N— o0 where { is a standard Wiener process

and 1y is a sequence of random variables which is closely related to the quantities
N

vify. Hence the asymptotic behaviour of Y f(m,x) is intimately connected
k=1
with that of the vi}F\’s. Using this fact, we can derive many limit theorems for
the sequence f(n, x) both in the case when the sequence exhibits the independent-
like behaviour and in the case when this behaviour does not hold. As a first
application let us consider the case when the sequence n, satisfies a certain
arithmetical condition of Gaposkin type. Then, as one can see easily, the quantities
viy y become asymptotically independent of i, k and thus 1y become asymptotically
N

constant. Hence, in this case the asymptotic behaviour of >  f(n,x) is the same
k=1

as that of {(ay) for a certain numerical sequence ay. Some typical corrollaries of
this fact are Donsker’s invariance principle, Strassen’s law of the iterated
logarithm and Kolmogorov-Erdds-Petrovski type upper and lower class criteria
for the sequence f(m,x). These results unify and extend several limit theorems
obtained earlier in the literature. As a second application we shall show that
though the central limit theorem and the law of the iterated logarithm do not
necessarily hold under condition (1.2), they are “nearly” satisfied if ¢ is large.
More exactly, if f is smooth enough and (1.2) holds then we have

(z f(nkx)<atf) - &)

! In probabilistic statements concerning the sequence f(n,x) the probability space is the interval
[0,1) with Lebesgue measure.

lim  sup <e(g)!

N—-w —wo<t< + 0
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where =] f| and &(g) — 0 if ¢ — co. Similarly,
o N
1 —s(q)gb}im (20*Nloglog N)™'2 Y f(mx)S1+e(g) ae.
e k=1

The functional versions of these results are also valid. Thirdly, our results lead
to interesting consequences even in the classical case f(x)=cos2nzx when we
get an a.s. invariance principle under the mere condition (1.2).

It is of some interest to note that our results hold without the assumption
that n, are integers. It seems that for non-integral m, even the central limit
theorems and laws of the iterated logarithm implied by our results are new.
We get, e.g,, the interesting result that the sequence f(g*x) obeys the central
limit theorem (in the sense of footnote 1) for any real g> 1. (For a related result
see [15])

The idea of the proofs is to split the partial sums of f(n,x) into disjoint biocks
and apply Strassen’s well-known martingale invariance principle (Theorem (4.4)
of [14]) for these blocks. In the paper [1] we used the same method to get a.s.
invariance principles for mixing processes. Independently and at the same time,
Philipp and Stout used a similar approach to get a.s. invariance principles for
many classes of weakly dependent random variables; see their nice and exhaustive
paper [12].

Our paper consists of two parts. In the present, first part we establish some
a.s. invariance principles for the sequence f(n,x) under general conditions on
f(x) and {n;}. In the second part (see the next paper in this journal) we give some
applications of these theorems.

2. § Main Results

Before formulating our theorems we make a few preliminary remarks.
Let X;,X,,... be a sequence of independent random variables on the

probability space (2, #, P) and put S,= Z X; (S, =0). The investigation of the

=1
asymptotic properties of the sequence S is a classical problem of probability

theory. In [13, 14] Strassen developed a new and powerful method for approaching
this problem. Namely, he proved that in certain cases it is possible to construct
a Wiener-process ({¢) such that the sequences S, and {(n) are “close” to each
other with probability one. Such an approximation theorem was called by him
n “almost sure invariance principle” because a theorem of this type enables
us to carry over many asymptotic properties of the Wiener-process in an
unchanged form for the partial sums S,. For instance, it is easy to see that if
S,={(n)+o(n*’*~" almost surely with a suitable Wiener process {(f) and a
constant #>0 then the sequence X,, X,,... obeys not only the central limit
theorem and the law of the iterated logarithm but also a larger class of stronger
limit theorems including Donsker’s invariance principle, the functional form of
the law of the iterated logarithm, the Kolmogorov-Erdos-Petrovski integral
test for functions of upper and lower classes etc. Now, a typical result of Strassen
states that if X;, X,,... are independent, identically distributed with EX, =0,
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EX?=1,E| X |**% <o (6> 0) then there exists a new probability space (¥, #', P'),
a sequence X7, X5, ... of i.i.d. random variables and a Wiener-process {'(f) (all
defined on (2, #', P')) such that X, and X have the same distribution and putting

S,=Y X; we have S,={"(n)+o(n">~") for n—»oo with probability one where #
i=1
is a positive constant depending on d. The fact that here we approximate not the
partial sums of the sequence X, X,,... but a “copy” of it, makes no trouble
in applications since if a sequence Y, Y,,... (of arbitrary random variables)
obeys, e.g., the law of the iterated logarithm then the same holds for every sequence
Y!, ¥;, ... having the same finite dimensional distributions. Strassen also proved
that similar results hold in the case when X, X,, ... is a martingale difference
sequence. In the latter case, however, the approximation theorem has the slightly
modified form S,={(t,)+o(n}/*~") as. where { is a Wiener-process and 1, is
a certain increasing sequence of random variables such that 7, —»c0 as. In the
present paper we shall prove results of this type for the sequence f(n,x) which
can be considered as a sequence of (dependent) random variables on the prob-
ability space (Q,, %y, B) where Q,=[0, 1), %, is the class of measurable subsets
of [0, 1) and P, is the Lebesgue measure on #;.
Throughout our paper we shail assume the standard condition

If()SM and |f-s,|<4n™* (@>0,n=12..) (2.1)

where s, denotes the n-th partial sum of the Fourier-series of f. The second rela-
tion of (2.1) can also be written as

1 o s}
= Y (a2 +b}<A*n2" 2.2)

2 k=n+1

where

Sf~ag+ Y (ag cos 2mkx + by sin 2mkx)
k=1
is the Fourier-expansion of f. Condition (2.1) is satisfied, e.g., if f satisfies the
Lipschitz a condition (see [18] p. 241, formula (3.3)) or it is of bounded variation.
(In the latter case we have a,=O0(1/k), b,=0(1/k) and thus (2.2) is valid with
a=1/2)

Definition 1. Let Y,,Y,,... and Z,,Z,,... be two sequences of random
variables defined on possibly different probability spaces. We say that the two
sequences are equivalent if their finite dimensional distributions are the same.

Definition 2. Let ¥,,Y,,... and Z,, Z,, ... be sequences of random variables
on the probability spaces (2, %, P) and (2, &, P), respectively. We say that the
two sequences are quasi-equivalent if there exist sequences Y;,¥,,... and
Z2,,2,, ... (defined on (Q, %, P) and (Q, &, P), respectively) such that

[ee)

Y1 Y—Yl<owo as, Y |Z,—ZJ<oo as and the sequences Y;,Y,,... and
k=1 k=1
Z.,Z,, ... are equivalent.

