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Summary. Convergence in probability of Malthus normed supercritical
general branching processes (Le. Crump-Mode-Jagers branching processes)
counted with a general characteristic are established, provided the latter
satisfies mild regularity conditions. If the Laplace transform of the repro-
duction point process evaluated in the Malthusian paramecter has a finite
‘x log x-moment’ convergence in probability of the empirical age distribu-
tion and more generally of the ratio of two differently counted versions of
the process also follow.

Malthus normed processes are also shown to converge a.s.. provided
the tail of the reproduction point process and the characteristic both satisfy
mild regularity conditions. If in addition the ‘xlogx-moment’ above is
finite a.s. convergence of ratios follow.

Further, a finite expectation of the Laplace-transform of the repro-
duction point process evaluated in any point smaller than the Malthusian
parameter is shown to imply a.s. convergence of ratios even if the ‘xlogx-
moment’ above equals infinity.

Straight-forward generalizations to the multi-type case are available in
Nerman (1979).

1. Introduction

Let us outline the general branching process following Jagers (1975). Assume
that a typical individual reproduces at ages according to a random point
process & on [0, 00). It is alive during the age interval [0, 1) where 0<A=Z o0
(thus if 2=0 the individual is never alive). In general branching processes no
particular dependence structure are assumed between ¢ and A

By L we denote the distribution function of the life length, ie.

L(uy=P[AZu], (1.1)
and by £&(t) the &-measure of [0, 1], ie.
S(@)=&([0,1]). (1.2)
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u=E[&] denotes the intensity measure of £. We write

u(t)=ELE(@)], (1.3)

and call u(t) the reproduction function.
Let us make the convention:
b
In the integral |, we include a only if a is zero and we exclude b only if b

is infinity. ’
We suppose throughout that:

(1) uis not (as a measure) concentrated on any lattice {0, h,2h,...}, h>0.
(Al results could be modified to the lattice case.)

(if) There exists a Malthusian parameter o€(0,0), ic. a finite positive
solution of the equation

e~ u(dt)=1. (1.4)

o 8

(iii) The first moment of e~ * u(d¢) is finite, i.e.

fue* p(du) < co. (1.5
0
We write x for an individual, x=(i,,...,i,), if x is the i,:th child of the
i, ;:th child of ... of the i,:th child of the ancestor, and let 0 denote the
ancestor.

F={0}U (@1 Jn>, (1.6)

where
F=0 .., 0); e{l,2, .0}, (1.7)

is to be called the individual space.
The basic probability space is

@.%.P)=1(Q.%..P) (1.8)

xey
where (Q,,4,,P) are identical spaces on which we define (¢, 4,) distributed

like (&, A).
We let o, stand for the birth time of x:

6,=0, andif x=(x',i)

o,=0,.+inf{u; & (w)=i}. (19)

(Thus, for an individual x never born, by convention, ¢, = 0.)

In the sequel we shall associate with each individual x random entities
defined on (Q,,4%,,P,) (and by extension also on the product space (2, %, P)).
Such entities will for short be introduced without indices x just like ¢ and A
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were. Similarly restrictions will sometimes be formulated for an anonymous
typical individual.

Suppose that besides the reproduction ¢ and the life length A, we assume
the existence of a product-measurable, separable, non-negative random process
¢(t), assigning some kind of score to the typical individual at age ¢ (alive or
not!). For simplicity we define ¢(¢) for all teR, but require that

o(t)=0 for t<O. (1.10)
We then define (cf. Jagers (1975), Sect. 6.9)

Zt=} d.(t—a), (1.11)

xed

and say that {Z¢}, is a general branching process counted with characteristic
¢. Since Z¢ is linear in ¢ generalizations to not necessarily nonnegative ¢ :s
could easily be made at several places in the sequel. Observe that we require
independence of ¢, between individuals, but that dependence of ¢, 4,,¢, ... is
allowed for fixed x, (for a relaxation of this requirement cf. Sect. 7).

It
1 if 0<t<inf(a, 1)

)= {O otherwise, (112

then Z? counts the number of individuals alive at time ¢ whose ages are less
than a. We denote this particular Z?=Z¢ and name {Z{}, , the age process.
Denote Z,=Z7. Also T,=the total number of births up to and including time ¢
has a simple characteristic representation:

¢o(t)=1 if t=0. (1.13)

For other interesting examples cf. Jagers (1975) and Hédrnqvist (1981).

We shall study the asymptotics of e=* Z¢, as t—> o0. Special interest will be
focused on ages, ie. on the process e™* Z% and we give age results explicitly.
Moreover, we shall be interested in the empirical age distribution at time ¢,
Z?/Z,, and generally in ratios Z?/Z$2, for pairs ¢, ¢, of characteristics. We
formulate the results for a fixed age a, but because of the monotonicity of Z%/Z,
as a function of a, it is possible to deduce functional variants of our age
distribution results.

Let us make a brief historical sketch. Doney (1972), (1976) showed

Proposition 1.1. As t—o0, e”*“ Z, converges in distribution to a random variable
W, and with the definition
t
Lo =] e ™ E(du), (1.14)
0
the following sequence of equivalences holds
E[£(o0)]logt E(0)] <00, =
E[W]>0. <
E[e “Z]-E[W], as t—>o.< (1.15)
wW>0 as.on {T,-c}. [
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For Bellman-Harris processes with finite Malthusian parameter

E[,&(o0)log" ,&(00)] < 0. <
E[¢(o0)log™ £(00)] <00

However, generally not even finiteness of £(oo) follows from the finiteness of
E[,&(c0)log™ £(o0)]. For Bellman-Harris processes Proposition 1.1 is due to
Athreya (1969).

The results for Galton-Watson processes in Kesten and Stigum (1966)
suggest the possibility of strengthening the weak convergence in Proposition
1.1 to as. convergence. For Bellman-Harris processes this was done by Ath-
reya and Kaplan (1976). Their method starts from studying Z%/Z,, the age
distribution at time t on the set {T,—oo}. With the help of a strong law of
large numbers they show the convergence

(1.16)

e (1 — L{uw)du

(SN

a
Z
— —>

,  Aas., as t— o, {1.17)
t

e” (1 — L{u))du

Oty 8 |0

provided E[&(o0)log* £(o0)]< o0, and then use a certain martingale, the so
called reproductive value martingale, to connect it with the convergence of
e~ 7% Further, they demonstrate convergence in probability of the age distri-
bution, even if E[&(c0)log™ &(c0)] =00, assuming mild conditions on the life
span distribution L. Later Athreya and Kaplan (1978) refine their results
somewhat and recently (independent of this paper) Kuczek (1980) shows that
a.s. convergence for the empirical age-distribution always holds for supercriti-
cal Malthusian Bellman-Harris processes.

