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An Invariance Principle
for Conditioned Recurrent Random Walk
Attracted to a Stable Law*

BARRY BELKIN

1. Introduction
In this paper we will be concerned with one-dimensional, aperiodic, recurrent,

n
lattice random walk. We let S, =x,+ Y X, denote the n-th partial sum and assume
i=1
that the common distribution of the increments X, lies in the domain of attraction
of a stable law. Thus there exists normalizing constants B,>0 and A, and a

stable distribution G, (x is the exponent or index of the stable law) such that

H— 00

limP[;" —Angx]=Ga(x). (L.1)

n

Let A={x,,x,,..., X, be a finite set of integers and let 7, denote the hitting

time of A, i.e.,
T _{min {n>0:S,eA} ifsuch an n exists

otherwise.

In [1] the author considered the effect of the conditioning T, > on the limiting
behavior of the distribution of S,. In particular, the following result was proved.

Theorem (1.1). If 3, (0)=0 and

(i) l<a=s2
or
(i) =1, the attraction is normal (B, =n'"), and
lim | ¢édF(&)=pu<co,
then ) ,
. S
hmP[B" §xITA>n]=Ha’A(x). (12)

Here H, , is a probability distribution with characteristic function ¥, , with the
@A P y @, A
Jollowing properties:
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(@) If 1So<2or if =2 and F has infinite variance, then
1
Voa)=FO=1=b[t]* [ x*™ 1 [t(1—x)""] dx,
(4]

where @, is the characteristic function of G, and consequently

I qs(t)_{_c|t|a(1+isgn(t)ﬁtan”°‘/2) Jor 1<ax2
T —tl(c+isgn(t) u) for a=1
=b|t|*

In particular, the limit does not depend on the choice of the set A. Furthermore, if
b, is the density corresponding to V,, then

2
N e

is two-sided Rayleigh with 6*>=2¢, and

c

1
=T T

is Cauchy (i.e., the limit is unaffected by the conditioning on T, > n).
(i) If «=2 and F has finite variance o,

E[S; 2.2
lPZ,A(t)=qI2(t)—i]/§“ QA(OA;] %eXp(—sz).

In this paper, using this theorem as a basis, we propose to extend the results
of [1] to prove an invariance principle for the conditioned random walk. In the
particular cases a=1,2 we shall actually identify the respective limit processes
as the Cauchy process and the Brownian excursion process studied by Ito and
McKean [61.

We remark that at several points it will be necessary to make heavy use of the
results in [1]. Although some of the necessary definitions are not repeated here,
an effort has been made to keep the notation consistent.

2. The Invariance Principle for Stable Processes

Suppose the underlying random walk has mean zero and finite variance ¢.
We construct a sequence B, of probability measures on C[0, 1], the family of
continuous functions on the unit interval, in the following manner: Assign the

robabilit
p y s, 5,
P [—le,.._,—gﬂ,,] @.1)
g n n

to the polygonal line segment e C [0, 1] with vertices at k/n, k=0, 1, ..., n such
that £(0)=0 and &(k/n)=x, otherwise. Define P, to be the resulting probability
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measure. Now if C[0, 1] is given the topology of uniform convergence, then it is
known (see e.g. Donsker’s original proof in [4] or a thorough treatment in [3])
that the sequence P, converges weakly to Wiener measure W on C[0, 1]. Stated

in the form
BLAO=x]->WLf(&)=x],

for any continuous functional on C[0, 1], this fact is generally known as the
invariance principle.

Suppose now that one substitutes

S
P[—&—le,...,——i——:xn[TA>n], (2.2)
oyn

ay/n

with A a finite set of integers for (2.1) in the above definition of P,. The question
naturally arises whether weak convergence to some limit measure on C[0, 1]
still holds. We will show that not only does a limit measure exist, but that it
corresponds to a Markov process whose (non-stationary) transition density may
be determined explicitly. As stated earlier we actually identify the process as a
modification of the Brownian excursions discussed by [to and McKean in [6].

As an extension of this result allow the distribution F of X, to belong to the
domain of attraction of a stable law for the cases mentioned above:

(1) l<a=<2 and E[X,]=0,
or
(ii) o=1, the attraction is normal and

lim | (dF({{)=p<o0.

X— 00

One then assigns the probability

s
P[ Loy, ... ~S-”—=x,,] (2.3)

to the appropriate polygonal line.
The weak limit is then a stable process having the following characterization.

