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Summary. We formulate an abstract functional-analytic framework for the
study of Gibbs measures on infinite product spaces. Working in this frame-
work, we present a detailed analysis of the weak-coupling regime. Specifi-
cally, we derive general theorems on existence of the Gibbs measure,
analyticity in its component Gibbs factors, and exponential decay of cor-
relations and truncated expectations in the spread of distant families of
random variables. In translation-invariant situations we obtain a central
limit theorem. Our main tool is a series expansion in truncated expectations,
which we analyze with I¥ methods.

Section 1: Introduction

On infinite product spaces [] X;, we study a class of non-product probability
ie¥

measures. These measures are the Gibbs measures, which arise in the classical

statistical mechanics of crystals. A Gibbs measure p differs from a product

measure dv= || dv; by an infinite product of coupling factors gy(x), the Gibbs
ie¥
factors, according to the heuristic formula

1
du==- [] gglx)-dv. (1.1)
Z few

Here the function gg(x) depends only on the variables labelled by the finite
subset Ec.¥, and Z is a normalization factor. We impose the geometric
restriction

Supl{E": ENE+0&gg, gp 1} <0 (1.2)
E
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in order to make the product in (1.1) locally well-defined in .#. (The absolute
value | | in (1.2) denotes set cardinality.)

The weak coupling hypothesis is that the Gibbs factors are all close to one in
a suitable norm:

lgg— <o VE. (1.3)
However, in typical applications we also find that
lgr(x)— 1|z &(x)>0 (1.4)

for an infinite number of E’s, causing the full infinite product [[ g(x) in (1.1)
Ecy

to diverge. To obviate this problem and give a rigorous meaning to the heuristic

formula (1.1), we construct u as a limit of measures defined on increasingly large

finite product spaces, where (1.1) has a direct meaning. The weak coupling

hypothesis (1.3} in tandem with the geometric condition (1.2) will enable us to

perform this limiting procedure and analyze the result.

In the weak coupling region, one anticipates that the Gibbs measure will be
well-behaved and amenable to detailed analysis. This has been established in
many examples [13]. However, the results obtained for these examples generally
depend on further properties of the model in question, such as compactness of
the X, [5], or restrictions on the form of the coupling factors gz. In this paper
we set up and investigate a unifying functional-analytic framework for the study
of Gibbs measures which reflects the basic mathematical structure of the
problem while suppressing details irrelevant in the weak-coupling regime. With
I? analysis as our basic technique, we derive a number of theorems in this
abstract framework which confirm the expected behaviour of the measure.

We describe our results in greater detail. In Sect.2 we collect some relevant
terminology, and formulate the framework in which we study Gibbs measures.
This framework admits physical models having arbitrary many-body interac-
tions, not necessarily translation-invariant but essentially finite-range, with spin
variables in an arbitrary probability space X;. It also includes models on
unphysical lattices such as Cayley trees. Section3 is the technical heart of the

paper. In it we obtain uniform estimates for the approximate measures on finite
N

product spaces || X; which are used in the limiting procedure to construct the
a=1
Gibbs measure. The estimates concerntruncated expectations (i.e. cumulants, or

semi-invariants), and express the exponential decay of correlations between
factor spaces X, X; with widely separated indices i, j. The method we use to
derive these bounds is a series expansion. While similar in spirit to other
expansions in statistical mechanics, our method makes use of novel estimates on
truncated expectations with respect to product measures in order to demon-
strate convergence (Lemma 3.1; this lemma also makes unexpected contact with
graph-coloring and finite-geometry problems). In Sect.4 we use the uniform
weak-coupling bounds of Sect.3 to prove that the approximate measures on
finite product spaces converge to a limiting Gibbs measure on the infinite-

product space [] X; having strong regularity properties. Specifically, we show
ie¥
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that the limit is approached uniformly over the small-coupling region, that it is
analytic in the Gibbs factors when they are regarded as elements of suitable
Banach spaces, that correlations and truncated expectations decay exponentially
in the separation of distant variables, and that the central limit theorem holds.

Some of the problems we study in this paper have been simultaneously
attacked by other workers [6, 10, 17], who obtain results of somewhat the same
nature as ours.

Section 2: Terminology

In this section we review some useful terminology from graph theory and
analysis. We then define lattice models, the functional-analytic structures in
which we study Gibbs measures.

In graph theory we largely follow the definitions of [1], some of which we
recall now. Let % be a set, not necessarily finite. A hypergraph 4 on £ is a
family of finite nonempty subsets of #. Although ¥ may have repeated
elements, by an abuse of notation we shall use set-theoretic terminology in
connection with 4. The members ic ¥ are vertices; the members E€¥, edges. An
alternate notation for the set of vertices & of % is V%. A subhypergraph A of 4 is
a subset Ac¥. If £, =%, the restriction 4 [.%, is

Y1 ¥, ={Ec%: Ec ¥} (2.1)
The degree d,(A) of any subset A =¥ is
dy(A)=|{E€%: EnA+{}|. (2.2)

(We use the notation | | for set cardinality.) However, if E is an edge Ec¥ it is
convenient to modify (2.2) slightly:

dE)=dy(E)— | =|{Fe%: FNE+0&F+E}|. (2.3)

We drop both the prime and the subscript when the intended degree is clear
from context, and we write dg(i) for d,({i}), ic . The overall degree d, of ¥ is
dy=supd,(E). 24)

Eec¥%

A path y in ¢ is a finite sequence of edges E |, E,, ... such that Vj,
E,nE; ,%0.

