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Introduction

In this paper we introduce weakly and strongly mixing locally compact abelian
groups of measure preserving transformations. For this purpose we generalise
the limit statement of the mean ergodic theorem for a single contraction, to
abelian groups of contractions in a Hilbert space, and we define a mean for
functions on a locally compact abelian group which plays the role of the strong
Cesaro mean for functions defined on the integers. In the second part we
consider ergodic, weakly and strongly mixing abelian groups of Gaussian
automorphisms. We give a spectral representation for weakly stationary pro-
cesses having a locally compact abelian group as parameter group, and we
generalise [to’s tomplex multiple Wiener integral to abelian groups of Gaussian
automorphisms.

§ 1. Weakly and Strongly Mixing Groups of Transformations

We begin with the generalisation of the limit statement of the mean ergodic
theorem.

Let H be a Hilbert space, G an abelian group — in the multiplicative notation
-, {V,;:teG} a necessarily abelian group of contractions in H with the com-
position V. V,=V,,(s,teG), and & the convex hull of {V: teG}. For ¢,,...,1€G,
(t;,...,t,) denotes the subgroup of G generated by {t,,....1,}.

-1

fz{Ml(tl,...,tn)zl_” > oV

i1y vy n=10

v LnelNJty .t eGsuch that (¢4, ...,1,) is

i
1

the direct product of (tl),...,(tn)}. VfeH let #(f) be the norm closure or the
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weak closure of {Mf: MeX}, which are equal in this case, and #(f) the norm
closure of {Mf: fe#}, and F={heH: V,h=h VteG}. By the mean ergodic
theorem, for any feH, X (f)nF contains exactly one element f*. (Jacobs [4],
1, pages 87ff).

Theorem 1. VfeH, Ve>0 IM, (t,,...,t,)ef such that |M,(t,,....t)f—f*|<e
Vizl,. In particular F(f)nF=A"(f)nF.

Proof. Let feH, 3>O There is nothing to prove if f=0. Let f=£0. IMeA such
that | M f—f*| < and therefore we can find an M'= Z Oy, oot Vit e

kives kp=0

where meN, o, . 20, Y o, ...=L and ty,..,t,6G such that
kiy..., kn=0

(ty,....t,) is the direct product of (t),...,(t,), for which we also have |M'f
€ _
—f*||<§. Abbreviating  M,=M,(t,,...,t,) we get for I>m |M,

kn>

e by

—M'M,| £2nml~! by a cancellation argument. Thus we get:

31, eN |M,—M'M,| <—
0 b <3777

and

Vizly M f=f*[ =M f=M M,f|+ M M,f~f*|
SIM =M M|l [ fl +IM'f=f*|<e. O

If G is a finitely generated abelian group, the choice of ty,...,1, in the proof
of theorem 1 does not depend on e. Therefore we have the

Corollary. If G is a finitely generated abelian group, i.e. there exist t,,...,t,€G,
such that G is the direct product of (t,),...,(t,), then for every feH,

llim IM,(ty, ..., 0) f—f*]| =0.

In the following, let G be a locally compact abelian group and I' the dual
group of G. Y teG Vyel let (t,7)=7y(t). For a topological space E, #(E) denotes
the Borel-g-algebra in E. M(T) is the set of finite regular Borel measures on I. ¢
denotes the Fourier transform of a complex ¢, integrable w.r. to the Haar
measure on I', and @ is the Fourier transform of ueM(I'), where a fixed Haar
measure on I' was chosen. dt denotes that Haar measure on G, which is normed
with regard to the fixed Haar measure on I', such that the inversion formula
holds (Rudin [8], page 22).

Let (W),.; be a neighbourhood basis of 1 in I' and (¢,),.; a family of real
continuous non-negative-definite functions on I such that each ¢, has compact
support in W,, ¢, (1)=1, ¢_ is real and ¢,=0. (For the existence of such a family
see Rudin [8], page 23). From the inversion theorem we get f(pm(t) dt=g¢, (1)=1
Yael

Thus for all real measurable nonnegative functions ¥ on G

Ma\//=£</31(t)lﬁ(t)dt
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can be looked at as a mean. Furthermore let acR and ¥ be a real measurable
nonnegative function on G. The statement lim My =a is defined by: ¥e>0 3

neighbourhood W of 1 in I; such that Vel for which W,cW we have |M,
—al<e.

