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On Optimal Stopping Rules 

By 

u S. Chow and HERBERT ROBBINS* 

l .  Introduction 

Let  y l ,  y2 . . . .  be a sequence of  random variables with a given joint  distribu- 
tion. Assume tha t  we can observe the y's sequentially but  t ha t  we must  stop some 
time, and tha t  if  we stop with yn we will receive a payoff  xn z / n  (Yl . . . . .  Yn). 
What  stopping rule will maximize the expected value of  the payoff  ? 

In  this paper  we a t t empt  to give a reasonably general theory  of  the existence 
and computa t ion  of  optimal stopping rules, previously discussed to some extent  
in [1] and [12]. We then apply the theory  to two part icular  cases of  interest in 
applications. One of  these belongs to the general domain of  dynamic  programming;  
the other  is the problem of showing the Bayesian character  of the WALD sequential 
probabil i ty ratio test. 

2. Existence of an optimal rule 

Let  (~, ~ ,  P)  be a probabil i ty space with points co, let f f l  c J 2  c .. .  be a 
non-decreasing sequence of ~ub-(~-algebras of ~ ,  and let x l ,  x2 . . . .  be a sequence 
of r andom variables defined on ~9 with E Ixn [ ~ oo and such tha t  xn ~ Xn (co) 
is measurable (fin).  A sampling variable (s.v.) is a r andom variable (r.v.) t----t (co) 
with values in the set of  positive integers (not including ~-oo) and such tha t  
{t(~o) ---- n} ~ f i n  for each n, where by  (. . .} we mean the set of  all co for which 
the indicated relation holds. For  any  s.v. t we m a y  form the r.v. xt ---- xt(~)(co). 
We shall be concerned with the problem of finding a s.v. t which maximizes the 
value of E (xt) in the class of  all s.v. 's for which this expectat ion exists. 

We shall use the nota t ion x + --~ max (x, 0), x -  ---- max  (--  x, 0), so tha t  x ---- x + - -  x-.  
To simplify mat ters  we shall suppose tha t  E(sup  x +) ( oo; then for any  s,v. t, 

xt ~ sup x +, and hence - -  oo ~ E (xt) ~ E (sup x +) ~ oo. Denot ing by  C the 
n % 

class of  all s.v.'s, it  follows tha t  E ( x t )  exists for all t ~ C but  m a y  have the value 
- -  o o .  

I n  what  follows we shall occasionally refer to [1] for the details of certain proofs. 

Definition. A s.v. t is regular ff for all n ~ 1, 2 . . . .  

(1) t >  n ~E(x t l~ )  >x~. 

Note  tha t  if t is any  regular s.v. then 

E(xt) + fx = F(x ) > 
( t > l }  { t = l }  { t > l }  
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L e m m a  1. Given any s.v. t, define 

t' -~ first integer j ~ 1 such that E (xtl ~ j )  ~ x j .  

Then t' is a s.v. and has the/ollowing properties: 

(a) t' is regular, 

(b) t '  =~ t ,  

(e) E(xt , )  ~-- E (x t ) .  

Proo/. I f  t ---- n then  E ( x t [ ~ n )  ~ xn, so t h a t  t ' ~ n. Thus  t' =~ t ~ oo, and  
hence (b) holds.  F o r  a n y  A ~ ~ n ,  

(2) ix,. ix,>__ iE(x,l ,) =ix  
A[t'>=n} i=nA{t'=]} i=n A{t'=i} A{t'~_n} 

P u t t i n g  n = 1 and  A ---- ~9, (2) yields the  inequa l i ty  (c). F ina l ly ,  f rom (2) and  
the  defini t ion of t'. 

t' > n ~ E ( x t ' ] ~ n )  ~ E(xtl~,~n) > Xn, 
which proves  (a). 

L e m m a  2, Let tl ,  t2 . . . .  be any sequence o/regular s.v.' s and define 

~l = m a x  (tl . . . . .  t i) ,  ~ = sup t~ -~ l im ~ .  
i i - - >  oo  

Then the 7:i are regular s.v.'s, ~1 ~ v2 ~ " " ,  and 

(3) m a x ( E x t l  . . . . .  Ext~ ) ~ E(x~)  ~ E(x~+l ) ~ . . . .  

Moreover, i /  P (~  ~ ~ )  ~ 1 then ~ is a regular s.v. and 

(4) E x v  ~= l ira E (xv~) ~ sup Ext , .  
i - - >  c~  

Proo]. F o r  a n y  i, n ~ 1, 2 , . . .  and  a n y  A E ~ n  we have  

Hence,  since ~ ~ ~2 ~ " " ,  i t  follows t h a t  

(5) ~ >= n ~ E (x~[ ~ . )  <= E (x~,+~ 1 ~'~) <= E (x~,+~ ] ~ . )  <=.... 

Since t l  is regula r  and  ~ - - - - t l ,  i t  follows t h a t  

tl > n ~ Xn < E ( x t i ] ~ n )  --- E ( x ~ , [ ~ n )  g E ( x ~ [ ~ ' n )  ~ " " .  

