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Summary. Two-sided bounds are derived for nonuniform rates of conver-
gence in the central limit theorem, and are applied to solve several prob-
lems on rates of convergence in nonuniform metrics. In particular, an ex-
pression for the fastest rate of convergence is obtained, and rates of conver-
gence using different norming constants are compared. A useful estimate of
the rate of convergence in the (1+|x|>*%-metric is derived, which does not
require the assumption of (2+¢)'th order moments.

1. Introduction and Summary

One of our purposes in this paper is to solve three problems concerning non-
uniform rates of convergence in the central limit theorem:

(i) What is the optimal rate of convergence in the central limit theorem in
a nonuniform metric, and with what norming constants is this rate achieved?

(ii) In what way does the rate of convergence depend on the norming con-
stants?

(iii) Is it possible to provide a useful estimate of the rate of convergence in
the metric, ||f—gll= sup (14+|x]>"9|f(x)—g(x)|, without assuming the

—0 <X

existence of (24 ¢)'th order moments?

We shall answer these questions by deriving two-sided bounds for nonuni-
form rates of convergence. Before we consider the solutions, let us briefly de-
scribe the motivation behind problems (i)~(iii). We shall assume that
X.X,,X,,... are independent and identically distributed random variables with

n
zero mean and unit variance, and set S, ZX We let ¢ denote the standard
normal distribution function.

Many results on nonuniform rates of convergence consist of showing that
descriptions of uniform rates may be applied directly to nonuniform rates. For
example, Berry [2] and Esséen [5] demonstrated that for an absolute constant
G,
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sup  |P(S,=n*x)—P(x)| S Cn~FE|X, |,

—0 <X X

and Nagaev [17] derived the analogous nonuniform estimate,

sup  (1+[xI%)P(S, Sntx)— @(x) < Cn*E|X, .
(See van Beek [1] and Michel [16] for values of the constants C.) As a second
example, Heyde [11] proved that the two conditions,

Z n——l—l—a/2 Sup |P(Sn§n%x)—¢(x)|<w
n=1

—00<X< 00

and E|X|>*"°< o, are equivalent whenever 0<d<1, while Maejima [13]
showed that they are also equivalent to the nonuniform constraint,

[e9)
Y onm1+2 sup  (1+x2)|P(S,<ntx)—d(x)| < 0.
n=1

—RCX<0

By obtaining upper and lower bounds for nonuniform rates of convergence, we
are able to predict conditions under which nonuniform rates differ from uni-
form rates, as well as conditions under which they are the same. In particular,
it is possible to compare optimal rates of convergence in uniform and nonuni-
form metrics. Much of the literature on nonuniform rates of convergence con-
centrates on upper bounds; see for example [3-6, 12-15, 18, 19].

Define the minimum distance in a nonuniform metric by

4, (@)= inf sup  (1+[x[9|P(S,Zcx+d)—(x),

¢>0,d —oo<x<00

where ¢ >0. It is known that when «=0 (the uniform case), this distance func-
tion is of precise order

8, =nP(X|>n®)+n " E{X*I(X|<n®)} +n ¥ E{X°I(X| <nP)}),

up to terms of order n~%. That is, the ratio (4,, +n~%)/(5,,+n %) is bounded
away from zero and infinity as n—oo; see [8, 20, 21]. A corollary of Theo-
rem 1 in the next section is that when a>0, 4,,(x) is of precise order

Suy(@)=n{supx*P(X|>n¥x)} +n~ ' E{X*I( X|<n*)}
xz1
+nTHE{XCI( X | Sn¥),

up to terms of order n~*(logn)’, where p=max(0,«/2—1). This rate of conver-
gence is achieved with the norming constants c=n?*¢, and d=nv,, where

oa=E{X’I(X|<n%)} and v,=E{XI(X|<n?)}.