For the general case Savits (1975) used a quite different method, con-
vergence of the bivariate Laplace transform of (e7*Z% e *Z) to show con-
vergence in probability of Z?/Z,, provided E[ &(cc}log® £(c0)] and u(oo) are
both finite.

K. Rama-Murthy (1978) adopted the Athreya-Kaplan method and modified
it to the general case. However, this leads to conditions in form of uniform
restrictions on all conditional residual reproductions and life lengths, given the
history of an individualup to any age.

In the next section we shall give some elementary results and present our
key tool, a martingale, related to the reproductive value martingale. In Sect. 3
this new martingale is combined with a weak law of large numbers, in the
spirit of Athreya and Kaplan (1976), to show that e~*Z# converges in proba-
bility, as t— o0, under weak restrictions on ¢. As a corollary to this, for ¢, and
¢, restricted like ¢, we also show convergence in probability, on {T,— w0}, of
the ratio Z21/Z¢2, provided E[ ¢(c0)log™t &(c0)] is finite.

Section 4 will contain a strong law of large numbers with a probabilistic
proof and for the ease of reference Lévy’s generalized Borel-Cantelli theorem
both results which we need in Sects. 5 and 6.
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In Sect. 5 we show that e~ *Z? converges as., as t— oo, under weak re-
strictions on ¢, provided there exists a non-increasing integrable function g
such that

Efsup(,¢(0) —£()/g)] <. (1.18)

We also show a.s. convergence on {T,— o0}, of the ratio Z?#'/Z?* provided
that (1.18) holds and E[ &(oc)log* ,&(c0)] is finite.

In Sect. 6 we shall show that if there exists a f<a, such that E[;&(c0)] is
finite, then a.s. ratio-convergence holds generally.

Finally, Sect. 7 is an addendum concerning a generalization of all results to
random characteristics ¢, permitted to depend on the whole daughter process
of the individual x.

2. Two Basic Results and a Crucial Martingale

It is a fundamental idea in the analysis of branching processes to split the
process in a sum of a stochastic number of time translated copies of the

original process plus a residual. The following general variant we quote from
Jagers (1975):

Proposition 2.1. It holds that

Sol)
Z?Z(]so(t)"‘ Z (i)Z;b—a(f)’ (2.1)
i=1

where {,Z?}, is the general ¢-counted process of x-descendants initiated by the
assumption that x is born at 0. The processes {(i)Z;”}, i=1,2,... are independent
copies of {Z?},, also independent of &, and ¢,,.

We write
m¢=E[e *Z¢], (2.2)
and
mi=E[e *Z]. 2.3)

Since ¢ is non-negative, we conclude easily that m? satisfies the rencwal
equation

mf’ze‘“tE[qS(t)]+}mf’_se‘“su(ds). (2.4)

Let 4, be the measure on [0, oc) defined by

t

1 (0)= e=* u(ds). (2.5)

0

Then (cf. Jagers (1975), Theorem 6.9.2).
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Proposition 2.2. Suppose that E[¢(t)] is continuous a.e. with respect to Lebesgue
measure, and that

o0

Y. sup (E[d()]e*)<co. (2.6)
k=0ksStsk+1
Then
{e “E[¢()]dt
mf—m? =2 ,  as t—oo. (2.7)
[ up,(du)
0
In particular
fem“(1—L(t)de
mioml =2 — g5 t—>oc0. (2.8)

o]

Proof. The proposition follows from the renewal theorem (e.g. Jagers (1975),
Theorem 5.2.6) if we show that E[Z?] is bounded on finite intervals.
Consider t in some interval [0, s]. Positivity of terms implies that

E[Z{]=3 E[.(t—0,)]. (2.9)

Since ¢, and o, are independent for each fixed x, we deduce
E[Z{]1<(supE[¢ ()] E[T]. (2.10)
t=s

Due to (2.6) and the finiteness of E[T,] (Jagers (1975), Theorem 6.3.3), E[Z?] is
bounded, and hence Proposition 2.2 holds. [

Suppose that x,,x,,x,, ... are the first, second, third, ... individual born in
the process, so that

0=0, =0,=....

If several births take place at the same point of time we order the individuals
at first hand with respect to generation and at second hand with respect to
some arbitrary rule.

Recall ¢ (t) from (1.14). We define

Ry=1, and
" (2.11)
R, =1+ e *x(&, (0)—1), for n=1,2,...,
i=1
rewrite
n fx,—(OO) n
Rn=1+ Z Z e~ 0 (x k) — Z e~ %,
i=1 k=1 i=1

and conclude that R, is a weighted (weights e~ *’~ for x) sum of children of the
n first individuals. All children except x,, ..., x, are included.
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Further, we define .7, as the c-algebra generated by the biographies of the
whole lives of x,, ..., x,. Formally, denote by %, the o-algebra in the product
space (£, #) generated by the projection on (2,, ;%’y). Then &, is the smallest o-
algebra, such that

{xlzyls""xnzyn}e”%ﬂ for all (yla"'ayn)
and

AeB=An{ye{x,,....,x,}}esf, forall y.

Lemma 2.3. {R,} is a non-negative martingale with respect to {s,}.

Proof. R, and o, are of, -measurable. Further . . (co) is independent of
&, and
El£x,. (©0)]=u,(0)=1. (2.12)
Hence .
E[R,,,—R,| &= = E[ £, (0)—1]=0. [] (2.13)
Now, we define
) ={x=x",); 0.5t and i<o, <0} {2.14)

This means that #(¢) is composed of the individuals to be born after ¢, whose
mothers are born before or at t. Suppose that

Y= % e, (2.15)

xef{t)

Then, since #(t) consists of exactly the children of the first 7; individuals to be
born after ¢, it holds that ¥,=R. .
Finally

Proposition 2.4. {Y,}, is a non-negative martingale with respect to {4y },.
This has the immediate

Corollary 2.5. There exists a random variable Y, <o, such that Y,—Y, as., as
t—> 0.

Proof. For fixed 1, observe that T, is a stopping time with respect to {2/ }. A
variant of the optional sampling theorem (e.g. Neveu (1975), Theorem 11-2-13)
shows that (Y} is a supermartingale with respect to {&7.}.

As pointed out E[T/] is finite. Further

E[IR,, —R,|| o, ]=e "1 E[],£(00)—1[]1£2. (2.16)
Together, (e.g. Breiman (1968), Proposition 5.33) these facts imply that
E[Y]=1. (2.17)

Hence {Y} is not only a supermartingale but a martingale as well. [
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3. Convergence in Probability

The main result of this section is

Theorem 3.1. Suppose that E[$(t)], as a function of t, is continuous a.e. with
respect to Lebesgue measure,

o0

Y. sup (eT™E[$(D]) <o, (3.1)
K=0k=r=k+1
and
El[sup¢(s)] <oo, forall t<co. (3.2)
s=t
Then
e~ 7Y, m? in probability, as t— 0. (3.3)

We postpone the proof.
There is an immediate

Corollary 3.2. For each a€(0, 0]
e ®Zi-Y wmS  in probability, as t—o0. [ (3.4
Further,

Corollary 3.3. Suppose that
E[,E(0)log™ E(oo)] < c0. (3.5)

Then, with ¢ satisfying the conditions of Theorem 3.1, the convergence in (3.3)
holds in the sense of I'-convergence.