B y  s y m m e t r y ,  
t~ > n ~ E (x~, I ~ )  > x , ,  j = 1 . . . . .  i ,  

and  hence 

so t h a t  each ~ is regular .  Se t t ing  n : 1 in (5) we ob ta in  

(6) 
so t h a t  

and  b y  s y m m e t r y  

which proves  (3). 

E(x~,[ ~ 1 ) =  E(x~l] ~ 1 )  <--_ E(x~,l ~-1) -<_ . . . ,  

E(%) <= E(%) <= E(x~) <=..', 

E(%) <= E(x~,), j -= 1 , . . . ,  i ,  
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Turn ing  our a t t en t ion  to  T we observe t h a t  since xv = lira xv~, and  since 
i---> oo 

E (sup x~,) <= E (sup x~  +) < ~o ,  
i ~ 

we have  b y  F a t o u ' s  l emma  for condi t ional  expec ta t ions  [2, p. 348] t h a t  

(7) E ( x v [ ~ n )  ~ l i m s u p  E ( x ~ [ ~ n ) .  
i---> oo 

Hence  b y  (5) and  (7), 

- c ~ n ~ T t ~ n  for some i ~ x n ~ E ( x r ~ l ~ ' n ) ~ E ( x v ~ +  l I ~ ' n ) ~ ' ' '  

l im sup E (xv~ ] 37n) ~ xn ~ E (xv [ ~ n )  ~ xn ,  

so t h a t  z is regular .  F ina l ly ,  f rom (6) and  (7) we have  

E(x~l~-~) >= E(x~,l~), 
so t h a t  (4) holds.  

Corollary 1. Let to be any s v .  and let C(to) denote the class o / a l l  s.v.'s t such 
that t ~ to. Then there exists a s.v. ~ ~ C(to) such that 

(8) E (x~) : sup E (xt). 
t ~ C(to) 

Proo]. Take  a n y  sequence t l ,  tz, . . .  of  s .v. 's  in C(to) such t h a t  

sup E(xt , )  = sup E(x~ ) .  
i " t ~C(t~) 

B y  L e m m a  1 we m a y  assume t h a t  the  tl are regular.  Set  ~ = sup ti; then  ~ ~ C(to) 
i 

and  the  conclusion follows from L e m m a  2. 

CoroUary 2. Suppose there exists a s.v. To such that 

(9) E (X~o) = sup E (xt).  
t ~ C  

Choose any sequence t l ,  t2, . . .  o/ regular s.v.'s such that 

(lo) 

and set ~ = sup li. Then 
i 

(]1) 

so that T is a s.v., and 

(12) 

Sup E (xt,) : sup E (xt), 
i t ~ C  

T ~ 

E (x~) = sup E (xt).  
t ~ C  

The s.v. T thus defined does not depend on the particular choice o/ To, t l ,  t2 . . . . .  
since by (11) and (12) it is the min imal  s.v. T such that (12) holds. 

Proo/. B y  L e m m a  1 of  [1], t~ ~ To for each i, so t h a t  (11) holds,  and  (12) 
then  follows f rom L e m m a  2. 

L e m m a  3. Assume  that 

(13) x n = x n - -  x n 

3* 
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i i t  

where xn,  x n are measurable ( ~ n )  /or each n, and are such that 

(14) E [ s u p  (x~)+] = B < co,  

�9 t /  

" > 0 ,  h m x  n = o o .  (15) x n = 
~ - - - >  o o  

Let  t l ,  t~, . . .  be a n y  sequence o / s . v . ' s  such that 

(16) E (xt~) ~ K > - -  oo , 

and set ~: = l im in f t ~ .  Then  P ( T  < c~) = 1. 
i-->r 

Proo]. F o r  a n y  in tegers  i a n d  m, 

Sx , = S ( 4 -  x;;) S - i n f . ; ' )  =< B - 
{t~ >= m} {t~ >= m} {Q >= m} n Y >= m {t~ ~_ m} 

where  we h a v e  set  

Since 

we h a v e  

�9 t p  

W m  = l n f  x j  . 
j > m  

.~ xt~ ~ B ,  
{t~ < m} 

K <= E (x,,) ~ 2 B --  Sw'~" 
{t~ ~_ m} 

Le t  A~ ---- {inf  tj ~ m} c {t~ ~ m};  t h e n  since Wm ~ O, 

K ~ 2 B - - f W m ,  
A i  

a n d  l e t t i ng  i--> oo we h a v e  

K ~ 2 B - -  ~> Wm ~ 2 B 

Le t  m - +  c~; t h e n  since 

�9 i !  

0 ~ Wl ~ w2 ~ "'" --> l ira m f  x n = c~,  
n - - - >  O o  

i t  follows that 

so that P(T=~)=O. 

L e m m a  4. Under the assumpt ions  (13), (14), (15) o / L e m m a  3, there exists a s.v. 
such that 

(17) E (xv) ---- sup  E (xt) .  
t e C  

Proo]. Le t  t l ,  t2 . . . .  be  a n y  sequence  of s .v . ' s  such t h a t  

(18) sup  E (xt~) = sup  E (xt) .  
i t e C  

B y  L e m m a  1 we m a y  suppose  t h a t  t h e  t~ are  regu la r  a n d  therefore  t h a t  

E (xt,) >= E (xl) > - -  r . 