Definition. The process £(f) for =0 is stable of index o, O0<a <2, provided
the characteristic function @, (¢, u) of the distribution of £(¢) has the form

In @, (¢, u)=—t|u|*[1+ifsgn(u)w(u, )], (2.4)

where —1<f=<1, and

tan % for a#1
(U, )=

—Inu for a=1.
T
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Now it is a consequence of (1.1) that the finite dimensional distributions of the
measures defined analogously to B, but assigning the probability in (2.3) to the
appropriate polygonal path, must converge to those of the appropriate stable
process. However, the situation is complicated by the fact that the sample paths
of the stable processes for 0 <o <2 almost surely are not continuous. What can
be shown however is that they belong with probability one to D[0, 1], the family
of real-valued functions on the unit interval which are right continuous with left
limits, provided separable versions are chosen. Therefore our first difficulty is
the choice of an appropriate topology for D[0, 1]. This problem has been studied
extensively by Skorokhod in [12] and Prokhorov in [11]. We now describe
Skorokhod’s J;-topology, the strongest among those which he studied for which
our methods apply.

The following characterization of J, convergence (which we take as a definition)
is based on the conditions for J, compactness given by Billingsley [3]. It should
be noted that this is not quite the characterization originally given by Skorokhod
who assumes the elements of D [0, 1] to be left continuous at 1. Define the following
(in the terminology of Billingsley) moduli of continuity for £ in D0, 1]

ATy, &) =sup{|c(s)—E@): s, te T}
for T,<[0, 1] and
4;,(o, 6)=t*p<t sup <[+pmin{l€(t)—€(t1)l, [E(t2)— <@}

for p>0. Then a sequence £, in D[0, 1] converges in the J, topology to £in D[0, 1]
provided

(i) £, ()~ &(t) as n— oo on a dense set containing 0 and 1
and
p-0 noo
lim Tim 4([0, p), &,)=0
p—0 s 0
lin(l) lim A([1—p,1),£,)=0.
p-Y n—o 0

Suppose P, is a sequence of probability measures on D[0, 1] defined on the
usual Borel field # generated by the cylinder sets {£(t)<x,, ..., E(ty) Sxy) for
finite N. In what follows it will be important to have criteria for the weak conver-
gence of such a sequence. Following [3] in this regard we define a sequence P, of
probability measures (on a general metric space S) to be tight if for every ¢>0
there exists a compact set K such that B(K)>1—¢ for every n. Then the desired
conditions for weak convergence are contained in the following results proven
in [3]. (We write E, = P to denote the weak convergence of P, to P)

Theorem (2.1). Suppose
(i) The finite dimensional distributions of P, converge to those of P.
(if) The sequence P, is tight.

Then B, = P.
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Theorem (2.2). The sequence P, is tight if and only if
(i) For every e>0, there exists a constant A such that

E,[sup, [£(5)] > AT <&

(i) ling lim B,[4;,(p, )>¢€]=0
p—0 no
tim Tim B[ 4([0, p). &) > ] =0 2.5)
p—0 no oo
lin(l) lim B[ 4([1— p, 1), £)]=0.
pP— h— 00

We remark that the above results remain valid if in the definition of weak
convergence one assumes only that the real-valued functional on D[O0, 1] is
J,-continuous almost surely [ P]. Also an examination of the proof shows that if
P, and P are concentrated on C[0, 1], then the conclusion of the theorem remains
valid for functionals on C[0, 1] continuous in the subspace topology induced
by J,. This, however, is easily seen to be the topology of uniform convergence.

Lemma (2.1). Assume the conditions of Theorem 1.1. For 1Za<2 define two
sequences B, , and E, , of probability measures on D[0, 1] by assigning the probability

P[—%—le,...,%:zxn] (2.6)
in the case of B, ,, and
W S,
P[Bn =x1,...,Fn=xnfTA>n] (2.7)
inthe case off;, > L0 theright continuous step function & withjumpsatk/n,k=1,2,...,n,
and £(0)=0, &(k/n)=x,. Then

lim lim Q,[4,(p,&)>2]=0 (2.8)
p-0 no o

for >0, where either {Q,}={F, ,} or {Q,}= {}1"}.

Proof. As pointed out to the author by the referee, the validity of (2.8) for E, ,
is a special case of a theorem of Skorokhod (Theorem 2.7 of [13]).