Proof of Corollary 3.3. Since e~ *Z,—Y,_ m_, in probability by (3.4), ¥, m, must
have the distribution of Win Proposition 1.1. Thus from (1.15)
E[Y ]=1. (3.6)
Therefore
limE[e *Z#=m® =E[Y, m%], 3.7

[Rages)

which yields L'-convergence (e.g. Bauer (1968), Theorem 20.4 and
Corollary 20.5). [

For ratios we obtain

Corollary 3.4. Suppose that & satisfies (3.5)', and ¢, and ¢, the conditions of
Theorem 3.1. Then, on {T,— w0},

¢
VA, lqm‘fg
¢
zr m?%

in probability, as t— 0. 3.8

1
(3.9)

Cf. Theorem 6.3 and Corollary 6.4 for other conditions ensuring the convergences in (3.8) and
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In particular, on the same set

e (1 — L(u))du

N
~

in propability, as t— 0.

N

e~ "(1 —L(u)du

Ot 8§ Ot v

((3.9) was stated for the case that p(o0) is finitc by Savits (1975).)

373

(3.9)

Proof of Corollary 3.4. From Proposition 1.1 and the convergence in probabili-

ty in (3.4) we know that
{Y >0 ={T,>xc} as,
and (3.8) follows. [
For the proof of Theorem 3.1 we need two lemmas. Let us define
Ft,co)={xef);t+c<o, <}, for ¢>0,
Le.
J(to)={x=(x,i); 0. St t+c<o <0},
and
Y, .= ) e~

.c
xcH(t,c)

Y, . is the contribution to Y, from the individuals born later than t+c.

Lemma 3.5.

0D

J (L=, (s)ds |
E[‘Yt’c:l_)i.———zk(c); as f—oo,

J (1= (o)ds
where
k(c)[0, as c—o0.
Proof of Lemma 3.5. If we let
P(s)=(,5(0) = L(s+c)e*, for s20,
then
Y

t,c

=e “Z?
Hence (3.14) follows from Proposition 2.2. []
Let N(t, ¢) denote the number of individuals in # ()\.#(z, c).

Lemma 3.6. Suppose that

ule)y>1.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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Then, on {T,— w0},

liming ¥ 2€)
T

t— o t

>u(c)—1>0, as. (3.19)

Proof of Lemma 3.6. The lemma follows from strong law of large numbers
applied to {£, ([0,c])}; and the inequality

Te
Nt oz ) & ([0,c])—T. (3.20)
i=1

(This argument is due to S. Asmussen.) [
It is time for the

Proof of Theorem 3.1. First we suppose that
¢(t)=0, for t=some s, (3.21)
and make the convention

Z¢9=0, for t<0. (3.22)

t

By (3.21), every individual that contributes to Z?, must be born after t.
Therefore

— ¢
Zho= Y Ll . (3.23)
xef(t)
which we rewrite as
e—ac(t+S)Z;b+S= z e*awxefa(wsfax)nglkax
xs4(t)

— — O p,— A+ S—0Gx) (]
- e e * th+s—ax
xeL ()N F@,c)

n z e_w,—xe_a(z+s—ax)xz¢ (324)

xe T, 0) e
We shall show that for any fixed ¢>0
Plle *+9Z% —Y m?|z¢e]<e, when tZ1i,, (3.25)
for t4, s (and c¢) satisfying (A), (B), (C) and (D):

u{c)>1, and
2

ElY 1£-———
[ t’cj‘l6supm?’
t

for t=1,, (A)

(this is possible because of the fact that m¢ is finite on finite intervals and, by
Proposition 2.2, converges to m? , and because of Lemma 3.5).
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(3.21) is valid, and
2

]m"’—m"’|<l6 for tzs—¢c20, (B)

(this is possible according to Proposition 2.2).

[]Y Y, 4F¢]§2 for t1,, ©)
(this is possible by Corollary 2.5).
and
P[| Z e»—ao'x(e calt+8—0x) Z?w ”e m?»—s—ax)ré' ] é ,
xe )N £(t,¢) 4 4
for t=1,. (D)

We show that (D) is possible by proving

Lemma 3.7. Suppose that u(c)>1. Then, for ¢ satisfying the conditions of
Theorem 3.1 and s=c, on {T,—» o},

e_aax(er«az(l +5-0x) Z?is o t sy )——)0 (326)
xef(t)~ F(t,c)

in probability, as t— 0.

Proof of Lemma 3.7 (inserted). If N(t, ¢) is positive we may write

e-owx( s Z;tls -a _—mﬁ.s»—a—x)
xeF )< F(t0) ¥
=(N(z, )¢~ +)
eoz(H—c —-ax)(e»ra(t-f—s—ax)ng_ m?. o )
xeF (D~ F(t,0) ' §
3.27
Nt c) ( )
Since o, Zt+c for xe L (H\F(L, ¢),
N(t,c)e *r9<Y,-»Y, <o as., as t—c. (3.28)
Let
o a(ta‘—c—o’x)( ~o(t+ ST x) Z¢ m;p . )
A xeZ ()~ Ft,c) ) 329
()= N o) (3.29)
By Lemma 3.6, (3.26) follows if we for any ¢, >0, can show that
P[1A@)>e,, N(s,¢)>o0]—0, as t—co. (3.30)

We shall use the following law of large numbers to show (3.30). For an
elementary proof cf. Athreya and Kaplan (1976).
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Proposition 3.8. Consider a family of sequences {X,} k=1,....n,,t>0, that are
independent for fixed t, and such that n,— oo, as t— co. Suppose that, < denoting
stochastic order,

0<X,2X, with E[X]<oo. (3.31)
Then, with m,=E[X,],
Z (th_mtk)
k=1

ny

—0 in probability, as t—co. [ (3.32)

Recall that </, is the o-algebra generated by the whole lives of individuals
born before or at time . N(t, ¢) is s/ -measurable and, on {xe#(t\SF(t, c)}, so
is o,. Further, conditioned on ./, , the processes {,Z¢} are independent for
xef(\H(t, ¢) and their distributions are unaffected by the conditioning.