% decomposes into path components in the usual way: two edges lie in the same
component if and only if there is a path beginning at one and ending at the
other. A connected hypergraph is one with a single path component. The spread
pg({A4;}) of a family of finite subsets A, ., jeJ is the smallest number of edges
E.e9, keK, such that the hypergraph with edges {4;:jeJ}U{E,:keK} is
connected:

py(A Ays . )=pa({A4;})=inf{|A]: AU{A;:je]} is connected}. (2.5
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The spread is a metric on pairs of vertices, though not on pairs of edges. The line
graph (or representative graph) L(%) is the true graph which has as vertices the
edges of ¥ and which joins two vertices e, fe VI(#%) by an edge if and only if
when e, f are regarded as edges E, Fe% they overlap: EnF +0.

We shall occasionally omit the prefix “hyper” when it is clear that the graph
in question is a hypergraph.

We next summarize three notions from analysis: truncated expectations,
analytic complex-valued functions on a Banach space, and I? spaces with vector
weights p.

Let {X .}, be a family of n random variables on some probability space,
and denote the expectation integral of this space by €. One may define the
truncated expectation u(x,...,x,) of the family {x;}, <;., by means of a formal
generating function as o

n

Uy, %) =u({xi})=mlog6 (eXp L; /lixi]) 2.6)

A=0

Truncated expectations are also called cumulants, semi-invariants, connected
expectations, and Ursell functions. Notice that if {x;},.;., and {y;}, ;. are
two families of random variables which are independent of each other, then

WX 1y Xy Vs oees Vi) =0 2.7

because the expectation in (2.6) factors. One may also define the truncated
expectation recursively:

C(x,x,...x)=D [ ] u({x;: ieP}). (2.8)
P PeP
Here P is an arbitrary partition of {1,...,n}, and Pe®P is a typical block in P.
Observe that if we isolate the blocks P e with 1P, and resum over the
remaining blocks, we find

Clxyxy...x,)= > u({x;: ieP D) E(]] x)). (2.9)
ieP1c{l,....n} j¢Py
This expansion plays a key role in the analysis of Sect. 3. Finally, one may give
an explicit formula for u(x,,...,x,):

UXys %) =2 (= DFH(B =Y [T €] x)), (2.10)
B Pe®B  icP
where again P is a partition of {1,...,n}. As we shall discuss in Sect.3, (2.10)
actually follows from (2.8) by a Mobius inversion.

We next turn to consideration of analytic functions on Banach spaces. Let Y
be a Banach space over C, and let U = Y be open. Essentially, a map f: U— C is
analytic if it has a convergent Taylor expansion about every point in U.
Formally, f is analytic at x,eU if and only if there are continuous multilinear

forms ¢,: [ Y— C such that the series
1
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¢
Y Pax—xg,x—Xg,...)
n=0

converges uniformly to f in some ball B(x,)={xeY: ||x —x,| <r} of positive
radius r. A function is analytic over U if it is analytic at every point x,eU.
Reference [9] and further works cited therein set forth the elementary properties
of analytic functions on Banach spaces.

We conclude our discussion of terminology with some comments on I?
spaces, over product measures, that have vector weights p (briefly, vector I?
spaces). Let (X, B,,v,),.¢ be a family of probability spaces indexed by the finite

set E, |[E|=n, and let the vector weight p be a member of [[[L, 00]. If
ieE
f: [T X;— C is measurable with respect to the product s-algebra [[B;, sct
E E

I pr:[Xj L [Xj (f)indy, JPn=1Pingy,  JPm-2Pi-n gy 7P (211)
i X

in-1 Ain

where the ordering p; ,p;,, ..., p;, of the n components of p is chosen such that
PSP, 5. 5D, (2.12)

It is easy to see that | ||, is a norm, and we take I%(] | X;,[][v) to be the
E E

(equivalence classes of measurable) functions f: HXi—+C with || f1[,<o0. An
E

ordering of the components of p which differs from (2.12) also gives rise to a
norm, which in general is (possibly strictly) less than [ |[,. The following
proposition, which we state without proof, summarizes some elementary proper-
ties of vector I spaces.

Proposition 2.1. Let (X, B,,v,);,.p be a family of probability spaces indexed by the
finite set E. Let p,p', q, re| |[1,00]. Then:

icE
(a) If all components p; are equal to a common value pye[1, o],

L"(I;l Xi):L"O(I;[ X)). : (2.13)

where IF° is defined in the usual manner.
(b) If feX(] ] X,) is a product
£

f=fufy, AcE&A'=E-A
where f, (resp. f,) depends only on those variables indexed by A (resp. A'), then

WA= allp S al - (2.14)

Here p, (resp. p,) is the restriction of p to A (resp. A').
() If felZ(J| X)), ge (] X)), then f-geL(] ] X,) where 1/p+1/g=1/r (com-
E E icE
ponentwise ). Further,
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11
Lol < . ol Mg ‘
If-gll, =0 f1, ligll, p+q o (2.15)
(d) Define p* by 1/p+1/p*=1 (componentwise). Then
« 1 :
EIIX)c2qlXx)* -+5=L (2.16)
E E pp

(¢) If p<p' (componentwise), then

E’(];[ Xl.)DLP'(l;[ X). (2.17)

We remark that (e) is the only part of Proposition 2.1 dependent on the fact
that the measures v, are normalized, and that the containment in (2.16) may in
general be strict even if all components of p are finite.