The key to the proof for the B, is the demonstration of

S[" 4]

Bn

}sl_{% }Ln; r,(A)

P [max

t=d

>4 TA>[n5]]=O (2.9)
for every fixed £>0.
It is easily seen that if x, =max {xeA}, then for x>¢

P*P[8 5«2 xB,; Ty>[nd]—k]

) S.
=P [S[,,,;]_kgo; min —’>i+~—x]

jsmel-x B, B (2.10)

IV

. S;
gP[SW]_kgO; min 1 — "1,
jgnél~k By _y By, s

provided n is sufficiently large and By, ;_, — o0 as n— 0.
4 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 21
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Now

H— O

. S Y
lim P [ B" gxl;rjnsl??’g —xz]zli;(xl,xz) (2.11)

where
E(xy, x)=P[E(1)= x5 min £(0)2 —x,]

and £(t) is the appropriate limit stable process. A proof of this statement can be

. . . S,
patterned after the proof that in the finite variance case max —Z— converges
iz gyn

in distribution to sup &(), where £(t) is a Brownian motion (see Theorem (1) of
0st=s1

Section 26 in [8]) or one can simply appeal to the invariance principal for the P,
which is already known. In particular then,

lim P [Sng();min J g—%
1 0 jgn B, sl

|-
with 4(6, &)>0.
Therefore, for [nd]—k=M =M (4, &) we have

v

. S. B 15,
P I:S[né]—kgo; _min J _ &5 ]g A0 a).
Tk Bpugy By,s
Define 7,=1,(5, ) by

rn=min{j: 1£j<[nd]; ;j gs}.

n

Then, in view of (2.10), we have the following estimates

S
P [max%ga; 1,<[né]—M; TA>[n5]]

1<4
[nd]—M Sk X
Yo P[rnzk;V:x;TA>k]

A6,8) &, S B, (2.12)
PS5 k=X B,: Ty>[n8]—k]

=

2
<
— A5, ¢)

St
P [I[T"]gg; © <[n8]—M: TA>[n5]].

n

In addition,

S
P [max%ga; T,=2[né]—M; TA>[n5]]

t<d
<P [Fen2 22 (no1-M: Ty (5] 2.13)
+P [max 5; >i] P[T,>[né]-M]
jsM B~ 2 A :
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Combining (2.12) and (2.13) we obtain

Sn Sn &
P [I}lgaax——ént] >g; TA>[n5]] é(i(é, 2 + ) P[ I;,j] 25‘; TA>[n5]]
S, _ ¢
+P [I}g&( BJ 27] Tmar—m(A).
Now
) s (A) [0V~ for 1<a<2 (see Lemma (2.1) of [1])
i B UL il
new  T,(A) 1 for a=1,
. . S; ¢
> =
o P [‘};%i‘ B, =2 ] 0.
and

(i) lim P Stus) S8 T stlep x> e
- tm P =g =25 | h> ol | =P | X205

. . . B
with (iii) following from Theorem (1.1) (recall lim —* =5"(1/"”) , where X has
s 00 41
the distribution with characteristic function

1
Y ()=1=b|t|* [ x"~1 @ (¢ (1 —x)") dx.
0
We obtain finally, therefore, that

S
P [max %gs; T,>[n 5]]

—_ <o 2 ; &
fim " <(- 1) =1 p [X ——] 214
Jm (&) =\Tea " > 214
By (1) of Section 13 in [5] we have
1/x
PX[>2x]1=x | |1-¥(1)|dt,
—1/x
and thus
e e 48t/a/e 1
P X S o (1/a)—1 <
[ > 251/1]— 451/0( _45’1‘/06/8 |t| Olfx dxdt:K(8)5

for some constant K (¢} not depending on J.
Observing that for fixed ¢, (9, ¢) is non-decreasing as § — 0, we have by (2.14)
S[nl]
Pmax —*z¢; T,>[nd]
. T t£d B
lim lim "
-0 nw r.(A) T -0 A(0, &)

This proves (2.9).

4%
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Define a random time t=1(p, &) by

inf{t: sup min (| (1) —&(1,)], [E(t,) —£(0)])>¢}  if such ¢ exists

7= T t—p<i<tZti<t4

o0 otherwise.
Then for 6 >0 we have

B ,[4,(p,)>e]=B [1<6]+P [d<c<1];
this implies

. — A S;
I [, 8> 15 Jin 2228 p [ may |21 7, [0
" (2.15)
7 Ty
+}Ln;) Fn(A) })(l,n[A.h(p’ €)>8]

Applying (2.9), the fact that the lemma is already known to hold for the P, ,, and (i)
of the three facts listed above, we get

lim 1im B, ,[4;,(p, &)>¢]=0.

p—o0 0o

This completes the proof of Lemma (2.1).