Moreover, for each u<s

Zi=) ¢ (u=0,)< Y supo,(u). (3.33)

X3
Gx <5

Since o, and ¢, are independent for x fixed we deduce

E[ Y sup@,@]=E[T]- E(sup o, (w)], (334)
which is finite due to (3.2) and the finiteness of E(T,]. Hence, on {N(t, ¢)— 0},
PllA@M)|>¢ |l 10  as., as t—oo, (3.35)

by virtue of Proposition 3.8. Dominated convergence yields (3.30). [

We return to the proof of Theorem 3.1. Recall the definition of ¥,

= Y e *=x By repeated use of Boole’s and Markov’s inequalities (3.25) fol-
xef(t)
lows:

Plle=*t+9Z¢ ~Y, m?|=¢]
Pl Y em(esea ze )
X 8§ —Tx
xef{H)\ F(t,c)

+ Z e—aa-x(e—a(t+s—ax)xz¢ )_YOO m‘forég]

L+ S—0x
xef(t, c)

[
<[l 3 e ze o, )i2E]
xeF 1)\ F(t,c)

+P [l Y e *x

t+85—0x
xef ()~ F(t, c)

t-+S—0x

D Y il (R AR RN A) )—Km‘folzi]
N =
xeHf(t,c) 2

&
+P[IY-v me 2l 2P| T eemt,, -tz

xeF (1)~ F(t, c) 4
& &
_+_Pl: Z e*aax|e*a(t+s—dx)xz;p+s»a ——mfo|\§*] +-. (336)
xeF G, 0) = 41 4
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Here the first ¢/4 comes from assumption (D) and the second from (C). The
second term is less than

P[Y82>8]<8 3.37
‘16=41=4 G347

by (B) and Proposition 2.4, implying that E[Y,]=1.
2
E[ Z e—max|e/a(t+s—ax)xz¢ —m(fof:léE[X,c] Supm¢§£—

I+5—0x

(3.38)
xef(t, c) 16

due to (A). This and Markov’s inequality applied to the third term completes
the proof under the restriction (3.21), which will now be removed.
Truncate a general ¢ to

t) for t<c
¢'(t)={§( ) otherwise. (3:39)
Of course
Z¢—-7¢ =0, (3.40)
and
e~*Z% Y, m? in probability, as t— 0. (3.41)
Moreover, by definition,
m® —-mé, as ¢—o0. (3.42)
Further,
le“Z¢ =Y, mé|<le”(Z¢ = Z ) +le™ " Z) — Yo mE| +|ml —ml | Xo,.
(3.43)

The probability that the left hand term should be greater than ¢>0, can thus
be shown to be small: choose a large ¢, then a large ¢, and apply Boole’s and
Markov’s inequalities to the right hand terms. []

4. A Strong Law of Large Numbers

To get as. convergence results we shall work with convergence on certain
lattices in both of Sects. 5 and 6. The following strong law of large numbers is
needed.

Proposition 4.1. Let n, i=1,2, ... be a sequence of positive integers, and let X,
j=1,...,n, be independent for fixed i,i=1,2,.... Suppose that

XY, with E[Y]<co0, (4.1)

and

liminf— 1 5. (4.2)
imw Myt
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then

3. (X, ~ELX,])

hY 0 as,as i—»w 4.3)
n;
or, seemingly stronger, for any ¢>0
Y P[IS;|>¢] < 0. (4.4)
i=1

For the proof of this proposition (for a more direct approach cf. Asmussen
and Kurtz (1980):

Lemma 4.2. Assume that X,, i=1,2, ..., are independent,

IX,|Z£Y and E[Y]<o. 4.5)
Then

3 (X,~E[X])

n

0 a.s., asn—oo. (4.6)

Proof. Construct U, i=1,2, ..., independent and independent of all X, each U,
uniformly distributed on [0,1]. Let F(x)=P(|X,|<x], F(x)=P[Y=x], F,{x}
=F(x)—F,(x—) and F~!(x)=inf {t; F(t)=x}. Define

Y=F 'E(X)-UE{X[) i=12... (4.7)
Certainly Y, will be independent and have Y’s distribution, and by construction
X, <Y, (48)

Let y(A) denote the indicator function of the event A. Choose ¢ so large
that

E[Yx(Y>c)]§§ (4.9)
Then
2 (X;—E[X.]) 2 X (Y20 —E[X, x(h=0)])
limsup|=* <limsup|=2
n= 00 n n—© n
inX(Yi>c) ZE[XL'X(YL‘>C)]
1. i=1 1 i=1
+ 1£11s0101p " + 1£rls::p "
Y YaY>a) . e

<0+ limsup|*=2 +550454 (4.10)
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The law of large numbers for independent random variables (e.g. Breiman
(1968), Theorem 3.27) yields the zero. This, (4.8) and (4.9) justify the second
inequality. The last one is implied by the classical law of large numbers for
independent and identically distributed random variables (Theorem 3.30 the
same reference). []

Proof of Proposition 4.1. We may assume that E[X;;]=0. To prove (4.4), it is
no restriction to assume independence between all the X;;. Then Lemma 4.2
shows that

=li=l __ ,0 as.,as k—oo. (4.11)

But
A k n; k k—1 n; k-1
Z XkJ Z Z XlJ Z h; Z Z Xij Z n;
1=; =1=1;c=1 lsnl ’_Lzlkijl z=nl , (412)
k 2 ni k z ni k
i=1 i=1

and thus (4.11) and (4.2) show (4.3). The inequality (4.4) follows from the
independence of S,, k=1,2,... by virtue of the converse Borel-Cantelli
theorem. []

Finally, we shall have use for the following direct consequence of Lévy’s
generalized Borel-Cantelli theorem, see Meyer (1972) Theorem 21.

Proposition 4.3. Assume that {%} is an increasing sequence of c-algebras and
that {A,} is any sequence of events. Then, with

E:{nilP[A”]Z]<oo}, 4.13)

P[{A,} infinitely often |[E]=0. []

5. Almost Sure Convergence

Our technique in proving Theorem 3.1 was to split e *¢*9Z¢ (¢ satisfying
¢ (1)=0, for t=s) into (F(t, ¢)={xeF(t); 6, >t+c})
e~ Hit+9) 79 + Z e+ 7d (5.1)

t+s—ox t+s—ax”
xeF{)~ F(t,c) xed(t, c)
Then, we used a weak law of large numbers to show that the first sum is

close to (Y,—Y, ym&, where ¥, = > e > for s,c and ¢ large. By renewal
xef(t,c)
theory we found that the expectation of ¥, , is small for large ¢ and ¢. Thus

Markov’s inequality yielded that Y, , should be close to zero. Hence, the first
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sum in (5.1) is close to Y_m® for large s,c and t. On the other hand, a
conditional expectation of the second sum in (5.1) is smaller than Y, supm?,
which is approximately zero for s, ¢ and t large. !

To strengthen the convergence of e~*Z¢ to convergence a.s. with a method
along the same lines we need a strong law of large numbers applicable to the
first sum in (5.1) and something like

lim limsup ¥, . =0  as. (5.2)

¢— 0 t— o0
To obtain the latter we require

Condition 5.1. There exists on [0, ©0) a non-increasing, bounded, positive integra-
ble function g, such that

E [Sfp aé(wg)(;)mé(t):l o

(The boundedness of g is superfluous: if £ satisfies the rest of the condition we
can always choose g bounded.)

