Zeitschrift fiir

Z. Wahrscheinlichkeitstheorie verw. Gebiete Wahrscheinlichkeitstheorie
41,1-11(1977) und verwandte Gebiete

© by Springer-Verlag 1977

A Central Limit Theorem for Empirical Histograms

D.A. Freedman*
Statistics Department, University of California, Berkeley, California 94720, USA

1. Introduction

The central limit theorem is often used heuristically to justify the approximation
of histograms for data by the normal curve. This argument can be made precise
through the following model. There is some basic random variable X. Take the
sum of n independent copies of X, and then take k independent copies of this
sum: the data is considered as the sequence of observed values of these sums.
Provided X is well-behaved, n is large, and k is large in relation to n, this model
rigorously justifies the use of the curve to approximate the histogram for the
data. The object is to explore this idea in detail.

Let X,,X,,... be independent, identically distributed random variables.
Suppose the X; are integer-valued, and have period 1:

gcd. {m: P(X;=m)>0}=1.

Suppose also E|X3}|< . Let S,=X, +---+X,. Take k independent copies of
S,, and let H, , be their empirical histogram, but rescaled by the mean and
standard deviation of S,. If k increases rapidly enough, H, , should tend to the
normal curve. What is the critical rate of increase for k? To begin with, S, has of
order n* values in the centér of its distribution, and there must be a large
number of observations at each of these values, so k/n*— oo is a natural guess
for the critical rate. However, this turns out to be a bit too slow: the right
condition is that k/n* log n— co.

(1) Theorem. If k and n approach infinity in such a way that k/(n*logn)— o,
then H, , converges uniformly to the normal curve, in probability.

(2) Proposition. If k/n*— oo but k=0(n* logn), then H, , converges to the normal
curve pointwise but not uniformly, in probability.

(3) Proposition. If k=0(n?), then H,, does not even converge pointwise to the
normal curve, in probability.
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To state a more precise estimate, let
u=E(X,) and o¢*=VarX,.

Let N; be the number of copies of §, which equal j. So N; depends also on n and
k. And H, ;(x)=0n*Nj/k for x in the interval

@) (-z—npjont <x<(j+3—np)on’.

Let H, be the probability histogram for §,, rescaled to have mean 0 and
variance 1. Thus, H,(x)=cn?P(S,=/) for x in the interval (4).
Theorem (1) follows from the sharper result.

(5) Theorem. If k/(n*logn)— oo, then
max(H, ,— H,)/(n* log n/k)* >c*(271)" %,
min(H, ;. — H,)/(n? log n/k)* - —o*(27) ™.

The convergence is in probability. The max and min are taken over the whole
line (— o0, 00).

Theorem (5) will be proved in Section 3, after some preliminaries are dealt
with in Section 2. Proposition (2) can be sharpened in a similar way, and this will
be done in Section 4, where Proposition (3) will also be established.

2. Some Lemmas

First, some results on the binomial distribution. Let N be binomial with
parameters k and p, where 0 <p< 1. Both are varying.

(6) Lemma. Let u>0. Then
P{N>kp(l+u)} <exp{— g(u)kp},
where
gw)=(1+u)log(l +u)—u.
This function of u is convex and strictly increasing, For all positive u,
W /(1 +u) <g(u)<3u’.
In particular,
P{N>kp+m}<exp{—im?*/(kp+m)}.

The main inequality is well known. For a proof in a general martingale context,
see [2]. The behavior of g is easily checked.

() Lemma. Fix £>0. There is a positive 0 such that for all positive integers a, b,
k satisfying

a>1/8, b>1/8, k>1/8, a+b<dk, b<dlk—a—b)*
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the ratio P(N=a+b)/P(N=a) is bounded between (1 +¢) times

il oo 6 G

Proof. By Stirling’s formula, the ratio of the two probabilities is asymptotic to

<kﬁ;ib)%‘ (aib)%' (a+a;)“+b (k —(ka_—ab);ck_—aa—b' (1 f p)b‘

Since b/(k—a) is small, the first factor is essentially one. Next

(k—a k—a
(k—a—by—=b

k—a—b
) ~(k—a)eb,

b
(e — A\
=(k—a) (1+k—a—b

because b?/(k—a—b) is small. Then

(a+by*? P18, a’’
The lemma follows by collecting factors.

(8) Corollary. Fix £>0. There is 6 >0 such that
p<6, kp>1/6, m<dkt, m<dkp

imply
P(N>kp+m)>(1—e)(kp/2n)*m~texp{—im?/kp}.