We can now formulate our results.
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Theorem 1. Let us assume that

a) f(x) satisfies (1.1) and (2.1).

b) The sequence w, of positive numbers satisfies {1.2).

¢) There exist constants 65>, >0 such that for k=1, 0<i<2*—1 we have

(i+1)2% , M4N 2
oy N<2* ( > f(njx)) dxZo, N (2.3)

j2-k J=M+1

provided that M, N and n,,/N - 2% are large enough.

Then there exists a probability space (Q, #, P) and a sequence X;,X,, ... of
random variables (defined on (Q, #, P)) such that the sequences {f(mx)} and
{X,} are quasi-equivalent and

X+ +X,={(r)+o(n'*"")  as. as n—oo (2.4)

where 1>0 is an absolute constant, {(t) is a Wiener-process on (€, #, P) and 1, is
a strictly increasing sequence of positive random variables (also defined on (Q, #, P))
such that 1,—1,_y =0(1) as. as n— and

o, Zlim inf%glim sup%éoz as. (2.5)
In applications we shall need also the following, somewhat more general
form. of Theorem 1:

Theorem 2. Let us replace condition ¢) of Theorem 1 by the following condi-
tion c¥):
c*) There exist constants ¢,> 0, >0 such that for k=1, 0=i <21 we have

(i+1)2-k M4+N 2
oray n<2¢ | (Z f(njx)) dx <0505 § (2.6)

i27k \j=M41
provided that M, N and ny/N-2"are large enough. Here ay y (M 20, N=1) are
positive numbers such that Ay N<ay ySA,N (MzZM,, NZN,) with positive
constants Ay, A,.
Then the conclusion of Theorem 1 remains valid but instead of (2.5) we have now

o <liminf " <limsup *<o, as. 2.7)

n—aoo n n— o n
where b, is a strictly increasing numerical sequence such that* b <n.

We formulate one more theorem which states that replacing (2.3) by a stronger
assumption, we shall have (2.4) with t,=an.

Theorem 3. Let us assume that

a) f(x) satisfies (1.1) and (2.1).

b) The sequence n, of positive numbers satisfies (1.2).

c) There exists a constant ¢>0 such that for k=1, 0<i<2*—1, M=M,,

> The symbols a,~b, and a,=b, mean lima,/b, =1 and O<liminfa,/b,<limsup a,/b,< co,

respectively. e nme e
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N= N, we have

(i+1)27% , M4N 2 N2k
> | ( 3 f(njx)) dx=o-N+0( ) 2.8)
i27% \j=M41 Y3

where the constant in O depends only on f(x) and g.

Then there exists a probability space (Q, %, P) and a sequence X, X,, ... of
random variables (defined on (Q, &, P)) such that the sequences { f(n,x)} and {X,}
are quasi-equivalent and

X+ +X,={en)+o(n'*" " as.as n—x© (2.9)
where {(t) is a Wiener-process on (Q, #, P) and #>0 is an absolute constant.

Remarks. 1. Conditions c) of Theorem 1 and Theorem 3 are of the same nature:
both require an estimate for the quantity
<i+1)2"k( M4N

2
2 > f(njx)> dx
i2-k \j=M+1
provided that M, N and n,,/N - 2* are large enough. These conditions can slightly
be weakened. In Theorem 1 it is sufficient to require that (2.3) holds if M, N and
ny/N? - 2¢ are large enough where y >0 is a fixed constant. Similarly, the remainder
term O(N - 2¥/n,,) in (2.8) (and also in (2.10) below) can be replaced by O(N?2%/n,,).
The proofs of Theorems 1-3 (given in §4) apply also under these conditions
without change.

2. If the sequence f'(n, x) satisfies condition ¢) of Theorem 1 with some pairs
(01, @,) then we can choose a universal {X,}, {r,} and { satisfying (2.4), (2.5) (and
T,—T,—1=0(1) as.) with all the pairs (0,,0,). A similar remark holds for
Theorem 2 (when also b, can be chosen universal).

3. The proofs of our theorems will yield an explicit estimate for the absolute
constant # in (2.4) and (2.9). Actually, we shall see that (2.4) and (2.9) are valid
with any constant 0<#x<1/40. We chould get slightly better estimates by more
precise calculations and by some simple modifications of the argument but to
find the best constant seems to be very difficult. In view of a recent result of
Komloés, Major and Tusnady (see [10]) it is even possible that the remainder
term o(n'/2~") in (2.4) and (2.9) can be replaced by o(n®) for any > 0.

4. For the sequence b, in Theorem 2 we have

A; Zlim inf b, /n<limsup b,/n<A,.

5. Let us replace condition (2.8) by

(+1)27% , M+N 2 N . ¥
x| ( 5 f(njx)) dx:aM,NJro( ) (2.10)
i2-%  \j=M+1 Mpp

where a,; y (M =0, N=1) are positive numbers such that 4; NZay y<A,N
(M=M,, NzN,) with positive constants A,, A,. Then the conclusion of
Theorem 3 remains valid with the modification that {(¢ 1) in (2.9) is to be replaced
by {(b,) where b, is a strictly increasing numerical sequence such that b, =n.
(Actually 4; Sliminfb,/n<limsup b,/n<A4,.)
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6. Theorem 1 remains valid if (2.3) is replaced by

(i+1l)a~% , M4 N 2
oy N<a* | ( y f(njx)) dxZ<o,N
j

ia~¥ j=M+1

for a fixed integer a=2. A similar remark applies to Theorems 2 and 3.

3.§ Some Standard Inequalities

In this section we shall formulate some inequalities, each of standard type, which
will be used in the proofs of Theorems 1-3. Their proofs will be given in Section 5.

Throughout this paper, the following notation will be useful. Given an in-
tegrable function g(f) (0=t <1) and an integer m= 1, let [¢],, denote the function
in 0<t<1 which takes the constant value

e+1)/m

m | g(s)ds

kim
in the interval [k/m, (k+1)/m) (k=0,1,...,m—1)3

Lemma (3.1). Let f(x) satisfy (1.1) and the second relation of (2.1). Pur y(x)=
f(Ax) (0=x<1) where 221 is an arbitrary real number. Then we have for any
integer m= 1

-t (3)

where C, is a positive constant depending only on f.

Lemma (3.2). Let g(x) (— o0 <x<ooj be a function such that

glx+1)=g(x), ig(x)dx=0. (3.1)

Then we have

fbg(lx) dx

2 1
=5 glg(X)ldx

for any real numbers a<b and any A>0.