Definition 1. Let BeZ(G). If lim M, 1, exists, then the limit d(B)e[0, 1] is called
the density of B. *

The mean has the following properties:

1. YueM(I'), ¥s€G we have

lim i@(t) A(sl* de=3 u({y})*.

vell

2. Let ¥ be a real bounded measurable nonnegative function on G. Then

ImM, =0 < limM y?>=0 < Ve¢>0 3 BeB(G)

for which d(B)=0, such that y/{,. <e.
Properties 1 and 2 evidence the analogy between the mean lim M, and the

strong Cesaro mean when G=Z. Rudin ([8], page 118) considered the particular
case, when ¥ =|4|? for ueM(I'). Let {U,: teG} be a necessarily abelian group of
isometries in H. For H' < H, let Span H' be the complex linear space which is
spanned by H', and Span H' the subspace of H which is spanned by H’, ie. the
closure of SpanH'. We define H,=Span {heH:VteG 3¢,eC such that Uh
=c,h} and H,=Hj;. H, and H, are invariant under {U,:teG}. The map
t—(U, £.f) is non-negative-definite for every feH. If G is a locally compact
abelian group and the map t+— U, continuous in the weak operator topology or
in the strong operator topology which is the same in the case of isometries, then
t—(U, f,f) is continuous for every feH, and by Bochner’s theorem (Rudin [8],
page 19) for every feH there is a uniquely determined u e M(I'), such that

(U LN=§ty Y udn=0,0  (teG).
r

Theorem 2. Let H be a Hilbert space, G a locally compact abelian group,
{U,:teG} a group of isometries in H, and the map t+— U, continuous in the weak
operator topology. Then for all feH the following statements are equivalent:

1) feH,

2) p, is continuous

3) im M, |(U, £./)|=0

4) lim M, (U, £, &)|=0  VgeH

If H is separable or if G is countable, then 5) and 6) are also equivalent :
5) 3(t),en€G such that U, f—0 (n— o) weakly.

14
6) 3(t,),en€G Ve>0 VgeH IpeN Jay, ..., 0,20 for which Y «,=1, such
n=1

» -
that Y Ue{U,: teG} we have ) «,|(UU, f,g)l<e.

n=1
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(#={U,: teG} is the closure of {U,: teG} in the set of bounded operators
with respect to the weak operator topology (Jacobs [4], 1, pages 971f)).

The statements 1), 5), and 6) do not depend on a topology on G, on the other
hand G can always be equipped with the discrete topology. Then G is locally
compact and t— U, is continuous in the weak operator topology. Therefore we
have the

Corollary. Let G be an abelian group and {U,: teG} a group of isometries in H,
such that H is separable or G is countable. Then for all feH 1), 5) and 6) are
equivalent.

Proof of Theorem 2. The following implications will be proved:
4)=1)=>2)=3)=4)=5)=06)="2).

If feH and f=0 everything is evident. Let f'%0.
4)=-1): Let geH, such that VteG Jc,eC (necessarily |¢,|=1) with U, g=c¢, g,
thus we have |(f,8)|=I(U./,g)| and |(/, g)| =lim M, [(U,£,g)| =0 = feH..

1)=>2): Let feH, and let us assume that 3y,el" such that u ({y,})>0. VieG
let V,=(t, yo) U,. {V,: teG} is a group of isometries.

feH,=f LF, and f LF<0eX (f) by the mean ergodic theorem. Therefore
we have 04" (f)nF. And according to theorem 1 3¢, ...,t,eG 3l,eN such
that V1=, (using M;=M,(t,,...,t,)

tr({o})
2011

and this implies

M, LNEIM AT <30p(70})-
On the other hand we obtain VIeIN

M, f]<

M fN=f [T _Z(tk,m " (),
k=1 i=0

and VY yel’ we have

1 if Vke{l,...,n}
0 (t, 7,7 ')=1otherwise.

lim nl IZ(thoV

oo k=

By bounded convergence we get
lim (M, f,f)=p({vel: (¢ 1oy~ D=1V ke{l, .., m}Zp:({70})-
- w

and this is in contradiction with the above result.
2)=3): Use properties 1 and 2 from page 315.
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3)=>4) is implied by the following: Let H', H' < H. If YfeH’ and VgeH"
lim M, (U, f,g)|=0, then VfeSpan H' and VgeSpan H" lim M_|(U, £, g)|=0.
Moreover, if H'<H”, then V feSpan H' and V geH lim M, (U, f, g)| =0.

4)=35): If H is separable or if G is countable, there exists a sequence
(g)ien€H, such that {U, f:teG} < Span {g;: [eN}.VIeN VneN IB.e#(G) for

which d(B.)=1 such that VteB!