(5.3)

Remark. Condition 5.1 is satisfied if there exists a non-increasing integrable
positive function g such that

T 1 —at
gme u{dry< oo, (5.4)
since then
f(o)—=,8(0 T 1 _
% [ as £ (d
@ e (@ 1
2 —as °°~—~ —as
§§a5e éwﬂéggge &(ds), (5.5)
and accordingly
L0)=LOFT_F L
E[stip——%———]§£@e u(ds) < co. (5.6)

For Bellman-Harris processes with finite Malthusian parameter p(co) is
always finite. In this case g(f)=e~* will do. We conclude that for Bellman-
Harris processes Condition 5.1 is superfluous.

Generally, Condition 5.1 is seen to be weaker than

[t?e  p(dry< oo, 5.7
0
and e.g.

{tlog* t)' ¢ e~ p(dt)<oo, for some £>0. (5.8)
0]
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Besides the condition on ¢ we shall need restrictions on ¢. The following one
is a dual of that on & It will be used to conclude a.s. convergence for general
¢:s from convergence for ¢:s vanishing outside a bounded interval.

Condition 5.2. There exists on [0, 0c0) an integrable, bounded, non-increasing posi-
tive function h, such that

U—sup (e‘“’cﬁ(t))

o (5.9)

has finite expectation.

To bridge the gap from convergence, as t— oo on certain lattices, to general
convergence we need more restrain on ¢. We make two definitions:

sup ¢(s), for t=0

ey JIs—tlZe
¢ (t)_{O otherwise, (519)
and
¢ (t)= inlf ¢(s)- (5.11)
|s—t|<e

Lemma 5.3. If ¢ satisfies Condition 5.2 and has paths in the Skorohod D-space
(not necessarily right continuous), then E[¢(1)), EL$°(t)] and E[¢. (t)] are ae.
continuous and for almost all t.

E[¢*E[(1)]. and E[$,(OITE[¢(®)]. as &l0. (5.12)

Proof. Dominated convergence, justified by Condition 5.2 proves that E[¢(t)]
is D-valued and hence a.e. continuous.

Clearly ¢*(t) and ¢,(¢) are D-valued and Condition 5.2 can again be used to
dominate and hence E[¢*(1)] and E[¢,(r)] are also a.e. continuous. For con-
tinuity points ¢ of ¢

P*lp(r) and ¢.()T¢@), as &l0.

and since all but countably many ¢ are a.s. continuity points of ¢ the last
assertion follows. [l
We are ready to formulate the main theorem of this section:

Theorem 5.4. Suppose that ¢ satisfies Condition 5.1, and that ¢ is D-valued and
satisfies Condition 5.2. Then

e " Z¢>Y, m?  as.,as t—o. (5.13)

We postpone the proof.
Some immediate consequences:
,Corollary 5.5. Suppose that ¢ satisfies Condition 5.1. Then

A —Lu)e *du
e Wzt Y as., as t—oo. [ (5.14)

<) w0

[ ue™* u(du)

0
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Corollary 5.6. Suppose that £, ¢, and ¢, satisfy the conditions of Theorem 5.4,
and that?

E[¢(w)log™ (o)) < 0. (5.15)
Then, on {T,—> w0},

7o mi)ol

ﬁ—»@ as., as t—oo. (5.16)

In particular, on the same set,

7 fA=Lw)e *du
Zt OOO as., as t—oo. [] (5.17)
“ {(1-Lw)e *“du
9]

We shall need an asymptotic bound for 7, the total number of births up to
and including time t:

Lemma 5.7. There is a constant K < oo, such that

limsupe T, <KY, as. (5.18)

t— 0

Proof. From Lemma 3.6 we have that if u(c)>1 then, on {T,» 0},

iminf Y5 -1 as. (5.19)
P
but ¥, Ze "9 N(t, c) shows
. Y, a
liminf ——>(u(c)—1)e ™ (5.20)
t-o0 € T;
and the lemma follows. [
Define for any ¢>0
, o) for t>¢
=
¢'(0) {0 otherwise. (522)

Then

Lemma 5.8. Assume that ¢ satisfies Condition 5.2. Then there exists a K <o,
such that, for all ¢>0,

1imsupe*°‘tZ;f"§K< | h(t)dt)YoO as. (5.23)
¢c—K

t— o0

The lemma has the useful

2 Cf. Theorem 6.3 and Corollary 6.4 for other conditions implying (5.16) and (5.17)
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Corollary 5.9. Suppose that & satisfies Condition 5.1. Then there exists a K < co,
such that, for all ¢>0,

limsup YI,C§K( | g(t)dt) Y, as. (5.24)
c— K

t—w

Proof of the Corollary. With

P (t)=e"(,{(0) —,£(1), (5.25)
e—a(t+c)Z;I5'

.. 15 nothing but ¥, .. Condition 5.1 on ¢ and Condition 5.2 on this
particular ¢ are equivalent. [

Proof of Lemma 5.8. First we fix s such that u(s)> 1, and observe that,

T
T,z ) &.400,5]}. (5.26)
i=1
Hence the strong law of large numbers implies that, on {7,— w0},
NP IR
liminf —T—é u()>1 as. (5.27)
t— oo t

and that (argue as in the proof of Proposition 4.1), on {T,—~co},

Tac+1ys
U,
I=Tetl _ ,E[U] as., as k—oo. (5.28)
7;k+1)s—7;cs
Hence, for any £¢>0, on {T,—w}:
T
limsup e~ **9Z¢ =limsupe=*“*9 3 ¢ _(t+c—a,)

t— o = i=1

[t/s] Tac+1ys

<limsup ) Y e "¢ (t+c—0,)

500 k=0 i=Trs+1
[t/s] Tw+1)s
<limsup ) ) e *“xh(t+c—0o,)U,
t5®©  E=0i=Trst 1l
[t/s] T@e+1ys
Slimsup > Y e *h(t+c—(k+1)s) U,
=0 k=0i=Trs+1
[¢/s]
<limsup ) e *h(t+c—(k+1)s)E[U] Ty, ),
t— 0 k=0
[t/s]
SeK(Y +e)limsup ) h(t+c—(k+1)s) (5.29)

-0 k=0
by virtue of Lemma 5.7. But, since 4 is non-increasing
[t/s] ©
limsup > h(t+c—(k+1))=(1/s) | h(u)du. (5.30)
k=0 c—-2s

t—=w0

The arbitrariness of ¢>0 shows the lemma. [
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The proof of Theorem 5.4 is built upon the following lemma or rather on
its Corollary 5.11.
Define to each ¢>0 and t,=0 the lattice {t,,t,,t,,...} by

to=kc+ty, k=0,1,2,..., (5.31)

and {t, ,}.. by

k
tk,n=7c, k=0,1,..., n=1,2,.... (5.32)
Lemma 5.10. Suppose that & satisfies Condition 5.1, ¢ satisfies Condition 5.2 and
that E[¢(2)] is continuous a.e. with respect to Lebesgue measure. Further, assume
that p(c)>1. Then

ez Y, ml  as., as k— 0. (5.33)

We postpone the proof of this lemma.