These results provide an answer to the first question posed in the introductory
paragraph. They substantially improve upon earlier results derived in [9], in
which attention was confined entirely to the less interesting case o <2, and
where optimal rates of convergence in nonuniform metrics were not consid-
ered.
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We shall also investigate rates of convergence using the classical norming
sequences, in which the scale and location constants are taken as ¢=n?% and d
=0, respectively. This leads to an interesting and unexpected conclusion: If
o>2 then the rate of convergence of the nonuniform estimate,

Aesepd)= sup  (L+]x[)PES,Ze,x+d,)— B, (L.1)
is not improved by replacing the classical norming constants (c,, d,)=(n*,0) by
the “optimal” pair, (c,,d,)=(n*s,,v,), up to terms of order n~*(logn)’. On the
other hand, in the case a2, an improvement can be achieved. In this way we
may derive an answer to question (ii). The results of our main theorems can be
applied to obtain characterisations of rates of convergence in nonuniform met-
rics, for instance of the type derived by Heyde [11]. An example is given in
Sect. 2.

Note that §, (o) is finite and converges to zero for many distributions with
infinite o’'th moments. In particular, if P(|X]>x)~const. x~* for large values of
x, where 2 <o <3, then we may deduce from Theorems 1 and 2 below that

Cin' 2 <A, ()4, (a;n%,0)S Cynt —42

for positive constants C, and C,. Since the random variable |X| does not have
finite o’th moment, many classical estimates of the size of 4,(x;n?,0) (see for
example Bikyalis [4]) provide only an infinite upper bound. Our bounds to
rates of convergence allow us to give a positive answer to the third question
posed in the introduction.

The techniques used during our proofs involve two stages: we derive an
estimate for one-sided large deviation probabilities (see Theorem 3), and then
we apply a leading term approach to rates of convergence, developed in
[9, 10]. We have tried to keep our notation close to that of [9]. It is possible
to derive very similar results for rates of convergence in local limit theorems,
and for rates of convergence in Chebyshev-Edgeworth-Cramér expansions.

2. Results

The notation introduced in Sect. 1 will be assumed throughout. Note in partic-
ular the definition of A, (x;c,,d,) at (1.1). Our first result describes rates of

n’ n

convergence using “optimal” norming constants.

Theorem 1. Let f=max(0,0/2—1). Then for all =0,

Ayl 1% 6, nv,)=0{5,,(®)+n " *(logn)’} (2.1)
as n—oo, and
liminf{A4,  (x)+n~*(logn)y*}/5, (o) >0, (2.2)

provided only that the ratio oo/co is interpreted as unity.
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The next result describes rates of convergence using the classical norming
constants, ¢,=n* and d,=0. We define

5,0)=E{X?I(X|>nH} +n~ E{X*I(X|<n¥)} +n~HE{XI(X| 0}
for 0=0<2, and J,(o)=4,,() for «>2.

Theorem 2. For all =0, the ratio
{4,(e; n,0)+n"*(logn)}/{6,(@) +n~*(log n)’}

is bounded away from zero and infinity as n— oo, provided only that the ratio
/o0 is interpreted as unity.

Remarks. (i) It is easily proved that for any a>2,
0,1 (0)=0,(0)= {{a —2)/x} 6,(0).

(i) If X has a lattice distribution, or if the distribution of X satisfies
Cramér’s condition, limsup |E(e''™)| <1, then the constant B appearing in Theo-

|t|—»oo

rems 1 and 2 can be replaced by zero. In this case, the ratios
{4,1@+n"/(5, )+ and {4,000+ H/(5, ) +n )

are both bounded away from zero and infinity as n—oo. This sharpening can
be accomplished after relatively minor modifications to the proofs given in
Sect. 3, and using Theorems 4.2 and 4.3, pages 162-164 of [9]. Distributions
which are neither lattice nor satisfy Cramér’s condition are encountered very
infrequently in practice.

