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Comparison of Experiments
when the Parameter Space is Finite*

Erik NIKOLAI TORGERSEN

The convex function criterion for “being more informative” for k-decision
problems is—in Section 2— generalized to a convex function criterion for e-
deficiency for k-decision problems. The particular case of comparison by testing
problems is discussed in Section 3. A theorem of Blackwell on comparison of
dichotomies is generalized and a problem on products of experiments raised by
Blackwell is settled by counter-example. Pairwise comparison of experiments and
minimal combinations of experiments are discussed. The problem of composing
and decomposing experiments by mixtures is treated in Section 4. It is shown that
any experiment with finite parameter space is a mixture of complete experiments,
and the complete experiments are characterized.
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1. Introduction

In [12] Le Cam introduced the notion of e-deficiency of one experiment
relative to another. This generalized the concept of “being more informative”
which was introduced by Bohenblust, Shapley and Sherman and may be found
in Blackwell [3]. “Being more informative for k-decision problems” was intro-
duced by Blackwell in [4]. We shall here consider the hybrid of “e-deficiency
for k-decision problems”.

An experiment will here be defined as a pair &=((y, &), (F: 0 ®)) where
(x, «/) is a measurable space and (F: 0€®) is a family of probability measures
on (y, «). The set © —the parameter set of & —will be assumed fixed, but arbi-
trary. An experiment & as defined above may be identified with an experiment
& in the sense of [12] by taking £ =(0, E, x, {P_,}) where E is the set of bounded
measurable functions on (y, /) and P_, for each 6 is given by f P o={ f(x) B(dx);
feE.

* This paper is—essentially —the author’s dissertation submitted in partial fulfilment of the
requirements for the Ph.D. degree in Statistics at the University of California, Berkeley, June 1968.
The paper was prepared with the partial support of Norges Almenvitenskapelige Forskningsrid, the
University of Oslo and U.S. Army Research Grant DA-31-124-AR0D-548, Da-ARO-D-31-124-G816.
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Definition. Let & =((y, ), (B: 0€©)) and F =((#, B),(Qy: € O)) be two ex-
periments with the same parameter set @ and let 6~ ¢, be a nonnegative function
on O (and let k=2 be an integer).

Then we shall say that & is e-deficient relative to . (for k-decision problems?)
if to each decision space? (D, &) where & is finite (where .¥ contains at most
2* sets), every bounded loss function® (0, d)~» W,(d) on @ xD and every risk
function r obtainable in & there is a risk function ' obtainable in & so that

r@)=r(0)+e W, 6cO 0y
where |[W|j=sup [W,(d).

If & is O-deficient relative to & (for k-decision problems) then we shall say
that & is more informative than & (for k-decision problems) and write this
=27 (& % F).

The greatest lower bound of all constants ¢ such that & is e-deficient relative
to & (for k-decision problems) will be denoted by d(&, %), respectively: §,(&, #)
and max [0(&, F), 6(F, £)] respectively: max [5;(&, F), 0,(F, &)] will be denoted
by A(&, &) respectively: A, (&, F).

If & % and ¥ are experiments then: 0=Z6,(8, #)<0,,.1(&, F)Z6(6, F),
(&, 8)=0, 0,(&, F)16(&, F)as k— o0, and §,(&, F) L 6(&, D)+ 6, (¥, F) so that
Ay, As, ..., 4 are all pseudometrics.

Remark 1. Equivalent definitions may be obtained by replacing ||W| in (1)
by || W,|| =sup |W;(d)| or by requiring that W =0 and at the same time replacing
d

o |W| by e, | W| (or 4e, | W,|). This may be seen by noting that if W is a loss
function then (0, d)w| W,||~' W,(d) is a loss function bounded by 1, (6, d)
W,(d)+ | W] is a nonnegative loss function bounded by 2|/ W||, and that W =0
implies that | W;| <[|W||, 0 ® where Wy(d)=2W;(d)— || Wy|.

If&=((x, ), (B: 0cO)) and O, = O, the restricted experiment ((y, o), (B: 0€6,))
will be denoted by &, or &,, 4, if Og=1{0,,0,}.

From here on—unless otherwise stated —® will be assumed finite. The fol-
lowing remark is on the significance of this restriction.

Remark 2. Let @ be an arbitrary (not necessarily finite) set. If for each finite
subset @ and each integer k>2, &5 is ¢|g deficient relative to %, then — provided
certain regularity conditions hold — there is a randomization* M from (y, &) to
(%, #) such that (|u|=sup(|f f(x) u(dx)|: —1= f 1)) IMB—Q,ll <é&; 6@ or
equivalently: to each decision space (D, &) and each operational characteristic
0(+19); 0@ available in & there is an operational characteristic ¢'(+|6); 6@
available in & such that |0’ (-]0)—0(-10)]| <¢,; 6 ®. We will refer to this result
as the randomization criterion.

! When k=2: testing problems.

2 1.e., a measurable space.

3 It is always to be understood that d-» W,(d) is measurable for each 6.

4 I.e. M is a function from y x & to [0, 1] which is measurable in x for fixed B and a probability
measure in B for fixed x.
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It follows from [12] that a sufficient condition for this to hold is that (B: 8¢ ®)
is dominated and that % is a complete separable metric space (or a Borel subset
of such a space) with Borel class #. [Let 7 be a probability measure which is
equivalent to (B: 6e®) and let & and # be the corresponding experiments in
the sense of [12]. The L-space of & is then L, (y, </, ©). By Theorem 3 of [12] and
its proof, & is e-deficient relative to & in the sense of [12]. By Proposition 7
of [12] there is a positive normalized linear operator M from L,(y, <, ) to the
L-space of # such that |ME —Qyll <gg; 0e@. M7 and the M E’s are probability
measures since the Q,’s are, and the range of M is contained in L,(%, %, M r).
By Proposition V 4.4 of [16] the operator M is induced by a randomization. |
If (B: fe @) is dominated then e-deficiency (for k-decision problems) for all finite
subsets of & implies—by weak compactness (Proposition IV.2.3 of [16])—e-
deficiency (for k-decision problems).

The product [] &, of a family &,=((x,, #4); (B,: 0€@)); teT of experiments is

teT

the experiment ((H Aes ﬂ ) H B,: 0€0)). Products are then commutative and

associative up to equlvalence If & =-=6,=& then H(g’ will be written &”.
i=1
Let & =((x, #), (B: 0 ®)) be an experiment and let A be the set of probability
distributions on ©. The convex extension of & is defined as the experiment & =
(0 ); ([ B A(d0); A€ )
Criteria for 7>? were given by Blackwell in [4]. They are generalized in Sec-

tion 3 to criteria for e-deficiency for k-decision problems. The methods used
(e.g., comparison of Bayes risks) are essentially the same as those of Blackwell
in [4], the main difference being that the class of convex functions is replaced
by the class of sublinear functions.

It is shown in this section that convergence may be decided by comparison
of testing problems alone.

Comparison by testing problems is discussed in Section 4. In [4] Blackwell
proved that for dichotomies, “being more informative”, was the same as “being
more informative for testing problems” and gave a simple criterion in terms of
errors of the first and the second kind. It will be shown in Section 4 that this
extends to e-deficiency in a natural way. Blackwell proved in [3] that if 51,

ns

#, ..., %, are experiments such that &=%;; i=1,...,n then Héz' > H %, and

raised the problem whether 2> .2 implies & > % The answer 1s shown to be
negative and a counter-example of the apparently weaker statement “&” > #"
from a certain » on implies & 2% ” is given.

Since pairwise sufficiency implies sufficiency, one might ask about an analogue
for ¢-deficiency. It is shown in Section 4 that comparison by testing problems is
equivalent to pairwise comparison of the convex extensions of the experiments.
It follows from the “error of first and second kind” criterion for dichotomies
that a set of dichotomies have inf and sup. It is shown by counterexample that
this does not hold when #@®=3.

If a statistician observes a random experiment according to a known (i.e.,
not depending on 0) distribution on a set {£} of experiments and then performs
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the observed experiment &, the resulting “total experiment” performed will be
called a mixture of the experiments in {£}. It is shown by Birnbaum in [1] that
any dichotomy is a mixture of a totally ordered set of double dichotomies. It is
shown in Section 5 that any experiment is a mixture of complete experiments,
and that the complete experiments are characterized as those minimal sufficient
experiments whose standard measures are concentrated on the vertices of a
simplex.
Some of the notations which will be used are:
L(X)=the law of X

V X,=sup X, and A X,=infX,
t t t t
X*=XV0and X~ =(-X)*
& =the class of all subsets of 6.