3. The Main Theorem
We have already indicated that in the sense of Skorokhod’s J; convergence

lim P, , =P,

n— oo

We now state our main result giving the analogue for the measures 131,,,.

Theorem (3.1). Suppose that the distribution F of X, belongs to the domain of
attraction of a stable law of index o, 1 L0 <2. When a=1 we require that the attrac-
tion be normal and

lim  {dF() exists and is finite.

Then the sequence 1?;," of probability measures on D0, 1] defined in (2.7) converges
weakly relative to Skorokhod’s J; topology to a probability measure P, on D[0, 1]
which for a1 corresponds to a Markov process with non-stationary transition
measure.

The finite dimensional distributions of P, are given by

- 21
BLEW)Exy, s E)SEx]= | — b7 y) BM[T>1-1,]dy,

Lt

= PE[T>1-t,]

Y BMT>1-1]
FoReIT>1-4

) PFOT>1—14,_]

3.1
PALE(, —t)edyy: T>ty—t] - D

BP et Dedys T> =t
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where by, is the density corresponding to the characteristic function ¥,, and P, is the
weak limit of the sequence P, ,

When o=1, 2 substantially more can be said. For a=1

hmPl,,—hmPl,,—Pl, (3.2)

H—s 0O

i.e. the weak limits of P, , and P1 . both correspond to the same Cauchy process.
For a=2, P, is concentrated on C [0, 17 and corresponds to the process with tran-
sition density p given by

p(0,0;t,x)= Itx%l exp (——;%) N ( IIX]—I)’

N(x,l//1-1t,)
N(lxll/l/ 1"t1)

Pty X155, %,)=0 otherwise ;

Jor 05t <1, =1, x; x,>0,

1 X
where N(x)=——— {e~¥"/2dy.
) V2 oj Y

Moreover, let X(t) for t =20 be a standard Brownian motion, and for an arbitrary
but fixed time 1,>0 define
(i) t=suplt: t<t, and X(t)=0] and A=1,—
|X (¢t 4+ 7))
V2

(iii) s=—1,+1 for X(t4)<0, X (19)>0 respectively.

(ii) &= Jor 0511,

Then e(t)=s&(t) is a Markov process with transition density p.

Proof. By Theorem (2.1) we have only to show that P, is tight and then prove
the convergence of the finite dimensional dlstrlbutlons of B, to those of B.

We use the criteria in Theorem (2.2) to show the tightness of the sequence B, ,
The first of the three conditions in (ii) of the theorem is the content of Lemma 2.1
and the second follows immediately from (2.9). The third condition as well as (i)
of the theorem follow from the obvious analogues of (2.15) and the tightness of
the P, ,

We now turn to the proof that the finite dimensional distributions of P
converge to those of B. We begin with some definitions.

Let

i rs
10,03 1dy) =7 [ sledy: T >[nt]]

S n —~{n
335 13 dy) = P | B8 ey T Tty ] [

n

for 0=t <t,<1, (¢, y)*(0,0).
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We then have
S S
P[%gxl,...,%"]§xk|n>n]
L e a m (3.3)
= j o 100,05 8y, dyy)e (B gy Yi_ g5 Lo AV (1, Vi3 1, dY).

Now

N s s
l;,,,[é(tl)§x1,...,é(tk)gxk]=P[%gxl,...,—;t—"lgxk]n>n]. (3.4)

n n

The convergence of the finite dimensional distributions of the B, to those of
P, will follow from

Ein; j j f 100,05 £1,dy ). ity (e 1> Vi_ 15 b d8) (g, Vis 1, dY) (3.5)

=E[5(t1)§x1, NSRS AR

We now state without proof the following elementary result which will be a
valuable analytic tool in the proof of (3.5).

Lemma (3.1). Let v,, n=1,2, ... be a sequence of finite (positive) measures on
the o-field # of Borel sets in R converging weakly to a finite measure v which is
absolutely continuous with respect to Lebesgue measure. If f, is a sequence of
uniformly bounded %B-measurable functions converging uniformly on compact sets
to an everywhere bounded continuous limit f, then

{fydv,— [ fdv (3.6)

as n—wo for Be# provided the Lebesgue measure of the boundary of B is zero.