Set  
T~ = m a x  (tl ,  . . . ,  t~), 1: = sup  ti = l im  ~:~. 
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B y  L e m m a  2, 
E(xvi) ~ E(xt~) ~ E(x l ) ,  

and  vl ~ T2 g ' " .  B y  L e m m a  3, P (T  ~ oo) ~ 1. Hence  b y  L e m m a  2, 

(19) E(xr)  ~ sup E(xt , ) ,  
i 

and  (17) follows f rom (18) and (19). 
The  main  results so far  m a y  be summar ized  in the  following theorem.  

Theorem 1. Assume that E (sup x +) ~ oo. 
n 

(i) Choose any sequence tl ,  t2 . . . .  o/ regular s.v.'s such that 

(20) sup E (xt~) = sup E (xt) 
i teC 

(this can always be done), and define the r.v. 

(21) T --~ sup t~. 
i 

Then P(T  ~ co) ~- 1 i / a n d  only i/ there exists a s.v. To such that 

(22) E(x~.) : sup E (xt), 
teC 

and T is then the minimal  s.v. satis/ying (22). 

(fi) Assumptions  (13), (14), (15) are su/ficient to ensure that P (T  ~ oo) ~ 1. 

Proo/. 

(i) I f  P(T  ~ oo) ~-- 1 then  by  the  argumen~ of L e m m a  4, 

E (x~) = s u p  E (xt). 
teC 

And ff any  s.v. v0 exists satisfying (22), then  P(T  ~ oo) --~ 1 by  Corollary 2 of  
L e m m a  2, and T ~ ~0. 

(ii) Follows f rom L e m m a  4. 

The  ma in  defect of  Theorem 1 is t ha t  it gives no indication of how to choose 
a sequence of regular  s.v. 's  tl ,  t2 . . . .  satisfying (20). We now turn  our a t ten t ion  
to this problem. 

3. The rules sN and s 

Le t  CN denote the  class of  all s .v. 's  t for which t ~ N.  We sha]l first show 
(cf. [3]) how to construct  a certain regular s.v. s;v in C2v such t h a t  

(23) E (xs~) : sup E (xt) . 
t eC~ 

To do this  we define for each N ~ 1 a finite sequence of r . v . ' s / ~  . . . . .  fi~ by  re- 
cursion backwards ,  s tar t ing with fl~v, using the formula  

(24) f l ~ = m a x [ x n , E ( f i n + l ]  n)] n 1 , . . . , N ;  f l ~ v + l = - - c ~ .  

Thus  

(25) fi~ : m a x  [x~v, - -  oo] ---- x2v, 
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and / ~  is measurable (~n) .  We now define 

(26) sly = first n ~ 1 such t h a t  fl~ = Xn. 

Note  t h a t  

( 2 7 )  ~ - ~ 8 N  - -  X S N  

and, since fl~ = xx ,  

(28) sN _--< N ,  

so tha t  sN E CN. Moreover, 

(29) sir > n ~ E([3Nn+ll~n) = fi~ > xn ,  

and 

(30) E ( f i ~ + l ] ~ ' n ) ~ f i ~ ,  all n = l  . . . .  , N .  

F r o m  [1, Lemmas  1, 2, 3] applied to the  finite sequence fi~, . . . ,  fi~v it follows 
tha t  sir is regu]ar, since 

(31) sly > n ~ E ( x ~ [ ~ ' n )  = E ( f l ~ l ~ n )  ~ fi~ > Xn, 

and tha t  

(32) E (xs~v) = E (fl~s~v) ~ E (fi~) ~ E (xt) all t E CN. 

Thus the  sequence sl ,  s~ . . . .  has the following properties:  

(33) sN is regular ,  sN ~ AT, (23) holds,  

and, since Ci c C~ c . . . .  i t  follows tha t  

(34) E (xl) = E (xs,) ~ E (x~) ~ .. .  --> lim E (x~) .  
/ y - - >  r  

I t  is easy to  show by  induct ion f rom (24) and (25) t ha t  

x~ = ~ =< ~w =<.... (35) 

Hence f rom (26) we have 

(36) 

and we define 

1 ~ - S l  ~ s 2  g "",  

(37) s = sup sir = lim sly ~ ~- r 

Lemma 5. iT] P (s < r -~ 1, then 

(38) E (xs) ~ lim E (XsN) . 
iV----> oo  

Proo/. B y  (33) and L e m m a  2 applied to the sequence Sl, s2, ... �9 

Lemma 6. I / t  is any s.v. such that 

(39) lira i n fSx  n ---- O 
n---~ c o  { t > n }  

then 

(40) lira E (xs~) ~ E (xt). 
N - - > ~  
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(43) 

(44) 

(45) 

and  

(46) 

Proo/.  Set  

(41) tN = rain (t, N )  e C:~. 

Then 

(42) fx~ = E ( x ~ )  -- fx~ <= E ( ~ )  -- S ~  <= E(x~) + fx-~. 
{t < N} {t > N} {t > ~} [t > ~} 

Le t t i ng  N - ~  ~ i t  follows f rom (39 ) tha t  (40) holds. 