For each 0@ the vector e,eR® is defined by:
e(0)=1or0Qas B =08or =0
e=) ¢

0
K={x:xeR® x20and ) x,=1}

[

# A =the number of elements in 4 if 4 is finite

#A=0c0 if 4 is infinite

dP,/dP,=the density relative to P, of the P-absolutely continuous part of B,.
1/ I=sup |f(x)| and ||| =sup{|[f(x) p@x)|: || | 213

The Lévy distance between distribution functions F and G on R":

A(F, )=inf{h: h=20, F(x,—h, ..., x,—h)—h=G(x, ..., X,)
SF(xy+h,...,x,+h)+h forall (xi,...,x,)eR"}.

If the symbol—“(k)” —appears in a statement, then it may either be replaced
throughout the statement by “k” or be deleted throughout the statement.

2. Comparison by k-Decision Problems

Let k=2 be an integer, put D,={1, ..., k}, let &% be the class of all subsets
of D, and consider (D,, %) as a decision space. Then we have the following average
risk criterion for e-deficiency for k-decision problems.

Theorem 1. Let & =((y, &), (B:0€®)) and F =(¥., B), (Qy: 0€O)) be two ex-
periments and 8~ g, a nonnegative function on ©.

Then & is e-deficient relative to & for k-decision problems if and only if:

To each loss function W on @ x D, and each risk function r available in F
there is a risk function ' available in & so that:

Zr’(G)éie‘,r((?HZﬁe IWsll;  0eO. 1)
[} [}
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Remark. As in Remark 1 after the definition we may restrict attention to non
negative W’s provided ¢, is replaced by &,/2. In this case (1) may be replaced by
the minimax criterion vV (0)= \(9/(1‘(0)—!—(89/2) [ W5l).

We may —in (1)—restrict attention to W’s such that

V W@+ A Wyd)=0; 6@, since Wyd)=Wy(d)—V Wy(d)— AWold)  (2)

satisfies this condition.

Proof of the Theorem. Let o be any decision procedure in #. By assumption
there is —for each W—a decision procedure p in & so that:

Yo BWy—0QyWy—eo [ W) <0 ie. sup min) <0.
] Iwisxr » 5

It follows, by weak compactness,—since ) is affine in p and concave in W~ that

é
sup and min may be interchanged —i.e. p may be chosen independently of W.
This implies |[p B~ Q| <gq; 0€0. ]

Another proof of the randomization criterion described in Remark 2 after
the definition follows from this proof. (p may always be modified so that

;pﬁ’<;aQ9’)

The criterion given in Theorem 1 may also be expressed as a convex function
criterion. Let ¥, k=1,2,... be the set of functions on R® which are pointwise
maximum of k-linear functionals on R®. Let ¥ be the class of all sublinear func-
tionals on R?; i.e. the class of all functions ¥ such that (¢ x)=ty(x) and Y (x + y) <
¥ (x)+(y) when t>0 and x, yeR®. Clearly ¥, ¥, <---< ¥ and each e ¥ may
be written as limTy, where y,e ¥, k=1,2, ....

Theorem 2. Let & =((x, o), (B: 0€0)) and F =(¥, %), (Qy: 0€ O)) be two ex-

periments. Put
dQ,
:96@), =(— :Be@)
iy h =y o,
9 o

and let 6+»¢, be a non-negative function on ©. Then & is e-deficient relative to
F ( for k-decision problems) if and only if:

JofdY Bz[yogdy Q=Y eytleq) 3)
for each ' ’ ’
ye? (%)
such that
Y(—e)=yle); 0€0. “)

Remark 1. If the Bs are given by densities /y: 0 © relative to some positive
measure u and ye¥, then it follows from the positive homogenity of i that
JWofdy B={yohdu where h denotes the map: xw (hy(x): O€O).

-]
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Remark 2. Equivalent conditions may be obtained by

(i) Requiring that y be monotonically increasing (decreasing) dropping the
requirement (4) and replacing (3) with

Je(=NdY Rz (-)d Y. 0= Y e (e
(vefdY Rz egd) =Y dosd(=el).
(ii) Dropping the requirement (4) and replacing (3) with
JurefdY Bz egd Qo= Y 3eal(—eo)+V(er).
(ii) follows by noting that if e ¥ then

eg)—V¥(—e
xm[p(x)_z lp( 9) 2‘#( 0) Xg
]
satisfies (4), and (i) may be deduced from (ii) using the fact that xw»y(x)—
Y Yr(eg) X, is monotonically decreasing in x when e %,. Since /(¢) <0, 0 O for
]

each monotonically decreasing e ¥, (i) implies (ii). Note that the set of /’s which
satisfies (i) is a convex cone and that y satisfies (i) provided ¥ =¥ on K and
Y(—eg=U(—e,); B ® where V) satisfies (ii).

It may be shown that & being ¢-deficient relative to & for k-decision problems
does not imply (3) for all ye¥,.

Proof of the Theorem. Any Ye ¥, is a maximum of k linear functionals and
may therefore be written:

V=Y (E-Thd)x);  xeR®

for some constants W,(d); 8e®, deD. Since y(—eg)= \d/ Wy(d) and Y(ey)=
\‘{ — W, (d), the condition (4) for s is equivalent to the condition (2) (in the remark

after Theorem 1) for W. If the condition holds, then y(e,)= || W, -
Now

—#(@)*lf!ﬂ°fd20:1%=#(@)_lf /d\(; VVo(d)fo)dgg
-#(@)“Nogd;Qo

are the Bayes risks relative to W for the uniform distribution on &. Hence the
theorem follows from the remark after Theorem 1. []

and

Corollary 3. Let I, be the set of functions ye ¥y, such that y(—eg)=7(e); 0O

and Y y(eg)=1. Then A&, F) may be written:
]
Ag(&, F)= 5111}’ ”V °fd239—j? ° gd;Qel-
VEL (k) ]

5(&, F) clearly attains its maximum when the B’s are all equal and the Qs

have disjoint supports. In this case {Yofd Y B=y(e)and [ yogd ) Qg=> ¥(ey).
] 9 [’}
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Define y by 5 y
— V xp—— h =#06.
y(x)= ol n;xoweren#
Then yel” and

2
J"ymgdZQe—jyodel%=2—7 so that A(g,f);z_%,
] 2]

(This y corresponds to the estimation problem (D, %, W) where D= ® and W,(d)=1
or0asd+6 ord=60.)

On the other hand

<2

Vv
i n

1
B LR

for any family P, ..., B, of probability measures on .«/. Hence

2
NG, F)=2——.
n
It will follow from Corollary 6 that
0, (&, F)=2— 2
R ean
Hence 2
F\<) —
5k(g’/):2 k/\#@

for any pair &, # of experiments and “=" is obtained for & and & specified as
above. It may be shown that ,(&, #)=1 < there are prior distributions A and

1 such that
;1(9)1%=;u(9)1% and ;X(G)Qe/\;u(H)QFO,

and that 2
o(&, ﬁ)zZ—;@B,

does not depend on 6 and Q,A Q,=0 when 6.

Corollary 4. Let &, be ¢i-deficient relative to % ( for k-decision problems);
i=1,...,n. Then [| & is Y ¢-deficient relative to || % ( for k-decision problems)
(&;i= 1 ., 1 are nonnegative functions on O ).

Proof. 1t suffices to consider the case n=2. The proof is based on the fact
that if Y e (%) and c,: 6O are constants, then x w1 (c, x,: 0 O) belongs to
(). Put &=((x;, ), (B;: 0€O)) and Z=((%,, B),(Qy:: 0€O)); i=1,2 and let
Y e ¥(H). The notations which we have used so far for two experiments & and &
will be adapted to this situation by using i as a subscript. Thus:

d(By x B,)

ZBJI) (ZB) ]:folxﬁizr

d(Qs1 % Q2) =g, X
d[(; Qe1) X (; Qoz)] o
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By Fubini’s theorem:

F¥ (for % fozs Ge@)d[(;f?n) X (;Raz)]
=j§0312,2(dx2)§1//(ﬁ,1 fo2(%2); 9€@)d;3n
zf;l%z(dxz) [f ¥ (g1 - for (x2); He@)d§Q01
—;%Sel(lﬁ(—ee)+l/f(ee))1%z(xz)]
=§;Qel(dy1)w(gm(yl) Joo; Be@)d;%z—;%sel(w(—eo)ﬂ//(ee))
zf;Qm(dyl) [§ ¥(261 (1) g2 Ge@)d;Qez
~ Lt o2 (—eo) +len) gavi)] 2 3o~ o) + v (en)

9112

5 (W (—e))+(eg). [0

:j'ﬁ(gsl X8o2> HE@)d[(; Qm)x(; Qoz)]“;

Remark 3. It follows that:

n

w16 T1 %)
i=1 i=1

= -Z‘la(k) (&, F)

and

2y (116 [17) = 3 A6 7.