We close this section by defining a lattice model and its Gibbs measure. A
lattice model M consists of:

(1) a denumerable set &;

(2) a family of probability spaces (X;, B;, v,);,.¢ indexed by &;

(3) a hypergraph % on % of finite degree dy, < c0; and,

(4) a family of weights {p,}r.q, pEeH [1,00], indexed by ¢ which is conform-
able for integration.
(Conformability for integration means that

() 'S1 Vi (2.18)

{Ec¥%:icE}

where pg; is the i"™ component of p,.) We make the additional technical
assumption that every vertex ie.¥ is covered by at least two edges of ¢. This
assumption simplifies the statement of several estimates that would otherwise
require a bound on the edge size |E|, E€%. Since the Gibbs measure of a lattice
model factors over the path components of its hypergraph we may also suppose
that 4 is connected with no loss of generality.

The Gibbs factors in a lattice model I are a family of complex functions
gEeIfCE(]_[Xi,Hvi), Ec%. If Ac% is a finite subhypergraph then since the

E
weights {pE} peg are conformable for integration we have || ggel( ﬂX l,nv )
with EeA
ITT gell = [T gl (2.19)
EeA EeA

by Proposition 2.1c.

In the lattice models of primary physical interest, the set & is ZV for some N
and the remaining structure of the model - probability spaces, hypergraph,
integration weights, and Gibbs factors - is invariant under translation in Z".
Moreover, the Gibbs factors are nonnegative. Translation invariance means
explicitly that: all probability spaces are the same
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(X;,B;,v)=(X,B,v)VieZ"); Eec% ifand only il E +ic¥ VieZ", Ee%, where E + i
is the translate of E by i; py=py,,VieZ", E€¥; and

25 +iXe, 100 X0y 110 ) =8p(Xe1s X5 -..)  VieZM, Ee¥ (2.20)

where e, e,, ... are the elements of E. In a translation-invariant model we may
select a (minimal) representative set of edges which generates all other edges by
translation. We call such a set fundamental. Notice that a translation-invariant
hypergraph & of finite degree is necessarily finite-range:

sup diam(E) < o0 (2.21)

Ec%

where dlam(E)_suplz—]IIRN However, (2.21) need not hold without the in-
variance. Ljek

The Gibbs measure u of an arbitrary lattice model M is the measure on
(TT X, ]] B, given heuristically by the formula

ie¥ e
du=Z""1] ggdv (2.22a)
Ec¥
where
j ]_[ gpdv (2.22b)
X Ec%
&z
and
dv=1[]dv,. (2.22¢)
ie?

As discussed in Sect. 1, (2.22) normally is not rigorously meaningful, commonly
as a result of translation invariance. We use a limiting process to circumvent this
problem. Partially order the finite subhypergraphs A <% by containment, and
adjoin a largest element co to this partially ordered set. By (2.19), the partition
function

Z(A)= j [T gpdv (2.23)

Xi Eecd

of the subgraph A is finite. Furthermore, if Z(41)+0 the Gibbs measure

dp, =21 [] gg-dv (2.24)

Eed

for the subgraph A is well-defined. We attempt to give rigorous meaning to the
heuristic formula (2.22) by defining the full Gibbs measure du as the limit

dp=lim dy, (2.25)

A—00

provided it exists.
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Convergence in (2.25) is a modified weak convergence that we now describe.

Let Ac% be a finite subset 14| < oo, and let rAeH [1,cc] be a weight for 4
ied

conformable for integration with the weights {p;} already assigned to %. (Of

course, the weight r,=0o is always conformable) When Z(A)+0 and

f4€LA( | X, [ ] vi), denote by E(f,), the expectation of f, with respect to pu,,

icA ied
and by €(f,), the expectation with respect to uy,=v. Thus we have
C(fi- I go)o
C(f)a=ffaduy=——at—=Z(N) " [, ] 25 dv.
D= adba= g T g, M lles (2.26)
EeA

Our primary objectives in this paper are to show that the limiting expectations

C(f)oo=1lim €(1,), 2.27)

A—00

exist for all possible f,, and, this established, to study the properties of the limit.
One may recover a measure from the expectations by C*-algebraic techniques,
or in some cases, by more direct representation theorem arguments.

Physically, the Gibbs measures derive from consideration of a crystal in a
heat bath. The set .# labels the atoms of the crystal. The probability space
(X;,B;,v,) represents some physical quantity associated with the atom at i whose
statistical behavior is under analysis, most commonly the (classical) spin. The
Gibbs factor g is exp(— SHp), where f is an inverse temperature parameter and
H, is the pure |E|l-body energy of the atoms in Ec.¥. Loosely speaking, if B
<[] X, then pu(B) is the probability that the configuration xe[] X; of the crystal

ie® &z
will lie in B when the crystal is in thermal equilibrium with a heat bath at

inverse temperature f.

Section 3: Uniform Decay Estimates

In this section we use a series expansion to derive uniform bounds for decay of
correlations in weakly coupled lattice models. We first describe the expansion,
and indicate the ideas employed to control it.