Lemma (3.3). Let f(x) satisfy (1.1) and the second relation of (2.1) with A>1
and O0<o<l. Let 1Em,<m,<---<m, be arbitrary real numbers such that
w1/ 2q>1 for 1Zk<n—1. Then we have for any real a

a+1

[ (fmx)+ -+ fmx)Pdx=n{f|>+T

a
where

[T[< HfH2+C2 (51/21-_1 qll i1

)(ufu I hn

with an absolute constant C,.

> This notation is a modification of a notation used in [6].
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Corollary 1. Assume the conditions of Lemma (3.3) and also | f|| £1. Then we
have for any real a

a+1

§ (fmx)+-+f(mx)*dx<CsA| fln

where the constant Cs depends only on q.

Corollary 2. Let f(x) satisfy (1.1) and the second relation of (2.1). Let
1Smy<my<--- be a sequence of real numbers such that my  ,/m;— 0. Then we
have

a+1 ( l+n

2
§ Y f(mvx)) dx~n||f]> as n—-w©

a v=I+1
uniformly in | and a.

Lemma (3.4). Let f(t) satisfy (1.1) and (2.1) and let n; <n,<--- be a sequence
of positive numbers such that ny /mzq>1 for k=1. Then for any N = N, (where
N, depends on f(t) and q) we have

N
X =t

where the random variables &, , &, satisfy

P(&|ZyYN)SChe™®r  (y20)* (3.2)
and
[¢201=1. (3.3)

The constants C,, Cs depend on f(t) and q.

This lemma is a variant of similar lemmas of Takahashi [16] and Philipp [11].
Its proof (which is given in §5) depends on the same ideas.

Lemma (3.5). Let n;,n, and n=n, +1n, be square integrable random variables
with distribution functions F,(x), F;(x) and G(x), respectively. Then we have for
any a=0

[ x2dG(x)=4 [ x*dFR(x)+4 | x*dE(x).

x22a x22>a/4 x2zaj4

Lemma (3.6). Let {(t) be a (separable) Wiener-process and let B, B, r, s be
positive numbers. Then we have

sup  |{(t)~{(t)|=0(logk) a.s. as k—oo.

0=ty <ty <BK"

[t2—t:1] SB'RS

Finally we formulate a simple lemma which is not an inequality but will be
useful in the proof of our main theorems.

4 We shall use the symbols E, P also in the probability space (2,, %,, B,), they denote expectation
and probability with respect to Lebesgue measure. When it is more convenient, we shall use also the
symbols | and | A} for Lebesgue integral and measure.

A
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Lemma (3.7). Let Y,,Y,, ... be a sequence of random variables on the prob-

ability space (Q, #, P) such that every Y, takes only finitely many values. Let
b

l=a,<b;<a,<b,<--+ be a sequence of integers and put U= ) Y. Let

(&, ', P') be an other, atomless > probability space and let U}, U;, ... bea sequence

of random variables on (&', #', P') which is equivalent to U,, U,,.... Then there

exists a sequence Yy, Y, ... of random variables on (', F', P') which is equivalent
b

to Y, Y, ...and U= Y Y/ (k=1,2,..).

i=ak

4. § Proof of the Main Theorems

We begin with the proof of Theorem 1. As the first step of the proof we approxi-

mate f(mx) by a step-function ¢,(x) as follows. Let 2'<nm, <2'*! put
60 .

m= [i +;log k] and define ¢, (x) by

@e(x)=L1 (mex)] 3m. 6 (4.1)

Using Lemma (3.1) we get
m —af3 2l+—§;0-10gk—1 —a/3
e -eli=c () =0 ()

(3
SC-2720skL Cf10 (=23, ). 4.2)

(In this section C will denote positive constants, not always the same, depending
only on f(t) and g.) Relation (4.2) implies
Y 1 fmx)—@p(x)) <o for almost all xe[0, 1). (4.3)
k=1

We now divide the set of positive integers into consecutive blocks
Ay, Ay, 4y, 45, o Ay, A

(without gaps) in such a way that 4, contains [k'/*] consecutive integers, A
contains [k'*] consecutive integers (k=1,2,...). We shall call 4, long blocks
and A short blocks. Put

’I;CZ Z f(l’lv.)C), Dk: Z q)v(x): (44)
Ve i ve dy
D=D—E(D|D,,...,D,_,).” (4.5

Let further #,_; and Z,_, denote the o-fields generated by D,,...,D,_, and
Dy, ..., Dy_y, respectively. (Evidently % _, = %,_,.)

> A probability space (@2, #, P) is called atomless if for every Ae# with P(4)>0 and for every
0<p < P(A)there existsa Be#, B< A4 such that P(B)=p.

¢ The right-hand side of (4.1} means [£],m where g is the function defined by g(x)=f (1, x) (0<x <1).
7 See footnote 4.
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Lemma (4.1). We have (as k— o)
E(Dy|#_1)=0(k"% ae. (4.6)
0, [K'*]+0(k=)SE(D} #_) S0, [K*]+0(k™?) ae. 4.7
These relations remain valid if the conditioning o-field %, , is replaced by Z, _,.

( We note that the constants implied by O can now depend also on the element x of
the probability space.)

Proof. We first show that

|E(T,| % _)ISCk™2 everywhere (4.8)

oy [RP1SE(TP | A1) S0,[k7]  everywhere (kZzko) (4.9)
IT—=Dy = Ck™*. (4.10)

From these relations (4.6), (4.7) will follow easily.
Let b=b(k) denote the largest integer of the block 4,_,, let | be an integer
60
such that 2'<n,<2'*! and put w=[l+-a—log b]. From the definition of ¢, it

follows that every ¢,, 1 <v<b takes a constant value on each interval A of the
form

A=[i27%(i+1)27%) (i=0,1,...,2"—1) (4.11)

and thus every set {D,=a,,...,D,_;=a,_;} where q,,...,a,_, are constants,
can be obtained as a union of intervals of the form (4.11). In other words, the
o-field %, _, is purely atomic and each of its atoms is a union of intervals of the
form (4.11). Hence to prove (4.8) and (4.9) it is sufficient to show that

]IAI”‘jT}dx]éCk‘z (4.12)
A
and

oy [K21< 1417 | T2 dx <o, [K2] (kzko) (4.13)
A

hold for any A in (4.11) (JA] denotes the Lebesgue-measure of 4). To get (4.12)
let c=c(k) denote the smallest integer of the block 4,. By (1.2) we have