I=

Inparticularif &= %;i=1, ..., n,then [ | &= | | &. This was proved by Blackwell
i=1 i=1

in [3]. For equal factors this implies that “6 =% = "= #"”. Blackwell asked
in [3] if the converse was true (for n=2). We shall see in the next section that the
answer is no.

It may be shown, however, that §"~%" = & ~&. [ The Laplace transform
of an experiment & is defined by:

Lg(t)=§(I;[J%‘9)d;I%; tek. 5

If §=% then L,<Lg (since x+[]xi is concave for teK)—the converse,
7]

however, is not true. An experiment is—up to equivalence —determined by its
Laplace transform and we have n

n = . 6
by, = [l 0

It follows that it would be useful to have a criterion for 2 in terms of them. |
Corollary 6 below generalize results in [4] to the case of s-deficiency. The
method of proof is essentially that of [4].

Corollary 5. If % contains at most 2* sets then & is e-deficient relative to F if
and only if & is e-deficient relative to F for k-decision problems.



Comparison of Experiments when the Parameter Space is Finite 227

Proof. The “only if” follows as in the proof (by choosing ¢ as the identity map)
of Theorem 1. ]

Corollary 6. & is s-deficient relative to F for k-decision problems if and_only
if & is e-deficient relative to every experiment (¥, %), (Qpz: 0€®)) where % is a
sub o-algebra of B containing at the most 2% sets.

Proof. 1t follows directly from Corollary 5 that the condition is necessary, so
suppose the condition of the corollary holds. Let ye¥,. Then we may write
k

Y= 'Y1 L; where L,, ..., L;e¥. Let (By, ..., B,) be a #-measurable partition of %
such that yog=> L,ogIy . Let # be the algebra generated by this partition, put

F=(%, %),(Qoz: 0cO))
and define

o
&

(i‘g%: 96@).

Then, since & is #-measurable:

Fefd Y B2 [¥o7dY Quu— Yo UL,

But
f‘ﬁ"gd;Qm:Z IW°§dZQo@
(B)
“Zf'”((zga(m #6)) 130
:Z w(Qe(Bi ): GEQ)ZZLi(QB(Bi): 95@)
=IZLi(ngd;Q9)=ZBj Liogd;Q‘;:]-l//ogd;Qg.
So that . [ l

JW°fd;39§f¢°gd;Qe*z%ge('//(ee)"“ﬁ(_es))- a0

Let # be the experiment given by the Markov matrix:

1 2 3 4

H -

Nl

Let % ; be the sub experiment of # obtained by adding the i-th and the j- th
columns. It follows from Corollary 6 that []{#;: 1Zi<j<4}2Z [[{F;
1 i< j=4} is not, however, more informative than Z since: &)

H{Lflj 3 3? 3) 1<l<]§4

L,u

-1,

w\,-
W=
—

\oloo
EUY

>
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It has been shown by Stein, see Blackwell [4], that —in general— > does not
imply = . ,
k+1

Corollary 7. é?(%ﬁ if and only if

Wc’fd;f%éfllfogdz Qs
(-]
for every Yre ¥,.
Proof. Follows directly from Theorem 2. [J

This is the same criterion as that of (3) of Theorem 9 in [4] since any linear
function ¢ agrees on K with a homogenous linear function.

Remark 4. The convex function (or average risk) criterion may be interpreted
as convex set relations as follows. For each nonnegative function 8w ¢, on ©
let U: R%*P«— R be the function: WY g, || Wy, i.e. the support function of
D={W:Y |W,(d)|<ey; 0eO®}. For each experiment &=((x.«¢),(R: Hc®)) let

d
Fy: R®xDx_, R be the function

W [ [V YW f]d L B=Y — 2 B p Wo= — 46 [Bayes risk]
[ [ [

i.e. the support function of — A, where A, is the set of all operational charac-

teristics. Theorem 2 may now be formulated as F,+UZ=F,; or equivalently

Ag—D2A,. These relations are, however, direct consequences of the definition .
of e-deficiency. Another proof of the randomization criterion follows from this

observation.

Finally some remarks on convergence for the pseudometrics 4,,...,4. If
&=((x, «), (B: 0€0)) is an experiment, the standard experiment [3, p.94] & of &
is the experiment (K, Borel class), (B, f~*: 0 ©)). Since f is a sufficient statistic in
&, A&, &)=0. Moreover & is its own standard experiment and an experiment
(K, Borel class), (Qy: 0 ©)) is a standard experiment if and only if x v x, is a
version of dQ,/d Y. Q, for each 6 @. This shows that a standard experiment is

]
uniquely determined by its standard measure ) Q,. A positive measure S on the
8

Bore] subsets of K is a standard measure if and only if | x S(dx)=e. We shall see
later (Proposition 18) that if & and & are standard experiments and 4,(&, #)=0
then & =% Assume for a moment that this has been shown. It follows that if
& and & are any experiments then 4,(&, #)=0= A(&, #)=0. So that the
equivalence relations induced by 4,, ..., 4 are all the same.

Let .# denote the set of all standard measures. The pseudometrics 4,, ..., 4
define metrics on .# which —by abuse of notations —again will be denoted by
A,, ..., 4. Another metric on .# may be obtained by using the Levy-distance A
on the set of standard measures. It has been shown in [13] that 4 and A are
equivalent. Since 4,<4 and .# is compact for A this implies that the metrics
A,, ..., A and A are all equivalent. This may also be concluded from Corollary 3
as follows. Let L(&, #) denote the Prohorov distance (based upon the norm
X o \0/ | x4|) between the normalized standard measures of & and #. By Theorem 11

in Strassen’s paper [ 18], there is a probability measure R on K x K with marginals
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[#6]! ; Band [#6]' ; Q, so that R(D)S L(&, F) where
D={(x,y): V 1xp=ysl 2 (&, F).
Let yeI'. Then — using the inequality, y(x) —y(y) < \0/ [xg— yol, — We get:
[#6]1'[f Vd§ B—fvyd ; Q] =] [y () =y I R(d(x, »)) < VIxg—yol R(d(x, y))
=D§ +D§c SRDY+L(&, F)R(D)S2L(E, F).
It follows from Coroliary 3 that:

AME, F)Z2#OLE, F).

The equivalence of the metrics 4 and L (or equivalently 4 and A) follows now by
a standard compactness argument.

We formulate this as:

Proposition 8. The equivalence relations induced by A,, A5, ..., A are the same.
Their restrictions to the set of standard experiments define metrics which all are
equivalent to the Levy distance for standard measures.

Example 9. (The factorization theorem.) Let &=((y, &), (B: 8€®)) be an
experiment and let # =((y, ), B 4: 0€©)) be the subexperiment of & determined

1
by the sub c-algebra # of «/. Put n:WZ};. Then g,=E® f,; 6 ©. Hence
]

A, F)=0<- Z,(f)=%,.(g) = [=g a.e. n, using the fact that two real random
variables on the same probability space, having the same distribution, are equal
a.e., provided one of them is the conditional expectation of the other relative to
some g-algebra. [If the random variables are X and E# X and EX?<co then

E(X—E®XP?=EX?—-E(E?X)*=0 since Z(X)=ZL(E*X).

More generally, suppose that the random variables are X and E? X and
E|X| <. Let ¢ be a real valued continuous and convex function defined on an
interval I so that X e[ a.s. By assumption E ¢(E? X)=E ¢(X). Since E? p(X)=
@ (E? X) (Jensen’s inequality) this implies

E2p(X)=¢p(E®X) as.
so that
L(E”? ¢ (X))=ZL(p(E® X))=Z(0(X)).
In particular
F(E® X*)=2(X%).
It follows that we may — without loss of generality —assume X >0. Since ¢ w» — ]/f
is convex on [0, co[ we have

LB YR) =2 (/).
Hence —since E()/ X <o —E? /X =1/X a.s. so that
EOX S BV X) 5 (BYXY £ )

16 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 16
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More generally —let &,=((x,, <,), (B,: 0€0)), n=1,2, ... be a sequence of
experiments, and for each n let % be the subexperiment determined by a sub

dR, dR
-algebra B, of of,. Put f,,=——ot—, g, =—emn
c-aige n O n u fGn dzl?;n 8on dZPen@"
1 9 . "
":ﬁz B,;n=1,2,.... Then—using the uniform boundedness of {f,} and
/]
{g,} and an asymptotic version of the fact mentioned above —we get:

lim 4(8,, #)=0 < lim A%, (f,), £.,(g,)=0 <> lim | B,—gp, 7| =0, 0.