(iii) As an application of Theorem 2, let us derive necessary and sufficient
conditions for convergence of the series,

S nmtE2 A (a;n%,0), (2.3)
n=1

in which we take 6¢(0,1). It follows from results of Heyde [11] that a neces-
sary condition for convergence is E|X|*%< oo, and that this constraint is suf-
ficient when o=0. Macjima [13] showed that the condition is also sufficient in
the case 0<a<2. Now suppose a>2, and E|X|?>*?< 0. We may deduce from
Theorem 2 that the series in (2.3) will converge if and only if

Y n?? {sup x*P(|X|>n*x)} < o0,
n=1 xz1

and by making an integral approximation to the series we see that this con-
dition is equivalent to

J w1 {sup x* P(|X]>x)} du < 0. (2.4
1

xZu
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If the function x*P(|X|>x) is finite and nonincreasing for x=x,, or if <2
+6, then condition (2.4) is equivalent to E|X|**°<cc. However, if a=2+3
then there exist distributions for which E|[X|*"°< o0 but condition (2.4) fails.
To see this, let Y be a discrete random variable with atoms at the points 2%,
nz1, and distribution given by

P(Y22")=2%/2""p?  nxl.

Set c2=E(Y?), let |X| have the distribution of Y/c, and let X be symmetric.
Then E |[X|*< oo, and if 2" <cx <20+ 1%

c*supu’ P(| X|>u)=sup u*P(Y>u)

HZX uZcx

;2atn+1)2 P(Y;2<"+1>2)=2a/(n+1)2,
Hence if 0 <u,<2/c,

¢ fut™ = {supx*P(|X|>x)} du

Up

00 2(n+1)2/c
222y (n+1)7* | wldu=oo.
n=1 2"2/5

In summary, the conditions
X .
Y n=t2 4 (o;n%,0) and E|X|]P*P< oo
n=1

are equivalent for 0Za<2-4, but not for «=2+49. Similar results may be
obtained in the case 6=0, and for alternative characterisations of rates of con-
vergence.

(iv) It was shown in [9, Examples 3.4.4 and 3.4.5, pages 134-142] that, even
when « <2, 6,;(0) can be negligible in comparison with d,, (), and 8, («) can be
negligible in comparison with 0,(2).

We conclude with a new result on one-sided large deviation probabilities,
which is used as a lemma in our proofs, but which seems to be of independent
interest. This result is related to Theorem 2 of Michel [15].

Theorem 3. Suppose E(X T)*™°< w0 for some 6>0. Given k>1 we may choose
constants C, & and 1>0 such that

P(S,>n*x)<nP(X >nfex)+ Clnx)~*

whenever x> (4logn).

3. Proofs

Throughout the proofs the symbol C denotes a generic positive constant.

Proof of Theorem 3. Observe that for any 0<é<n<1 and z>n"*,
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P(Sn>2n%z)§nP(X>n%nz)+P{Z Xl.I(Xign%nz)>2n%z}
1
§nP(X>n3nz)+P{ZXiI(Xi§§n%)>n%z}
1

—I—P{ZXiI(én%<Xi§n%nz)>n%z}. (3.1)
1

Let Y, Y,,...,Y be independent and identically distributed random variables
with esssup Y=y< oo, and finite variance. Then

P (i Yi>n%z) <Y exp(—tniz) (3.2)

for any t>0, where Yy =E exp(tY). Now,
exp(tY)=1+tY+1Y)? +1(, Y),

where r(t, Y)<0 if Y0, and 0<r(t, Y)SE(Y)? exp(ty) almost surely if Y>0.
Therefore

W1+ tEY|+162 E(Y?) 4163 E{Y>I(Y>0)} exp(ty)
<exp[t|EY|+32 E(Y?)+11° E{Y?I(Y>0)} exp(ty)]. (3.3)

We first take Y=XI(X <¢én%) and t=n"*0, where >0, and observe that

Consequently

Y <exp[HE~' E{X2I(X >Ent)} +10%+ 05047, (3.4)

where A=n"*E{X?I(0<X<&n?)}. Let p be a large positive constant. If
1<zZ2plogn then we take 8=z. Since

E{X2IX>én)) +nt E{X3I0<X <én))=0(n*?) (3.5)
under the condition E(X *)?*%< oo, then provided ¢ is so small that 2&p<§/2,

O E{X?I(X >¢En)} +10%+0%e24
<1224 0{n"%2+2%(logn)®} <52+ C.