W.Lgl<,
holds (property 2).

Define ¥nelN B,— () Bi. We have d(B)=1. Let 1,B,. ¥IeN we have
lim (U, f, g)=0, becausjez 1of the following: Let [eN, ¢>0 and let NelN be as

n— o

1 .. .
large that —]\—fée and N/ then VnzN |(U, f,g)l<e holds. This implies U, f

— 0 (n— o0) weakly.
5)=6): cf. Jones [5].
14
6)=-2): Let (t,),.n€G, such that V¢>0 3peN 3o, ..., 0,20 such that } «,

n=1

=1, and
P £
Y o, U, <5
i1 1A
holds for all teG.

)4
=>VteG: Y o, (U, £N)I><e
n=1

=2,k (7}) =lim M, flocn (G, L1 <e

yel a
(using property 1)
= i, is continuous.

This completes the proof of theorem 2.

Let (2,7, P) be a probability space, G an abelian group and {T:1eG} a
group of measure preserving transformations in (2, %, P). V teG the isometry U,
in L,(P) is defined by U, f=foT, (feL,(P)). {U,:teG} is an abelian group of
isometries in L,(P).

Definition 2. {T;: teG} is called weakly mixing if L,(P), = {1}~

Remark. The definition of weakly mixing for G=R given by Rohlin [7] and the
usual definition for G=Z are equivalent to the above definition. If G can be
equipped with a topology in such a way that G is a compact topological group
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and that t—U, is continuous in the weak operator topology, then we have
L,(P),={0}. Then {T,:teG} cannot be weakly mixing except in trivial cases.
Weakly mixing implies ergodicity.

A consequence of theorem 2 is

Theorem 3. The following statements are equivalent:
1) {T;: teG} is weakly mixing.

And, if L,(P) is separable or if G is countable, 2) and 3).
2) Vfe{l}" 3(t,),nEGC such that U, f — 0 weakly.

n— oo

14
3) Vfe{l}*t 3(t,),.neG Ye>0 VgeL,(P) 3peN Jay, ..., a,20 where ) a,

n=1

_ }4
=1 such that VUe#: ) o, [(UU, f,2)l<e.
n=1
If G is a locally compact abelian group and if t— U, is continuous in the weak
operator topology, then 4), 5), 6), 7) and 8) are equivalent to 1):
4) limM,_|P(BNT,"* C)—P(B) P(C)|=0 VB, Ce%.

5) lim M, |[P(BAT,-'B)~P(B)*|=0 VBeZ.

6) {T,:teG} has a continuous spectrum in {1}*, i.e. ¥ fe{l}* u, is continuous.
7) lim M, |(U, ,)|=0 Vfe{l}~

8) lim M, (G, £,9)| =0 Vfe{l}* VgeL,(P)

Remark. {T,: teG} is weakly mixing if and only if {7} x T;: teG} is ergodic.

The proof is the same as for G=Z (see e.g. Halmos [2], page 39) using the
mean lim M instead of the strong Cesaro mean, thereby G is equipped with the

discrete topology.

Again let G be a locally compact abelian group and let ¢— U, be continuous
in the weak operator topology. Co(G) is the set of the continuous complex
functions on G which vanish at infinity.

Definition 3. {T:teG} is called (strongly) mixing if PBNT,~'C)
—P(B)P(C)eCy(G) VB, Ce# '

Remark. The notion of strong mixing depends on the topology of G. If G is
compact then {T.: teG} is strongly mixing by definition. Thus the definition is
not useful for compact groups (cf. remark after definition 2).

Theorem 4. The following statements are equivalent:
1) {T;: teG} is mixing.
2) P(BNT,"*B)—P(B)*cCy(G) VBe#
3) 4,eCo(G) Vfe{l}
4) (U, £,9€Co(G)  Vfe{l}' VgeL,(P).
Remark. If G is a locally compact and not compact abelian group and peM(I'),

then fie Co(G) implies that u is continuous. For the proof see Rudin [8], pages
118-119, but G may not be compact and there, that is overlooked. Thus we
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have: If G is a locally compact and not compact abelian group and if t—U, is
continuous in the weak operator topology, then from {T,: teG} mixing follows
that {7: teG} is weakly mixing.