;0e®,n=1,2,... and put

T

3. Comparison by Testing Problems>

Theorem 2 applied to the case k=2 yields:

Theorem 10. & is s-deficient relative to F for testing problems if and only if

”;%B;”Z—”;%Qo”—;3a|ao| (1)

for each vector acR®.

Proof. By the identity aVb=%(a+b+|a—b|) any ye¥, may be written in
the form L, +|L,| where L,, L,e%¥. Hence by Theorem 2 it suffices to require
that {|Lof|dY B=[|Log|ld) Qy—) &l|L(e)| for each Le¥. By writing

/] 8 ]

L: x Y agx, we obtain the above criterion. []
]

Theorem 10 has a geometric interpretation as follows. Let & =((x, ), (B: fe 0))
be an experiment. The set of all critical functions in & (i. €., the measurable functions
from y to [0, 1]) will be denoted by %, and V; shall denote the subset of [0, 1]°
consisting of all vectors of the form ([ 6dB): 6 ®) where 6%, i.e., V, is the set
of available power functions. Finally put for x, yeR®, I, ,,={z: x<z=<y}. Then
we have:

Corollary 11. & is ¢-deficient relative to F for testing problems if and only if
V£+%I[—£,a]2V9'

Proof. If u is a finite measure on a measurable space (x, /) then (u| =
[2 sup u(8)]—u(x) where sup is taken over all measurable functions from y to
[0, 1]. It follows that the support function H, of V; is given by:

||Z ag Bl +Z dg

Hg(a)zs‘}gng(é)aoze—z—e“; acR®
¢s 0

and that the support function H, of Vi is:

IS0l 3

Hz(a)= g > >

5 Throughout this section, we will use the notations of Theorem 2 for experiments & and

acR®
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while the support function of 3I;_, ., is:

H(a)=-21-2|a9|39; BGR@.
4

The inequality of the corollary now follows since Hy+ H2=Hg. [
In terms of power functions this may be expressed as:

Corollary 12. & is e-deficient relative to # for testing problems if and only if
Jfor each testing problem H: 6€ O against K: 8¢ O and each power function I1,
available in & there is a powerfunction Il available in & such that:

Hg(ﬂ)éﬂﬁ(e)—i-%sg; 0e®,, Hg((?)gﬂg,—(@)—%ao; 0¢0,.

Remark. This corollary shows that for comparison of experiments by testing-
problems it suffices to consider loss functions which are indicator functions.

Let h be the Hausdorff-distance for compact subsets of R® for norm
X \0/ x=| x| i.e., the distance between two compact subsets C and D of R? is:

h(C, D)=sup distance (x, D).

xeC

Then we have:

Corollary 13.
4,6, F)=2h(V, V).

Proof. Let xeV,. Then by Corollary 12 there is a yeV, such that |x—y| <
14,(&, F). Hence
distance (x, Vz) <1 4,(6, F)
so that
2h(Vy, Va)=A4,(8, F).

By the definition of & there is a yeV,; such that

lx—yl =distance (x, Vz) S h(V, V).

Hence
Ve S Va1t n,. v nms.vpn-

It follows from Corollary 11 that 6,(&, #)<2h(V,, V). Similarily 8, (%, &)<
2h(Vg, V) such that 4,(8, F)<2h(V,, V). [

Remark. Clearly any set Vg belongs to the class 7 of subsets of [0, 1]° which
are symmetric about (%, ..., 3), compact, convex and containing 0; or equivalently
any function H, belongs to the class # of functions y € P such that a w24 (a) — Z ay
is symmetric about 0 and

O ag <y @<y af; aeR°.
7] ]

If $#6=2 then 7 is precisely the set of V’s. If # @ >2 this is no longer true,
since —as we shall see —the set of standardexperiments is not a lattice —for the

ordering “>”—whlle is a lattice for “contains”.
16*
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A simple necessary condition for § = % is the following:
2

Corollary 14 (of Corollary 7). Let & and F be experiments with standard-
measures S, and S g respectively. Suppose & %9" Then the support® of Sy is con-

tained in the convex hull of the support of Se.

Proof. Let C be the convex hull of the support of S,. Let Le ¥, and aeR be
such that Cc[L<d]. By Corollary 7—and the remark after:

[(L—a)* Sz(dx)< [ (L—a)* S¢(dx)=0.

Hence S (L >a)=0. Since C° may be covered by a countable class of sets [L>a]
such that CS[L<a] we have S;(C)=0. []

It is proved in [4] that when # @ =2, then “being more informative for testing
problems” was equivalent to “being more informative”. The following theorem
generalizes this to e-deficiency.

Theorem 15. Let & and F be dichotomies. Then & is e-deficient relative to F
if and only if & is e-deficient relative to F for testing problems.

Proof. Write ©@={1, 2}. Since only the “if” needs proof, suppose that & is
e-deficient relative to & for testing problems and let € %, By definition (of %)
k

there are constants a,, ..., a, and b,, ..., b, such that Y (x,, x,)= .Vl(aixl-i—bixz).
i=

By rearranging we may assume that there is a s so that Y(1, y)= 'Vl(ai +b; y) when

y is >0, where the representation on the right is minimal in the sense that for

each i<s there is a y>0 so that a;+b;y>V {a;+b;y:j+i,1<j<s}. Then the

numbers by, b,, ..., b, are all distinct, and we may —without loss of generality —

assume that b; <b, < --- <b,. It follows that a, >a, > --- > g and that Yy (x)= or 2

ay Xy +byx,+ Y (a;x,+b;x,—a;_ x,—b;_1x,)* as xeK or xe{—e,; 0O}. The
iz2

theorem now follows by Remark 2 after Theorem 2. []

Remark. An alternative proof was given in [19]. It was shown there, that to
any dichotomy % =((#%,%),(Q;;i=1,2)) one might construct another F*=
(@, #B), QF; i=1, 2)) which represents the minimum of all dichtomies & (regard-
less of sample space) which are (g;: i=1,2) deficient relative to & #* was
constructed such that QF/e;+0%/e;=0,/¢;+0,/¢, (provided é&,¢,>0) and
1Q¥ —Qill <&, i=1,2 (with “=" provided &, +¢&, = [Q:~Q: ).

Corollary 16. Put

| Be(o)=sup {P,(0): 6€%b,, P (0)=a}
an
Bz()=sup{Q,(p): p€¥s, Qi(p)Sa}; a20.

Then & is (g1, &,) deficient relative to F if and only if Bg(a+e1/2)+£,/2Z f5(a);
a20. In particular $4,(&, F) is the Levy diagonal distance between Bg and B 5
considered as distribution functions.

6 More precisely: the smallest closed support.
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Remark. If € is a dichotomy —then V, may be any compact convex subset
of [0, 1]° which is symmetric about (, 1) and contains (0, 0)—i.e., the restriction
of f.to [0, 1] may be any concave function § from [0, 17to [0, 1] such that §(0+)=
B(0) and f(1)=1. The functions f§, are distribution functions on [0, 1] and the
probability measures they define will — by abuse of notations —again be denoted
by fs. Note that the Lebesgue measure 4 on [0, 1] represents the minimum
information experiment. We shall later apply the fact that

& ~(([0, 1], Borel class), (4, 8,))-
Example 17. For each (¢,7)€[0, 1]° let &, , be the dichotomy defined by the
Markov matrix:
x 0 1 2
1 lo | 1—e | ¢]

2 n 1—y 0

The Laplace transform of this experiment is: (¢, t,) w (1 — &) (1 —5)" such that:

—.

Cem~61-ma -0, 1T -

i=1

f

In particular:
n
Sre~Eia-gri-a-on

For each ¢>0 let % denote the dichotomy ((J— oo, + co[, Borel class),
(N(0, 0), N(1,0))). Then clearly %"~ Fa/}/n.
By the Neyman Pearson fundamental lemma:

ﬂgg,,,(d)=“:g OH—é]/\l; xel0,1]

while
1
Bg, ()= (?-I- <P‘1(oc)) ; ae[0,1]

where
1 2

e 2dt;  xeR.
V2n
It follows from the symmetry of &; , and % that the graphs of Bs, . and B,
are both symmetric about the line {(x, y): x+y=1}. Hence —since the graph of

Be. . is essentially linear with direction 1:1—it suffices to compare the inter-
sections with this line. «+ f, ,(®)=1and a+ f5_(x)=1 have the unique solutions

o= |

q=

1
< and a=9 ( —E) respectively. Hence

while

086, ) =2 [L’;_¢ (_%>]+
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so that

5(gg,¢,9';")=2[(1—2@n —2 (-—Q)T

It follows from the inequality [9, p. 166]
& )(1 1)<1 P)<P () x>0
N ™% x’

that
62 ¢

%

&"  from a certain n on <>,
1

F*  for some ne1—-F<e 897

1\

e

[Using the fact that "2 F", §"=2F" =" "2 F" "]

-

However 1—¢<e ¥ does not imply &, ;=% since §(8, , %) for fixed o
1

T 802

may obtain values—under the condition 1—¢é<e —as close to the positive

1

- 1 : . .
number [%e 37 _¢ (—2—)] as we wish. This answers a problem raised by
o

Blackwell in [ 3], and raises other problems such as the problem of finding condi-
tions for £">=.%" from a certain n on. Here are some remarks in this direction.