=

b —(c=b) _. ,—[(k—1)1/4]-1 ~(k—1)1/4
éq(c )_q[( 4] éq( )
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Hence applying Lemma (3.2) and using the trivial relation b<2k? we get (4 is
the set in (4.11))

(i+1)2~w
[|AI7! § Tidx|=|2* | Y. f(n,x)dx
A i2-w vedg
2 2v
<2¥.C Z —=C—
vedr nv n,
2l+%910gb " 60 90
gch C;bba SCqg* DT <Ck? (4.14)
(4 (4

and thus (4.12) is valid. As to (4.13), this follows immediately from condition c)
of Theorem 1 provided that k,c(k) and n,/2*k'/* are sufficiently large. But this
is valid for k=k, since by a part of estimate (4.14) we have 2¥/n,=0(k™?) and
thus n,/2" k' — o0. Hence (4.8) and (4.9) are proved. Finally, (4.10) follows from
(4.2) and the Minkowski inequality:

ID~TISC Y vi°sc Y viosckt,

ve dx v=[(k—1)/2)

We can now easily prove relations (4.6) and (4.7). In fact, the expectation of
the k-th term of the series

Y. K E(T—Dil*| %)

k=1
is k® E(|T,— D,|?) which is O(k ~2) by (4.10). Hence the series is almost everywhere
convergent by the Beppo Levi theorem and consequently

E(IT,~Di*|#_1)=0(k™°) ae. (4.15)
(4.15) implies, via the (conditional) Cauchy-Schwarz inequality, that

E(IL— D% )=0(">)
which, together with (4.8), gives (4.6). Furthermore, by the conditional Minkowski
inequality and (4.15) we have

|E(D{ | Fi)' 2= E(T2 | F - ) P | SE(T,— Dy | i) 2 =0(k™%)  ace.
Hence, using (4.9) we get the upper half of (4.7):

E(D¢1 ) S0, [k 212 +0(k™ %) =0, [K 1?1+ O(k* k=) + O(k ™)

=0, [K?]+0(k2) ae

The lower part of (4.7) can be proved similarly.

That relations (4.6), (4.7) remain valid if the conditioning o-field %, _, is
replaced by %, _; can be proved exactly in the same way as above. We only have
to remark that, by % _, =%, _;, the o-field #,_, is also purely atomic and each
of its atoms is a union of intervals of the form (4.11).
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The following lemma is a consequence of Lemma (4.1).
Lemma (4.2). We have (as k — o0)
o (K] +0(k™ ) S E(DY| F, 1) S0, [k 2] +0(k™?)  ae.

Proof. Put U, =E(D,| %,_,). Since U, is %, measurable, we have by a simple
calculation

E(D}| #_,)=E((Dy— U’ | #_ ) =E(D}| %) - UZ.
Taking expected values with respect to % _, and using % _, <%, _,, we get
E(D}| #,_)=E(D{| %))~ E(GZ| %._,).
Thus, in view of Lemma (4.1), it suffices to show that
EUZ_)'P=0(k™") ae. (4.16)
To prove (4.16) we first note that (4.8) implies
E(Ur % _ ) ?=0(k™Y) ae. (4.17)

where U =E(T,|%,_,). (In fact, by (4.8) we have |U¥|<Ck~? on the whole
probability space.) To deduce (4.16) from (4.17) it is sufficient to show that the
left hand sides of (4.16) and (4.17) differ only by O(k~") and this will follow if we
show that

Y KEUF?| F P —E(BR Z,,) PP <0 ae. (4.18)
k=1

Now, by the (conditional) Minkowski inequality, the k-th term of the series in
(4.18) can be majorized by kK*E (U¥ — U)?| %._,) the expectation of which is

K E(Uf —U)*) =k E(E(T.— Dl Fi_ 1)) S E(T,— D))= 0(k™°)
by (4.10). Hence (4.18) follows from the Beppo Levi theorem.

_ Lemma (4.3). Let B(x) denote the distribution function of the random variable
Dy, i.e. put F(x)=P(D,<x). Then we have for any a=1, k=k,

[ x2dF(x) 16+ C akl2e=C"Vark

where C', C"' (and also k,) depend only on f(t) and q.
Proof. We evidently have

Dy~ T,=(D,— T) + E(T,— DY Fi_y) - E(Til i) (4.19)

From (4.8) and (4.10) it follows that the L, norm of the three summands on the
right hand side of (4.19) cannot exceed Ck~*, Ck™%, Ck™?, respectively. Hence
(4.19) implies |D,— T 1 for k= k, or equivalently,

Dy=T+&,  MEIS1 (kzky). (4.20)
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Using Lemma (3.4) we get that
Li=&+&  (k2ky)

where [&,||<1 and
P(¢ 1 zy kNS Che™ %Y for y20.

This fact, together with (4.20), implies that
Dy=m+n,  (k2k;)

where (n,[|<2 and

P(lny]Z2x) S Cpe™ " for x20. (4.21)
Using Lemma (3.5) we get for any a>0, k=k;

| X*dR(x)24 | x*dGx)+4 | x*dJ(x) (4.22)

x2za x> za/4 x2zald

where G(x) and J(x) denote the distribution functions of #, and 7,, respectively.
Since we have ||, || =2, the first summand on the right hand side of (4.22) cannot
exceed 16. On the other hand, an integration by parts yields

| xdie)=5 (1-J (fo))+ 1 201-J(o)xdx. 4.23)

x=Va/2 2 Va2
By (4.21) we have 1-J(x)< C,exp(— Csx/k"/* for x=0. Using this fact and

calculating the integral | xexp(— Csx/k'*)dx exactly, we get from (4.23) by
Vaj2
an easy calculation

| x*dJ(x)SC*akPe=C VIR (az1)
xzyal2
where C*, C” are positive constants depending only on f(¢) and g. A similar
estimate holds for the integral [ x*dJ(x) and thus Lemma (4.3) is proved.
x<—Va/2

Remark. So for we have considered only the long block sums D,= ) o,.
Ve dy
All the statements proved above, however, have their exact counterparts for the

short block sums H,= 3" ¢,. Put H=H,~E(H,|H,, ..., H,_,) and let # _, and

. ved; _ _
H#,_ denote the o-fields gkenerated by H,...,H_,;and H, ..., H,_, respectively.
Then we have (as k — o)

E(H|#,_)=0(k%) ae (4.24)
o (K] + 0k ) SE(B | #4_ ) S0, [K4]+0(k™2)  ae. (4.25)
[ x*dF(x)=16+Cakll*e~CVad  (3>1 k>k,) (4.26)

where E,(x)=P(H,<x) and C, (and k,) are positive constants depending
only on f() and ¢. The proofs of the above statements are exactly the same as
those of Lemmas (4.1)-(4.3).
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Making use of Lemmas (4.1)~(4.3), the proof of Theorem 1 can be completed
easily. The idea is simply to apply Theorem (4.4) of Strassen’s paper [14] to the
long block sums T,= Y f(n,x). We cannot do this directly, however, because

vedy
{T,} is not necessarily a martingale difference sequence (though it is approxi-

mately such a sequence by the above considerations). Therefore we first replace
the functions f(n,x) by functions &,(x) which are very close to them and for
which the long block sums > ,(x) (and actually also the short block sums

vedy
Y &,(x)) constitute a martingale difference sequence. For instance, we can take

,
ve i N

. fo,—[K'1 E(D|Dy, ..., Dy_y)  if ved, N
(PV(X)_{ —[KV*)~*E(H,|H,, ..., H,_,) if ved; Ue=1,2,...