We may now deduce from (3.2) and (3.4) that
P{ZXiI(Xi§{n%)>n%z}§ Ce=?"2,
1

If z>(Alogn)* and 1 is sufficiently large, this implies that

P{iXiI(Xigén%)>n%z}§ C(nz)™" (3.6)
T

When z>2plogn we take 0=p(logz—log A4). Since —log A<ilogn+ C for
large n then
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EUE{XPI(X > Enf)) +10+ 6720
<iplogz+iplogn+2p?{(logz)*+(logA)*} A*~¢z%° + C

1
<37,

provided n is large and & is so small that £p< 1. Therefore by (3.2) and (3.4),
P{ZXiI(Xi§§n5)>néz}ge_ez/zz(d/z)‘“/z.
1

Therefore (3.6) also holds in this case.
Next we take Y=XI(¢(n*<X <yn®z) and t=(n*z)"10 in (3.3), [rom which
we deduce that

Yr<exp{(TPz7 1043812720 A5z 0% ), (3.7)

where on this occasion, 4=n"* E{X3I(én* <X <nyn*z)}. Let = p(log z—log 4)
and observe that for any r>0,

277 AL Cz7"{(logz) +|log 4"} 4
and
27307 A< Cz73 {(log 2)° + |log A3} A ~1e 7%,

Provided # is chosen so small that yp <1, both these quantities are bounded
uniformly in z>(logn)* and large n. In this case "< C, and so by (3.2) and
(3.7),

P X I(¢nf <X, Syn*z)>n*z} < Ce = C(4/z)~".

i
2

Therefore if z>(logn)* and p is sufficiently large, we may deduce via (3.5) that
P{ZXiI(fn%<Xi§;1n%)>n%z}§ C(nz)™"
1

Theorem 3 follows on combining this result with (3.1) and (3.6).

Proof of Theorem 1. In the case 0o <2, the upper bound (2.1) follows from
Theorems 3.2 and 3.5, pages 89-90 and 121-122 of [9]. Therefore we may
confine attention to the case a>2. In this situation we may assume that
E|X]**°< oo for some §>0, for otherwise both 4,,(x) and §,,(x) are infinite,
and the result is trivial. When E|X|?*%< o0, we have

E{X?I(X|>n})} +n~ E{X]P I(X|<n*)} =0(n~"?) (3.8)
as n—o0. We may deduce from Theorem 3 that for sufficiently large A,
sup  (1+x%)|P(S,<n*g,x+nv,)— (x)

x> (2 A logn)t/2

s sup  (1+x)P(S,>n*c,x+nv,)

x> (2 ilogn)l/2
+ C(logn)*~ 12 exp(—Llogn)
=C,n{ sup (A+x*)P(X>n¥x)}+0n"?)

x> (g logn)1/2
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for some ¢>0, noting that ¢,—1 and n*v,—0. A similar result holds for nega-
tive x, and so
sup (L+|x)[P(S,Ente,x+nv,)—®(x)=0{5,,(0)+n" %} (3.9)
|x}>(2 A logn)t/2

