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A Convex i ty  T h e o r e m  for  Pos i t ive  Operators 

By 

M. A. AKCOGLU* and R. V. CHACON** 

The  purpose of this note  is to prove  the  following 
Theorem 1. Let (X, ~, if) be a (~-finite measure space, 1 ~ Po, and let T be a 

positive linear operator on Lp -~ Lp (X, ~, if), 1 ~ p ~ P0, such that ][ T I] p ~ 1/or 
1 ~ p ~ Po, and such that T is regular as an operator on L1. Then T may be extended 
in such a way that [] T]I~ ~ I /or 1 ~ p ~ oo. 

Definition. A positive contraction on L1 is regular i/ /or some / ~ 0 in L1, 

~ Tk / = ~- c~ almost everywhere. 
k = O  

We remark  t h a t  i t  follows f rom [1] and  it  was first proved b y  E. HOt"F, t ha t  an 
opera tor  which is regular  wi th  respect  to one s tr ict ly posit ive /, is regular  with 
respect  to all s t r ict ly posit ive functions. 

We obta in  as a corollary of  Theorem 1 the  following : 
Corollary 1. Let (X, ~, #) be a (~-finite measure space, 1 ~ po, and let T be a 

positive linear operator on L~ ~-- Lp (X, ~, if), 1 ~ p _--< P0, such that ]1 T ]l p <= 1,/or 
1 <=p <= Po. Then/or  any / ~ L1, 

lim \ n  ,=0  
n---> oo  

exists and is finite almost everywhere. 
I f  p0 ----- 0% this result  is a special case of  the  DU~FOI~D-SCHwAI~TZ Theorem [4]. 

On the o ther  hand,  if  p0 = 1, then  the assert ion of Corollary 1 is not  necessarily 
t rue  [3]. A weaker  form of  Corollary 1, assuming t h a t  the measure  space is finite, 
is p roved  b y  Y. ITO [5], using a different a rgument .  

The proof  of  the  corollary follows f rom Theorem 1 and f rom the following 
result  obta ined  in [2]: 

Theorem 2. Let {Pn} be a sequence o/ non-negative measurable /unctions and 
let T be a linear operator o /L1  to L1 with ]I T ]11 ~= 1 and with I T g ( x ) ] ~  Pn+l(x) 
almost everywhere whenever I g (x) I ~ Pn (x) almost everywhere and g ~ L1. Then/or 
any ] ~ L1, 

n 

ET~f(x) 
~ 0  

l im 

~ 0  

o o  

exists and is finite a. e. on (xl0 < ~p~(x) <= + ~}. 
v ~ 0  

* Corinna Borden Keen Research Fellow at Brown University. 
** The work of this author was carried out under ~ grant from the National Science 

Foundation. 



A Convexity Theorem for Positive Operators 329 

The proof of Theorem 1 will depend on the following two lemmas. 
Lemma 1. Let 1 < Po, and T be a positive linear operator on Lp such that 

[] TI] v ~ 1 ]or 1 <= p <= po. Let,/or any measurable set A,  L~(A) denote the subset o/ 
Lp consisting o] ]unctions whose supports are contained in A.  Then there exists a 
positive linear operator T A such that 

a) TA : Lp(A) --> L•(A) and l1TAI]p <= 1 ]or 1 ~ p <= Po. 
b) For any ] E Lv(A),  [ >= 0 and/or any n >= 0 

~,T "l(x)< Ti/(x)  /or a.a. x s A .  
v ~ O  v = O  

Pro@ Let ] ~ Lp (A), [ >= 0 and define two sequences of positive functions 

11 = z T /  g l =  z ' T ]  

/ n + l  = )~ T Cdn gn+l = Z' Tgn,  n ~ 1, 

where Z and Z' are the characteristic functions of A and of the complement of A 
respectively. 

Let 

TA ] (x) = ~ / i  (x) 
i = 1  

which is defined for a. a. x e A. Now we prove that  T A / e  Lv (A), hence the linear 
extension of TA to all Lv (A)-functions defines a transformation on Lv (A). To this 
end consider the relation 

n - - 1  n 

T(/§ gd=Y./~§ ~, n>2, 
i = 1  i = l  i = 1  

which follows from the definition of [~ and gi. Since the /~'s and the gi's have 
disjoint supports and since ]l THv g l, we have 

n n n n n - - 1  

i = 1  i = 1  i = 1  i = 1 .  i = 1  

n - - 1  n - - 1  

=< f (] + ~ g~)~ = f ] ,  + I ( ~ g~)~, 
i = 1  i = 1  

which implies that 
n 

i = 1  

or, by the Lebesgue monotone convergence theorem, that 

I (Y],)" = I (~AI), =< I ] ' -  
i = 1  

Hence TA] ~ Lp(A)  and n Td[Iv < 1. This proves a). 
The linearity and positiveness of TA are obvious. 