Let M be a lattice model, with vertices .#, probability spaces (X;,B;,v);ce»
hypergraph ¢ on %, integration weights {p;}z.y, and Gibbs factors g elf®,
Ee%. (See Sect. 2 for definitions.) Let A =.%, |A] < oo, and choose a weight v, on A
conformable for integration with the weights {p;}. Let A be a finite subhy-
pergraph of 4 with A<= VA. By (2.9), the expectation €(*), (with respect to the

product measure ITv,) of f,- || g5 has the expansion
EeAd

G(fA’[}gE)oz Z u(f4 {8k} per)o €( H gr)o- (3.1)

Irea FedA-I
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Although the sum in (3.1) is over all subhypergraphs I'c A, by (2.7) only those
graphs I' such that I'u{4} is connected make a nonvanishing contribution. (By
I'u{A}, we mean the graph obtained from I' by adding the edge A.) We
separate out the I'=0 term and divide through formally by the normalization
factor Z(A)=E(] | gg), to obtain

A

Z(A—T)

(E(fA)A—@(fA)OZFZA u(f 45185 Eer)o —Z—(/l)— (3.2)

I'+0, I'u{A} connected.

Equation (3.2) for the Gibbs expectation €(f,),=Z(A)~"'[f,[[gzdv is our
A

basic expansion for a simple expectation. We next loosely sketch the ideas used
to control it, and later make the modifications appropriate for truncated
expectations.

Convergence in (3.2) is derived from the factors u(f,, {gz}r.r)o- They would
vanish identically if the random variables f,, {gz} . could be partitioned into
mutually independent families. Although the connectedness of I'U{A} prevents
such a partition, the condition d, < 0o ensures that a significant subset of these
random variables does indeed split into independent families. Lemma 3.1 ex-
ploits this idea to show that |u(f,, {g:}z.r)ol is bounded above by e~ ¥l where
K, becomes arbitrarily large as the Gibbs factors g approach 1. Lemma 3.2
next given a bound eX2!! on the number of subgraphs I' such that I'u{4} is
connected which have a fixed value of |I'|. The remaining factor Z(A—1I")/Z(A) is
controlled inductively in Lemma 3.3 with an upper bound e*:!'l. (K,>0
becomes small as the Gibbs factors tend to 1.) Combining these three estimates,
we find

I6(f), = C(f,Jo| Sconst 3 o= Ke~ka KoIrl (3.3)

Ir=1

with the right-hand side of (3.3) tending to zero as the Gibbs factors approach
one. This is the prototype of our key bound.

We may apply the same argument to derive uniform decay estimates for
truncated Gibbs expectations u(f,,,f,,....,f, ), after using the method of
duplicate variables to write a truncated expectation as an ordinary expectation
on a larger space. We briefly review this combinatoric device, which is set forth
in detail in [14, 15].

Let {X;:i=1,...n} be a family of random variables on some probability
space, and let X7, {1, ...,n} be n independent and identically distributed copics
of the original family {X;}. Let w be a primitive n'® root of unity, and define

X.=Y o* X (3.4)
a=1

One may show [14,15] that

1 i
uX,y, . X)= 6K, X, X, (3.5)
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In our present framework, (3.5) relates the truncated Gibbs expectation of a
family of n random variables in a lattice model M to the ordinary Gibbs
expectation of a product in an enlarged lattice I obtained from M by replacing
cach probability space (X, B;,v;) with its n-fold product [] (X;,v;). We find

i’

1 . . 1 (E(fNAl mfA".EHA GE)O
u({fAi})AZZ@(fAl "'fAn)AZE G(n G . (3.6)

Here Gy is the product G,= [] g% of the n copies in M of our original Gibbs

a=1
factor gz in M and of course 1, is defined by (3.4).
We apply expansion (3.2) to the quotient in (3.6). It follows from the methods
of [14,15] that

u(f[fAi{GE}Eer)o —u(Fy, s oo (Gbgerdo. (3)

Consequently, nonzero contributions in (3.2) (as applied here) come from only
those graphs I'c A such that the graph I'u{4,,i=1, ... n} obtained by adding to
I' the n edges A, is connected. Note that this is a more stringent requirement

i=1
(3.7). With these preparations, we find that the truncated Gibbs expectation
u(fy,»--->f4,) 4 has the expansion

n
than mere connectedness of I’ u{U Al} which is all one could infer without

~ ~ zZA=1)
UM IEIUR IR T A ISR S o
I'+0, I'u{d;:i=1,...n} connected. (3.8)

(Here Z(A—T') and Z(I') are taken in the original model 9M.) Exponential decay
follows from the bound (3.3) after noting that the first term appearing in the
bounding series has |I'l = p4({4,}), the spread in % of the family {4,}.

We now implement the program just described.

Lemma 3.1. Let I be a finite lattice model with hypergraph $ having edges
E\,E,,...,E, and integration weights py..

For any m functions F,e'%, the truncated expectation with respect to the
product measure obeys the estimate

IS dE) ™
[u(Fy, ... F)ol £3 TLIFL,, (3.9a)

=

where
d(E)=|{j=*i: E,nE;+0}|.
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Remark. If mz2 and c¢,,c,,...c, are constants, then by (2.7) u({F,—c;}),

m

=u({F}),. Thus (3.9a) may be replaced by

1ydE) m
<3 il [T 1F—cil (3.9b)

{a}i=1

u(Fy, ... Epol

Proof. The truncated expectation is a sum with coefficients of products of
ordinary expectations. However, if the functions appearing in one of the
ordinary expectations can be grouped into independent families, then this
expectation factors, and the term containing it may be partially cancelled with a
subsequent term in the sum. We derive the bound (3.9) by estimating these
cancellations with the help of the combinatoric method of Mdbius functions
[2,12].