§2. Ergodic, Weakly and Strongly Mixing Gaussian Processes

Again let (2, % P) be the underlying probability space. All the stochastic
processes mentioned in this section are complex processes, unless special men-
tion is made. Second order processes are processes which have finite second
moments, normalised processes have expectation 0. Let G be a locally compact
abelian group and I its dual group. Second order processes (Z,),. are called
weakly stationary if Vs,teG: EZ Z, EZst . Z,. Stationary second order pro-
cesses are weakly stationary. If ( t)teG is Weakly stationary, then the function
t—EZ,Z, is non-negative-definite. If the map t—Z, is continuous in the
quadratic mean, then according to Bochner’s theorem (Rudin [8], page 13) there
exists a uniquely determined measure ueM(I'), the spectral measure of (Z,),.¢,
such that EZ,Z ;= [ (t,y~ ") u(dy) = a(t) (teG). The spectral measure is symmetric
for real processes. T

Theorem 5 (Spectral representation). Let G be a locally compact abelian group
and I its dual group, (Z,),.q a weakly stationary process, t—Z, continuous in the
quadratic mean, p the spectral measure of (Z,),.q, and let the underlying probabili-
ty space be rich ( fine) enough. Then there is a subspace L of L,(P) which contains
Span {Z,: teG}, and there is an orthogonal valued measure M:B(I)—L (see
Urbanik [10], pages 6ff for G=Z) such that

1) f~dM: L,(wy—L is an isomorphism, in particular Y BeZ(I'): u(B)

=|M(B)|*.
2) VieG: Z,=[(t"',-ydM P-as.

3) if (Z),eq 1S normalzsed then ¥ peL,(u Ef(de 0.

4) if (Z),.q is Gaussian, then [¢@, dM @, dM are jointly Gaussian
V Prs--es @nELZ(:u)-

5) if G is discrete (i.e. equipped with the discrete topology), then L
=Span {Z,: teG}.

M has the following properties, if G is discrete.

6) If {U,: teG} is the abelian group of unitary operators on L for which U7,
=7, (s,t€C), then
VoeL,(w: U, {odM=((t"',")pdM  P-as.

And if we also assume (Z,),.q to be real, then

7 YeeLl,(w: [odM=[p(-~") dM P-as., in particular ¥ Be%B(I'): M(B)
=M(B™1).

8) We have ¥V B, Ce%(I')

i) ReM(B)=ReM(B~ '), InM(B)= ~ImM (B~ 1)

ii) E(Re M(B) Im M (C))=0
iii) E(Re M(B) Re M(C))=3(u(Bn C)+u(BnC~ 1))
iv) E(Im M (B) Im M(C))=3(u(BNAC)—u(BNC~ 1)
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9) If (Z,),.¢ is normalised and Gaussian, then
i) (Re M(B))pegyry and (Im M (B))y g, are normalised, Gaussian and inde-
pendent,
ii) VBy,...,B,e®B(I), for which B,,...,B,,BT",...,B; ! are pairwise disjoint
M(B,),..., M(B,) are independent.
Theorem 5 is a generalisation of Cramér’s spectral representation (Cramer
[1]). The proof is similar to the case where G=Z.
The following statement: - Let ueM(I') and Be#(I') such that B=B~',
{yel: y?=1} =B and u(I'~ B)>0. Then there is a compact K =I'~ B such that
KnK '=0 and u(K UK~1)>0 - together with an exhaustion argument gives

Theorem 6. Let peM(I). Then there exists ['eB(I') such that Fn[~'=§ and
p(Folr—N=u(I~{yel:y*=1}).

Theorem 9 is valid for all Hausdorff topological groups.

Now we extend the multiple Wiener integral to real normalised stationary
Gaussian processes with distribution R having an abelian group G as para-
meterset. The spectral measure p of the process, which is obtained, when G is
equipped with the discrete topology, is assumed to be continuous and
u({yerl: y*=1})=0.

Let K,: RS> be defined by K,(x)=x, and T,: R >R? by (T,(x));=x,
(5,t€G; x=(x,), . ;€RY). {T;: teG} is an abelian group of measure preserving
invertible transformations on (R¢, %% R). Let {U,: teG} be the abelian group of
unitary operators in L,(R), which was defined for {7;: t€G} in section 1.

The definition of the multiple Wiener integral can be done by repeating the
arguments from Totoki [9], pages 4857 (cf. Ito [3]), if one replaces the set
[ —3, 0], which is used there for G=Z, by I" from theorem 6, using the measure
with orthogonal values M which belongs to the process (K,),.¢ according to
theorem 5. For peINuU{0} let I, be the p-th complex multiple Wiener integral,

H,={I,(c): ceC}=C

H,={I,(¢,): ¢,eL,(I", i)}  (peN).

The H,(peNuw{0}) are pairwise orthogonal and invariant under {U,:teG}
and L,(R) =I§0Hp.