In this case we have

Z (pv(x)zD.k'_E(Dk|D1’ --~’Dkﬁ1)=5k>

ve di

Z ¢, (x)=H,—E(H,|H,, ..., Hk—1)=Hk

ved,
which are indeed martingale difference sequences. As to the discrepancy
| f(n,x)—d,(x)], we have by (4.3), (4.6) and (4.24),

3. 1133)= 0,03

< Y 1=+ 3 10,0,

8

l

= X1/ x) =0, + . [EDuID. ... D)

- S E(HH,, ..., H,_)<® (4.27)
k=1

for almost all xe[0, 1). From now on, therefore, we can focus our attention to
the sequence &,(x) (which is, moreover, a sequence of r.v.-s taking only finitely
many values) and the task becomes to show that the conclusion of Theorem 1
holds for the sequence @,(x) instead of f(n,x).

Let us apply Theorem (4.4) of Strassen’s paper [14] to the long block sums
D= Y ¢, with f(x)=x"°. Of course, we have to verify

ve dr

V, >0, ZV-9/105 x?dP(D,<x|F_)<o  as. (4.28)

x2 > V2710

where V,= ZE(EiZlﬁNl). Let us take (4.28) temporarily granted. Then, by

i=1 -~ - oqe
Strassen’s theorem, there is a sequence Dy, D,,... on a new probability space
(92, #, P) which is equivalent to Dy, D,,... and

D+ +D,=l(F)+o(V}**°log V) as. as k—oo (4.29)
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where { is a Wiener-process on (€, #, P) and ¥, = Z E(D? |D,,...,D,_,). We can
i=1

also assume, without loss of generality, that (€, %, P) is an atomless probability
space. By Lemma (3.7) there exists a sequence {X,} of r.v.-s—equivalent to
{@.,}—on (Q, 7, P) such that the D,’s are just the long block sums obtained
from this sequence:

D=%Y X, (k=1,2,..). (4.30)

vedy

It is easy to sec that X, X,, ... satisfy the requirements of Theorem 1 ie we
have

Xy 4+ X,=((r,)+o(n'**°logn) as.as n—oo (4.31)

with a certain strictly increasing sequence 7, of random variables satisfying (2.5)
and 7,—1,_; =0(1) as. as n —>oo. For this purpose we first note that

o1 [itOEV, S0, f,+0(1)  as. (4.32)
and
V=V =0k as. (4.33)

where f, = Z[ll/z] ~Ck*?, Indeed, the corresponding relations for ¥, instead

of 7, follow 1mmed1ately from Lemma (4.2) and hence (4.32) and (4.33) are valid
by the equivalence of {D,} and {D,}. We also note the following simple

Lemma (4.4). We have (as k-0 )

.
Y S X, =0TV +o(f%%logf)  as. (4.34)
j=1ved;

k

Y 2 X,=o(fi**logf) as. (4.35)
j=1 VEA.;

Proof. Relation (4.34) is immediate from (4.29), (4.30) and (4.32). To see (4.35),
we note the relations

Di+--+D,=o(filogf) as. (4.36)
Hl+"'+Hk o(e;*loge,)  as. (4.37)

where ¢, = 2[11/4] ~Ck**. For the sequence Dy, D,, ... instead of D,,D,, ...

relation (4. 36) follows from (4.29) by using the estimate {(t)=o0(t'/* logt) (t =)
and (4.32). Hence (4.36) is valid by the equivalence of {D,} and {D,}. (4.37) is
the dual of (4.36) which can be proved in the same way as (4.36), applying Strassen’s
theorem to the short block sums H, = Y &,. (Here we have to verify the
analogue of (4.28) for H,: ved;

W, — 0, ZWk‘g/m [ x*dP(H,<x|#_)<wo as. (4.38)

k=1 x25 WP/10
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k —_
where W= Y. E(H?|#;_;). For the moment, let this relation be taken granted.)
i=1
Relation (4.37) can be written as

iz ,=o(el*loge,) as. (4.39)
j=1 A

which implies (4.35) by the equivalence of {X,} and {(,} and the fact that e, ~ Cf,>'°.
(As a matter of fact, relation (4.36) was not used, it served only to explain (4.37).)
Hence the proof of Lemma (4.4) is completed.

Summing (4.34) and (4.35) we get

Y X, =((P)+o(r**®logn) as.as k—oo (4.40)

v=1

where .= Z([l” 2]+ {4~ f,~ Ck>2. Let us define the sequence 7, of random

variables m such a way that 1, =V, (k=1,2,..) and 1, varies linearly between

n=r, and n=n, for any k= 1. (We define to—-O) With this choice of z, relation
(4.40) immediately gives (4.31) for the indices n=r. To prove (4.31) for general n
it suffices to show

max Y X,|=0(n®*%) as. as ko (4.41)
re<n<ti+1|v=rie+1
and
max |{(t)—{(z,)|=0(%*%) as. as k—oo. (4.42)

The first relation is trivial since by (4.27) and the first relation of (2.1) the sequence
{®,(x)} remains bounded for almost all xe[0, 1) hence {X,} also remains bounded
with probability one (by equivalence reasons) and thus the left hand side of (4.41)
is O, —1)=0(k'"*)=0(°"*%) as. To see (4.42) let us note that

1, =V=0(f)=0(*?) as.

max |t,—1,, ~1, =V 1~ V=0 as. (4.43)