Corollary. I / x ~  ~ c n  ~ /or some c, ~ ~ O, and i / E ( t  :~) < ~ ,  then 

lira E (x~:~) >= E (xt) . 

Proo]. F r o m  L e m m a  6 and  the  re la t ion  

{t > n} {t > n} (t > n} 

Theorem 2. A s s u m e  that 
t H , * *  

X n ~ X n -  X n ~ X n  - -  X n 

where all the components  are measurable ( S n )  and 

E [sup (x~)+] = B < r 
n 

i i  i i  

0 ~ x  1 ~ x  2 = < ' " ,  l 'amx n ' ' = c ~  

the ( x * ) -  are un i /ormly  integrable /or all n ,  

** < c x  n" [or some O ~ c ~ c~.  X n 

Then  s : sup sN is a s.v. and 
N 

E (xs) = sup E(xt) = lira E (xs:~). 
t ~ C  N - - > o o  

Proo/ .  F o r  a n y  s.v. t we have  f rom (44) and  (46) t h a t  for t ~ N,  

] t  

xN = (x~)+ - (x~) -  - x?v* _>_ - [(~?~)- + ~ t  ], 
so t h a t  

(~7) f x ~  _<_ f [ (x~)-  + cx;'] .  
(t > ~v} {t>N} 

Now f f  E (xt) * - -  oo then  f rom (43) 

E(x t )  = E(x't) - -  E (x ; ' )  ~ E(x~ +) ~ B < c~,  

so t h a t  E(x~) and  hence E(x~')  is finite. F r o m  (47) and  (45) i t  follows t h a t  (39) 
holds.  F r o m  L e m m a  3, P ( s  ~ c~) ~ 1, and  hence f rom L e m m a s  5 and  6, 

E (x~) >= lira E (x~:~) >= E (xt). 
N - - >  r  

Since this  is t r i v i a l ly  t rue  when E ( x t )  ~-- - -  oo the  resul t  follows. 
I t  is of  in te res t  to  express  E (xsv) expl ici t ly .  To do this  we observe t h a t  by  

the  submar t inga le  p r o p e r t y  (30), 
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N N - - 1  

n = l  {s .~=n} n = l  {s~v=n} { s . v > N - - 1 }  

zV--2 

(4s)  =< + + 
n = l  {s2v=n} { s 2 7 = N - - 1 }  { s ~ r > N - - 1 }  

N - - 2  
" N  = + --< ' --< = 

n = 1 {s~v = n} {sly > N - -  2} {s~v > 0} 

But  since E (fl~) ~ E (tiE) it follows t h a t  

(49) E (Xs~.) = E (tiE). 

Thus under  the  conditions on the xn of Theorem 2, 

(50) E (xs) = ]im E (xs~v) = lira E (fir).  
N - - ~ o o  N--> oo 

F r o m  (35) the limits 

(51) ~n = lira_ fin ~ 

exist. By  the theorem of monotone  convergence for conditional expectat ions 
[2, p. 348] it follows from (35) t h a t  

(52) E(fl~[ ~ n )  --<_ E(fi~+~ I ~ n )  <=.. .  -~ E(fl~ [ ~ ) ,  

and hence from (24) t ha t  the fin satisfy the relations 

(53) fin ~- max  [Xn, E(f in+l I ~-n)] ,  n ---- 1, 2, . . . .  

Define for the momen t  

(54) 

We shall show t h a t  

(55) 

S* ~ first i ~ 1 such tha t  x~ -~ fii. 

8 "  ~ S U p 8  N - ~ - 8 .  
N 

For  if 8" ---- n, then  by  (54) xl H fii for i ~ 1 . . . . .  n - -  1, and hence for suf- 
ficiently large N,  xt < fl~ for i ~- 1, ... , n - -  1, so tha t  s2v ~ n. Hence s ~ n 
and  therefore s ~ s*. Conversely, if 8 ~ n then  for sufficiently large N,  sN ~ n, 
and hence x~<fi~r for i =  1 , . . . , n - -  1 so t h a t  x~Hfi~ for i--~ 1 , . . . , n - -  1 
and therefore 8* ~ n. Thus s* ~ s. 

We m a y  now restate Theorem 2 in the following form. 

Theorem 2', A s s u m e  that the hypotheses on the Xn o] Theorem 2 are ~ati~fied. For  
each N ~ 1 define tiE, f ie  . . . . .  fl~r by (24) and set 

(56) s ~ first i ~ 1 such that xi : fl~ : lira f i~.  
N--> c~ 

T h e n  s is a s.v. and 

(57) E (xs) = lira E (tiE) ---- sup E ( ~ ) .  
N-->oo t e C  

This generalizes a theorem of A~l~OW, BLACXW]~LL, and GI~SHICK [3]. 
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4. The monotone  ease 

I f  the  sequence of  r .v . ' s  Xl, x2 . . . .  is such t h a t  for every  n = 1, 2 . . . . .  