We introduce some notation. Let | | be the set of all partitions of {1,...,m},
partially ordered by refinement: B <Q if and only if every set QeQ is contained
by some set PeP. For P, Qe[ [™ set

€y = H 6(1_[ E)o

PeP ieP
ug= [ u({F;: jeQ}),. (3.10)
Qe

Note in particular that when Q is the maximal partition 1={{l,...,m}}, u,
=u(Fy,...,E,)o. It follows from (2.8) that

Go= Y ug  VPe[[", (.11

[P

so that by Mobius inversion,
ug= Y Cu-u,(R,Q) VQe[]" (3.12)
R<Q
As a special case of (3.12), we have

u(Fy, ... E)o=u;= ) Cq-u (R 1) (3.13)

R=1

Here of course y, is the Mdbius function of the partially ordered set [ [™

To perform the cancellations in equations- (3.12), we eliminate some re-
dundancy in their antecedent equations (3.11). By (2.7), ug+0 only if the
subgraphs $,={E;:ieQ} are connected for all blocks @ in the partition Q. Let
[I2=]]" be the set of all partitions which are so connected, with the induced
ordering. Any partition Pe[]" has a unique maximal connected refinement
P. <P, P.c] |2 and one may readily see that the equations in (3.11) for all P
having the same 3, are identical. Thus (3.11) reduces to a family of equations
over the smaller partially ordered set | [ and inverting we find

ug= ) Gy u,(RQ) VYR Qe[]g. (3.14)

R=Q
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Here p, is the Mébius function of [[7. The expectations € in (3.14) do not
factor further, so we now estimate the sum term by term.

We bound |€g| by n IE: e 1mmediately To control the Mdbius coef-

ficients u,, it is convement to embed [[g in the set of all subgraphs of the line
graph L($) (a true graph defined in Sect.2). Define the map 1: [ [2—2%® by

l(‘B)=PU$L(35)TP, (3.15)

where we have identified a subset P<{l,...,m} with the vertices it labels in
L($). Thus, an edge in L(H) lies in 1(P) when both its endpoints are labelled by
the same set PeB. With 29 ordered by containment, we see that the identifi-
cation 1 preserves the ordering.

The image of 1 is the set of all subgraphs K< L($) which are maximally
connected in the sense that addition of any new edge from L($) to & will
decrease the number of connected components of K. (This image is of consider-
able interest in the study of graph coloring problems and finite geometries,
where it is called the bond lattice [12].) If & is an arbitrary subgraph of L($), let
& be the smallest maximally connected subgraph larger than K. The map ~
219 ([ [® is a closure relation (R2 &, K=R), so if u, is the Mobius function
of 218

BLERQY= Y u(R),N), (3.16)
{R: R=1(Q)}

as one may readily verify ([3]).
Tt is well known that |p,5| <1 (¢; can be computed explicitly [2, 12]); thus

|1, (R, Q)| < 2= ()| (3.17)
Applying (3.17) to the special case Q=1={{1,...,m}} of (3.14). we find

m L()| m
Dol <] 1 'f’ ('L@)‘) uoi-t 0 [ . (3.18)

Since |L(9)|=1/2 Y d(E,), the proof is complete. QED
i=1
The graph $ of Lemma 3.1 is usually composed of two pieces, a basic graph
I and some edges A,,...,4,c VI added to it. We would like to estimate the
exponent ) dg(E) of (3.9) in terms of the overall degree of dj of I'. Since

EcH
Y dg(EYS Y dp(E)+dy Z 4] (3.19)
Eell Eel
and
Y dg(4)=d; Z 14,1 +n(n—1), (3.20)
AjeH-T j=1
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we find
) n n2 d]"
LY, do(B)Sdr YA+ 5+ L (21
EcH 1

2
The term % in (3.21) accounts for possible overlap of the sets A, VI, and can

be omitted if they are mutually disjoint.

Lemma 3.2. Let & be a hypergraph with d,< co. Given a finite set A< V% and a
positive integer y, let Ny(y, A) be the number of subgraphs '@ with |I'|=1y edges
such that I' O{A} is connected. Then

Ny(y, ) £(2d )41+ 27. (3.22)

Proof. Enumerate the elements a,,a,,...,4, of 4, and introduce the line graph
L(9). :
Let B;= VL(%) be the set of vertices in L(%) which when regarded as edges
in ¢ contain a;. Interpreting the problem in L(%), we must bound the number of
subsets V< VL(%), |V|=7, such that every connected component of the restric-
tion L{%) !V meets some B,. With this interpretation, we may use a method of
[4] to obtain a suitable estimate.

Associate a connected component of L(%) [V with the smallest index i such
that B; meets the component, and make the convention that the components of
all remaining indices are empty. (Note that by the definition of B;, at most one
component of L(%) [V may meet it.) Let y, be the number of vertices of V in the
i'® component. Fix the y,, ie{1,...,n}, while otherwise permitting V to vary.

The i™ component of L(¥%) ['V admits a spanning tree, with y,— 1 edges. This
tree may be traversed by a continuous chain of 2(y;,—1) edges, each edge
appearing twice. There are at most d2%~1 such chains emanating from a
specific initial vertex b;eB;. Letting b, range over B; and multiplying over all the
B,, we find the number of families V' such that every component of L(%) |V meets
some B; and such that the i component has 7, vertices is bounded by

|4
dzr- [144(a;). Since the number of possible choices for the y; is at most 2M1+7 we
1

obtain
{4l .
Ny(y, A)Z(2d3) -2 [T dy(a) S(2dg)*1+%7. QED (3.23)
1

In proving Lemma 3.3 we shall need to estimate the number Ng(y) of
connected subgraphs I'= ¥ with y edges which contain a given edge E of 4. The
bound

Ny(y)=dg’ (3.24)
follows from the argument just given.

