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Spitzer's Test for the Cauchy ProceSs on the Line 
By 

JvNa i  TAK~UCHI and S ~ z 5  WATA~TABE 

I)VORETZKY-ERDOS [1] and F. SPITZER [4] obtained the exact  estimates of  the 
order of  the inferior limits at  t ime points r and 0 for the oscillation of  Brownian 
mot ion  paths.  One of  the  present authors,  in [5], has extended the result of  [1] 
to  the symmetr ic  stable processes in R • of  index ~ with N > ~. The purpose 
of  this note is to give the criteria for the remaining case N ---- r162 = 1 which cor- 
respond to the result  of [4] for the case of  N = :r = 2. 

Let  {X (t, w), Px}*  be a symmetr ic  Cauchy process in R 1, t ha t  is, a Markov 
process in R 1 homogeneous in t ime and space with the transi t ion probabil i ty 
P (t, x, E) defined by  

P (t, x, E) = P x { X  (t, w) e E} = f p  (t, x -- y) dy,  
E 

where 
1 t 

p( t , x )  -- a t 2 + x ~  t > O ,  x e R  1. 

We m a y  assume as usual  t ha t  its sample paths  are r ight  continuous and have 
left-hand limits everywhere. Let  g (t) be a funct ion defined for all large t such 
t h a t g ( t ) > 0  a n d g ( t ) ~ 0  as t ~ + c ~ .  

Definition. (i) We define g(t) e ]Ioo or g(t) e ~ according as 

P0{w; there exists some M > 0 such tha t  IX(t ,  w)] > tg(t) 
for all t > M}**  

= 0  or 1. 

(ii) g (t) e 110 or g (t) e go according as 

Po{w; there exists some ~ > 0 such tha t  IX(t ,  w)] > tg(1/t) 
for all 0 < t < ~}*** 

= 0  or 1. 

Let  E be a set on (t, x)-plane defined by  

{ (1) 
E - -  (t, );Ixl<t.g T , t > 0  , 

then  g (t) e 110 if and only if the point  (0, 0) is a regular point  of  E for the space- 
t ime Cauchy process. 

Theorem. (i) g(t) e 1Ioo Or s  according as 

* Px denotes the probability law governing paths starting at x e / t  1. 
** This probability is always 0 or 1 by the 0--1 law of H~WITT and S&VAG~ [2, pp. 493 

to 494]. 
*** This probability is always 0 or 1 by the 0--1 law of BLV~]:~TEAL. 
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r  

~o t) t --  + 

(ii) g (t) E lI0 or s according as 

tllogg(t)l _ + oo 

Thus, for example, we have 

Corollary. 

and 

{lim IX(~)l 0}=1, 
P o  t t - n  - -  

{ l im [X4t)] O} = 1  Po ~ 

po/lim IX(t)[ } 
[ t ~  t - ( l o g t ) ~  - -  + o o  

/ l i m  [X(t)[ } 
P0 [ ~ t ( log t - J )~  - -  ~ -  Oo 

or < 4-0o.  

The proof is based on the following lemma 
[~]. I ts  proof runs essentially on the same line 

Lemma 1. Let 
H(t l ,  t2 ; e) = Po I inf  I 

Then 

or < + oo. 

/or every n > 0 

=I, 

= 1  [or every ~ > 0. 

which corresponds to lemma 1 of 
a S  ~PITZEIC'S. 

x(~)I < ~}- 

H (tl, t2 ; e) log t2 -- log h 
log e -1 

when ~ --> 0.* 

Pro@ Let  ~ - - - i n f { t ;  ]X(t)l < e}, then by the well-known first passage 
t ime relation 

t e 

p~ {x ( t )  ~ (- ~, ~)} = f ~ p y { x ( t  - ~) ~ (- ~, ~)}. P~ {~ ~ d~, X ( ~ )  ~ dy}.  
0 --e 

I t  follows from the shape of the Cauchy distribution tha t  

Po {X(t  -- s) e (0, 2 e)} ~ By {Z( t  -- s) e (-- e, e)} ~ Po {X(t  --  s) e (-- e, e)} 

provided ]yl < e. I tenee 
t 

f P0 {X (t --  s) e (0, 2 e)} Px {a~ e ds} ~ Pz {X (t) ~ (-- e, e)} 
0 t 

N f R o  { X ( t - - s ) ~ ( - - e , e ) } P x  {~e eds} .  
o 

Taking Laplace transforms, we have 

Gz {0, (0,2e)} E x ( e - ~  0 <= G~ {z, (-- e, e)} _--< Ca{0, (--e,  e)} Ex(e- '~O, 

,. f(e) * The symbol f(e) ~ g(e) (e $ 0) means am ~ = 1. 
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where 

with 

co  

a~, {x, E} = f e -zt P (t, x, E) dt = .[ ga (x -- y) dy 
o E 

f - ~ l oo~ x~ d~ g~(x) = e -~ tp( t , x )d t - -  ~ j ~ + ~ ~ .  

