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1. Introduction

Let X(t, w), te[0, T] be a stochastic process with continuous sample paths
defined on some probability space (2, #, P). Denote by

G(u, T, w)={t: X(t, w)=u, te[0, T} (1.1)

the level set X(t, w)=u. When X(f, w) has absolutely continuous sample paths
then, under rather general conditions given in [4], the cardinality of G(u, T, w) <0
a.s. and one can proceed to investigate moments of G(u, T, w). In this paper
we will be concerned with processes for which the number of elements in G(u, T, w)
is uncountable and we give conditions in terms of the joint distribution of X(t,, w)
and X (t,, w), t,,t,€[0, T], for which the capacity of G(u, T, w) is strictly positive,
with respect to certain potential functions, on a set Q' = Q, P(Q2')>0.

The question of level sets has received a great deal of attention for many
types of stochastic processes. In the case of Gaussian processes, to which the
results in this paper can be readily applied, it has been studied by Orey [5] and
Berman (see [2] for a listing of Berman’s work on this and related topics). In
Theorem 4, p. 146 [3], Kahane obtains results on the capacity of the level set of
a random Fourier series which is also a Gaussian process. In Theorem 1 of this
paper we extend and simplify Kahane’s result although our method of proof is
essentially the same as his. For an explanation of capacity and potential the
reader is referred to Chapter 13, [3].

We proceed to state our results, the proofs will be given in Section 2. Assume
that for all pairs ¢, t,€[0, T] and all (x,, x,) in some neighborhood of (u, u) the
density function p(x,, x,, t;,t,) of X(t;), X(t,) exists, is continuous in (x,, x,)
and satisfies the following dominated condition:

P(xy, Xy5 b, 1) =gl 15) (1.2)
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where

TT

(j) gg(tl Lty dt, dt, <oo. (1.3)

Assume also that for all te[0, T] and x in some neighborhood of u the density
p(x; 1) of X(1) also exists and is continuous and satisfies

p(x; )= h(t) (14)
where

T

gh(t)dt<oo (1.5)
and

T

gp(u; tydt>0. (1.6)

Let k(t,,t,)=k(|t, —t,]) be a potential function such that
TT
[ §pluus e, e,)k(t, —1,0) de, dt, <oo. (1.7)
00

We denote the fact that the capacity of a set Ae[0, T is strictly positive with
respect to a potential k by Cap,(4)>0.

Theorem 1. For X(t, w), te[0, T] as defined above, satisfying (1.2) through (1.7),
Cap,(G(u, T, @))>0 on a set Q' <Q, P(Q)>0.

This result is used to find the Hausdorff dimension of the level set of a separable
stationary Gaussian process. Let Z(t,w), be a separable stationary Gaussian
process, EZ(t)=0, EZ*(t)=1, r(©)=EZ(t+7)Z(t) and ¢*(t)=E(Z(t+1)—Z(t))*.
Following Orey [5] we say that o(z) has index o if

a=sup {f: o(t)=0(tf), 1| 0} =inf {B: ¥ = 0(a (7)), 7| 0}.
Let dim G(u, T, w) denote the Hausdorff dimension of G(u, T, w). Define

dim G(u, oo, w)= }im dim G(u, T, ©).

Theorem 2. Let Z (1) be a separable stationary Gaussian process EZ(t)=0, EZ*(t)=1
such that o(7) has index o, 0 <a<1 and lim r(7)=0. Then for each u, — 0 <u<oo,
dim G(u, o0, w)=1—u as. e

Theorem 2 is the same as Orey’s Theorem 3 [5] but with weaker hypotheses.
It is different from Theorem 2.1 [17 of Berman although one direction in our
proof of Theorem 2 uses one part of Berman’s proof. An essential difference in
these two theorems is that we obtain (2.5) for a fixed level u whereas in the second
part of Theorem 2.1 it is obtained for almost all u (see the line preceeding (2.6)
in [17). Under the conditions of Theorem 2 the local time for the process exists
and in some sense it can be taken as a measure supported on G{u, T, w). This
is Berman’s approach. However, the local time, by its nature, is only defined at
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almost all levels; it can be zero at a fixed level. One way around this is to establish
joint continuity of the local time in both time and the level. This is the major
direction of Berman’s work referred to above and it leads to many interesting
results, although for a restricted class of processes. (Compare Theorem 2 with
Theorem 2.1 [1] in which ¢ is contained in a finite interval.)