as n—oo.
From Theorems 3.2 and 3.5 of [9] we see that

sup (1 +x2) |P(S SH%GWX +71Vn) - @(X)—Lnl l(x)l =0 {5n 1(“) 5n+n_%}a

H—=

) (3.10)
where
L, ,(x)=nE{®(x—X/n*c,)~ P(x)} +nv,0, ' —3¢'(x)
and 0,=06,(0). It follows from Theorem 3.4, page 120 of [9] that
sup |L,;;(x)|=0{0,,0)}, (3.11)
and from (3.8) and (3.10) that
sup  (1+]x|)|P(S,Sn*c,x+nv,)—&(x)—L,;,(x)|
[x] £(2 A logm)1/2
=016, () +n"%(logn)~**+*/2}. (3.12)
We shall prove next that
sup (1+{x[* L, (x)=0{o,(2)}. (3.13)

|x|>2

The results (3.9), (3.12) and (3.13) combine to imply the first part of Theorem 1.
For x>2 we have

L, ()| SnE[{®(x)— &(x — X /n¥6,)} I(X >n?)]
+nE[{®(x—X/ntc,)—d(x)} [(X < —n?)]

3
+11E{

Plx—X/no,) = 0(x)= 3, (=X/n*o,) ¢~ (x))j!
(x| gn%)}

j=1

+ng|¢"(x)| (nFo,) | E{X*I(X| Sn¥)}|
<nE[{®(x)—d(x—X/n*o,)} I{(1 <X/n*£3x)]

+nP(X >n*x/2)

+{1-d(x)+0; * |ilu<p1 1P (x+ N +0; 29" (X))} 8,,(0)

<nP(X >n*x/2)+ C(1+x%~1 3, ,(0). (3.14)

Therefore
sup (1+x%|L,, ,(x) Sn{sup (1 +x") P(X >n*x/2)} + C4,,(0),
x>2

x>2

and a similar result holds for negative x. This proves (3.13).
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We now turn to the proof of (2.2). Choose constants ¢,>0 and d, such that

24, ()= sup  (L+|x]")|P(S,Zc,x+d,)—D(x). (3.15)

— 00 <X <0

By the Convergence of Types Theorem (see Theorem 2, page 42 of [7]) we
necessarily have a,=n%*c¢,/c,—1-0 and b,=(nv,—d,)/c,—0 as n—o0. Changing
variable from x to y=(c,x+d,—nv,)/n¥c, in (3.15), we obtain

CA @)z sup  (L+y)|P(S,=n*o,y+nv,)—@(y+a,y+b).  (3.16)

— 00 <Y< 00

Since (1+x*){1-®(x +a,x+b,)} =0(n"*) uniformly in x> (2 logn)?,

sup  (1+x7)|P(S,<n*c,x+nv,)—d(x+a,x+b,)

x> (2 logn)t/2

= sup (1+x)P(S,>n*c,x+nv,)+0(n %) (3.17)

x> (2 logn)t/2

For any z>0,

pa
C/J
! 2"“
IIV
l_|
C=
||/\
NIH
[\
o
-
A
—.
|
><
V
p[_.
ta
L
v
=
| I———]

.

A

~dlA
=

—P(Xj>n%z;X.>

1

z for some 1<i<j—1)}
z ) {P(X>n*z) P(S,_,20)—P(X >n*z)(n—1) P(X >nz)}
j=1

ZnP(X>n*z){P(S, ,=0)—nP(X >n*z)). (3.18)

n—1=

Since nP{X >n*(logn)*}—0 as n— oo, and P(S, ;=0)—1 we may deduce from
(3.18) that for all large n,

sup  (14+x") P(S,>n*g,x+nv,)

x> (2 logn)l/2

>in{ sup (1+x%P(X>2ntx)). (3.19)

x> (2 logn)l/2
Next observe that for x>0,

ILy11 () —nE[{®(x — X/n*0,)— @(x)} I(X >n)]|< C(1+x%) 15, ,(0),
(3.20)

using the argument leading to (3.14). If 0< 0 <2, we may deduce from (3.10)
and (3.20) that

sup x*|P(S,En*o,x+np,)—&(x)—nE[{d(x — X /n* g,)

1<x2(2 logn)t/2
— D)} (X > ]
=0{5,0+n"*}+0{3,, (@)}, (321)
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while if &> 2, it follows {rom (3.8), (3.10) and (3.20) that (3.21) continues to hold

provided the term n~* on the right hand side is replaced by n~*(logn)~' %2,

It was proved in [8, 217 that
8,,0)=0{4,,(0)+n"*}, (3.22)
and by combining the results (3.16), (3.21) and (3.22) we obtain,
sup x* InE[{®(x — X /nt6,)— &(x)} [(X >n?)]