Corollary 5.11. Assume that ¢, ¢, and ¢ satisfy the conditions in Lemma 5.10.
Then, for each fixed n,

e~atk,nzz€,n_,yoo m‘fo as., as k—oo. (5.34)

Proof of the Corollary. Let A, be the set where (5.33) holds for ty=rc. On the
set A=" N A,, obviously (5.34) holds for each fixed n. Finally by

re{rationals in [0, 1]}

Lemma 5.10 P(4,)=1, and hence P(4)=1 too. [J]

Proof of Theorem 5.4 from Corollary 5.11. Fix a ¢, such that u(c)>1. According
to Lemma 5.3, E[¢°"(t)] and E [¢.,(t)] are both continuous a.e. Further, it
follows from the definition of ¢° and ¢, that, for telt, ..t )

VASUHEVASA G (5.35)

Since ¢, and ¢ satisfy Condition 5.2 we can apply Corollary 5.11 to {Z¢}
and {Z?""}. Together with (5.35) this yields,

C
e “n Y, mts <liminfe~*Z¢

t— 0

<limsupe *Z¢<e™ Y, m%"  as. (5.36)

[ ndve]
But, by definition,
{E[¢(t)]e *dt

mé =2 (5.37)

(o]

{ue= u(du)
(0]

Hence, if

mé’" < oo, (5.38)
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dominated convergence and the second part of Lemma 5.3 imply that m®" and
m?s both converge towards m?, as n—o0. However, (5.38) is a consequence of
the fact that ¢“" satisfies Condition 5.2. Intersection of the sets where (5.36)
holds for n=1,2, ... yields Theorem 5.4. [

It remains to prove Lemma 5.10. For that purpose we need a sublemma.
Recall that N (¢, ¢) is the total number of elements of F()\F(t, ¢).

Lemma 5.12. If p(c)>1, then

. N@,, .,
P [limmf~k(—’”' 19 0|T—>o0]=1. (5.39)

Y N )
j=1
Proof of Lemma 5.12. We observe that
Nt =T, , . (5.40)
Thus, on {T,— w0}

NGO .. . .N(t.o
liminf —%" - >liminf —*-"> u(c) — 1 5.41
t-> a0 N([k,,_ 1 C) T sw _‘,U( ) ( )

by (5.19) which yields the lemma. []

e

Proof of Lemma 5.10. First, we suppose that
o(t)=0 for t=n,c. (5.42)
Then, for nzn,,

lem#nZ? —ml Y, |

él Z e"‘aax(e‘a(tk+n‘ O-X)xzi*n—ax_mtimrﬁx)’
xeZ () ~ F(tx, ac)

+I( Z e_“o-xml‘q:(—‘rn—ax)_m?o Yoo|zsl(tk)+52(tk) SaY'
xe £ {ti) ~ F(tx, nc)

(5.43)
Let us rewrite S,(t,) as
Si(t)=le " N(t,,nc)|
e~ MOt (g Aen=0x) ZO b )
N e e
| N(t,,ne)
=81, S12(),  say. (5.44)
Since
e N(t,,nc)<e™Y, »e*™Y, <o  as., as k—oo, (5.45)

it is enough to show that, on {T,— o},

S.,t)—-0 as,as k—oo, (5.46)
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in order to conclude that, on {T,—»w},
S,(t)—0 as., as k—o0. (547

To show (5.46) we shall use Propositions 4.1 and 4.3. F(t)\#(t;.nc),
N(t,,nc) and o, on {xeJ(t,)\#(t,,nc)} are all measurable with respect to
MT:;' Further, conditioned on " the processes {,Z%}, xe St )\ F(t,, nc), are
mutually independent and their distributions are unaffected by the condition-
ing.

Observe that

e~uc(0‘x—tk)e—a(tk+n—---dx):e—°‘c"<1, (548)
and that
SBpié Y sup by (s). (5.49)

From the finiteness of E[T]], the independence of ¢, and ¢,, and Con-
dition 5.2,

E[ Y, sup ¢ (9]1=E[T,] E[supé,(s)] < oo. (5.50)

s=cen
Tx SN

Further, from Lemma 5.12, on {T,— o0},

N(t
liminf %950 as (5.51)
Y NG, 0
j=1
Proposition 4.1 yields that, on {T,— w0},
k;P[su(zk)mszk] <o as., (5.52)

which by virtue of Proposition 4.3 yields (5.46), and hence also (5.47).
To settle (5.33) for our special ¢ it suffices to show that to any >0, we can
find n=n,, such that

1lﬁs§p S,(t)SY, e as. (5.53)
Let r be so large that
limsup ¥, ,, <~ as., (5.54)

oo T 2supmf "
t

which is possible by Corollary 5.9.
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Assume that n>n,, and r is so large that
1mg>—mz;|§§ if t>(n—r)c. (5.55)

(Certainly Proposition 2.2 is applicable.)
Then, by the definition of Y,

limsup S, (¢,) <limsup| Y e~ x(mf  _, —m?)|
k— o k= xef i)\ Ftrre)
+limsup| Y e *>m?  _, —m?)

k>0 xeF(ty, re) ~ Lty ne)
— Y e *mé|+limsup|md Y, —m% Y, |

xe4 (ty, ne) k— o0

g—;- limsup ¥, +(supm?) limsup ¥, , <eY, as., (5.56)
k—co

k— t

by (5.54) and (5.55).
Finally, use Lemma 5.8 to remove (5.42). [

6. a.s. Convergence of Ratios and the Empirical Age Distribution
Consider the ratio Z¢/Z? for two characteristics ¢ and y. If

E[,¢(0)log™ &(c0)] < oo, (6.1)

and ¢ and ¥ satisfy the conditions of Theorem 3.1 or ¢, and ¢ the conditions
of Theorem 5.4 then Corollary 3.4 and Corollary 5.6 state appropriate ratio-
convergences (on {T,— c0}).

On the other hand, if

E[,&(o0)log™ E(c0)] =00 (6.2)

then Theorem 3.1 and Proposition 1.1 show that ¥ =0 a.s.. Accordingly ratio-
convergences do not follow that easily.

The purpose of this section is to give sufficient conditions on the repro-
duction &, and the characteristics ¢ and ¥, for a.s. convergence (on {T,— c0}) of
Z$/ZY, even if (6.2) holds.