Me<nSre+i

by (4.32) and (4.33). Hence (4.42) follows from Lemma (3.6) (with r=3/2, s=1/2).
It is also evident that ¥, is non-decreasing and so is t,, furthermore by (4.43) we
have 1, ,, —1, =0(k"'"*)=0(r ., —1) whence

n—Ta1=0(1) as.
Finally, 1, = V., (4.32) and f,~7, imply

"k+1

T

0, = <11m 1nf <11m sup "<02 as. (4.44)
[ — 00 n
whence {2.5) follows in view of the piecewise linearity of t,.
The arguments above complete the proof of Theorem 1, only two simple
points remain to prove. The first is that the sequence 7, defined above is non-
decreasing but not necessarily strictly increasing This difficulty is casy to
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overcome since we can find a sequence 7, of random variables which is strictly
increasing and |1,—1,|<27" for n21. It is evident that |{(z,)—{(z,)|=0(n'"*
a.s. (this follows, e.g, from 1,=0(n) and Lemma (3.6)) and thus (2.4), (2.5) and
7,—T,—1 =0(1) are valid also for 7, instead of t,. The second point is that in the
proof above we did not verify relations (4.28) and (4.38). This, however, is an
easy task by means of Lemma (4.3). In fact, as we noted there, relation (4.32) is
valid also for ¥, instead of ¥, and thus (4.28) will follow if we show that

S | xPdP(Dy<x|F_ )< as. (4.45)
k=1

x2> B f3/10
for any constant B>0. Now, the expectation of the k-th term of the series in
(4.45) is

fioone f x*dP(D,<x)

x2>Bf2/10

which, by Lemma (4.3) and f,~ Ck*? is O(k=27/2%). Hence (4.45) is valid by the
Beppo Levi theorem. (4.38) can be proved in the same way, using (4.25) and (4.26).

Remark. 1t is evident that the construction of {X,}, {z,} and {(¢} is independent
of the values of ¢, 0,. This proves Remark 2 after Theorem 3.

The proof of Theorem 2 is the same as that of Theorem 1; we only have to
use relation (2.6) at those places where, in the proof above, (2.3} was used. Instead
of Lemmas (4.1), (4.2) we shall have

Lemma (4.5). Let c=c(k) denote the smallest integer of the block A, and put
Di= -1, w7 (Qar, n are the numbers occurring in (2.6)). Then we have (as k —c0 )

E(D | #_1)=0(k™?) ae.

0P+ 0k )SE(D| F_)Soap+O(™?)  ac.

These relations remain valid if the conditioning o-field F,_, is replaced by %,_, .
Furthermore we have '

Glpk+0(k—2)§E(5}%"}ozlc—l)§62pk+0(k_2) a.c.

Similarly, instead of (4.25) we shall have
o1 Pf +O(k-2)§E(H1?|%c—1)§Gzpf +0(k™?)  ae.
where pf=a.q,_; gus (c*(k) is the smallest integer of the block 4;). By the

assumption on « we have p,=k!'?, p*¥=k'* The definition of f, and e
M,N ) % . Dx k k

should be modified to f,=) p;, e,= Y, p¥. Some relations ~ are to be replaced
i=1 i=1

by =. Finally, instead of (4.44) we have

' LT . T
o, Slim inf Z<limsup %<0, as.
k= fir T ke fi

and thus (2.7) will hold if b, denotes the sequence for which b, =f, (k=1,2,...)
and which varies linearly between n=r, and n=r,, for any k>1.



336 I. Berkes

The above construction of b, shows also that

Ay Eliminf b, /n<limsup b,/n< A4,.

n— n—w

In fact, by the assumption made on a,, y we have

A Y [P0 f24, 3, [ +0(1)

13

k
whence the above statement follows since . [i'/*] ~r, and b, is piecewise linear.
i=1
Hence Remark 4 after Theorem 3 is also proved.
The proof of Theorem 3 is also almost identical with that of Theorem 1.
Let us observe that by (4.14) we have 2*/n,=0(q~*"") and thus, using (2.8), we
now get

417 [ T dx =0T P] 40k
instead of (4.13). (The constant in O depends only on f(f) and ¢.) Using this fact,
the proofs of Lemmas (4.1) and (4.2) give the following

Lemma (4.6). We have (as k—o0)

E(D| F_)=0(k"?) ae.

ED}| F_)=c[K'*]+0(k™3) ae.

These relations remain valid if the conditioning o-field %, _, is replaced by %, _,.
Furthermore we have

E(D{|F_)=c[*1+0(k™?) ae.

(The constants in O can depend also on the element x of the probability space.)
Similarly, instead of (4.25) we have

E(H2\#, )=c[K*]+0(k™?) ae.

The above relations show that in the present case Lemmas (4.1) and (4.2) and the
Remark after Lemma (4.3) are valid with o, =0, =0. Hence the rest of the proof
of Theorem 1 applies without change and we can take g, =0, =0. In particular,
(4.32) yields V,=af,+0(1) a.s., whence

2= Vi=0fi+0() =0 (rk— fl [41) +0(1)
=ark+0(k5/4)=ark+0(r,f—/6) a.s.
and thus 1,=on+0(n*'®) a.s. Using Lemma (3.6) we get
L(ry=Con)+o(n*2logn) as.

and this completes the proof Remark 5 after Theorem 3 can be proved in the
same way (see the proof of Theorem 2).
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5. § Proof of the Standard Inequalities

Lemma (3.2) follows immediately from condition (3.1) and the relation
b 1 b2
[e(x)dx=- [ gd.
a ali

Lemma (3.6) follows from Lemma 1 of [9] by means of the Borel-Cantelli lemma.
The proof of Lemma (3.7) is also simple routine and can be omitted. Hence it
suffices to prove Lemmas (3.1), (3.3), (3.4) and (3.5).

Proof of Lemma (3.1). We follow Ibragimov [6]. Let us first remark the follow-
ing obvious relations:

&1 +82dm=Lgidn+820n, [eglw=clgln, Ilglnll<lgl (5.1

(c is constant). Let us now consider a function f satisfying (1.1) and the second
relation of (2.1), let

S~ Y (axcos2mkx+b,sin2nkx)
k=1

be the Fourier-expansion of f and write
f=h+1s (5.2)
where

N
fi=sy= ) (g cos2nkx+b,sin2nkx), fo=f—sy.
k=1

N is an integer to be specified later. If y(x)=f (A x) then by (5.2) we have
Y=y +y, (5.3)
where i, (x)=f;(1x), ¥,(x)=f,(2x). Evidently
|cos fx~[cos fx],|<p/m, |sinfx—[sinBx],|<p/m
for any >0 and thus by
N
Wy (%) :k; (apcos2mk i x+b,sin 2k ).x)

and by the first two relations of (5.1) we have

A RN st U RaLY)

272 N 1/2 © 1/2 o 1/2 Yl
< (Z k2) [(Z a,f) + (2 b,f) ]gC%N”2 (5.4)
k k / /
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where Cg4 depends on f. Furthermore, by the second relation of (2.1), the third
relation of (5.1) and the periodicity of f and sy we have