For the Proof of (3.5) we will want to make recursive use of the lemma. For
0=t <t,£1 set x
Bo(te, yys ta, )= § (8, 5 £y, dy,)

— 0

hn(t17y1; tZ)ZJiEE)hn(tl’yl; IZ’X)'

Suppose that we have shown first that

Xi—1

}in;lo § oo § 0,058, dy). iyt ys yio g5 1, dY))
e T v (3.7)

Xi-1 X1 1 )
- j § t—lba(tl‘”"yl)dyl...ﬁy"‘[f(ti—ti_l)edyi;T>ti—ti_1] dy,_q:

and second that as a function of y;, h,(;, y;; t;,, x) satisfies the appropriate con-
ditions of Lemma (1.2). Then, by the existence of densities for stable processes,
the limit measure is absolutely continuous with respect to Lebesgue measure, and
hence by the lemma we obtain (3.7) with i replaced by i+ 1.
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We proceed then to verify (3.7) for 1 <a<2. Let
R(E; 1y, 1) ={E(0): telty, 1,1}

R(O=R(5; 0, 0);.

then except when ye A and y=0 we have

and

S
PEny [%gx; T,>[n t]] =h,(0,y; t,x)

n

=P ,[R(EONA,=; {()Sx—y]

for n sufficiently large, where the set A, is given by

Al‘l =
B

—y.

n

The required result in (3.8) below in the exceptional case can be handled by noting
that, on the one hand,

S
P[%igx;TA>[nt]]§r[m](A)—>O as n-—o00,

n

while for 1 <« <2 for all points x, x is regular for {x} and thus
BE(W<x; T>SBIT>1]=0.
For a Borel set C<R, let y.(t, x, *) be the functional on D[0, 1] given by

1 if R(ENC=® and ¢(H)=x
Xt x, &)= .
0 otherwise.

Then we must first show

}ilgﬁ,n [XA“ ([7 XY, é)= 1] :};[X(——y}(t’ xX—Y, 6):1]

—PlE@sx; T>1], (33)

and then demonstrate the uniformity of the convergence for y on compact sets as
well as the continuity of the limit. A start in this direction is the following.

Lemma (3.2). Let I=1(z,¢) be the open interval (z—e¢, z+¢), then y,(t,x,*) is
J-continuous almost surely [B].

Proof. Assume ¢, —%> ¢. We consider several possible cases.
Case (i): 1006 %, E)=0.

Either R, (&) I+ or ¢(t)>x. We may assume ¢ is right continuous on all
of [0, 1] and continuous at ¢ since both of these events occur almost surely E.
The criterion for J; convergence then implies ¥,(z, x, &,) = x:(t, x, &).
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Case (i1):
ase (1) 1t x,&)=1 and R,(&nI=9.

Let d=d(§ &, 1 ), with the usual definition of the distance between two closed
sets in a metric space. Then, given any ¢>0, choose from the set where &, (t) — £(t)
a partition, 0=t,<t, <---<f, =1, such that

max (t;—t; )=

1gigk

e

Then choose N so large that n=> N implies

max |2, () )< 5

For any such n it is clear that 4, (c, & ); if R, ()N I+@. This is enough to
guarantee the continuity of y, at é

To complete the proof of the lemma we show that either Case (i) or Case (ii)
must hold with probability 1 [P]. Thus it must be shown that with probability 1
sample paths coming arbitrarily close to a given open interval during [0, t], must
in fact have hit it. This result can be gotten from a general theorem about stopping
times for Hunt processes, but we give a direct proof.

Let ty=T;, 1w Then 1y increases to some limit 7. By the existence of left
limits along sample paths, t— exists almost surely and clearly then &(1—)=x
almost surely. The assertion of the last paragraph will follow if we can show that
the probability of a jump at the random time 7 is zero. But

1E(m)—E&(z—)>o

implies 5
lim inf sup |[&{ty + ) — E(Ty)| > =
Now t=5e 2

for ¢>0 by the right continuity of sample paths. Consequently, applying the
strong Markov property we obtain

0
Ellé(m)—E(z—)I>F]1=E [2? Ii(t)l>7] -0 as ¢—0,

again by the right continuity of sample paths. Therefore it indeed must be that

E[xeR,(&)]=E[xeR,(&)].