We shall work with the following assumption on &:

Condition 6.1. There exists a f<o such that p;(00)=E[z¢(c0)] < o0. (For Bell-
man-Harris processes with finite Malthusian parameter u(oo) is always finite.
Therefore they satisfy the condition with f=0.)

We shall restrain ¢ and y more than in Sect. 5:

Condition 6.2. There exists a <o, such that

V=sup (e~ " (1) (6.3)

has finite expectation.
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Just like in Sect. 5 the two conditions are dual.
Let us formulate

Theorem 6.3. Suppose that ¢ satisfies Condition 6.1° and that ¢ and Y satisfy
Condition 6.2 and have D-paths. Then, on {T, -0},

zZ? mi,
Z“;/,—V@ a.s., as t— 0. (64)
Corollary 64. Suppose that & satisfies Condition 6.1.> Then, on {T,— 0},

7 :15)(1 —L(u))e™*du

S e as., as t—oo. [] (6.5)
"0 —L@w)e *du
0

Remark. For Bellman-Harris processes, Condition 6.1 is always satisfied. And
thus the fact that the empirical age distribution of a supercritical Malthusian
Bellman-Harris process always converges a.s. towards the stable age distribu-
tion follows from Corollary 6.4. As pointed out in the introduction this result
has been established also by Kuczek [1980].

The proof of Theorem 6.3 will be built on the next lemma. From Sect. 5 we
recall some conventions: to fixed ¢>0 and t,=0, :

t,=kc+t,, k=0,1,2,... (6.6)
and
k
fk,n=7c, k=0,1,2,..., n=12,... (6.7)

Lemma 6.5. Assume that & satisfies Condition 6.1 and ¢ and  satisfy Con-
dition 6.2, and that E[¢(t)] and E[Y(t)] are continuous a.e. Then, on {T,— w0},

ze me (&
Tletin 0 SN a.s., as k— 0. (6.8)
VAL m?

ty, n o0

We postpone the proof of Lemma 6.5.

Proof of Theorem 6.3 from Lemma6.5. Lemma 5.3 implies that E[¢“"(1)],
E{¢,,®)], E[Y™(®)], and E [¥.(¢)] are continuous a.e. Moreover o @
¥, and ¥, satisfy Condition 6.2.

Now, if te[t, ,, ¢ 1 then

c/ns

k+1,n

Z¢c/n ¢ Z¢C/"
Z? <

tie, n S tetri,n ‘ 6.9)
em =y = Zdiem ( .
Z;pk+ 1,n Zt Ztk,/n

®  For other conditions implying ratio stabilization consult Corollary 3.5 and Corollary 5.6
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Hence Lemma 6.5 implies that, on {T,— o0},

o€ mPem Z¢ 79 emt”
e 'n —m <liminf 7 <limsup - < e’ as. (6.10)
l// . l// ml//c/n
— 0 , t— o

The proof is completed as the proof of Theorem 54. [
For the proof of Lemma 6.5 we need some supporting results.
Lemma 6.6. Suppose that p(c)>1. Then, on {T,— o0}, for each fixed s€(0, )

}Itk‘PS

Y,

tx

-1 as.,as k—oco. (6.11)

With the
Corollary 6.7. Suppose that p(c)>1. Then, on {T,—> w0},

Y,
“lerpn 51 gs., as k— o0, (6.12)

lie,n

for any fixed j and n.

Proof of the Corollary. Choose s=% and intersect the sets where (6.11) holds

12 n—t
for 1o=0, -, ,...,"n . O
n

Proof of Lemma 6.6. We prove the lemma for s<c. The claim of the lemma

. . s
then follows if we use this on s; =c and on s, =5— [~] c.
4

We make the convention
Y=1 for t<0. (6.13)

Define {,Y;} similar to { _Z,}. Then, for s<c, we can write

Yoo= 2 e Y, tY. (6.14)

xeF{t)~ Ft.c)

From this we obtain (N(t, ¢) as in Sect. 5)

‘a(ax*l)(x §—0, 1)
Yt+s= 1 + N(t7 C)e_mt st(z)z\:f(t c) " *
Y, ¥ Nt c)
=1+8,(t)S,(2), say. (6.15)

Since
N(ta C)e_azé(y;—yt,c)euéemy;a (616)
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it is enough to show that, on {T,— o0},
S,(t)—0 as, as k—oo. (6.17)

To do so, we shall use Propositions4.1 and 4.3 like in the proof of Lem-
ma 5.10.
FEINF (. ¢), N(t,,c) and o, on {xeJf (L )\I(t,,c)} are MTtk—measureable.

Further, conditioned on MT:,C’ {.Y}, xe £t )\F (1. ¢), are mutually independent
and their distributions are unaffected by the conditioning. Observe that, for
xeJ(t,),

e~ MO0 < (6.18)
and that, for t<s,

e +Y  =T+Y, 20

Y < xef )\ F(t,s—1) ) 9
‘—{1 t<0. (6.19)

Finally, from Lemma 5.12

N(t
P 1iminf——k( k12 )

k—
Z N(tp c)
j=1

>0|T—o0 | =1. (6.20)

Proposition 4.1 yields that, for any ¢>0, on {T,— w0},
> P[Sz(tk)>8|,sszlk] <o  as, (6.21)
k=1

which by virtue of Proposition 4.3 yields (6.17). This completes the proof of the
lemma. O
Lemma 6.8. There exists a K < oo, such that, on {T,— o0},

—at

T
limsup “— 1<K as. (6.22)

t— i
Proof. The lemma follows from the fact that

L T .

t
Y,T Y=Y, e *“N(tce ™

(6.23)

and Lemma 3.6. [

Before the proof of Lemma 6.5 we need analogues to Lemma 5.8 and
Corollary 5.9. Recall from section 5 that

‘f’/(t):{g)(t) for t>s (624)

otherwise.
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Lemma 6.9. Suppose that ¢ satisfies Condition 6.2. Then, if u(c)>1, on {T,— o0},

. - O!IkZ(f"
lim limsup———%=0 as.. (6.25)
s> ko Y;k
and, for each n, on the same set,
—atie,n 7P’
lim limsup lan=(), (6.26)
s—~w koo sz,"

Further (with the help of Corollary 6.7 proved like Corollary 5.9).
Corollary 6.10. Suppose that ¢ satisfies Condition 6.1. Then for each n, on
{Tl—’OO},