1 A
Vs =TTl <410l =4 | f0xPdx =3 § fl0P

4 [41+1 4 1
<= [ L@Pde=(U1+1) [ L0 de
0 0
S8 f—syll?SC; N2 (5.5)

where C, depends only on f. (5.3), (5.4), (5.5) and the first relation of (5.1) imply

p
I — [Tl < Cg (n_1 N3/2+N—“)

whence the statement of the lemma follows by choosing N =[(m/4)"/?].
Proof of Lemma (3.3). We shall need the following
Lemma (5.1). Let f(x) satisfy (1.1), let

f~ 3 (acos2nkx+b,sin2nkx)
k=1
be its Fourier-expansion and define
RM=3 Y (@+b) (tz0). (5.6)
k=[t]+1

Then we have for any A,> A, =1 and any real a

a+1

9 1/2
G2 fUax0dx| S (Cob 2+ CioR (5) ) (12171, (57

2)

where 8=4,/4, and C,, C,, are absolute constants.

In [8], pp-239-240 it is shown that the left-hand side of (5.7) is at most
Cy1 0% 4+ C, R(6/2)'* where Cy;, C,, are positive constants depending on
f(x) and a. The proof given there yields also the little more precise inequality (5.7).

Turning to the proof of Lemma (3.3), let us observe that

a+1 n a4l

| (04SP dx= 3 T £ 0 dx
here W+ Wyt + W (5.9)
n~k a+1
W,;——ZZ | fm,x)f(m,,)dx.

Applying Lemma (3.2) to the function g(x)=f2(x)— || f|* we get

1 4
2 20— 1P dx S 1|2
v O mv

m

a+1

§ f2mxydx—| 11

a+1

{ g(m,x)dx

=
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and thus we have

1 1
<4 (o +---+m)<4u e

2
SV _a 4400 (5.9)
my q-— 1 q- 1

i f fAm,x)dx—n| f|?

v

On the other hand, m, ,/m;=q>1 and Lemma (5.1) imply for 1Sk<n—1

mis2n (Cog Gk () ) (14100
whence we get
Wyt 4+ W]
<2n() £ 12+ 1£1) (cg Y4+ Cuo z R (‘1)/) (5.10)

Since f satisfies the second relation of (2.1), for the function R(t) we have (using
0<axl)

RO =|f—sl AL *s247%  if 121
[

ROV =||f| if t<1.
Thus
i 12 _ A0
ka
; () "qk§2|’f|!+qéz4Aq logq+q 1

and hence by (5.10) we have (using 4> 1)

1
(W 4+ W,_ | 220 f 2+ f]) Cis4 (q_ll”zf{“L

! “f”) (5.11)

g —1 +1ogq

with an absolute constant C, ;. Relations (5.8), (5.9) and (5.11) yield the statement
of Lemma (3.3).

Proof of Lemma (3.4). We shall need the following

Lemma (5.2). Let f(t) (0=<t<1) be a square integrable function and let s,(t)
and ¢,,(t) denote, respectively, the n-th partial sum and n-th (C, 1) ( Fejér) mean of
the partial sums of the Fourier series of f. Then the relation

If=sul=0(m™%) (0<a<1)
implies
I f—0o,1=0(n"").

Proof. Let f~ay+ Z (a,cos2mkt+b, sin2nkt) be the Fourier-expansion of
f and put

% Z (a2 +b}).
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Then we have

1
If=sull* =Ry, I f~aull®

T(n+1) 5

By the assumption we have R, O(n 2% hence, using Abel’s transformation,
we get

1

If— n”z ” +1)2 ZkZ(Rk 1—RY+R,
1 n—1

~Gi TR [12R0—n2R,,—|— Z ((k+1)2~k2) Rk] +R,

RO n—1
— +R, + Z3kRk+R

—0( 7)o () w0 (i 2 ) <o )

proving the statement of the lemma.

We can now turn to the proof of Lemma (3.4). For the sake of simplicity we
consider only the case when the Fourier series of f is a purely cosine series:

Z LI (a7 + b)) +R,.

f~3 c,cos2mkt.
k=1

The general case can be treated similarly.

a) Let us first make the additional assumption that n, are integers and the
partial sums of the Fourier series of f are uniformly bounded:

ls,()I=K  (n21, 0=r£1). (5.12)

In this case the proof will be a little simpler. (The case when the above conditions
are not satisfied will be considered later.) We carry out the proof in three steps.
In what follows, C denote positive constants, not always the same, depending
only on f(t) and ¢.

1. Let H be an integer such that

g*>3HF (5.13)

where f is a positive integer such that « §212. Put

HF H(m+1)
gt)=Y cycos2nkt and U, ()= Y g(mo). (5.14)

k=1 l=Hm+1

Then we have for any real 4 and k=1

k—1
jexp {,1 Y. U2m(t)}dt<e A2HE+CIAR 3k (5.15)
and

1 k
i exp{* %, Unn- 1(t)}df<e“zﬂ"+°'“3”3" (5.16)

m=1
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Moreover, (5.15) and (5.16) remain valid if the blocks U,,_,(1) and U,,_,(?)
(the last blocks in the sums in (5.15) and (5.16)) contain less than H terms.

This statement is a slight generalization of Lemma 1 of [ 16] {it reduces to that
lemma if f is a Lip « function and 0<21H?<1) and can be proved in the same
way. The only difference is that instead of the inequality e <(14 z+2?/2)e?!#’
used in [16] we now use the inequality e?<(1+z+22)e** (valid for any real z)
and observe that by (5.12) we have

k-1 k-1

AU OFP = 3 IAPHEKP SCH APk (5.17)
m=0 m=0
for any real 1. Note also that in this step of the proof we made an essential use
of the fact that n, are integers. Indeed, in the proof in [16] §2 one needs the fact
that

cos2nu;tdt=0
0

O = e
.:..,

13

holds provided that u,—(uy+---+u,_;)>0. If u; are integers, this statement is
valid, as one can see easily by successive applications of the identity

2coso cos f=cos (o + )+ cos (o~ B).

For non-integral u;, however, the above relation fails to hold even for /=0.
2. With the notations of the preceding point we have
Hp+r

1
0jexp {z Y g(njt)} dt <eCHHP+CIAHp (5.18)

j=1
for any integers p=1, 0<r<H and any real A.
To prove this, let us assume, e.g., that p is even: p=2k. Then we have

Hp+r k k

Ay gn=2 Uy +24 Y, Uy y (D) (5.19)
j=1 m=20 m=1
where Uy, U, ..., U,,_, are full blocks but U,, contains only r terms. From (5.19)

we get, using the Cauchy-Schwarz inequality,
1 Hp+r
{ exp {}L Y g(njt)} dt
0 j=1
1 k 1 k 1/2
< [j exp {22 by U2m(t)} dt- [ exp {2l Y UZm_l(t)} dt}
0 m=0 0 m=1

whence (5.18) follows by using (5.15) and (5.16). For odd p the proof is similar.