Foroa=1, B*[T >t]=1(see [10] for an elegant proof of this somewhat remarkable
property of the Cauchy process). It follows that y,=1 implies R,n [ =®.

If 1 <a<2, we still must prove that once an end point of an interval is hit the
interior must also be hit. This, however, follows immediately from another result
of Port [10] which states that for 1 <a <2

hmPy[T{x}_e] 1 for ¢>0. (3.9

This completes the proof of the lemma.
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Denote by A4, (y, x, ¢) the event
[R()NI(—y,e)+P; E()=x—y],
and by 4,(y, x) the event
[RON{—y}+P: {(H)=x—y].
Then Lemma (3.2) and Skorokhod’s theorem imply that

lim B, [4,( %, 8] =B L4, x.6)].

Also by (3.9) we have
lim B[ 4,00, %, 8] = B[,(y, x)].
Now define
AP, )=[R(O)NA,+d; E()<x—y].

We now show that
lim B, 4 (0, x)]=B[4,(5, %)].

In view of (3.10) and (3.11) it is enough to show
lim im {B, ,[4,(y, x, )] =B, ,[4"(, x)]} =0.

e—0 n— o0

(Note that A" (y, x)= A,(y, x, ¢) for large n.)
Suppose that we are able to show that

lim lim sup P*(T>en]=0,

-0 now |z|<eBy,

then
m Ez,n [At (y7 X, %) _Agn)(ya x)]
<ImPB ,[A,0,xe-A",x):; T, <n(l—¢)]
nooo 1(~»35)

+Tm R, [RE 1-a T (-0 5 ) <o)

Now if n is so large that
max {|x|: xeA} <&
B, =2

then

i A e
IZ!,nI:At (y’x’ 2) /lt (y9x)a T}(_y,g)

Consequently, by the assumed validity of (3.14) and by Lemma (3.2)

lz| £eBn

-0

<n(1—s)] < sup PY(T>en].

57

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

lig T B, [4,0%,0)— 4”0 ) <lim £ | R(E: 1 =5, )01 (-3, 5 +0].

Now an easy estimate using the existence for stable processes of a continuous
transition density p, satisfying the scalling property p,(t, x)=t"*p (1, xt /),
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.
fmpHes lim BLR(; 1~ 1) (-, 6)+2]=0.

It follows then that (3.13) is true. We have therefore reduced the proof of (3.12) to
showing (3.14). We require the following lemma.

Lemma (3.3). Let a(x) be the potential kernel of a recurrent random walk
belonging to the domain of attraction of a stable law of index o, 1 <« <2, then

(@) for l<a<2

o aLix) 2
m

—tw X1 m(l+h?) £,

where y(x)=1—F(x)+F(—x)=x"*L(x) for x>0 with L slowly varying, and

o
h=pftan 0
(ii) for a=2, 62 <0 a1
lim =—;
oo |X| O

(iii) for a=2,0%=0

lim

X © 2x

M jx (2dF()=1.

Proof. For 1 <a<2 it is not difficult to show that

1 T o1 eixt
= dt

ax) =52 _fn 1—()

By Theorem (1) of the Appendix of [2]
1-9¢ (_t) ¢

im

150+ (1) ¢ +e,

N\
l¢]

(1tih),

and so the proof is of an analytic nature much the same as the proof of 32.3 in
[14] and the details will be omitted.

For a=2, 02 <o we simply quote the results of Section 29 in [14].
Finally, for a=2, 6> = oo we have

a(x)+a(-x) 1 © l—cosxt
> = ) ioen

T

Again by Theorem (1) of the Appendix of [2]
1-9(1) 1

R

¢ | CdF(Q)

—1/t

and we omit the detailed estimates.
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It is shown in [7] that

P[T>n) 1,
P =t S ele 05, (315)

n

where ) v,(t)=1forn>1, and 3111010 v,(t)=0 for t+0.
Pr(;;gsition 29.4 in [14] states
(1) gx, )=ax)+a(—t)—alx—1)
(i) a(—t)—a(x—t)Za(—x).