Lemma 3.3. Let I be a lattice model with vertices ¥, hypergraph ¥, weights
{Pg} peg, and Gibbs factors {gg} pey. For all C>1 there exists 5>0 depending only
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on C and dg such that if
lge—11,, <6 VEe¥% (3.25)
then Z(A)#0 for all finite A= ¥, and moreover

Z(A—
’—(ﬂ sc VrcAcy. (3.26)

Z(4)

Proof. By subtracting the edges of I' from 4 one at a time, we see it suffices to
prove (3.26) when |I'|=|4] — 1. We proceed by induction on |{4|, showing that if a
0 can be produced such that (3.26) holds when |A4| </, it also holds when |A|=1.
The special case |A] =1 may be trivially verified.

Select A4,|A]=¢, let E, be a distinguished edge of 4, and set '=A—{E }. We
may assume inductively that Z(I)%0, and so apply the expansion (3.2) to

Q:f(gE; : H grlo=2Z(A):

Eel
Z(A Z2I-9
R I W TR R A (3.27)

where the sum is over those subgraphs $ such that $U{E,} is connected. By
Lemma 3.1, the bound (3.24), and the inductive assumption, we estimate

Z(A) ir| .
T 11<$ 19]+1 331 +15Ddg 72181 (719!
.Z(F) 1< +!5|Z_15 3 z
s C-3%.42
4

It is clear by inspection of (3.28) that, by decreasing ¢ if necessary, we make
7(0, C) small enough to ensure

(é@_

Z(0) 1’§'1(5= 0=

Z(D)
TA). £C, (3.29)

and that the requisite value of é depends only on C and d,. Thus, the inductive
step is achieved. QED

These three lemmas give control of the expansion (3.8), which we now use to
prove

Theorem 34. Let I be a lattice model with vertices ¥, probability spaces (X,
B, v);.e hypergraph 4 on ¥, integration weights {pg}p.q, and Gibbs factors
gre L (|1 X, [[vo). Let Ay,...,A,= & be n finite subsets, and choose for them

icE icE
integration weights v, ,...,r, conformable with each other and the weights py of
4. There exists a constant D> 1 depending only on dg such that VK >0, 35>0

depending only on K, dg and n so that if
lgg—1l,, <6 VEe9 (3.30)
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then

e T
W oo fada =ty S ol <n 3T DY [T f 0, e Rean 33y
i=1

i

for all finite A=% and all functions fAieof’Ai(HXj, ij). Here the spread
Jjed Jjed;i
p({A,}) of the family {A,} in 4 is by definition
p({A})= inf {|[I': T U{A,,i=1,...n} is connected}.
I'cw

Remark. Although the ¢ we require to achieve a given decay rate K in n™ order
truncated expectations depends on n, it is independent of |4;| and £, .

Proof. Apply the expansion (3.8):

wUaDa= iD= L s Gadparle o) 3.3)

rea ZAy

where the sum is over those I'+@ such that I'U{A4,,...,4,} is connected. By
(3.21)

U} 4G ) pop)gl <37 0 DHIHEGITT (ﬁ HfAiH) ( 1 n%—lu). (3.33)
1 Eel’
Since
1l Snl o) &9~ 1) (L 4oy —1=6,, (3.34)

inequality (3.33) implies

Ly “E|4;| +1dg|I| n
w({ Lads (ol 2377 T A 0 (3.33)
1
By Lemma 3.3, for small 4,
Z(A-1)7"
[—(Z(A—))] <cir ozl (3.36)
> 4] +2ir]
By Lemma 3.2, there are at most (ng); terms in (3.32) having a fixed

value of |I'|. Combining these estimates, we find
1" YA

=l =, D 37103 24,1 1107,
1

. [5n 3tdy cn 4dé:|p({Ai})_ Z [5n 3¥dg COn 4dé]y (3'37)

y=0
Take D=3%2d,, and choose & so small that

5,-3419. Cr. 442 <o~ K (3.38)
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and

3 [6, 3% C"2d2] <n. (3.39)
0

(If n=1 the sum in (3.39) starts at y=1 so that the inequality still may be
satisfied.) The theorem now follows from (3.37). QED

Recall that the factor 3"*/? in (3.31) arises from the possibility in Lemma 3.1
that the sets 4; might overlap, and can be omitted if 4,n4;=@Vi+j. In this
case, the term u({F,}), also vanishes. We formalize these comments in a
corollary:

Corollary 3.5, If the hypothesis of Theorem 3.4 is strengthened by assuming further
that A;nA;=0Vi%], the uniform bound (3.31) may be replaced by

U4

[u(fa,s > Sa ) sl =0"D H HfA,.||rAie~Kp({Ai})- (3.40)
1

These bounds (3.31), (3.40) on truncated expectations are our central techni-
cal results.

Section 4: Applications

In this section we utilize the decay estimates of Section3 to construct and

analyze the Gibbs measure u=lim p, in weakly coupled lattice models. We
N Ao

shall find that this limit is very well-behaved: it is approached uniformly over
the small-coupling region, correlations decay exponentially, expectations are ana-
lytic in the Gibbs factors, translation-invariant models have translation-invariant
Gibbs measures, and the central limit theorem holds. Since much of the
reasoning needed to derive these properties from the uniform bounds of the
preceding section is somewhat standard, we give brief proofs.