If & is a double dichotomy then "= %" implies & = #. This may be proved
by first proving it in the case where & is also a double dichotomy [14, p. 112]
and then applying Corollary 6. Let .#, and .#, denote the double dichotomies:

4 X
p x 0 1 ) 0 1
1 0 1 and 1 0 1 respectively.
2 1 0 2 0 1

As n— o0 —by the weak law of large numbers — 8" — .4, provided & 4 .#,. Some
rough estimates of the speed of convergence may be obtained as follows: Suppose
M, >E > My. Then there is a £€]0, 1[ and a pe]0, I[ such that

6: 2629, where 9,is the double dichotomy

X 0 1
0
1 1 —p p
Hence
(8% ¢ MYZO(E", M) (D, M.
Now

O(6% ¢, M)=(1-&)" and it may be shown from a consideration of the mass
in the tail of the binomial distribution that

8(@y, MYL2(Ap(1—p))>.
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It may, by a direct generalization of these ideas, be shown that—for any
finite @ —6(£", maximal informative experiment)— 0 exponentially provided
0w B is 1-1 and min{|B.— B ||: 6'+6"} <2. This is in strong contrast to the
examples on semigroups of translation experiments treated in [19]. In these
examples 6(&", £"*7), for fixed a, was of the form [constant 4 o(1)]/n as n— 0.

Asymptotic comparison of powers of dichotomies by comparison of Bayes
risks may be based on the paper [8] by Chernoff. It is shown there that for any
dichotomy & =((y, ), (B, B)):

Y a . dp, \
lim {/, il (1= Bo(@) +22)=inl By, (71?) .

If & is e-deficient relative to & for testing problems then for each pair (6,, 8,)e
0 x O, the dichotomy &, o, is (g, , &,) deficient relative to %, ,,. The converse,
however, is not true. In fact, as we now shall see, even pairwise equivalence does
not imply equivalence.

Let éa=((X, ”d)a (})1? P2> P3)) and 3’.:((%, ;SZ/), (Qla Q29 QS)) Where 1= {1’ 27 3s 4}3
s/ =class of all subsets, Q;=F, Q,=P, and P, P,, P, and Q, is given by the
Markov-matrix.

x 1 2 3 4
0
1 1
R 7] 200
n 1 3 1 3
Iy 8 E} g 3
1 2 2 1
“3 6 6 6 6
Q 2 1 1 2
3 6 & 6 6

Clearly &),=%, and &3~ F5(6,5 ~F,;) since &,5(&,;) may be obtained from
Z13(#,3) by a permutation of the columns. Hence & and & are pairwise equiv-
alent. However, 4,(&, #)Z g since | B — B+ B|=4]and |B— B+ Q,|l=13.

If & and # are comparable then—since pairwise sufficiency implies suffi-
ciency — pairwise equivalence implies equivalence. Another condition for equiv-
alence follows from:

Proposition 18. Let & =((y, o), (F): 0 ©)) and F =((¥, B),(Qy: 0 O)) be two
experiments and 0~ g, a nonnegative function on ©. Let A denote the set of prob-
ability distributions on ©. For each ieA put P,={PF1(d0), Q,=| Q,1(df) and
e, =[¢oA(d0). Let & and F be the comvex extensions ((y, o), (P,: ieA)) and
(¥, B),(Q;: 1eA)) of & and F respectively.

Then & is e-deficient relative to F for testing problems if and only if & iy IS
(e1,» €1,) deficient relative to «7:/11,12 Jor each pair (A, A,)eA x A.

Proof. Only the “if” needs proof. Suppose &), ,, is (¢;,, ¢;,) deficient relative
to &, ,, when 4, l,eA. Let ae R®. We must show that:

“;40130“2“20; aoQaH*Zlaalea- (2)
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This inequality is trivial if Z ag =0or Z ag =0. Therefore, suppose Z a; >0
and Z a; >0. Let A, A,€4 be glven by:

/11({6})—Z 2 12({0})=z";_; 0co.

By assumption
by Py, +by Bl 211Dy Qs+ b3 Qi ll —¢5, |by| &5, | b2
for any numbers b, and b, . (2) now follows by putting b;=) a5 and b,=—) a;.
-] -]

Proposition 19. (Notations as in Theorem 2.) The following conditions are
equivalent :

(i) 4,(&, #)=0.
(ii) 4,(&, #)=0 for some k.
(iii) ”Z ay B|| = ”Z ayQy|; acR® i.e., the map By~ Q, is well defined and may

be extended to an zsometry between the linear space generated by the B)’s and the
linear space generated by the Qy’s.

(iv) & is pairwise equivalent to %.
(V) & and F have the same standard experiments.
(vi) A(&, F)=0.

Proof. 1. (v):(vi)z(ii)s(l)gg ; (v)= (vi) is a consequence of the suffi-
ciency of the statistic fin & and the sufficiency of the statistic g in & (vi) = (ii) = (1)
is clear since 4,<4,<4. (i)<>(iii) and (i) <> (iv) follows from Theorem 10 and
Proposition 18 respectively.

2. Tt remains to show that (iv) = (v). Assume first that & and & are dicho-
tomies and let us use the notations of Theorem 15 and Corollary 16. Then (iv)
implies (vi). Let Fy=%p, (dP,/dP) and Fy=%, (dQ,/dQ,). Since 4(&,F)=0,
Be=PB4. So that

1 1
Bel)=1-[E*(1=p dp=P5 ) =1~ F7'(1=p)dp, 0Sasl.

Hence Fy=Fg. Let us return to the general situation. Let 4, be the uniform
distribution on @ and let 1 be any clement of A. By assumpt1on &y i~Fis 5
As we have just seen, this implies =,?PAD(dP}/dRID) .,?Qlo (dQ,/dQ;,) 1.,

Lig, QAN f)=Z1 (2 4({6}) go)
G nge o
where n= # 6. Since this holds for any 1€ A we have:
Fin G ARy G

for any a=0. This implies
Tag fy Zaa 8o
= e’ .
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By the theory of exponential families [14, p.50] this implies that & and &
have the same standard experiments. []

Remark. (iii) <> (vi) follows from the corollary of Proposition 12 in [12] and
(v) < (vi) is a special case of the result in [13] referred to on p.228. It was shown
by Morse and Sacksteder [15] that & ~ % <> || v ag Bl = Va,Q, |; aeK.

If #@=2, then the class of sets V, is a 1att1ce for contams”. It follows that
the set of standard experiments is a lattice for > when # @ =2. That this is not
true when #® =3 may be seen from the following proposition which is of
interest in itself.

Proposition 20. Let &=((t, #), (B: 0€0)) and F =(%, B), (Qy: 0c0O)) be
experiments such that y and % are complete separable metric spaces (or Borel sub
sets of such spaces) with Borel classes of and % respectively, and let § ¢, be a
non-negative function on ©. Suppose there exist experiments §' =((Z, %), (B : 0 0))
and F'=((Z, %), (Qy: 0O)) such that &' =8, F'=F and |B —Qyl Sey; 0e0.

Then there are experiments &=((x x ¥, o/ x B), (B: Oe ©)) and F —((xx@
ﬂx@) (0p:0€0®)) suchthat §'2E2 6, F' 2 F 2 F and | B— Q| <ty Bn;'=B,
0yn5'=0y; 0O where n, and T, are the projections on y and ¥ respectively.

Remark. Loosely speaking, the theorem says that “minimal combinations”
of experiments & and & may be constructed with (y x %, .« x %) as sample space.

Proof of the Proposition. By assumption there are Markov kernels M and N
such that B=ME and Q,=NQ;. Let M x N from Z to yx% be defined by:

(M xN)(AxB|z)=M(A|z) N(B|z), Aecl, BeB, zeZ.
Put B=(M x N) B/ and Q,=(M x N) Q,. Then
Bri ' (A)=B(Ax %)= M(4|z) N(¥|z) B/(d2)
=(ME)(A)=EF(4); Aed.