(5s) E (x~+l I ~ )  == ~ ~ E (x~+2 ] J~+~) =< x~+~, 

we shall  say  t h a t  we are  in the  monotone case (to which [1] is devoted) .  I n  this  case 
the  calcula t ion of  the  s~r defined b y  (26), and  o f s  = sup sly, become much  simpler.  

iv 
L e m m a  7. I n  the monotone case we may compute s~v and s by the/ormulas 

s~v = min  [N, first n ~ 1 such that E (Xn+l ] ~ 'n)  g xn], (59) 

and  

(60) s = sup SN = first n ~ 1 such that E (Xn+l I ~'n) ~ Xn. 
N 

Proo/. (a) we begin b y  proving  t h a t  in the  monotone  case, for n = 1, 2 , . . . ,  N - -  1, 

(61) E (Xn+l [ ~ n )  ~ xn ::> E (/~n/V+ 1 ] ~ n )  ~ Xn . 

F o r  n ---- N - -  1 this  is t r iv ia l ,  since fi~ = xn. Assume therefore  t h a t  (61) is 
t rue  for n = j + 1. Then 

E (Xj+l] ~ j )  _--< xj ~ E (xj+2 ] ~ j + l )  < Xt+l 

E iv 
( / ~ ] + 2  l '~]+1) <" X ] + l  ::> f i ~ + l  = X ] + I  ::> 

E(ff+l I ~ j )  = E(xj+ll~j)  = xs, 

which establ ishes (61) for n = j .  

(b) Recal l  t h a t  b y  (26), 

(62) sly = first n => 1 such t h a t  fl~ = xn.  

Define for  t he  m o m e n t  

i 
(63) sly = r a in [N ,  first n => 1 such t h a t  E(xn+l]~ 'n)  ~ xn]. 

/ 
(c) Suppose S~v = n < N.  Then b y  (61), E(fl~+~ [ J n ) g  xn,  so t h a t  fl~ = xn 

t t t t 
and  hence sly ~ n = s~v. I f  S~v = N then  also sN ~ sN. Thus sly g s~v always.  

(d) Suppose  sN = n ~ N.  Then iv - -  E ( f l ~ + I I ~ N  ) ~ X  n .  S i n c e  flnlY+l ~ X n +  1 i t  fol- 
! / 

lows t h a t  E (xn+l ] ~'~n) < Xn. Hence  S~v < n and  therefore  szr < sN. 
t 

I t  follows f rom (e) and  (d) t h a t  s~v = sN, which proves (59), and  (60) is im- 
media te .  

5. A n  example 

Le t  y, y l ,  y2 . . . .  be independen t  r .v . ' s  wi th  a common d is t r ibu t ion ,  let  ~ n  
be the  a -a lgebra  genera ted  b y  Yl, . . . ,  Yn, and  le t  

(64) Xn = m a x  (yl . . . .  , Yn) --  an,  

where we assume to begin wi th  only t h a t  the  an are cons tants  such t h a t  

(65) 0 =< a l  < a 2  < " ' "  
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and tha t  E y +  < c~. Set 

(66) m n  -~ m a x  (Yl . . . .  , Yn)  , 

Then 

bn ~ a n + l  - -  an  ~ O . 

Wn+l = m n + l  - -  a n + l  = m n + l  - -  an  - -  bn -~ Xn -~ (Yn+l - -  m n )  + - -  b n .  

s - - ~ s u p s ~ = f i r s t  n ~ l  such tha t  m n ~ y n .  

An example of  the monotone  case is given by  choosing an  ~ c n ~  with c > 0, 
~ 1. When  g ~-- 1 all the  y n  coincide and have the value y given by  

(73) E [(y - -  y)+] ---- c. 

For  0 < ~ < 1 we are no t  in the monotone  ease and no simple evaluat ion of 
s~ and s is possible. 

I t  is interesting to  note  t h a t  if we set 

(74) Xn = Y n  - -  a~  

instead of  (64), then,  sett ing # --~ E y ,  

(75) E (xn+l  ] ~ ' n )  - -  FVn = ,u - -  bn - -  y n  , 

and we are never in the monotone  case. However,  for an  ~-  e n  we have by  the 
above~ 

(76) 

Thus 

(77) 

s = f i r s t  n ~ l  such tha t  m n ~  

first n ~ l  such t h a t  Y n ~ y .  

X s  ~ -  m s  - -  r  ~ Y s  - -  r  ~ x s ,  

(71) 

and 

(72) 

Hence 

(67) E (X.+ 1 ] ~ ' n )  - -  Xn : E [(y - -  ran) +] - -  bn. 

Define constants  yn by  the relation 

(68) E [(y - -  yn) +] : bn 

(graphically, bn is the area in the z, y-plane to the  r ight  of  y - -  yn and  between 
z ~ 1 and z : E (y)). Then it is easy to see from (67) and (68) t ha t  

(69) E(xn+l  1 ~ n )  g x ff and only if m n  ~ y n .  

W e  are  i n  the  m o n o t o n e  case  w h e n  

(70) bl ~ b2 = < ' " .  

For  ff (70) holds, and  f f  E ( X n + l l ~ n )  ~ X n ,  then by  (68), m n  >~ Y n  and hence 
m n + l  ~ m n  >--_ y n  ~ yn+l,  so tha t  E ( x n + 2 [ ~ n + l )  ~ Xn+l.  We can therefore as- 
sert t ha t  when (70) holds 

sN----min[N,  first n>__l such t h a t  m n > ~ y n ] ,  
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while for any  s.v. t, since xn  <= Xn, we have 

(78) xt  ~ x t .  