Y,
lim limsup %2 =0. [] (6.27)

c—w k-

k. n

Proof of Lemma 6.9. Certainly it is enough to prove (6.25) for s=rc¢ with r
integer. Observe that (just like (5.28)), on {7,— w0},

le+1

Xi

’?T—tki——»E[V] as., as k— oo. (6.28)

tet1 Tk

Hence, analogous to (5.29), on {T,— o0},

—atx+r7¢
limsupe———g"‘—*L
k—co ot p
Ty,
Z ¢xi(tk+r—axi)e~atk+r
=limsup =2
k— o Ylk+r
Ty, k=1 T,
Z I/xie"(a—ﬂ)tk-#r_i_ Z VXie~(rl—ﬂ)(lk+r~tj+1)e—<ﬂj
<limsup ‘=2 =0 i=Tipt]
k- tre+r

k~1 jo=atjr T Y. —la=B)+r—j—1)c
<0+¢<E[V]limsup 5 ("’ . zjﬂ)(rme .

k—ow j=0 ti+1 i + v

) as.. (6.29)

The zero comes from Lemma 6.6. The first factors in the last sum are uni-
formly dominated (a.s.) due to Lemma 6.8. Reversing the order of summation
and using Lemma 6.6 again it is easy to dominate the second factors geometri-
cally and hence to deduce by dominated convergence (K from Lemma 6.8), on
{T,—> 0},

) *atk+rZ¢'l o0 )
limsup L——"ﬂée‘”E[V] KY e-e=hic a5 [ (6.30)

k- tc+p j=r
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Proof of Lemma 6.5. The lemma follows by Corollary 6.7 if we show that, on
{T;—> 0},

e—alk, nZ¢

k. n
Y,

ti, n

-mé  as.,as k—oo. (6.31)

Suppose first that

o

$(t)=0 for t=°

—. 6.32
; (632)
By the same corollary the limit (6.31) then follows from, on {7,~ o0},
] IeAatk+j+r,n ¢
lim limsup v leriern _m? =0 as. (6.33)
j=o© k-oow e, n
To prove this consider j=j, and r>0. Then, on {T,—> w0},
] e—atk+j+r,nZ¢ .
limsup letiern mé
k=@ | e, n
. e enN(, . (j+rc/n
< limsup) (tes G+1) /)|
k> o0 l Ytk,n
limsup| > e~ Hox e )
k=0 xed (i, n)~ £k, n (+1)c/n)
— Ut + =0 .
(e ) e M e YN (B s (G 7) /)]
eiaax(mfk+j+r,n*0'x—m¢‘;’)'
—Himsup xef (tic, n) \ Fixc, n jc/n) ’
ko ‘ Yik,n |
: Yt jein
+ {sup m?} limsup —e2eJ as. (6.34)
t k— o0 Y;k’n
Now, on {T,— w0},
- ;
e N(tk,na (.] +V) C/Yl) éea(j-i—r)c/n’ ’ (635)
Kk,n

and the second factor of the first term in (6.34) can be shown to be zero as. In
fact, with k—oo only on {kq,ky+n ky+2n,...}, this follows just like the
convergence of S,,(t,) in the proof of Lemma 5.10. But k,=1,2,...,n can be
chosen arbitrarily. The second term can be made arbitrarily small by choice of
r large, according to Proposition 2.2 and the definition of Y,. By virtue of
Corollary 6.10 the last term tends to zero, as j— 0.

Finally, use Lemma 6.9 to remove (6.32). [

7. Addendum

Consider a branching process counted with a random characteristic:

zt=73% ¢.(t—0,). (7.1)

xef
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Of course this sum makes sence for not necessarily independent ¢-processes.
The question arises whether our limit theorems are valid for some larger class
of characteristics. We shall show that indeed they are for characteristics which
may depend not only on x’s own life but also on its whole daughter process.
Such generalized characteristics play a fundamental role in a recent paper by
Jagers (1981), where different aspects of sampling in a supercritical branching
process at a late time point are treated.
To any xe.% let

Fo={(x,y); ye s} (7.2)

where (x,0)=x, ie. £ consists of x and its potential progeny. Let {¢(f)}
={¢(t, w)},.g denote a real-valued, non-negative stochastic process vanishing
for t negative, which may depend on all coordinates in Q (recall: (Q, %, P)

=[] (., 8, B)). Denoting by =, the shift operator that maps the (x, y)-coordi-
xed

nate on the y-coordinate (the x-coordinate on the O-coordinate) we define

¢, (1, )= (1, m (), (7.3)
and
=3 ¢.(t—0,) (7.4)
Xef
as usual.
Since (cf. Proposition 2.1)
Eolt)
Z?:Q”o(t)'*' Z (i)Z;bﬁzr(,-)’ (7.5)
i=1

where, and this is the key to our results, the (,z-processes are independent
copies of {z?} also independent of ¢, (but not necessarily of ¢,), renewal
theory applies unchanged, and both (2.4) and Proposition 2.2 follow exactly
like before. Also Theorem 3.1 and its proof are valid without any changes.

For age-truncated ¢ (i.e. ¢(a) vanishing for all ages a larger than some
constant), and reproductions ¢ satisfying the conditions of Theorem 54 a.s.
convergence of e~*z? follows as before. However, since the ¢ ’s need not be
independent, the proof of Lemma 5.8 is no longer valid. But, define

—at t
sup e—d)x—(lz U, for 0gax1
0 otherwise. '
Then, since . is a characteristic of the truncated type,
e ¥zl Y ml  as,as t—o0. (7.7)

where

1
m¥ =[E[U]e *di<E[U]. (7.8)
0
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With ¢’'(a) denoting ¢ (a) for a larger than ¢ and zero otherwise we have, since
h does not increase, that

e Mz = Y ¢ t—c)Se ™ Y h(t—o)e U
oxSt—c OxSt—¢
[t—cl+1
Le™® Y Y, h(t—o)e P U,

k=1 k—1Sa,<k

[t—cl+1
§e—m Z h(t—k) ezx(t—k+ 1) Z Ux
k=1 k-1=<0,<k
[t—cl+ 1
= Y, h(t=k)e"(e=*z}). (7.9)
k=1

We can reverse the order of summation, and use the a.s. convergence of e~ z¥,

and the monotonicity of k, to dominate and conclude that

t— o0

limsup e“"‘z;”'ge“( ] h(s)ds> Y, -E[U] as. (7.10)
c—2

Thus, the lemma is still valid, and the original proof of Theorem 5.4 works.
Also the proof of Lemma 6.9 is invalid, but for age-truncated characteristics
Theorem 6.3 follows as before, and with an argument analogous to (7.9) we can
prove Lemma 6.9 and hence the theorem holds.

Let us give some examples of processes counted with generalized character-
1stics.

Example 1. If

d)(t)={1 if z,>0 (7.11)

0  otherwise.

Then z? counts the number of individuals who have descendents alive at ¢.

Example 2. Let ¢(t) denote the number of pairs of cousins in the second
generation both alive at time ¢t. Then z? counts the total number of cousin
relations between pairs of individuals alive at time ¢.

Example 3. If

1 if the ancestor is alive, and has exactly k—1 children alive at ¢

P)= {0 otherwise
(7.12)

then z? counts the number of “families” consisting of k individuals.
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