3. Let now N= N, be given and put H=[N'®]. If N, is sufficiently large then
(5.13) is satisfied. With this choice of H we define the function g(¢) by (5.14) and
write

Zf(nvt):f1 +¢5

v
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where
N N
&= Zlg(nvt), {o= ;h(nvt), h(®)=f()—g(®). (5.20)

We show that this decomposition satisfies the requirements of Lemma (3.4), i.c.
(3.2), (3.3) hold. To prove (3.2) let us write N in the form N=[N*°]p+r where
p=1and 0<r <[ N/] are integers. With this choice of r and p we have [NY/*]p< N
and [NY®]Pp<NY2.2N3®=2N*3 and thus (5.18) implies

v=1

1 N
[ exp {i ) g(nvt)} dr el ol (5:21)
0
for any 4 where C, is a constant depending on f(f) and g. Without loss of gener-
ality we may assume here Cy=1. From (5.21) we easily get

2e778C  if 0<y< CoN'Ye
P(Iéllgyl/]—\?)é{ze_y&)ﬂ/gco lf y> C0N1/6 (5.22)

In fact, (5.21) and Markov’s inequality imply
P(1¢,12y Y/ N)S2exp{—AyY/ N+ Co 12 N + Co 12 N*3} (5.23)

for any positive A and y. Choosing

1/2
y/

y
i=—2—— and A=—t——
2C, /N 29/ Co N2

we get the following two estimates (valid for any y>0)

p y? y
etz yY M s2exp ) e (152 75m) | (524
0

3/2 176
P(|61|gy]/ﬁ)§2exp{—_8%/__c_1\]1/lz (3_‘/&50)#_)}. (5.25)
0 .

Using (5.24) for 0<y < Co N/ and (5.25) for y> C, N*/6, we get (5.22). Evidently
(5.22) implies (3.2).

To get (3.3) let us observe that the Fourier-series of h is h~ ) &, cos 2nkt

k=1
where &, =0 for 1 Sk<[NY%) and &,=c, for k>[N'/°]f This shows that ((1.1)
and) the second relation of (2.1) are valid also for 4 instead of f with the same 4, o.
(Remind that the second relation of (2.1) is equivalent to (2.2).) Hence applying
Corollary 1. after Lemma (3.3) we get

1 N 2
162 =] (Z h(nvt)) dt<C, A|h|N (5.26)

0o
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(provided that k|| =1) where C; depends only on g. Furthermore, by the second
relation of (2.1) and « f=12 we have

B =1 f—Spuepl SA[NV*]P*<CN-2. (5.27)

(5.26) and (5.27) evidently imply (3.3) for sufficiently large N.

b) Let us now drop condition (5.12) (but keep the assumption that n, are
integers). Then the above proof breaks down (in step 1. we used (5.12) in an essential
way, see (5.17)) but a simple modification makes the argument applicable in the
present case, too. Namely, instead of defining g(z) (in step 1.) as the partial sum
or order H? of the Fourier series of f; let us define rather

g()=0ops (1)

where o,(t) denotes the n-th (C, 1) (Fejér) mean of the partial sums of the Fourier
series of f. The first relation of (2.1) implies (see [18] p. 89)

le,I=M  (n21, 0=5t=1) (5.28)
furthermore we have 7
HB
g(t)= ) d,cos2nkt  with |4, |=]c,] (5.29)
k=1

(actually, d,=(1—k/{(H*?+1))¢,). Going back once more to Takahashi’s proof in
[16] §2 and using (5.28), (5.29)we see that with this choice of g (and defining
U,(t) again by the second relation of (5.14)) relations (5.15) and (5.16) will be
valid and thus our proof above will hold in an unchanged form except a little
modification in (5.26) and (5.27). In the present case the Fourier series of h is

h~ ¥ ¢ cos 2mkt where ¢} =, —dy =k, ([N'/*]? +1) for kS[N'*]’ and ¢} =c,
k=1

for k>[N'/®]% Hence we have |cf|<|c,| for k=1 and thus ((1.1) and) the second

relation of (2.1) hold for & instead of f (with the same A, ®) also in the present

case. Thus (5.26) is valid also in the present case, furthermore instead of (5.27)

we now have (using Lemma (5.2))

ihll=11f—opyuepll S CINY]"* <CN-2.

{(Note that Lemma (5.2) was not proved for =1 but throughout in our proof we
can assume, without loss of generality, that 0<a <1.) The proof of Lemma (3.4)
(for integer n,) is hence completed.

c) Let us now drop also the assumption that n, are integers. In this case the
proof of relations (5.15) and (5.16) (as we already remarked there) breaks down.
It can be saved, however, by using an observation due to Hartman (see [5]).
Indeed, instead of (5.15), (5.16) let us prove first that

+2 rsin t\ 2 k-1 ) -
| (T) ) U2m(t)}dt§e“ Hic |31 1k (5.15)
0

— m=

and

+% rsin £\ 2 k 2 -
{ (T) exp {1 Y U2m_1(t)}dt§ec" Hie+Cl2* Bk (5.16)

—w m=1
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The proofs of (5.15), (5.16) are the same as those of (5.15), (5.16) but here no
problem arises for non-integral n, since we have

+% ssin t\ 2
| (—) cosutdt=0
o\t

for any real u > 2. (Here we need the fact that #n, =4 but this can be assumed without
loss of generality.) It remains now to observe that (sin ¢/t)>=1/4 for 0<t<1 and
thus (5.15), (5.16") imply (5.15), (5.16) with an extra coefficient 4 on the right
hand side. The remaining parts of the proof of Lemma (3.4) require only trivial
changes.

+ 0
Proof of Lemma (3.5). For any distribution function H (x) with | x*dH (x)< oo
we have -

}Oxz dH(x)=2 3‘0(1 ~H()xdx+b*(1—H®B) (b=0).

Using this formula and 1—G(x)<(1—F, (x/2))+(1 — F;(x/2)) (x=0) we get

[x*dG(x)s4 | x*dF,(x)+4 | x*dF,(x). (5.30)
va Va2 Va2
A similar argument yields
~Va ~ Va2 —Va/2
{ x*dG(x)<4 | x?dF,(x)+4 | x*dF,(x) (5.31)

which, together with (5.30), proves the statement of the lemma.
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