Similarly Q,, n;'=Q,. Hence & and % contalns & and # as subexperlments
such that > & and & > #. By definition £< & and # < F', and 1B—0,ll <ep;
fe® since |[M x N||=1. (1

Let & and # be experiments and let ¢ be an experiment such that:

(i) 4= > é,F

(i) If ]f is an experiment such that # >é" , then Jf > 2

Then, since ¢ is unique up to equlvalence we may denote itby & (k\/)g"

Corollary 21. Let &=((y, &), (B: 0€0)) and F =(%, B), (Qy: 0€8)) be two
experiments such that y and % are complete separable metric spaces (or Borel
subsets of such spaces) with Borel classes of and & respectively, and suppose
&Ev F exists. Then there exists a family (Ry: 8€®) of probability measures on

% such that:
& X B such that EN F ~((y < ¥, o x B), (Ry: 0 6)

and Ry has marginals B, and Qy; 0¢6,

Proof. The corollary follows by applying Proposition 20to &'=%'=&V #. [
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Corollary 22. Let & and F be two experiments such that & (\/97 exists. Then
1)

(& (\/’()37)01,,,2~é”(,h,,2 V Fy, o, for each pair (0, 0,)e® x O.

Proof. Without loss of generality we may assume that & and % are standard
experiments. Put ¥=¢ (\k/)f Clearly %l’az(%gghgz, Fs,,6, 0 that %bgz(%é”‘ehezv
Fa,.0,- By Corollary 21 we have &, o,V %, o, ~((x X ¥, o/ x B), (Ry,, Ry,)) where
Ry, has marginals B, and Q,; i=1,2. Put Ry=FxQ, when 0+0,,0, and
H=((xx¥, oA x B), (Ry: 0€O)). Then # contains & and F as subexperiments
such that # =&, #. Hence # (%g so that

(0@91,92V%hez:%hoz%goi,ez' 0
Remark. Similarly it may be proved that if & V.# exists then (&V F)g,~

6o,V Fg, for each nonempty subset @ of 6.

Corollary 23. If & and F are pairwise equivalent then & V F exists if and only
if 6~F.

Proof. Only the “only if” needs a proof, so suppose & and F are pairwise
equivalent and that & V & exists. Without loss of generality we may assume that
& and & are standard experiments. By Corollary 22

(éaVy)m@:gelez\/%lez:éaalez-
Hence, since § VF 2 F, 6V F ~§. Similarly § VF ~F. ]

Remark. 1t follows that & V.# does not exists for the experiments & and #
described just before Proposition 18.

Example 24. Let & and & be the double dichotomies given by the matrices

X 0 1 0 1
0 0
1 l=p |\ pn 1 I=q1 | @ :
and respectively.
2 1 —P2 P2 2 1—- q2 P

It follows from Corollary 21 that & V # has a version of the form:

y 0 1 y 0 1
% X
0 l=pi—q1+4 g1~ 4 0 l—p,—q,+4, Gr—742
1 Pi—M 2 1 P2a—4, A

and it may be shown that A, and A, are uniquely determined provided at least
one of the experiments is different from the minimum information experiment.
It may be seen from this that & (\/k)ﬁ'* does not exist in general when # 6 =3,

since the existence of 6’(\k/)ﬁ imposes conditions on the dichotomies &, 4, and

Fo,. 0,5 01, 02,60 which—in general —are inconsistent.
The minimum (maximum) of a set of dichotomies may be represented by
inf B, (sup H¥) where inf (sup) is taken over the set. This follows from the fact that
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the set of possible §’s is closed under pointwise inf’s while the set of possible H’s
is closed under pointwise sup’s.

If 9=((xx ¥, o x B), (Ry: H€O)) is an experiment such that for each 6, R,
has marginals F, and Q,, and 6(&, ¥)< ¢ and 6(F, 4)<¢, then A(&, F)<e. Le Cam
has raised the problem of whether the converse is true, i.e., if A(&, #)< ¢ implies
the existence of an ¢ of the above form such that 6{¢€, 4)<¢ and §(#, 4)<c. By
Proposition 20 the problem is equivalent to the problem of finding a =6, #
such that 6(&, 9), 6(#, ¥)<e. In the case of dichotomies it is easily checked by
Corollary 16 that ¥=¢ V & has these properties. [If & V.Z exists and ¢ exists,
then we may always take ¥=4V £.]

If & =((1, &), (B: 0€©)) and F =((y, ), (Qp: 0 O)) where | B— Qyl| <¢; 00,
then ¥ may be constructed directly by choosing R, such that |R,—B T || =
IRg—Qy T~ | =||B—Qy| where T is the map x w»(x, x) from ¥ to y x ¥. [Let P
and Q be probability measures on /. Define R on o by R=(PAQ)T 1+
201P=Q*[(P—Q)* x(P—Q)~] when P+Q, R=PT~! when P=(. Then

Rrn;'=P, Rn;'=Q, |R—PT Y =|R-QT!|=|P-Q].
This construction shows also that 1 —4 | P— Q|| is the largest number of the form
R*({(x,x): xey}) where R is a probability measure on .o/ x o with marginals
Pand Q.]

One might ask if 4(&, #)<¢ implies the existence of experiments &' =((Z, %),
(R': 0€@)~¢ and F'=((Z,%), (Q: 0€O))~F such that B —Qy||<e; 0eO.
By Proposition 20 we may always assume & =y x %, €=/ x # and that the y
marginal of B is F, while the % marginal of Qj is Q,. Unfortunately & and &' do
not exist in general; as the following example will show.

Example 25. Let & and % be given by the matrices

) x 0 1 y 0 1
1 1 0 1 3 2z

and respectively.
AR 2 [ 1[4

It follows—by simple calculations—from Corollary 16 that (&, #)=55 while
8(F,6)=45. So that e=A(&, F)=45.

Suppose now that there were versions &’ and #’ with the above properties.
We may assume that £’ and &' are given by the matrices

S0 Y S0 1y
B: 0 a 1—a | 1 B: 0 u H—u | 5
1 0 0 0 1 vl S |
00 1 oo 1
Qi 0 3—s | 3-t Q0 0 | 3=¢ | 3—1
1 s t

g
wluw
3783
1 =
JNTTN
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By assumption, the y projection is sufficient in & while the % projection is
. 1
sufficient in . It follows that .- =—0, 2 =—6— and b =—4—. Hence
atu 197 s+¢& 11 t+n 9
u=-2a, s=%¢ and t==%#. The inequalities |’ —Qjl ¢ and | — Q5] <¢& may
then be written respectively:

la+gé—3|+11—a+$n-3+§E+8n=as (3)
and
I a+é—t+lo—Toat+n—il+lv—E+lio—v—nl<ds 4)
(3) implies
la+$§—3+1—a+$n—3+8E+En=as
ie.
$¢+ensds. (5)
Hence % ¢ +%n<7. So that
E+n<vs. (6)

In the same way we get from (4) | &5 — (¢ +1)| £ 7%, which by (6) yields ¢ +7 =15,
which together with (5) gives £ =0, 7=1s. Hence |p—¢|+|{g—v—n|2 7. So that
(4) implies »
a—3+IH—Tha-$< ()

Sle

while (3) now may be written:
la—3|+|1—a—3gl <. ®8)

Now we have arrived at a contradiction since (8) implies a=2 while (7) implies
3
a<s.

4. Mixtures of Experiments

It has been shown by Birnbaum in [1] that any dichotomy is equivalent to
a mixture of double dichotomies. This will be generalized to an arbitrary finite
@, and an alternative proof of the decomposition in [1]—based upon the exist-
ence of a certain ancillary statistic—will be given. Most of the results in this
section are “experiment-interpretations” of well known results from the theory
of convex sets.

Definition. Let (T, &, ) be a probability space and &,; teT a family of experi-
ments with standard measures S,; teT. If t~» S,(E) is measurable for each Borel
set E then any experiment with standard measure [ S, m(dr) will be denoted by
| & n(dt), and called a n-mixture of &: teT.

The motivation for this definition is:

Proposition 26. Let &=((x, &), By 0€®)); teT be a family of experiments
and (T, & ) a probability space such that tv» By, (A) is measurable; Aest, 6€6.
Suppose s/ is separable. Then:

[ & m(dD)=((T x 3, & x #),(Q: 0 O)) (1)
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where
Qs(Sx A)=[ B,(A) n(dt); Se¥, Aest; 0eO.
S

Proof. Let & be the right hand side of (1) and let S and §,; te T be the standard
measures of & and &,; teT respectively. We must show that S=| S, n(dr). By
the martingale convergence theorem and separability dF,,/d ) F,, may be speci-
fied so that it is jointly measurable relative to & x .«7. o

It follows that for each Borel set E and each 6, tv» B, ((X,,: 0 ©)eE) is meas-

urable and [ S, (E)n(dt)= j[zo B.((Xq,: 0 O)eE)] n(dt)
=2 Q({(t, 9 (Xy:(x): 0 )< E}).