Proof. Use Lemma (7), with a the least integer above kp, and b running through
the integers between m and 2m. Clearly, m=o(kp) makes a/(a+b) and
[(k —a)p
a(l—p)
g(b/a)<%b?/a® by (6), so eventually —g(b/a)a= —Sb*/kp.
As usuval, P(N=a)~(2nkp)~ 3%, which eventually exceeds (1 —%¢) 2nkp) .
From then on, P(N =a+b) exceeds

b
] both tend to 1, uniformly for b in the range m to 2m. And

(1-%¢)2nkp)~*exp{~1b°/kp}.
The sum of this expression for integer b’s between m and 2m can be bounded

below by

(1-1e)2rkp)~* ij exp{—3u?/kp}du.

m+2

By the usual manipulations, this can in turn be bounded below by
(1 —e)(kp/2m)yfm~texp{—3m*/kp}.

Here is another corollary of (7).
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(9) Corollary. Fix u>0. For any ¢>0, there is a 6 >0 such that
p<d, kp>1/8, kip<é

imply
P{N>kp(l+u)}>exp{—(1+e)g(u)kp}.

Proof. Since k*p is small, Lemma (7) can be used, with a the least integer
exceeding kp, and b the least integer exceeding kpu. This time, a/(a+b)—
1/(1+uw).

Let a=kp+0, so

(2] - (o)

This has lim inf>e~? > 1/e. Finally

g (%) a~g(u)kp.

ES

The constants and the factor (kp)~* can be absorbed by exp{—eg(u) k p}.
Now another topic.

(10) Lemma. Let X, X,,... be independent and identically distributed, taking
the values {1,2,3}. Fix k. Let N, be the number of {Xy, ..., X,} equal to i. Then

P{N,>ny and N,>n,} SP{N,>n;} - P{N,>n,}.

Proof. Let p(i)=P(X,;=i). Given N,=m, N, is distributed like a binomial
random variable with parameters k—m and p(1)/[p(1)+p(3)]. So f(m=
P(N; >n,|N, =m) decreases as m increases. Let g, = P(N,=m) and g =P(N, >n,).
Clearly,

1 1

na+1

Rearranging,

Sz Y g (1)

ny+1
or
k k
Y SM) gnz Y fm) qu/q.
0 ny+1
That 1s,

P(N; >n)Z P{N, >n,|N,>n,}.

The next fact is the local central limit theorem recorded here for ease of
reference. Recall that X, X ,, ... are independent, identically distributed, integer-
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valued, aperiodic, p=E(X,), 0?=Var X,, and E[X}| < oo. The local central limit
theorem states:

(11 n%P(s,,=j)=a—1(zn)-%exp[—19%"“—)2]

5 +0(n?%), uniformly in j.

In particular

(12) If £>0, then n*max P(S,=j)<(l+¢)/o(2n)* eventually.
j

(13) Let C,(8)={j: [j—nu|<Oant}.
(14) Fix ¢>0. For sufficiently small 8, for all large n,

n* min P(S,=j)>(1—&)/o 2.
JjeCn(0)

3. The Proof of the Main Theorem

For a moment, keep n fixed. There are k independent copies of S,,. Recall that N;
is the number of these copies equal to j. After rescaling, the discrepancy H, ;(x)
— H,(x) between the empirical histogram and the probability histogram can be
expressed as

o n%(N] —kpy/k, p;=p(S,=))
for x in the interval (4). This discrepancy exceeds o y[(n* log n/k]* when
N;>kp;+ y[(klogn)/n*]%
Let A;=A;(n, y) be the event that this inequality is satisfied. Here, y>0.
(15) Lemma. Let T, be the set of j with |j—nu|>o(nlogn)®. Let B,=|) {4;:
jeT.}. Then P(B,)—0, for each y. J
Proof. Clearly, E(N)=kp; and Var N;<kp;. By Cebysev’s inequality,

1 nZ
P(Aj)éyT

So

lognpj'

1

Z

1
P(BIS ©p(S,ET;).

logn
But the Berry-Eseen bound [1, p. 542] shows

P(S,eT)~n %
So
P(B,)=0(1/logn)— 0.