I t  follows tha t  
sup E (~t) =< sup E (xt), 
t eC t eC  

and tha t  if the distr ibution of  the Yn is such tha t  

(79) E (xs) = sup E (xt) ,  
t eC  

then also 
E (~8) = sup E (~t). 

t eC 

We shall now investigate whether in fact  (79) holds, and for this we shall use 
Theorem 2. Wri te  

xn  : m a x  (y l  , . . . , Y n ) - - a n = X n - - X  n ~ x n - -  x n 

where we have set 
f H 

x n = max  (Yl . . . . .  yn) - -  an~2, x n ---- an~2, 
(s0) ( * = m a x  (Yl, yn) ** x n . . . ,  , x n ~ a n .  

Assume tha t  the constants an are such tha t  

(81) 0 --~ al  =~ a2 ~ ' "  --> c ~ .  

Then (44) and (46) hold, and  to apply Theorem 2 it will suffice to show tha t  

(82) E sup [max (Yl . . . . .  Yn) - -  an/2] ~ oo 
n 

and tha t  the r.v. 's  

(83) [max (y l  . . . . .  Yn)]-  are uniformly integrable. 

The lat ter  relation is trivial as long as E l y  I < o% since 

[max (y l  . . . .  , yn ) ] -  ~ y~ .  

I t  remains only to verify (82). 
To find conditions for the val idi ty  of  (82) in the case 

an ~---cn g, C, 0r  0,  

we shall need the following lemma, the proof  of  which will be deferred until  later. 

Lemma 8. Le t  w, Wl ,  w2 . . . .  be independen t ,  iden t i ca l l y  dis tr ibuted,  non-negat ive  

r .v . 's  a n d / o r  a n y  pos i t i v e  constants  c, o: set 

T h e n  

(s4) 

a n d  

(85) 

z = sup  [ m a x  (Wl . . . . .  wn) - -  c n ~ ] .  
n 

P ( z  < c~) = 1 i / a n d  on ly  i /  E ( w  1/~) ~ r 

/or  a n y  fi ~ O, E ( z l / ~ )  ~ oo i / a n d  on ly  i /  E (wl /~+l /~ )  ~ c~ .  
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Now suppose tha t  the common dis tr ibut ion of the Yn is such tha t  

(86) Ely I < co,  E[(y+)l+~] < ~ .  

Then 
sup max(y1 . . . . .  yn) - -  <= sup m a x ( y + , . . . , y + ) - -  2 j '  

n ~ 

so t h a t  by  (85) for fl = 1, w ~ y+, 

n 

verifying (82). Thus,  i /  an = en:r (c, ~ > O) and i / E  l y] < co and E [(y+)t+~] < co, 
then defining the s.v. s by (56) we have 

E (xs) = sup E (xt). 
t eC 

This generalizes a result  of  [1], where it was assumed tha t  ~ > 1, to  the more 
general case ~ > 0. See also [5, 6, 7] for the case ~ ~- 1. 

A similar a rgument  holds for the sequence 

Xn ~ Yn - -  cn  c: , 

replacing max  (Yl . . . .  , yn) by  yn in (80). 
We m a y  summarize  these results in 

Theorem 3. Let y, y l ,  Y2, . . .  be independent and identically distributed random 
variables, let c, o: be positive constants, and let 

x n = m a x ( y l  . . . . .  y n ) - - e n  ~, x ~ - - Y n - - e n  ~. 

Then i I El Y l < r E[(y+)l+~] < 

there exist s.v.'s s and ~ such that 

E(Xs) : sup E ( x t ) ,  E(.~;) = sup E ( x t ) .  
t~C t eC  

For ~ > l ,  
s ~-- first n > 1 such that max (yl . . . . .  Yn) > y n ,  

where yn is defined by 
E [ ( y - -  7n) +] = c[(n + 1) ~ -  n~]. 

Proo/o] Lemma 8. I f  w is any  r.v. with distr ibution function F,  then E (w) < c~ 
r  

is equivalent  to ~ [1 - -  F(n)]  < ~ ,  which in tu rn  is equivalent  to the  con- 
1 

vergence of ~ [  F(n) .  Hence E ( w  1/~) < ~ if and only ff F ( n  e) converges. 
1 1 

Now for u > 0 let 

O(u) = P ( z  ~ u) = P [ n  n{w~ = n~ + u}] = P [ n  n+,  § + ]  
n = l  i = 1  i = 1  n = i  

c o  

: P I N { w ,  <= n~ + u~]= 1~ ~(n~ + u). 
~ = 1  1 

co 

I t  follows tha t  lira G (u) = 1 if and only ff 1~  F (n~) converges; thus (84) holds. 
U--+ co  1 
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To prove (85), we have E (z) < ~ ff and only ff ~ G (n) converges. Hence 
1 

[4, p. 223], E (zl/~) < oo is equivalent to 

i oo 
~ l o g F [ n #  -~ m ~] > - -  co for some no such tha t  F(n~o) > O. (87) 
m 

~ ' ; = 1  n = n(, 

Now 
u--1 co co co 

f dm ~ log F (n# -~- m ~) dn = j ' log F ( u ) d u f  

Hence (87) is equivalent to 

1 v l / f l _  I ( u  - -  V) 1 / ~ - l d v .  