Therefore 0 o 

G~{x, (--s, s)} < Ex(e_~.o, ) ~ G~{x, (--s, s)} 
G,.{0, (--s, s)} = - -  G~{0, (0, 2~.)} " (1) 

F ix  t: > 0, then  H ( t : ,  tl -~- t; s) is an increasing funct ion of t ~ 0 whose Stieltjes 
measure  is denoted b y  H(t~, t: -~- dt; e). B y  the  Markov  proper ty ,  

[ } H ( t : , t l + t ; e )  = P o  inf  I X ( s ) l < s  = ~ P x  inf [ X ( s ) ] < s  p ( t : , x ) d x  
t :  < = s ~ t :  + t  - ( O ~ _ s < = t  

oo 

= f Px {a~ < t}p (t:, x) dx 
- - r  

and so 
oo r  

fe -~tH( t l ,  t: ~- dt; s) = f Ex(e-~~ x)dx.  
By (:) 0 

o o  

~o (t:, ~) adx,  ( -  ~, ~) } dx 
- - o o  

G~.{O, ( -  ~, e) } 

Since 

we have  

0 - - e  

oo 

j" ~0 (t:, ~) a,.ix, ( - . ,  .)} d~ 

e-~tH(t:, t: ~- dr; e) ~ -oo G~{0, (0, 2s)} 

0 

r  o o  ~ o o  

f p(t: ,  x)Gz{x, (-- e, e)}dx = f e-~tdt f dy [p(t:,  x)p(t,  x -- y)dx 
--oo 0 --s --~ 

c~ 

= S e-~at fp (tl + l, y) ay 

e~.{0, ( - ~ ,  e)} 

Now, noting 

o o  

~e-.,~tSp(tl + t, y)~y 
< e-~tH(t:, tl -~- dt; s) ~ o -~ 
= - ado ,  (0, 2~)} 

0 

we have 

1 1 1 1 
p ( t i + t , y ) < p ( t l + t ,  0 ) - -  ~ t : + t  < ~- = ~  t l '  

o o  ~ o o  

�9 7~ j t : ~ - t  

and 0 - ~ 0 
8 CO ~ CO 

ado,(-~,~)}=fgz(x)dx---1 r . .roosx~,  e f sins~ dE 

--e 0 --~ 0 

co I 2~f s i n ~  2 e  fl de 2 s ,  1 

0 0 
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Similarly, we have 
co oo 1 

1 f sin2s$ 2sf_~ sin_~ 2s f d~ 2s 1 

0 0 0 

and so 
oo 

1) +.,;.): f ~ ., tl + t" (2) 
~0 b 0 

From (2) we have 
t 

lim log H ( t l , t l + t ; s ) - = - -  t ~ - t - - m g  t~-i"  (3) 
e ~ 0  0 

The implication "(2) ---> (3)" can be verified, for example, in the following way: 
let, for some ,~0 > 0, Its (dt) be a measure on [0, + cr defined by 

then by (2) {#s} is mfiformly bounded and so for any sequence em~ 0 we can 
select some subsequence Sn ~ 0 such that  

#~, -+ # (weakly) 

where It is a measure on [0, -~ cr Then 
oo oo 

f e-~t it.,, (dr) --+ f e -'~t it (dt) 
0 0 

and by (2) 
oo c~o 

] it(d,) e ' J t  ~ tl  -~ t ' 

0 0 

and so by the uniqueness theorem for Laplace transforms, 
e - -  ~tot 

it (dr) -~ t ~  dr. 
Thus 

that  is. 

t t 

f e~~ (dr) --~ ~ e~~ (dt), 
0 0 

t (1) / . ,  
l o g ~  H ( t l , t l + t ; s ~ ) - +  t l + t "  

0 

Proo/o/the theorem. We prove (i) first. Note that,  by the space-time relation 
of the Cauchy process, we have 

H(tl, t2; e) =H(c t l , c t2 ;  ce), c > O. 
Upon setting 

E k - ~ { w ; ] X ( t ) [ < t g ( t )  forsome 2 ~ t ~ < 2 k + l } ,  

E k = { w ; ] X ( t )  l <2k+lg(2  k) for some 2 ~ < t ~ < 2  ~+1} 
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and 
g~ = {~; IX(t) I < 2kg(2 k+l) for some 2 e ~< t --< 2 ~+1} 

for every positive ~n~eger k, we ~ee 

g~ c E~ c ~ 
and by lemma 1 

P0(g~) = H(2~, 2~+~; 2~g(2~+~)) = H(1, 2; g(2~+l)) 

log 2 
P~(k~) = H(2 ~, 2~*~; 2~+~g(2~)) ~ lk~gT(~)( . 