From the representation in (3.15) and (ii) it follows that

P [T>n]<(a(x)+a(—x))r,;
and in particular

PEEI[T >en)<(a([e B,))+a(—[e B,]) rin™ K, (©). (3.16)
Combining Lemma (3.3) above and Lemma (2.1) of [1], we have for 1 <a<?2
and n=N(g)
o1 faTte
K.()<K B{en) 1~ (X ( n )) S g o oo
"SR B (2B !

where K is some absolute constant.
For a=2 we have the following estimate

& Bn B[sn]
[en]

K, (62K —5;
[ x*dF(x)

—¢eBy,

—-K'1/e as n-—-ow0,

since
lim — | x2dF(x)=1

2
1= ® Bn |x| £eBn

(see e.g. (1.22) and the subsequent comments in [1]). Thus, in each case we conclude
that

lim lim K, (¢)=0,

e—0 n'w
completing the verification of (3.14) and hence of (3.12) as well as the existence
and identification of the limit in (3.8). The uniformity of the convergence on
compact sets is proved by contradiction. If y,, y,, ... were a bounded sequence
such that y,—y and

B, , LA (v, x)] = B,[A4,(y,, X)]|>6>0,
then, either - 5
lim E,,[A2" (5, X) v 4,0 X)1 >, (3.17)
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or _ 5
lim B, LA, %)V A, X)]> - (3.18)
Defining
4,0)=[R,)n{—y}=*2]
AP =[R(E)NA,*+P],

a straightforward argument gives

B, (AP0, )V 4,0, 9] <P, [A” () v A0 +B,,[E0 - (x— YISy —y.[.

Now by (3.16) and the estimates following it

lim B, ,[A(y,) v 4,(5)]=0;
while

P <x] - B =)

H

as n— oo uniformly in x guarantees that
lim P, ,[16()—(x+y)|£|y~7,[1=0.

Thus (3.17) is impossible. A simple argument using (3.9) shows that (3.18) is
impossible as well.

Finally the continuity in y of P,JA(y, x)] is an immediate consequence of the
impossibility of (3.18).

This completes the proof of (3.5). Thus we have that for 1 <a<2, P, is a prob-
ability measure and we have identified its finite dimensional distributions. We
now dispense with the remaining cases.

Our assertions for ¢ =1 are largely a consequence of the fact that P*[T>t]=1
for every x. The assertion in (3.2) thus reduces to showing

lim P, ,=P,.
We proceed as in the case a>1.
First we note that

%t x+y, é):{(l) if &B)Sx+y

otherwise

is almost surely J,-continuous, so Skorokhod’s theorem applies and

im h,(t;, y; 1, x) =B [E(t, — ) =x]. (3.19)

H— O

Finally PP[£(f)<x] is continuous in y, so all that remains to be shown in
order to justify the use of Lemma (3.1) is the uniformity of the convergence in
(3.19) for y on compact sets. For this it suffices to show that if y, — y as n— oo, then

lim B, [T;,,,<1]=0. (3.20)
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However, by Lemma (3.2)
hml"1 LT, }St]<hmP1 AT 0=t]=P[T, ,St1>0 as e¢—0

since B
BlyeR]=HlyeR]=0.

This proves (3.20) and therefore that 11mP1 ,=F,. We have already remarked
that lim P, ,=F,.

H— O

For a=2and y>0 we have by the sample path continuity of Brownian motion,

P[E(tedx; T>1]=PB[E(t)edx; min £()>0]

(oo [ 52 ew [ 5

for x>0.

This last evaluation is a well-known result for Brownian motion which we simply
quote (see e.g. 1.7 in Ito-McKean [6]). The expression given in the statement of
the theorem for p, the transition density of P,, follows easily.

For the identification of the limit process we follow an approach of Ito and
McKean in their treatment of Brownian excursions (see 2.9 in [6]). Let X (¢) for
t>0 be a standard Brownian motion and define 7, 1, 4, &(t), s, and e(¢) as in the
statement of Theorem (3.1). Letting C,(RY) denote the continuous real-valued

N

functions on || R, which vanish at infinity (are zero outside some compact set),
we choose =1

(1) ;e Co(RY) and define f; (&)= (8(t,), ..., &(ty)) for some fixed choice of
O<ti<-- <ty=1:

(2) f,€Cy(R,), with f, vanishing in some neighborhood of the origin.

(3) f; an arbitrary real-valued function on {—1, 1}.