inequality is trivial for n = 1 and for all / ~  L v (A), / 
assertion is proved for n g N -- 1. Since 

To prove b) note that  this 
_>-- 0. Now assume that  the 
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one obtains  

or, 

T / = / 1  ~- gl T 9n =/n+l -~ gn+l , 

Z Tn/= Z Tn-111+ X Tn-2/s + "'" + Z/n, 

N 2/--1 IV--2 

z 7  T"I = z 5  T-fl + ZZ T"f2 + "" + Z/N, 
n--I n=0 n=0 

which gives, by the induction hypothesis and by the positiveness of individual 
terms 

5T N--1 2V--2 

n = l  n = 0  n = 0  

3--1 N 

< Z ~  T ~ ( / I + . . .  ~- /N)  _--< Z ~  T ~ / .  
~ = 0  7 t=1  

This, essentially, is the  required inequal i ty  for  n = N.  
L e m m a  2. Let T be an operator satis/ying the hypotheses o/ Theorem 1. Then 

/or any / e L1 (h Loo, 

II T / II ~ < II /I[ ~"  

Proo/. 1. Firs t  assume t h a t  the measure  space is finite. Then  it suffices to 
show t h a t  T1  < 1 a lmost  everywhere,  where 1 denotes the  funct ion which is 
identical ly 1 on X. Le t  

T l ( x ) ~ l - ~ ( x ) ,  where - - l _ _ < g .  

Since the dissipative pa r t  [1] of  T has measure  zero 

S T I = y l ,  
which implies t h a t  

Now assume t h a t  ~ (x) > 0 on a set Q of posit ive measure  and let 1 < p ~ P0- 
Then  il T1]I~ ---- S ( T 1 ) p  = f (1  + ~)v > y(1 -t- pcr - -  f l  + p ; ~  - -  ] 1  = I1111~ 
where the  inequal i ty  follows f rom the fact  tha t ,  for any  p > 1 and - -  1 < ~, 
0 = ~  

( l + ~ ) P > l + p ~ .  

Bu t  II T1  HW > II 1 ]]W contradicts  the  condit ion II TII~ < 1. Therefore the  measure  
of  Q mus t  be zero. 

2. Now consider the general case. Assume t h a t  there exists a funct ion 
[ e LI  (~ Lo0, [ > 0, such t h a t  

a <  T / (x ) ,  w i t h a = l l l l i ~ ,  

on a set Q of positive, and necessarily finite, measure.  Le t  A be any  set of  finite 
measure  which includes Q, and such t h a t  

~/ < ] ( T l - - a )  
A" Q 
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where A '  is the complement  of  A. Then it is easy to see tha t  

II zll loo < Txl(x) 
on a subset of  Q, with positive measure. Here Z denotes the characteristic function 
of A. Therefore, by  Lemma 1, 

1 < TAX(x) 

on a subset of  A with positive measure. But  this is a contradiction to the first par t  
of  the proof. I n  fact, again by Lemma 1, TA is conservative [1] on almost  all A, 
which has a finite measure. 

Proo] o/ Theorem 1: Let  E1 c E2 c ... be an increasing sequence of  sets of  
oo 

finite measure such tha t  X = w E~. Let  Z~ be the characteristic function of  E~. 
i = 1  

Then, for any  ] e Lp, with 1 ~ p ~ oo, / ~ 0 we have, for a.a. x e X ,  

1 (x) = lira 1~ (~), 
i-->r 

where I~ = / X/e L~. Let  

~l(x) = lira T h  (x) 
i-->oo 

which is defined for a. a. x E X. I f / i s  not  positive, let 

~ l  = ~ l  + - ~ l - .  

Also, if l ~ 1o ~ P0, then T is continuous as an operator on Lp and it is easy to 

see tha t  T / =  T /  for all / e  Lp, 1 ~ p ~ po. Then we can conclude the proof 

noticing tha t  II ~ H oo ~ 1 by virtue of  Lemma 2 and applying the Riesz convexity 

theorem to T.  
Proo/ o/ Corollary 1: Let  the conservative and dissipative parts  of  T be C and D 

and let Z denote the characteristic function of C. Theorem 1, together  with the 
fact  tha t  C is an invariant  set [1], shows tha t  Pn-----Z; n = 0 , 1 , 2  . . . .  is an 
admissible sequence to apply Theorem 2. Therefore, by  this theorem, for any  ] e L1 
and for almost  all x e C. 

n - - 1  
Z Z,f(x) l n - 1  

lira n ~ T ~ / ( x ) = l i m  n-l~=~ 
. . . .  o ~ - ~  Z p~(x) 

r = O  

exists and is finite. On the other  hand, for almost all x e D, 

oo 

I 5 T~l(x)l <oo, 
~ = 0  

i.e. 
1 n 1 

lim n ~. T ~ ] (x )=O 

almost  everywhere on D. 
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