Now we ~hall assume the convergence of the integral in our theorem. Then we 
have 

o o  

= 0 ( 1 )  ~ 1 (1" s dt 
P0(Ex) ~ i~ogg(2b~-=0 ) ] t l~-  (t) I < + oo,  

k = l  . = 1  

a/ortiari ~ P0 (E,~) < -4- or and so g ~ s by the Borel-Cantelli 1emma. 
k = l  

Next  we consider the divergent case. We shall then prove g ~ 1Ioo by using 
the lemma in J. Lam' :~: r i  [3]. In  the same way as above we get 

~=t  - [l~ (t)l 

Now define 

= I inf{t; I x( t )  l < 2~(2~+1), 2~ < t ~ 2~+~} 
~rj (w) / + oo if there is no such t. 

For  a n y j  < k, it follows from the strong Markov property that  
2i+t 

Po(E_ 1 nE~)  = ~ .[Pv{IX(t)l < 2~g(~+~) for some 2 ~ ~ . ,  _< t ~< 2 ~+1 - .,} 

<~ .fPu(] x ( 0 ]  < 2k~(2k+l) 

Now we have 

Py{] x(t)[  < 2'~g(21r 

-<- Po{I x ( t )  l < 2~g(2~+~) 
for some 

for some 

log 2 k.-+oo. 
Ilog g(2~+l) I ' 

2~--2J+l=<t~<2~+l- -21} 

2~- -2J+ l__< t~2~+l - -2J} .  

This f~et seems intuitively clear, but  we shall prove it in the following lemma 2. 
Further  by lemma I there exis~ t)osi~ive eensr ci, c2 and K z~ch tha.t 

[logff(~+~)l < P o ( E D ~ H ( 1 , 2 ; g ( 2 ~ + ~ ) ) < H  ,2;~(2~+1) <llogg(2~+~) 1 

for all k ~ K. 

Then, i f k > j > K a n d k > j - t - 2 ,  

i%(E~ ,ngA,) =< PolEj)-  g(2,~ ~ 2~+~, 2~+~ - 2J; 2k~(e~§ 
<~ Po(g:)" H (1/2, 2; g(2~+~)) 

c2 ~ c~ P (_Ej) p (_E~) Po(gj) Ilog g(2~+~) 1 

• Po{ai ~ ds, X(aj) e dy}. 
for some 2 ~ 2 i + 1 ~ < t < 2  ~ + l - 2 J )  

x Pq(~v(~i)~y; as < ~ } -  
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Then  if we set Am = E_2m and A~' n ---- _E2m+l, the lemma of  [3] is applicable to 

either {Am} or {A~} and  so we have P0 (lim E~) > O, a/ortiori Po (lim E~) > 0. 
This proves g E U~. ~ k 

As for the proof  of  (ii), set for instance 

E~ = {w; 1X (t)[ < 2-~ g (2~) for some 2-k-I < t g 2-t:} 
and note  

log 2 
P0(E~) : H(1/2,  1; g(2k)) ~ ]logg(2~)[ ' ]c--> c~. 

The above proof  m a y  be carried over in the same way.  

Lemma 2. For fixed 0 < tl < t2 and r > O, 

Px{lX(t)[  < r  /or some tl <=t<~t2} 

<= P0{iX( t )  I < r /or some tl ~ t ~ t2}. 
Proo/. Let  

.F(x) = Px{]X(t)] < r for some tl ~ t ~ t2} : f q h ( y ) p ( t t , y - -  x)dy,  

where 

r  = p y { I X ( t ) l  < r f o r s o m e  O <-- t ~ t2 -- tl}. 

Then ~ (y) is a monotone  decreasing funct ion of  l YI" I n  fact, if 0 ~ x ~ y, 

q ~ ( x ) = P x { I X ( t ) ] < r  f o r s o m e  O ~ t ~ t e - - t l }  

~-PY{[ X(t)]<y--rx f o r s o m e  O<t<Y--(t2--tl)}>q)(y)_ -- x = 

in view of  the space-time relation of the Cauchy process. Therefore 

oo 

(0) - -  F (x) ----j p (t l ,  y) (q~ (y) - -  q) (y - -  ] x I) ) dy F 
- - c o  

0 

+ + 0 
--oo 

R e m a r k .  Applying the  above me thod  to the case ~ < N, we find tha t  for 
fixed 0 < tl < tg. there exist positive constants  K1, K2 such t h a t  

KI e N-~ ~ H(t l ,  t2; e) ~< K2 e N-~ 

for sufficiently small s. I n  this case we see 

ado, r} 
lira a~{0, I~} < 1 
e$0 

where I s  ---- {x; Ix] < e}, I~ = {x; ]x -- a I < e} and a is a point  with [a[ ---- e 
and so we could not  find the exact  estimate of  the form 

H(t~ ,  t2 ; e) ~ K3 e~ -~ ( t~  - ~ / ~  - -  t~-~ /~) ,  ~ ~ 0 .  

Z. Wahrschein l ichkei t s theor ie ,  Bd.  3 1 5  
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