1<x<(2logn)t/2
+P(x)—P(x+a,x+b,)
=0{4,,(@)+n"*(logn)} +0{3, ()} (3.23)

Suppose n is so large that |a,|, |b,| <%, and that x=1. We may write &(x
+a,x+b,)—d(x)=(a,x+b,) ¢(x,), where x, lies between x and x+a,x+b, and
so satisfies x,=x —4x—%=%x. Therefore

|®(x +a,x+b,)— D) = (a,| +1b,)) xe 7",
and
X(E[{@(x) — D(x — X /n* 6,)} [(X >n*)]+ B(x +a,x+b,) — P(x))

>n{®(1)— B(0)} x* P(X >2n¥x)—(la,| + b)) x* e ™5,
We may now deduce from (3.23) that for any A>1,

C{A, (0)+n"*lognP}+0{6, ()}
Zn{®(1)-00)}  sup  x*P(X>2n¥x)—(a,)+|b,)supx**te 5.
x>4

A<xZ(2 logn)l/2
Combining this estimate with (3.16), (3.17) and (3.19) we find that

C{4,,(@)+n"*logn)f’} +0{é,,(®)}
>n{®(1)— &(0)} sup x*P(X >2n*x)—(a,| +|b,}) sup xt+1le—*I8
x> x> A

Zn{®(1)—P(0)} 27 sup x* P(X >n*x)
xz1

—(ja,|+b,J) sup x*+1e™*/® — J* P(X >n?).
X>A

Using (3.22) again, we deduce that

C(A) {4, (@)+n*(lognf’} +0{5,,(2)}
=27*{@(1)—P(0)}n {su];; x*P(X >n¥x)} —(a,)+1b,l) su;; x*tle=*8,

The case of negative x may be treated in the same way, and so
C(A) {4, (@ +n"*(logn)f’} +0{d, (@)}

>2-%{®(1)— B(0)} n {sup x*P(X|>n*x)} —2(la,| +1b,)) supx*Tte=*/8  (324)
xz1 x> A
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If the result (2.2) is false, we may choose a sequence {n,} diverging to in-
finity such that

{4, (@) +n"*(logn)*}/6, ,(0)—0 (3.25)
as n—oo along this subsequence. In view of (3.22), this entails

5,1 (2)/n{sup x*P(|X|>n*x)} -1
xz1

as n—oo along {n,}. Since (3.24) is true for all large values of J, we must
necessarily have

(la,l+16,)/6, 1 (e)—> 0 (3.26)
as n— oo along {n}. However,

la|+b|=C sup |P(x+a,x+b,)—D(x)

— <X 0

<C{ sup |P(S,Enfc, x+nv)—P(x+a,x+b,)

—0<Xx< 00

+ sup |P(S,Sn*g,x+nv,)—®(x)}

— XN LX< 0

=0{A,,(0)+36,,(x)+n"*(logn)}, (3.27)
using (2.1). Results (3.26) and (3.27) together imply that

{4,,()+n"*(ogn)’}/s, (o)~ o0

as n—co along {m,}, contradicting (3.25) and completing the proof of Theo-
rem 1.

Theorem 2 in the case 0<a <2 follows from Theorems 2.2, 2.3 and 2.4,
pages 25, 44 and 46 of [9]. The proof in the case «>2 is similar in many
respects to that of Theorem 1, and so will not be given here.
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