As a preliminary to construction of the infinite-volume Gibbs measure u we
control the change in €(f,), when a single edge is added to A.

Lemma4.1. Let M be a lattice model with vertices ¥, probability spaces
(X,,B;,v),ce> hypergraph %, integration weights {pg}p.e, and Gibbs factors
gz LPE Let AcZ, |A|< 0, let r, be a conformable weight for A, and let A =%
be a finite subgraph with AcVA. There exists a constant D> 1 depending only on
dg such that VK >036>0, § depending only on K and d, so that if

lgg—1ll,,<6 VEe%
then

€(f ) aoe,—CUSDA= N fall, ., D exp[ — K pyl(4, E)]. (4.1)
Proof. Write

Z(A)

TAOIE [C(f4 [Br— 1D~ C(f), CE— D4l  (42)

€L 10— ESD)
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where

ge=lg [] dv. (4.3)

icE-VA
The lemma now follows by applying Lemma 3.3 and Theorem 3.44. QED

With Lemma4.1 in hand, we construct the infinite-volume limit by adding
one edge at a time. Let B,(4) and S,(4) be the ball and sphere of radius r about
A:

B(A)={Ee¥Y: p(4,E)=r}
S,(4)={Ee¥9: p(4,E)=r}. (4.4)

Let 4<% be a subgraph trapped between two balls: B,(4)c A< Bg(A). Order
the edges E,, E,,... of A=B,(A4) so that the separation p(4, E;) increases with i.
Let A,=B,(A)U{E;:j<i} and write €(f,),—C(f,)p, 4 as the telescoping sum

|[A—B/—1

C(f)a=CU s 0= 2 [CUauw. o~ )l (4.5)

By the lemma, we have

R

€(f)4— €L p. | SN Sull, - D T 1S, (A)f e 0. (4.6)

p=r+1

If 4 is a translation-invariant hypergraph on Z¥, |S (4)/~|4|p"~ ", and existence
of the limit lim &( f,), is immediate from (4.6) for any exponential decay rate

A—o0

K >0. However, power law growth of the sphere surface area [S,(4)| in the
radius does not follow from the single assumption d, < co. Exponential increase
appears in Cayley trees and similar examples, correctly suggesting unusual
behavior [8,16]. Fortunately, the growth is no worse than exponential, since a
simple path-counting argument shows

IS, (Al =1A] d§. (4.7)
Convergence thus follows from (4.6) by choosing ¢ small enough to ensure
k=dy,e ¥ <1. (4.8)

We summarize in a theorem these conclusions concerning the existence of
the infinite-volume limit,

Theorem 4.2. Let I be a lattice model with vertices ¥, hypergraph ¥, integration
weights {pg}geq, and Gibbs factors gpelP®. Let A= ¥ with |A|<oo, let ¥, be a
weight for A conformable with pg, let B.(A)< % be the ball of radius r about A, and
let Ao BJ(A), [A[< 0. There exists a constant D> 1 such that Yxe(0,1)36>0, 6
depending only on k and d, such that

Kr+1

(€(f)a— €S .l S fall, - 1A4] DAl Vil (4.9)

1—x
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Thus, the net {€(f,),} of finite-volume Gibbs expectations is a Cauchy set

converging to the limit €(f,),, = lim €(f,), uniformly in the region |g;—1| <.
A—=oo

Proof. The proof is immediate from the discussion of the previous

paragraph. QED

Exponential decay of correlations in the infinite-volume limit now follows
from Theorem 3.4 by passing to the A— oo limit:

Theorem 4.3. Let I be the lattice model of Theorem 4.2. Let A,,...,A,c % be n
finite subsets, having integration weights r, ,...,r, conformable with those of IN.
There exists a constant D>1 depending only on d, such that VK >0, 3§>0
depending only on K, dy, and n such that if

lgg—1l,., <6 VEe%
then Vf, e L4,

" ) _
W(fays -5 fadoo = aps - fa ol S0°32 DT T Sl o™ KP4, (4.10)
1

Here the spread p({A;}) in 9 of the family {A,} is by definition
p({4,)=inf{|I': F'v{A,,...,A,} is connected}. (4.11)

Corollary 4.4. If the sets A, in Theorem4.3 are mutually disjoint, the bound (4.10)
may be replaced by

W(fags oo Sa)od SM DAL £ N, e FPOAD, (4.12)
1

Proof. There results are immediate by passage to the limit in Theorem 3.4 and
Corollary 3.5. QED

Remark. We emphasize that although the § we require for a given exponential
decay rate K is dependent on the order n of truncation, it is independent of the
cardinalities |4,| and functions f, . Moreover, by taking a weaker measure of the
spread in 4 of {4,}, one may eliminate the n-dependence of o as well [7].

It is evident from the uniform approach to the limit over the weak-coupling
region ||gz— 1] < that an infinite-volume Gibbs expectation €(f,) , is analytic
in each Gibbs factor ggelIf=. This conclusion may be stated more strongly for
translation-invariant models.

Theorem 4.5. Let M be a translation-invariant lattice model on Z¥ with fundamen-
tal edges E|.E,,...,Ey,<Z", integration weights {py}, 1<i<M, and Gibbs
factors gEieIfCEf Then the infinite-volume limit is translation-invariant in the
polydisc of convergence

M .
A:{(gEl,...,gEM)e‘X'1 Lf’E":||gEi—1|<5} (4.13)
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guaranteed by Theorem 4.2. Moreover, for any conformable f,eLi¢ the map
C(f)y: A—C (4.14)

defined by considering €(f,), as a function of its Gibbs factors is analytic.