. (5  

But  E (wl/~+1/#) < oo is equivalent to 

c o  co 

_ c ~  < flogF(t~#/~+#)dt - ~ + fi .~ ul/~+l/#-llogF(u) du, 

which proves (85). 

6. Application to the sequential probability ratio test 

The following prob]em in statistical decision theory has been treated in [8, 9, 
3, 10, 11]. We shall consider it here as an illustration of our general method. 

Let  yl ,  y2 . . . .  be independent, identically distributed random variables with 
density function / with respect to some (~-finite measure r on the line. I t  is desired 
to test  the hypothesis H o : / = / o  versus H I : / = / 1  where [0 and /1 are two 
specified densities. The loss due to accepting H1 when H0 is true is assumed to 
be a > 0 and that  due to accepting H0 when H1 is true is b > 0; the cost of 
taking each observation Yi is unity. A sequential decision procedure ((~, 2V) pro- 
vides for determining the sample size AT and making the terminal decision 5; the 
expected loss for ((~, iV) is 

where 

ae0 ~- E0 (N) when H0 is t rue,  

b~l ~- E l (N)  when H1 is true 

eo = P0 (accepting H1), ez = P1 (accepting H0). 

I f  there is an a priori probabili ty ~ tha t  H0 is true (and hence probability 
1 - -  7~ tha t  H1 is true) the global "risk" for (d, N) is given by 

r (z ,  d, 20 = ~[a~0 + E0(N)] + (1 - -  ~) [b~l + E l (N) ] .  

For a given sampling variable N it is easy to determine the terminal decision 
rule (~ which minimizes r (7~, ~, N) for fixed values of a, b, and 7~. For the par t  of 
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r (ye, (5, N) tha t  depends on (~ is (omitting symbols like d# (Yl) . . .  d#  (Yn)) 

ye- o + (1 - ye) = ye.  + 
n - 1 {N - n ,  a c c e p t  H , }  

+ (1 - yelb 
n = 1 {2V = n,  a c c e p t  H . }  

~ ~. f m i n [ y e a / o ( Y i ) . . . / o ( y n ) ,  ( 1 - - ~ ) b / l ( y l ) . . . / l ( Y n ) ]  
n = l  { N = n }  

= ~ f rain [yen a, (1 - -  yen) b] [ye/o (yi) .. �9 (yn) -[- 
n = l  { N = n }  

where 
~- (1 - -  x ) / i ( y l ) . . ,  li(Yn)], 

~fo (yl) . . . / o  (yn) 
yen = yen (yi . . . . .  Yn) = r:fo(yi)...fo(yn) + (1 - =)fi(yi). . .fi(yn) " 

For  the given sampling rule N define ~' by  

accept  H i  if  N = n  and y e n a ~ ( 1 - - y e n ) b ,  

accept  H0 if N ~ - n  and X e n a ~ ( 1 - - y e n )  b. 
Then 

yea~o((~, N )  + (1 - -  ye) bal(~,/V) ~ ~a~0(~' ,  N) -]- (1 - -  ye)b~i((Y, N) .  

Hence to  find a pair  (8, N) which for given ye minimizes r (ye, ~, N) (a "Bayes"  
decision procedure) amounts  to  solving the following problem : for given 0 ~ ye ~ 1 
let y i ,  Y~ . . . . .  Yn . . . .  have the joint densi ty funct ion for each n equal to  

ye 10 (yl) . . .  10 (Yn) ~- (1 - -  7e)/i (yi) ... 11 (Yn), 

where /0, /1 are given univariate  densi ty functions. For  given a, b ~ 0 let 

h ( t ) = m i n [ a t ,  b ( 1 - - t ) ]  ( 0 - - - - - t ~ l ) ,  

yeo = ye =fo(yi) . . . fo(yn) > 
yen = yen(Yi . . . . .  Yn) ~- r:fo(yi)...fo(Yn) -~ (t -- r:)fi(Yi)...fi(Yn) (n : 1) , 

x n  - -  x n  ( ~ n )  = - h (yen) - -  n ( n  >= 0 ) .  

We want  to find a s. v. s such tha t  E (xs) -~ maximum.  The problem is trivial ff 
a or b is ~ 1 since then h(t) < 1 and x0 < Xn for all n, so t h a t  E ( x s )  ~ max.  
for s = 0. We shall therefore assume t h a t  a > 1, b > 1. 

We observe t h a t  the  assumptions of  Theorem 2 are satisfied by  sett ing 

�9 t ,  $ n$ ~ X n ~ X n -  X n ~ -  3g n - -  X 

, , ( a b  
= xn = - h (yen), 0 g h (yen) <= E T - E ) '  xn 

with 
t t  $ $  

X n ~ X n -~- Tb 

so tha t  s ~ sup s2v is the  desired s.v. Thus  Theorem 2 guarantees the existence 
N 

of a Bayes  solution of our decision problem. 
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To find the  (minimal)  Baycs  sampl ing  var iable  s requires  t h a t  we compute  the  
quantities &~, f ir ,  . . . ,  ~ for each ;V > 0 (note that m th~ present conte~t we 
are  a l lowed to t ake  no observat ions  on the  Yi and  to  decide in favor  of  H0 or H1 
wi th  x0 = --h(a)). W e  have  

finn = m a x [ x , E ( f i ~ + l l ~ n ) ] ,  n = O , l  . . . . .  N ;  fiiv+lN = - - c ~ ,  

and  b y  Theorem 2' 

s = f i r s t  n = > 0  such t h a t  x n = f i n = l i m f l ~ .  