There is a very close relationship between the local time and the measures
Y(t, u, w) that are introduced in the proof of Theorem 1 but we will not pursue
it in this paper.

2. Proofs
Proof of Theorem 1. Define

t

(6 )= Yt )= ] 9, (X(s, ) ds
n 0

where

(x)= 1 |x—u|=e,
Pu, e\ XV = 0 otherwise

and ¢,=27", te[0, T]. Consider

1 1
[2 j(pu e X (51, ) ds; 5— 2, j-q)u em (X (85, @)) dsz]‘

Since everything is finite and positive, by Fubini’s theorem this is equal to

1 t tutey, utem

1 (1 T pxsxy58,,8,)dx; dx, ds, ds,.

nm 0 0 u—sg, u—em

Therefore, it follows from the dominated convergence theorem using (1.2) and
(1.3) that

Tt
hm E[Y(t ) Yt 0)]= [ [plu,u;s,,s,)ds, ds,. (2.1)
00
Consequently
lim E[(Y,(t, ®)-Y,(t ©))*]=0. (22)

By the Borel-Cantelli lemma there exists a subsequence of the Y (¢, w) which
converges a.s. to a limit which we will denote by Y (¢, ). Taking a further sub-
sequence, if necessary, we get

klirgo Y, tLo)=Y(to), el (2.3)
where [ is a countable dense set in [0, T]; we can and do include Tel.
We define Y (¢, w) for all te[0, T] by
Y(t, 0)=inf{Y (s, w): sel, s>t}
Clearly, Y (t, w}is a non-decreasing function in ¢. It follows from (2.1) and (1.3) that
EY*(T, w)<oo. (2.4)
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For each weQc<Q, P(Q)=1 the non-decreasing functions Y, (t,w) are
bounded measures on [0, T]; the same is true of Y (¢, w). By (2.3) and the fact
that ¥, (¢, w) and Y(f, w) are non-decreasing, the measures Y, (t, w) converge
weakly to Y (¢, w) and this is true almost surely with respect to Q.

Since X (t, w) has continuous sample paths a.s. the measure Y (¢, ) is supported
by G(u, T, w). In order to show that G(u, T, ®) has positive capacity with respect
to k on a set of positive measure with respect to (Q, #, P) we show that

TT
[Pkt —t,)dY (1, 0)dY(t,, w)<oo  as. (2.5)
00

and that Q' ={w: Y(T, w)>0} is such that P(¢)>0.

We first show (2.5). Let k;(jt—t')=k(jt—t))Aj, j=1,2, .... Therefore k;Tk.
By monotone convergence

TT
E[(j) ] k(ltl——tzl)dY(tl,w)dY(tz,w)] 2.6)
=1imE[§Tkaj(|t1—t2|) dY(tl,w)dY(tz,a))]. @.7)
j=® 00

Since Y, (¢, ) converges weakly to Y(t, w), (2.6)

TT
=1imE[klim §f kj(ltl—t2|)dYnk(t1,a))dYnk(t2,a))]
Jo© “®00

TT
= lim limE[i j kj(|t1—t2|)dYnk(t1,w)dYnk(tZ,w)] (2.8)

j— k>

by dominated convergence, since k;<j and Y (7, w)<oo as. (using (2.2) and (2.3)).
Repeating the argument used in the beginning of the proof we see that

TT
knmE[j i kj(ltl—tzl)dYnk(tl,co)dYnk(tz,w)]

k(lt, —t,)plu, u; £, t,) dt, dt,.