The theorem now follows, since (t, x) v X, (x) is a version of dQ,/d> Q,. [
[

In the situation described in the above theorem the statistic (¢, x)~»>t alone
provides no information on 6 since its distribution does not depend on 6. This
does not mean, however, that (t, x) ~» x contains all information, i.e., that (¢, x)~»x
is sufficient. ((¢, x) v x is sufficient if —for example—the &s are standard experi-
ments.)

Example 27. For each teT let f§, be a concave function from [0,1] to [0,1]
such that f,(0*)=p,(0), B,(1)=1. For each t, consider the experiment & =
(([0, 1], Borel class), (4, B,)) where 1 is the Lebesgue measure on [0, 1] while 8, — by
abuse of notation—is the probability measure with distribution function f,.
Suppose ¢+ f,(x) is measurable for each xe[0, 1]. Then we can define the experi-

ment
&=((T x [0,1]; & x Borel sets), (Q,: 0 ®)) by:

0:(Sx A)= [ A(A) n(dt)=(n x 1) (A x §),
§

0,(Ax8)= [ B(A)n(d?); Se A is Borel.
§

Let £ be the subexperiment of &, obtained by restriction to the statistic

(t, x)»»x. Then
Be(@)={ () n(dr)

Be(@)=sup | B,(o) n(d)

where sup is taken over all measurable functions ¢, from T to [0,1] such
that [ o, z(df)=oc.

If &, is e-deficient relative to &, (for k-decision problems) for each ¢ and
[ & m(d1), [e n(dr) and [, n(dt) exists, then it follows from Theorem 2 that
V& n(dr) is [ & m(dr)-deficient relative to [ %, n(dt) (for k-decision problems). In
particular &,2%;; teT implies | &, n(dt)= [ &, n(dt). The following proposition
—which is a direct application of a theorem of Strassen [18, p. 423]—goes in
the converse direction.

while
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Proposition 28. Let =% be two experiments, (T, ¥ ) a measurable space
and F,; teT a family of experiments such that F = [, n(dt). Then there exists
experiments &,; teT such that

@) £=j &, n(d).

(i) &= 4,

Proof. Consider the Banach-space C(K) of continuous functions on K (with
sup-norm). Let @ denote the set of continuous concave functions on K. Let U,

S and S;; teT be the standard measures of &, # and %,; teT respectively. For
each fe C(K) and each Borel measure /, define the functional p, on C(K) by’:

pi(f)=inf{A(¢): peP; 0= f}.
Then p, is sublinear and
pi(f)=Alnf{p: 9= f}).

By assumption p,={ p,, n(d¢) and U <p,. It follows from Theorem 1 in [18]
that there exist linear functionals y,; te T on C(K) such that —for each fe C(K)~
t~>u,(f) is measurable,

w(f)Ep,(f);  teT

U(N)=f m(f)n(do).

and

It remains to show that the u,’s are standard measures. Let te T If fe C(K), £ <0,
then
:ut(f)épst(f)épst(o):o

It follows that u,=0 such that p, is a positive Borel measure. Let L be linear
on K. Then since L, — Le ®, y,(L)=S,(L). In particular | x4 1,(dx)=1, 0 ©. Hence
U, is a standard measure.

The set of standard measures is a convex subset of the linear space of bounded
measures on the Borel subsets of K. The next proposition will give us the extreme
points of this set:

Proposition 29. Let te R®. Consider the set M, of probability measures S on the
Borel class in R® such that | x, S(dx)=t,, 0€ ©. This set is convex and S is extreme
if and only if it is supported by the vertices of a simplex. If S is extreme, then it is
uniquely determined by its support5.

Proof. 1. Suppose S is concentrated on the vertices of a simplex <ql, e do.
Put S({a'})=0;; i=1,...,k such that ¥ o;=1 and t={ xS(dx)=) «; a". Suppose

S=(1-6)Q+0R where Q, Re#, and10<9<1. Then S> Q@ such that Q is sup-
ported by {a!, ...,d*}. Put Q({a'})=«}; i=1, ..., k. Then
t=[xQ(dx)=) o;d.

7 When convenient, | f(x) u(dx) will be written u(f).
& More precisely: smallest closed support.
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Hence —since 0=r—1=Y (¢;—a}) a; and Y (o;—a})=0
i i

oy=a;, i=1,...,k ie Q=S.

Similarly R=3S. It follows that S is extreme.

2. Suppose S is extreme. Let p, ..., p* be points of increase® for S. We may
then construct a measurable partition {V;, ..., ¥;} of R® such that V; is a neigh-
borhood of p'; i=1,....k. Put 4,=S(V). Then A,...,4,>0 and ) 1,;=1. Let
fi=A7'Iy,, such that [ f;dS=1. Se.#, implies

t=ij(dx)=Zlijxf,-(x) S(dx)=z_)uiv"
where l l

v'={xfi(x) S(dx).

Let py, ..., 120 be constants such that ) u;=1and Y y;v'=¢. Then

Fx(X p fi(x) Sx)=Y p;v'=t

JC m: /i) S(dx)=1.
It follows that Q=3 u; ;) Se.#,. Let a>1 be a constant such that Z ufi<a.
PUtG:a—l andR:%[S_(l‘—H)Q] Then S:(I_Q)Q+6R’O<6<I,R,Q€//t

Since S is extreme, R=Q, such that S=Q. Hence ) u; fi=1 a.e.S. Since S(V;)>0
there is a xeV; such that:

and

1= w fi)=p A"

=4 i=1,..., k.

Hence

We have shown that
Hi o 20, Y =1, Y po'=teuy=a, i=1,.. k.

This implies that v', ..., v* are gometrically independent. Consequently k< 4 @ + 1.
It follows that S is supported by a k' point set {¢, ..., q*} where k' < # 6 +1.
By the same reasoning, ¢, ..., ¢ are geometrically independent. Let A}, ..., 1,
be the weight assigned to g%, ..., ¢* by S. Then we have

ezfo(dx):Z/lgqi.

It follows that 4j, ..., A, —and consequently S—is determined by 4, ...,4*. 1

Remark. A permutation 7 of @ induces a permutation of R®: (x,: fc @)«
(Xo; 0€©) which again will be denoted by =. Let G be a group of permutations
m of © and consider the set .#, ; of probability measures in .#, which are invariant
under G. By a modification of the proof of Proposition 29 it may be shown that

® A point peR® is called a point of increase for a positive Borel measure S if S (V)>0 for any
measurable neighborhood of p.



244 E.N. Torgersen:

§ is extreme in .4, ¢ if and only if S has a smallest support F of the form F=

k

Y F, where F, ..., F, are k distinct orbits for G (in R®) such that the vectors

i=1

#(F)~'Y) x;i=1,..., k are geometrically independent. If G is transitive on O,
F

then by Igeometrical independence, k<2. If G is transitive and #(@)S is a
standard measure then k=1.

Corollary 30. Any standard measure whose support is the set of vertices of a
simplex is extreme. To any simplex which contains # (@)~ ! (1, ..., 1) and is con-
tained in K there corresponds an extreme standard measure which is supported by
the set of vertices of the simplex. This correspondence is one to one and onto between
the set of simplexes which contains # (@)~ (1,...,1) and is contained in K on the
one hand, and the set of extreme standard measures on the other.

Corollary 31. Any experiment & is a mixture of experiments whose standard
experiments are extreme.

Proof. Let S be the standard experiment of & and consider the set of stand-
ard measures as a subset of the set of bounded measures on the Borel class of
K, topologized by the Levy distance. Let ¥~ denote the set of extreme standard
measures. Then by a theorem of Choquet [17, p. 19] there is a probability measure
n on the Borel class in ¥~ such that S={Vz(dV). 0

Remark 1. If B is a support of § then

[V(B)=(dV)=1
such that
n({V: V(B)=1})=1.

Remark 2. Let G be a group of permutations of @. In addition to the terminol-
ogy used in the remark after Proposition 29 we introduce the following nota-
tions: If & =((y, #); (B; 0€®)) and = is a permutation of @ then

16 ((y, o), (B.; 0O)).
Then
(M, 8)=(M175) &, Oy(6, F)=0yy(n &, nF).

If S is the standard measure of & then S nfl is the standard measure of n&. For
each experiment € put G(&)={n;n&~&}. Then G(&) is a group and

E~F— G(&)=G(F).