Also let
1 (x—y)? (x+p)?
g(t,x,y):m (exp[— 5 ]—exp[~ T ]) for xy>0, 0<t=1
g(t, x,y)=0 otherwise;
and

p5(0,0;1t, x)— exp( xi) N (7%—__7) for x>0

g(fz‘fl’xlf"z)N(intZ)/ (1/141)

for x,,x,>0, 0<f; <, =1

i)(tlaxl; tzaxz):

0 otherwise.
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We compute E[f, (&) f,(4) f5(s)] (the functions &(t)), ..., &(ty), 4, and s are
Borel measurable on the Brownian paths).

E[£,(®) f,(4) f3(5)]

X(t.i2-" _i9-n mn o
—hmZE[ﬁ(1 (127 =27 [X(tyi2 "+ —i2 ))\)
P i=0 ]/IE__” [
i i i+1
1> (y) f3(sX(r0)); ?<A gT]

[ i+1 i
eda; X(t)=0 for some ?<To—t§—zr] £ (?)

i i i
. jg (t1~27,a, xl) g ((tz—tl)-ﬁ,xl,xz) ...g ((IN—tN_I)?—,xNhl,xN)

RY
.f‘( | )dx dx, ...dx jg(1—¢) x b)db
1 ]/ﬁ__n, ]/I_F 1 2" N N 2n’ N>

Replacing x, by |/ Ly, for 1£k<N, we obtain
k o k

3 LA(=D+f(+1)]
- lim i ;OP [lX (To_’zi_n)

o0 i_0 0

eda; X(t)=0 for some—217<ro 2,, ]f2< )

fg (2n » 4, b) db § p(0,0; 1y, %) P(tg, X; 585, X5) . Pty 1, Xy 13 Ens Xy)
0 RY
i
i, LX) Y (v27,a, xl) dx,;dx,...dxy,

) TR TERN PTRE

i
V(_nva:x1>— 0 .
2 5(0,0;t,,x, §g(2,,,,)

0
)y e )
2 12"' N( a ) 2t1i2_n

i2="

h
with R(x)= sin ol

It is easily verified that

hn})y(zln,a,xl):l uniformly in é}—>8>0 and x;=K<oco.
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Thus, since f; was assumed to vanish outside some compact set in RY, and f,
outside a compact in R, we conclude:

E[fi(®) f,(4) f5(s)]
_ 1 i i
=5 [f(= 1)+ £ (+ 1] lim 5 fPH (zo__)

eda;
i=®5_0 0 2

. 1
X(t)=0 for some El;<ro—t§ l; ]
(3.21)

Ofg(zl a, )dbfz( ) jp(oo b X)) Bty X153t Xg) -

Pty Xy_ g5 by X S04 ...,xN)a!x1 ~.dxy

=3 [A(=D+1(+ D1 EL£,(4)] if’(oaoé LX) Ploy, xy5 L5, X5) - o+
Py 1> Xy_ys by X)) J1(Xy, oo Xp) dxq . dxy.

This shows that s is a standard coin tossing game which is independent of
&(t), and that the latter is a Markov process with transition density p. From this
it follows that e(r) is a Markov process with the transition density p given in the
statement of Theorem (3.1).

This completes the proof of the convergence of the finite dimensional distribu-
tions of E,,n to the correct limits for 1 <o <2 and thus the proof of Theorem (3.1).

We conclude with several remarks.

4. Remarks

The question arises with regard to Theorem (3.1) whether the choice of the
family of right continuous step functions as the support of the measures P . Was
really essential to the proof. In  particular suppose we had defined sequences of
probability measures I7, , and H » by assigning the probabilities in (2.6) and (2.7)
respectively, to the polygonal hne segment ¢ with vertices at k/n, k=0,1,..., n
such that £(0)=0 and ¢ (k/n)=x, for 1 <k<n. Then, having already demonstrated
the convergence of the finite dimensional distributions of the B, to those of the
f’a, it is an easy matter to show that the finite dimensional distributions of the
11, , must have the same limits. However, one finds that for 1 <a <2 condition (1i)
of Skorokhod’s theorem must fail. One way to see this is to note that the almost
surely [P] J,-continuous functional K, for >0 defined by

K, (£)=the number of jumps of ¢ of magnitude exceeding ¢,

fails to satisfy the conclusion of Skorokhod’s theorem since the sample paths of
the P, processes almost surely have j jumps greater than e.

For o=2, however, condition (ii) is satisfied, and in view of the remark im-
mediately following the statement of Skorokhod’s theorem, we see that with
respect to the 172’,, and P, the conclusion of Theorem (3.1) holds for functionals
on C[0, 1] continuous almost surely in the topology of uniform convergence.
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