1 . .
For @, eL,(I*, iF) let {op:? Y. @,om, where ¥ is the p-th permutation

p
* ne&p

group. We have I,(¢,)=1,(®,) and

UL@)=1, f[l(t* L)y 1) (€6

Theorem 7. Let G be an abelian group and R the distribution of a real normalised
stationary Gaussian process with parameterset G. Let T’ be the dual group of G
and u the spectral measure of the process, which we get, when we equip G with the
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discrete topology, and let u({yel:y*=1})=0. {T,:teG} is the above defined
group of measure preserving invertible transformations of (R®, #°, R). Then the
following statements are equivalent:

1) p is continuous.
2) {T;: teG} is ergodic.
3) {T,: teG} is weakly mixing.

Proof. 3)=2) is evident, and 2)=-1) is similar as in the case G=Z (Totoki [9],
page 58).
1)=3): i) Let feL,(R) be eigenvector of {U,: teG}, then 3y,el” such that
Uf=(t70)f (teG).

We have: ¥ peN 3¢, eL,(I'”?, p*) and 3¢,€C such that f= Z 1(p,).

p=0

Now we get (¢, 7o) /= ZOI,,((I, 7o) @,) and
p=

U= zl(mr WO 7)) (16

Thus VpelN VieG IN(p,0)eZB(I'") for which p?(N(p,1))=0 such that
V(1,5 v)EN(p, 1)

r
(t.70) @p(71s -5 V)= H Loy D) P15 s Vs

and therefore

(ﬁp('))p s /p)— (t Yo H yv) qop(y1> et ’)}p)

v=1

i) VpeN Ve>0 IM(p,e)eB(I?) for which p?(M(p,e))<e such that
(71557 =0 V(py,...,7,)€M(p,¢). This is implied by the following:

P
For N(p)={(y1,...,yp)el"": Yo 1 yv=1} we have pP(N(p))=0 since p is
v=1
continuous.
V(170N 31,

separates the points of I' (see Rudin [&], page 24).
=Y (yy, .-, 7,)€N(p)* 3 open neighbourhood Uf(yy, ..., 7,) of (yy, ..., 7,) such
that V(7,, ..., 7,)€U( 1 -, )

14
(fn,...,yp,yo 11 ?V) +1.
v=1

Furthermore: 3 compact K(p, &) = N(p)° with u?(K(p, &)°) <.

p

,,€G such that (t%'__,yp,yo 11 yv)#l since G

v=1

.....

(UG 7)) (715 -5 7,)EK(p, €)} is an open covering of K(p, ¢).
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:H(Vxla---,%cp)EK(P,S) (K=1,...,k)
such that

k

K, &)= | Uy s Vap)-

k=1

k
M(p, &)=K(p, &)~ UIN(p, Lyt s ts)

xp

has the required properties.
= ¢,=0 pr-as VpeN = f=I(po)eC = L,(R),={1}"
= {T:teG} Iis weakly mixing. []
The equivalence of 1) and 2) has been proved by Maruyama [6] if G=Z.

Theorem 8. The same assumptions as in theorem 7 are made and G is assumed to
be infinite. Then 1) ie C,(G) and 2) {T,: teG} is mixing, are equivalent.

Proof. We have to prove 1)=2): VpeN let N,={peL,(I", ') o =1z, .5,
where B,,...,B,e®(I') and B,cI' or B;'<Il (v=1,...,p) and B,,...,B,,
Bl ..., B, ! are pairwise disjoint}. Since G is not finite, u is continuous, and we
have Span N, =L,(I"?, u¥) (Totoki [9], page 51) and H,=Span {I,(¢,): ¢,€N,}.
For H'={I,(¢,): peN, ¢,eN,} we have Span H'={1}*, and it is enough to
show that (U, £, /)€ Co(G) VfeH'. Consequently let peN, ¢ ,eN,, ¢, =1p , 5 -
We get I (¢p,)=M(B,)... M(B,) and U, I (¢, )=U M(By)... UM(B,) (teG).

We have Vve{l,...,p} UM(B)=[(t"",) 1, dM (theorem 5).
=U M(B,) and hence U, M(B,) M(B,) are measurable with respect to 7,
=g(M(C): Ce4(I), CcB,).

<, ..., o/, are independent.
P

=(U1(0,). 1,(0,)= [] (U M(B,), M(B,)€C,(G),

v==1
using (U, M(B,), M(B,))e C(G) since M(B,)eSpan {K,: teG} (v=1,...,p). Thus
theorem 8 is proved.
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