(16) Lemma. Suppose k/(n*logn)—co. Let y=(1+&)6~*(2r)~* for some £>0.
Define T, as in (15). Let D, =) {4;: j¢T,}. Then P(D,)—0.
7
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Proof. Lemma (6) implies

P(Aj)=exp [—%yz(log n)/(n? p; + Gn)]
where

0,=y[n*(logn)/k]* - 0.
Lemma (12) implies

nip;<ot(2m) " +o(l)  for all .
For large enough n,

0,+np;S(l+eo '(2n)"* forallj
and then

P(A)Sexp[—3(1+e)logn]=n*1+2,

1
Z

But the number of j’s not in T, is only 2a(nlogn), so
P(B,)=0{[(logn)*/n**1—0.
By combining (15) and (16):
(17) Corollary. Suppose k/n*logn—oco. Let £>0. Then
P{max(H, ,—H,)>(1+¢&)o*(2n)~*[n*(log n)/k]} - 0.

In a similar way, under the same conditions one proves

(18) P{min(H, ,—H,)< —(1+2) o*(2m)~* [n* (log n)/k]} ~O.

D.A. Freedman

This proves half of theorem (5). The proof of the other half begins with

(19) Lemma. Suppose k/n* log n—co. Let 0>0 and let C,(0)={j: |j—npul<6n*},

as in {13).
Fix ¢>0. Let y=(1 —¢) o~ %(2n)~ %, Then

Y {P(4): jeC,(B)} —c0.

Proof. Since j is confined to C,(6), Lemma (8) can be used with m= y(k log n/n*)%
(The relationship (11) can be used to verify this, from the condition k/n* log n—c0)

For large enough n,
P(4)209Q2n)~*y~*(n* py/log n)* exp[ — 5 y* log n/(n* p))].
Now use (14). For sufficiently small 0, for all large n,
nip;>(1—e)o~'2m~* forallj.
Then
—y*/(n* p)>(1—2)
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and
P(A)=K(logn) ¥ p= 19

for all je C,(0). Here, K is a positive constant, and 6 must be small. Still, C,(0)
contains 20 »* indices j, so

S {P(4)): jeCy(0)} 220K (logn)~* n** - 0.
J

Plainly, this last holds for any 6.
(20) Proposition. Suppose k/n* logn—co. Fix ¢>0. Then
P{max(H, ,—H,)>(1—¢) o*(2n)~*[n*(logn)/k]} > 1.
Proof. Use the notation of (19). It is enough to prove that
U {452 jeC,(0))

has probability near 1. Here, y=(1—¢)o~*(27)~*, and 6 is small. Confine j to
C,(0). Let

X:ZIAJ"
Jj

What (19) says that E(X)—oo. The problem is to conclude that P(X >0)— 1.
Now

X 2 z 1Aj 2 1Aj 1A’.
7 Fo
SO

E(X%)=E(X)+ Y. P(4;n 4;).
J®J
Lemma (10) shows
P(A;n A;) SP(A) - P(4;).
So
E(X*)SEX)+ ) P(4;)- P(4;)
JFF
SEX)+[Y P(A4)]1°
J
=E(X)+[E(X)]~
That is, Var X <E(X). By Cebysev’s inequality

P(X £0)<Var X/[E(X)]?
<1/E(X)—0.

In a similar way, under the same conditions one proves

(21) P{min(H, ,—H,) < —(1—g) o*(2n)~* [n*(log n)/k]} — 1.
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Theorem (5) follows by combining (17) and (20) for the first assertion, (18)
and (21) for the second.

4. The Case k~n?logn

(22) Theorem. Suppose k/n* logn— A, a finite positive constant. Then
max(H, ,— H,)/(n* log n/k)*

converges in probability to the number c(J), which exceeds ¢*(27)~*. The number
c¢(4) depends monotonically on A; as A tends to 0 it goes to oo, as A goes to infinity
it goes to 6*(2m)~*. In fact, let u(2) be the unique solution to the equation

gw)=30(2m)*/2
where g(u) was defined by (6) as
I+ u)log(1+u)—u.
Then c(A)=(A/27)* u(4).
Note. max(H, ,—H,) is therefore tending to u()/(2n)%.

There is a similar result for the min, with —c(4) in place of c(4).
First, the analysis.

(23) Lemma. Let 0<1< 0. There is a unique solution u(l) to the equation
gu)=302m)/1.
Let ¢(2)=(4/2m)* u(1). Then c is monotone decreasing, c(0+)=00, c(c0)=0*(27)*.

Proof. The function g is continuous and strictly increasing, from 0 at 0 to o at
00. So u(A) is well defined. Since the right side of the equation is monotone in 4,
so is u(4), and u(0+)=o0. Since g(u)~Lu? for small u, if 1 is large then u() is
asymptotic to the solution of

W)X QrE/E  as A—oo.
So
c(A)—>o*(2n)" %  as A—co.