J

Oty my

T
=
0
Therefore (2.6) equals (2.8) equals (1.7) by the monotone convergence theorem.

Thus we establish (2.5).
By the same arguments as above, using (1.4) and (1.5) we can show that

EY(T, w)= fp(u; 1) dt 29)

To show Y(T, w)>0in a set of positive probability we note that by the Schwarz
inequality, for O<d<1

P{Y(T,w)>LEY(T, w)]1=(1- 1)
by (1.6) and (2.4).

Proof of Theorem 2. We first show that for any #>0 we can find a Tj so that for
T>T,dim G(u, T,w)=1—a on a set @<, P()>1—n. It is easy to check

E2Y(T, »)

EV(T.a) 0 (210
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that conditions (1.2) through (1.6) are satisfied. For g(t, , t,) we take p(0,0; ¢,,1,) =
p(0,0;0,t,—t,). In this case (1.3) is

T
dr. 2.11
2 = 1h
The function 1—+?(r)=0 for t=0 but since it is continuous and lim r(z)=0,
1—r%(z) is bounded away from zero for t=8§>0. Therefore (2.11) is finite if
dt
—— < 00. (2.12)
g o (1)

Since o(t) has index ¢ <1, o(t)>1” for some < 1. Therefore (2.12) is finite. For
h(t) in (1.4) we can take 1.

By the same change of variables that gave rise to (2.11) we see that (1.7) is
equal to

i k() -
;i(T—T)(T_?%We T gy (2.13)

and, as above, this will be finite if

jk(lf )]

o a(7)
Since o (7) has index «, o () > ¢# for all B>« and (2.14) is finite for k(|z))=7~ ¢ 22
for all 6>0. Therefore the capacitarian dimension of G(u, T, w) is greater than
or equal to 1—a for all w for which Y(T, w)>0 (Here G(u, T, w) and Y(T, w)
are as given in the proof of Theorem 1). By the equivalence of the capacitarian
and Hausdorff dimension we have dim G{u, T, w}=>1—a for all w for which
Y(T, ®)>0. To complete this part of the proof we need to show that

}gn PIY(T,w)>0]=1 (2.15)

(2.14)

(since Y{t, w) is increasing in #). By (2.10), (2.15) will follow if we show that
E*Y(T,w)

lim = .
o EY(T, w) (2.16)
Clearly
EY(T, w)= e~ "2
2z
and
1T 1 L.
EYX (T, 0)=—((T—1) ————5e ‘T4z .
(T, w) nbf( T)(I——l‘z(’[))l/ze T (2.17)

For any ¢, >0 we can find a § such that

u2
1 1496 2
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Choose 1, such that ()< for t>7,. Then (2.17)

1 o
(T—W e L+o dT (218)

where M (t,) is a constant that depends on 7,. (2.8) is

1 T
<Mz T+ | (T~1)

1T 2
SM(t))T+= [ (T—1)e " dt
n

0

1 3 1 _1:—26 —u?
+;5(T—T) (—1—_5—2)1/—26’ —€ dr.
Consequently
T?
E*Y(T, w) 27 ¢
EYHT,0)~ 1 1
o M) T+—(T—1,)%e "+~ (T—1,)?
() T3 (T—of e +—(T—79)3,

< 1 < 1
“2nM 2 2. 7143
2N (1250 (1),

for T sufficiently large. Therefore we obtain (2.16) and we have proved the first
part of the theorem. '

To complete the proof it suffices to show that dim G(u, T, w)<1—a as.
for all T. This is precisely what Berman shows in the first part of his Theorem 2.1
[1]. Even though his condition (2.1) is stronger than saying that ¢(f) has index o,
the critical inequality on line 10 page 1263 still holds.

Remark. If a process X () satisfies the hypotheses of Theorem 1 and if in addition
(2.16) holds for this process, then the following result is immediate: For any y
we can find a T, such that for T> T, Cap,(G(u, T, @))>0 on a set Q' =Q, P(Q)
>1—n.
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