Consider the set of standard measures S of experiments & such that G(£)=2G.
The extreme elements of this set are—up to a factor # @ —described in the
remark after Proposition 29. Since 4 (G)~' Y Sz~ is invariant under G for any

T
standard measure S, it follows that any experiment is a “component” of an
“invariant” experiment. Again by the theorem of Choquet, any invariant experi-
ment is a mixture of experiments whose standard measures are extreme points
for the set of standard measures of “invariant” experiments.
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In particular if @={1,...,n} and G is the cyclic group generated by the
permutation 1w»2w»s3ws...vwwpws 1, then (by restriction to “discrete” experi-
ments) we get Lemmas 1 and 2 of [2].

Corollary 32. Let &=((y, &), (F;: 0€©)) be an experiment. Then:

(i) The standard measure of & is extreme provided & is boundedly complete.

(1) & is complete provided & is extreme and </ is minimal sufficient.

Remark. It follows that 1) & is extreme and o/ is minimal sufficient if and
only if it is boundedly complete. 2) & is complete if and only if it is boundedly
complete. (This does not hold—in general—when# @=cc —see [14, p.152].)
3) o has a complete and sufficient sub o-algebra if and only if & is extreme.

Proof of the Corollary. Let S be the standard measure of &.

1. Suppose & is boundedly complete. Let U and V be standard measures
such that S=3 U+1V. Put u=dU/dS. Then

e={xU(dx)=| xu(x)S(dx)
so that
fuofdp=1.

By assumption uof=1a.e. ) B, such that u=1 a.e. S.
[/}
Hence U=V=S. It follows that S is extreme.
2. Suppose & is extreme and .o/ is minimal sufficient. Let & be Z F, integrable

and such that [ hdB=0. We may—since «/ is minimal sufflclent assume h is
of the form g o f. Then | g(x) S(dx)=0. By geometrical independence of the verti-
ces in the simplex corresponding to S, g=0a.e. S. Hence; k=0 a.e. ) F,.

(-]

Proposition 33. Let & be complete. Then the following conditions are equivalent :
i) £z %
(i) & %5‘7
(iii) The support of F’s standard measure is contained in the simplex which
corresponds to &.

Proof. 1. (i) = (ii) = (iii) follows from Corollary 14.
2. (iii) = (i).

Let S, and Sz be the standard measures of & and # respectively, and let

C=(v!,...,v*) be the simplex corresponding to &. Each ye C may be written
in the form .
y= Zlm(yfj) v/ (2)
=

where m(y|1), ..., m(y|k) are uniquely determined by y and hence affine in y.
For each Borel set B put

1
M(B|J=7f myl)Sdy); j=1,....k
i B

17 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 16
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where 4; is the weight assigned to {v;} by Ss;j=1, ..., k. It follows from (2) that

k 1
e= (3559 Y, [15-mo1) S, @] 4.

c j=1 J

Hence, since ¢%, ..., v* are geometrically independent
1 . :
f=—mOl)Ss@n)=1;  j=1,....k
j

thus i defines a randomization from {¢', ..., "} to C. Let (B: e ®) and (Q,: 0 O)
define the standard experiments of & and % respectively. Then

(mB)(B)=Y mBl) B{iH=2 [ m|)viSs(dy)
j A

=I£J’9Sﬁ(dJ’)=Q9(B); 0e@.

Let m be a randomization from @ to some finite set {1, ..., N}. Then m defines
an experiment &,=({1,..., N}, (class of all subsets), (B: e ®)) with standard
measure S,, where B({i})=m({i}|0); i=1,...,N; 0€6.

The set .# of all randomizations from @ to @ may be identified with a com-
pact subset of R*#”. The open sub set .#, of .# consisting of the non singular
randomizations, exhausts the set of extreme experiments, and the correspondence
is—since a permutation of columns does not change the equivalence class—
#@! to 1. It follows easily that any experiment may be represented (though not
uniquely) as a random selection of points in .#,. We summarize this as:

Theorem 34. To any experiment & there is a probability measure ¢ on the Borel
class on My such that:

& ~((My x O, Borel class x Z), (Qy: 0 O))
where
Qo(SX F)= | pgm(F)6(dm);  SeBorel class, FeZ.
S

With the notations of the last theorem, let W be the projection on T from
(T x ©). Then W has the following properties relative to ((.#, x ©, Borel class x #),
(Qq: 0 O)):

(i) It is ancillary, that is, its distribution does not depend on 6.

(i) It is # & to one.

If conversely an experiment admits a statistic W such that (i) and (ii) hold,
then the experiment may under regularity conditions—be decomposed into
experiments whose sample spaces are (@, #). It has been shown by Birnbaum
[1] that if # @ =2, then & may always be decomposed into double dichotomies
such that the set of double dichotomies which appears in the decomposition is
totally ordered. It will be shown below that this may be deduced from properties
of a “natural” two to one valued ancillary statistic. We use the notations of
Corollary 16 and the following remark. The ancillarity is established by:
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Proposition 35. Let P and Q be two probability measures on an interval [a, b]
of the extended real line such that P({x})=0({x}); xe[a, b]. Then the random
variable x~P[a, x]—Q[a, x] has the same law under P as under Q.

Proposition 36. Let & be a dichotomy such that B;(0)=0 and let us consider
the representation F =(([0, 1], 8),(A, By)) and the statistic T: x~»B¢(x)—x in F.
Then T is ancillary and the conditional distribution given T decomposes & into
double dichotomies {9,} such that 9, < 9D, whent >t,.

Remark 1. The set up may be generalized to cover the case f,(0)>0 as well.

Remark 2. Tt follows from Proposition 36 and the remark above that any
distribution function concentrated on [0,1] and having expectation % (i.e.,
essentially the § standard measure of a dichotomy) is a “totally ordered *°” mix-
ture of two-point distributions on [0, 1] with expectations 4. Blackwell and
Dubins [6] have shown —by another approach —that the analogous result holds
for distributions on the line. The decomposition is essentially unique, and is
related to Frechet’s maximal distribution [10, p. 162] as we now shall see.

Let P be a probability distribution on the real line such that [ x P(dx)=0,
and for each pair g, b, such that (a, b)=(0, 0) or a<0<b, let §, , be the two-point
distribution with support {a, b} and expectation 0. Put C=| x* P(dx) and let
K and F, be the probability distribution functions on the line corresponding to
the probability measures with densities x+~» C~'x~ and x+» C~!x* respectively
with respect to P.

Then:
3 CE-p)-F(p)
P_P({O}) 50,0+C6[ Fi_l(l_p) Fz—l(p)

l:51’1'1(1—17), Fz“l(p)] dP (3)

[The distribution in the plane induced from the rectangular distribution on
[0, 1] by the map pv(—F~*(1—p), '(p)) is the Frechet maximal distribution
with marginals given by x+1—F(—x—) and F,.] The decomposition of dicho-
tomies follows directly from (3).

All “totally ordered” decompositions of P are “equivalent” to (3). To see
this, note first that the Frechet maximal distributions are precisely those prob-
ability distributions which possess supports which are totally ordered for the
product order on R x R. [An indication of a proof of this: Let © be a probability
distribution in the plane, and suppose = has a totally ordered support. Then the
minimal closed support F of n is totally ordered. Since F is totally ordered:

. 7(]— o0, x[ x R)y=n(]— 00, x[ x ]—00, y])
an
(R x]—o0,y)=n(]—o0,x]x]—0,y]) when x, yeF.

It may be deduced from this that
n(J—o0,x]Nn]—o0,y)=n(]—00,x]x R)AR(Rx]—0c0,y]) forall (x, y)ER?]
'® The two-point distribution in {a, b} is greater than the two-point distribution in {c, d} for the

ordering considered, if [a, b] 2 [¢,d].
17+
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We may —without loss of generality —assume P({0})=0. Suppose we have a
“totally ordered!!” decomposition:

P= | 6,,7(d(b) @)

a<0<b

where 7 has a totally ordered support B. It follows from (4) that:

ab
a—>b

§x~£(0) Plx)=[ f (@)~ n(d(a, b))

and

ab
a—b

fx* f(x) Pdx)=[f(b) n(d(a,b)) when f20.

This may be written:
§x~f(x) P(dx)=] f(a) 01(da)
§x* f(x) P(dx)= f(b) 5, (db)

where g, and ¢, are the projections (into the coordinate spaces) of ¢ where ¢
is given by:

and

do ab
Ea’b—-—a*:g‘ when a<0<b.

It follows that C~'¢ has marginals F, and F,. Let U(x, y)=(—x, y); x, yeR.
Then(C~1¢) U 'hasmarginals xv1—E(—x—)and F,and(C~te) U"Y(U[B])=1
Since U[B] is totally ordered for the product order, (C~'¢) U~! is a Frechet
maximal distribution, and is consequently determined by its marginals. It follows
that =« is unique.-

Remark 3. When # @ =3, standard measures which do not permit “totally
ordered” decompositions into experiments with extreme standard measures, may
be constructed, by the remark after Corollary 31.
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