(24) Lemma. Suppose the conditions and notations of (22). Let e¢>0. Let
u=(1+¢&) u(l). As in (15), define T, as the set of j with |j—nu|>a(nlogn)®. Let

A;={N>kp;+uko™*(2nn) *}.
Let D, be the union of A; for j¢T,. Then P(D,)— 0.
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Proof. Let wy=uc~'2nn)~*p; . So A;={N,>kp;(1+u)} and (6) implies

P(Aj)§eXP[_g(”j) kpj]'
But
g(”j)

kuoc='Q2mn)~*
u;

g(w) kp;=

Now (12) implies that for large enough n,
u;>uf(1+¢) for all j.
Since g is convex

g(w)/u;>g[u/(1+¢))/[u/(1+e¢)]
=g[u(A)]/u(l).
So
gu) kp,>1+e) g[u(A)] ko™ 'Qrn)~*
>(1+3¢) g(A) Ao~ (2m) *logn

=1(1+4¢)logn.
Thus

P(Dn)<0(n log Vl)%n’%“ +%8)—>O_
Since

uko ™ 12nn) " *~ulogn
and
y(klogn/n*)* ~ylogn,

Lemma (15) shows P(B,)— 0 for any u, where B, is the union of 4; for jeT,.

(25) Corollary. With the conditions and notation of (22), for any £>0,
max(H, ,— H,)/(n* logn/ky* <(1+¢) c(4)

with probability tending to one.
In the other direction,

(26) Proposition. With the conditions and notation of (22), for any >0,

* max(H, ,— H,)/(n* log n/k)} > (1 — &) c()

with probability tending to one.

Proof. Define C,(0)={j: |j—np|<0On?}, as in (13), with 6 small and positive.
Define 4; as in (24). Let u=(1 —e¢) u{4). Then

(27) Y. {P(4): je C,(0)} - c0.

Indeed, corollary (9) may be used for all je C,(f): since p;~n~*%, kp; gets
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large and k* p; gets small. (This can be made rigorous using (12) and (14).) Fix
¢ >0. Eventually,

P(A4)Zexp[ ~(1+¢) g(u) kp;].
For some &¢* >0, which depends on ¢,
g(w)=(1—¢*)302m)?*/1.
Eventually,
k<(1+¢)An*logn,
max p;<(1+¢) n~*e"l(2m) "t
So J
P(A)zexp[—(1—¢*) (1+¢) slogn].

Choose ¢ so small that (1—e&*)(1+¢)°<1—3¢* Then P(4)zn ***, so the
sum in (27) is of order n*"’4,
The proof is completed as in (19).

(28) Lemma. Suppose k/n?logn—0 but k/n*—co. Then max(H, ,—H,)— oo in
probability.

Proof. Fix u>0. Arguing as in (26), for any positive ¢, eventually
P(A)zexp[—(1+¢*) g(w) kp;l,
pi<o(l+en *e='Q2m) %
k<len®logn
so that for all je C,(6),
P(A))zexp[—q(u, &) logn]
where
q(u, &)=e(1+¢)* g(w) o~ 1(2m)~ %

Choose ¢ so small that g(u, §) <4. Then the sum in (27) becomes infinite, and the
argument for (19) shows

P( ) 4)—1.

jeCnl(0)
This shows that
max(H, ,—H,)>u/Q2n)*
with probability near one. Since u can be arbitrarily large, the results follows.

The Proof of (2). Theorem (22) and Lemma (28) show that max(H, ,—H,) tends
in probability to a positive constant or + co, preventing H, , from converging
uniformly to the normal curve.
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For pointwise convergence, note that
n*(N,—k p;)/k

has mean 0 and variance n p;(1 —p;)/k~n*/k.

4. The Case k=0(n?)

To begin with, suppose k/n* — 2, a finite positive number. Fix x, a real number.
Then

Hn,k(x)_Hn(x)‘_‘o-n%(]\/}‘kpj)/k

where
(j—np)font—x.

Now N; is binomial with parameters k and p;, and (11) shows that k p; tends to
0,=Aio"12n) Texp(—x?/2).

So N; converges in distribution to N, which is Poisson with parameter 6., and
H, ,(x)—H,(x) is distributed like

(0/4) (N, —0,).

(Asymptotically, the N,’s are mutually independent. This is a bit surprising,
for ¢ independent variables are involved. As a result, it is easy to see that

max(H, ,—H,— oo In probability.)
Now suppose k/n* —0. The same argument shows that P(N;=0)—1, s0
H,,,(x)~ H,(x) > —(2m)~* exp(—x?/2)

in probability.
Combining these results proves (3).
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