Observing t h a t  
r:nfo (y~+l) 

a n + l  = ~nfo(yn+l) + (1 --  7r 

i t  follows easi ly t h a t  

57 N 
Yn ( a n ) ,  n = fin (Y~ . . . . .  yn) = 0,1 . . . . .  N + 1, 

where 

{ ~ N ( tfo(y) ~ [ t /o (y ) - } - (1- - t ) / l (y ) ]}  
y~(t)  = m a x  - -  h(t) -- n ,  f Yn+~ tfo(y) ~- ~ t)fHy)] 

- -  o o  

Now set 

Then 

where 

( n = 0 , 1 , . . . , N ) ;  ) , ~ + l ( t ) = - ~ .  

= - - y n ( t ) - - n ,  n = 0 , 1  . . . .  , N - I -  1. 

g~(t) = rain [h(t), eNn+l(t) -}- 1], 

tfo(y) 
a~n (t) = gNn tfo(y) @ (1 - t ) f l ( y )  

- - c o  

for n = 0, ] . . . . .  N with  

[t/o(y) @ (1 - - t ) / l ( y ) ]  

Obviously,  

N N+ 1 a N + I  gn ( t ) ~ - - g n + l ( t ) ,  g~(t) => ~n (t) for 
so t h a t  

l im g~n (t) = gn (t) = g (t) exists.  
N - - > ~  

B y  the  Lebesgue theorem of d o m i n a t e d  convergence,  

where 
g(t) = rain [h(t), G(t) @ 1] 

n = 0 , 1 , . . . , N +  1, 

N 2r iv 
fi~ (Yl . . . . .  Yn) = y~ (an) = -- gn (an) --  n ,  

& = l i m ~ y  = - g (~ , )  - n 

A n d  

so t h a t  

o o  

- ~  ~ t)fl(yi) [t]o(y) + (1 - -  t) / l  (y)] . 
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and  hence 

s = f i r s t  n > 0  such t h a t  g(~n)=h(z~n);  E ( x s ) = f l o ~ - - g ( 7 ~ ) .  

W e  shall  now inves t iga te  the  n a t u r e  of the  funct ion  g (t) which character izes  s. 
I f  a func t ion  a (t) is concave for 0 --< t ~< 1 and  ff 

~ a (  tfo(y) ) [ t / o ( y ) - ] - (1 - - t ) / l ( y ) ]  
A(t)  ~_ tfo(y) ~ - ~ - - t ) f l ( y )  

t hen  i t  is an  easy  exercise to  show t h a t  A (t) is also concave on 0 ~ t _~ 1. Since 
h (t) is concave,  g2~ (t) = h (t) is concave,  and  hence G~ (t) is concave.  Hence  b y  
induc t ion  al l  the  gnN(t) and  G~n(t) are  concave,  as are  therefore  g(t) and  G(t). 
Note  also t h a t  

g(0) = G(0) = g(1) = G(1) = 0.  
Now p u t  

gl (t) = a t - -  G(t) --  1, 

r162 (t) = b(1 --  t) -- G(t) -- 1, 

r162 (t) = h (t) - -  G (t) - -  1 = min  [gl (t), ~2 (t)]. 

Then  for a, b > 1, 
g l  ( 0 )  ----- ~t 2 (1) = - -  1 < 0 ,  

al(1)  -~ a - -  1 > 0 ,  

~ 2 ( 0 ) = b - - l > 0 .  

Since G(t) is concave,  G(0) = G(1) = 0, and  at is l inear,  the re  exists  a unique  
n u m b e r  ~r' = ~ '  (a, b) such t h a t  

< 0  for 

~1 (t) = 0 for 

> 0  for 

= = ~ < 1  

t > ~ '  

Similar ly ,  there  exists  a un ique  number  ~"---- ~ "  (a, b) such t h a t  

> 0  

~2  (t) = 0 

< 0  

Hence  

for t < ~ "  

for t > :~" 

s ~ - f i r s t  n ~ 0  such t h a t  g ( : ~ n ) = h ( ~ n )  

= f i r s t  n ~ 0  such t h a t  h(~n) g G ( z c n ) + l  

= f i r s t  n ~ 0  such t h a t  e i ther  ~l(z~n) or  : r  

-----first n ~ 0  such t h a t  7 e n ~ g '  or ~ n ~ " .  

I f  ~ "  ~ ~ '  t hen  s ~ 0. I f  ~ ' <  ~ "  t hen  s is the  first n ~ 0 for which gn  
does no t  lies in the  open in te rva l  (~' ,  7~"), and  the  decision procedure  is a W a l d  
sequent ia l  p r o b a b i l i t y  ra t io  tes t .  
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