Proof. Translation invariance is immediate from Theorem4.2. Analyticity fol-
lows because €(f,), is the limit of a sequence €(f,); 4 of quotients of
continuous polynomials which converges uniformly in 4. QED

In many applications the Gibbs factors g, depend analytically on several
complex parameters z,,...,z,€C representing continuations into the complex
plane of temperature, magnetic field, coupling strength, etc. Of course, when this
is so we have analyticity of €(f,), for suitable parameter values by composition.

We conclude our study of weakly coupled lattice models with the central
limit theorem. One common criterion yielding this theorem for families of
dependent random variables is that of strong mixing [11]. Unfortunately, the
factor D L1)/1"|in the bound (4.12) prevents direct verification of strong mixing. On
the other hand, the exponential decay in (4.12) is much better than strong
mixing requires, and we shall use it to obtain the central limit theorem in
another way.

We introduce some notation. Let It be a translation-invariant lattice model
with probability space (X,B,v) vertices Z", hypergraph ¢ generated by the
fundamental edges E,, ..., E), = Z", integration weights {py };.(;. . s, and Gibbs
factors gEieLpE". Let AcZ™, |A|< o, and choose a weight r, for 4 so that the
enlarged translation-invariant model 9+ with fundamental edges 4, {E,} having
weights r,, {pg,} is conformable for integration. Denote by 4~ the translation-
invariant hypergraph generated by the edges 4, {E;}. Select f: X*— C such that
for some #>0,

n'flera, (4.15)

For ieZ" let f; be the function obtained by translating f to act on the space
XA If Ve Z¥, [V|< oo, formally define the mean-subtracted moment generat-
ing function

z
2 Srile |
VIvi Ui )m’”‘]ﬂm,m 4.16)

Direct the finite subsets V< Z" by containment, and adjoint a greatest element
oo. With reference to this notation, we have

Dy (z)=C€ [exp (

Theorem 4.6. There exists 5 >0 (depending only on dJ) such that if
lgp,— U,y <6  Vie{l,...,M} (4.17)

then

g2z2

Oy (z)——e ’ (4.18)

V-
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uniformly on compacts, where

0’= Y [€([Hwm—CNml 4.19)

ieZN
( Note that the Gibbs factors need not be real.)

Proof. We first show that for suitable ¢ the moment-generating functions @, are
well-defined and nowhere zero. Take & sufficiently small to ensure that if in the
enlarged model M ™ we have

lga—1l,,<6&llgg,—1l,, <6 Vie{l,...,M}, (4.20)
then:

(i) there is uniform convergence to the infinite-volume limit in M* (Theorem
4.2); and,

(ii) third-order truncated expectations in ™ decay exponentially (Theo-
rem 4.3).

By decreasing # if necessary, we may suppose further that
ler/ —1]l,, <0 Vlzl<n. 4.21)

It follows from (i) by (4.9) that &, (z) is well-defined and analytic in the disc
{|z|<17~]/i7|}. We claim further that &, never vanishes in this region. To see -
this, recall that @,(z) is by definition the uniform (on compacts) limit of the
finite-volume expectations

Y VI€(f)eo Z=2
@AE[e—ZV(_T)—]X@[eWiEV 'EI_LgE]o- (4.22)

The first factor in (4.22) clearly never vanishes in {|z|<#|V]/?}. The second
factor also has no zeroes there, because by (4.21) we may regard the factors
exp(zfi/]/|7|) as Gibbs factors for the enlarged model Mit and then invoke
Lemma 3.3. Taking the limit 4 — oo, the Hurwitz Theorem implies that &, (z) is
never zero in {|z| <n]/m}. (Since @,(0)=1, the possibility that ¢, =0 does not
arise.

V\ze turn now to the question of convergence as VV— co. Since &y, is nowhere

zero in {|z} <nV/|V|} we may introduce logarithms in (4.18). Thus we must prove

o2
log @, (z)— ) z?

= 0  unif. on cpects. (4.23)

(Note that the series (4.19) for 62 is absolutely convergent by (ii).)
Consider the Maclaurin series with remainder for log @,,:

log quI,(z)=aO(V)+al(V)z+g22(Qz2 + Ry (2). (4.24)

Without loss of generality, we may take

€(f)e=0



Weakly Coupled Gibbs Measures 117

in order to simplify the expressions we now give for the coefficients a,(V):

L&y 11 m (4.25)

ag(Vy=a,(V)=0; az(V)=|V| 2

By translation invariance, lim a,(V)=¢? so (4.23) will follow from (4.24) by
Vo0

disposing of the remainder Ry (2). If |z <n}/|V| we have

IRV(z>|§ﬂMslullaJ IR, (2. (4.26)

Computing, we find

S [T M CS? ] )0, m €S [ ] B, m

W(C) — 1 ieV _ 3 ieV ieV
Y €T ) m G([1h)%m
ieV ieV
EST] 13, m
—=r (4.27)
@(H hi)go,zm
eV
where
S=3f, h=el (4.28)
ieV

Regard the factors h;=exp(¢f;/|V[}/?) in (4.27) as Gibbs factors for the enlarged
model M *. By (4.21), we may apply assumption (ii) to show the part of (4.27) in
curly brackets is uniformly bounded in ¢, |[¢|=<|z|. Thus, Ry (z) converges to zero
uniformly on compacts as V—co at least as fast as 1/|V]/%, and the theorem is
proved. QED
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