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1. Introduction

Let B(t) be Brownian motion. The law of the iterated logarithm asserts that
. IB(0)|
! —_— =1,
thTiup (2tloglogt)'/?

This theorem and many others follow from Strassen’s functional law of the
iterated logarithm [6]. For 0<s=<1, set

=\ B(st)
B~ GiToglogy ™

Strassen’s law states that the set {B,} is relatively compact in the uniform

topology, and as tToo, the set of limit points is the set K of absolutely
1

continuous functions g(x) satisfying g(0)=0 and [(g'(x))?dx<1. If & is a
0

functional continuous in the uniform topology, this implies that

lim sup ®(B,)=sup &(g).
geK

ttoo

Chung’s law of the iterated logarithm [1] states that

loglog r\!/? n
( g0t ) sup [B(s) ="

0ssst 1/§

In an unpublished paper, Wichura [7] proves a functional form of Chung’s
theorem analogous to Strassen’s law. For 0<s<1, let

lim inf
ttoo

sup [B(x)}-

XSSt

loglog £\!'/?
W = (P52
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Let G be the set of nondecreasing nonnegative functions g on [0, 1] satisfy-
ing
F | 8
—dx L.
08(%)? n’

Then, with probability 1, the set of limit points of {W,} in the weak topology,
as t 00,18 G.
For the remainder of the paper, we will chiefly consider

loglogt
t

B,(s)= ( )1/2 B(s ).

Donsker and Varadhan [3], using their powerful asymptotic methods, give
another functional form of Chung’s law. Let L, be the occupation measure

L(A)= i 2a(By(s))ds
and let /, be its density, so that
L(4)= £ L(y)dy.
In the topology of uniform convergence on bounded intervals, {/,} is relatively

compact, and as tloo the set of limit points is the set C of subprobability
densities g(y) such that

FEwr,

I(g)E%_ 20 =t

Then, for suitable functionals @,

liminf &(l)= inf &(g).
tto geC
Jg=1
The purpose of this paper is to prove a functional form of Chung’s theorem
which contains both Wichura’s, and Donsker and Varadhan’s results. Further-
more, we deal with functionals which do not necessarily depend on the local
time density /,.
For 0=5<1, let B,(s) be the spacetime process

Bs)= (s, (log ltog t>m B(s t)) .

If A is a subset of [0,1] xR, let L,(4) be the occupation measure

1
L(4) =£ 1a(B/(s)) ds.
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Although L, can be recovered from L,, the reverse is not true. Since L, does
not have a density, we must use a different topology than uniform convergence
on bounded intervals.

Suppose that 0<a<b=1 and DS, and let

B:2(D)=L((a,b) x D)
b
={ 1p(B/(s) ds

By the existence of local time for Brownian motion, we can write
EP(D)= [ I*(5) dy
D

where [" is a nonnegative function.

Notlce that I, determines [**. We will say that L, converges to L in the
topology I if for all 0<a<b<1 4% converges to I* v uniformly on bounded
intervals.

By an abuse of notation, we will call L a subprobability if for all
0=t,<t,£1

[ | L@xdnst,—t,.

ty <t<tyxeR

Next, denote by (L) the supremum over all partitions

0=a,<a,<...<a, =1, n=12,..,
of

Z I(lak s Gk + 1

Theorem 1.1. In the topology 7, the set {L} is relatively compact. As t1o0, the
set of limit points is the set C of subprobabilities L such that

Lyt

2. The Exponential Estimate

Let % be the set of functions u(x,y) on (0,1) xR having two bounded con-
tinuous derivatives in y and one in x, and for each of which there are two
numbers o and f such that for all y, O<aZu(x, y) S <0,

Below we give another definition of I, equivalent to the first. Since the
proof of equivalence is similar to an argument of Donsker and Varadhan ([2]
p. 27), we will omit it.

For L a subprobability, let

f(Ly=—1inf | of ‘;— L(x, ).
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If C is a set of probabilities on (0,1) xR, and if L, is the occupation density
for (s, B(s 1)), let
Qz,t(c) =‘Pz {Lte C}
where P, denotes the Brownian motion measure with B(0)=z.
Note that with respect to f(x,y), the infinitesimal generator (see [4]) of

(s,B(st)) is
0 t 0%

xTaay
For ue, let

1
(0, y,0) :Ey{u(s, B(st)) exp [— | (E“L;;z—”i) (5, B(st)) ds]}.

0
By the Feynman-Kac formula,

lﬁ 152¢+0w m”Jrzu"\//
o 20y*  oOx 2u '

Since (0, y,£)=u(0, y) is a solution of this equation, we have

Ey{u(s, B(;S 1)) exp [ — } (tu”yz—zzux-

o]

) (s, B(s 1)) ds]} — (0, ).

But since u(x, y) = o >0,

Ey{exp[ i('i”—;ﬁ)( B(s t))ds]} @.

Let y be the bound of u,. (Recall that y depends on u.) Therefore,

Ey{exp [—i (i”%zﬁ’i) (s, B(s 1) ds]}
ge"ﬁEy{exp [—tj:; _Oj; (%—) (x, ) dL,(x, y)]}.

Therefore, for any measurable set C,

u(0, y)

0, (O)=
o

eaexp[tsup(}) ? ( ) x, y) dF(x, )’)]

FeC
This formula holds for all ue, so
lim sup— IogQ (C)s infsup | (h) (x, y)dE(x, y),
11 ueqy FeCo,11xR \ ¥
and also, if {C;}}_, is a finite cover of C, then

. 1
lim sup—t~log Q,..(C) < max infsup | (%)(x, y)dF(x, y).
tToo

1=iSnue¥ FeC;[0, 1] xR
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Suppose that for any set C closed in the vague topology and for any finite
cover {C,;}?_, of C, we could show

o8]

max infsup | (uﬁ) (x,y)dF(x, y)
u

1ZiSnue¥ FeC; —

<supinf | (u;”) (x, y)dF(x, y).

FeC ue% [0, 11 xR

Then we would have shown:
Theorem 2.1. Suppose that C is closed in the vague topology. Then
. 1 PN
limsup—-logQ, , < ~ inf I(F).
it L ’ FeC

Proof. Let

M=supinf (%L) (x, y)dF(x,y)

FeCue[0,11xR

and fix ¢>0. Note that the set of subprobabilities is compact in the vague
topology, so C must be compact. For each FeC, we can clearly choose u e%
such that

lim (ﬁ) (x,»)=0

[x, 9|10 \Up
and
P () wdre =M e
[0,11xR ‘g
Now, if

"

Cp= {G a subprobability: | (ﬁ) (%, 1) dG(x,y) <M + 6}

[0,11xR \Up

then Cy is open in the vague topology. Since C is compact, we can choose a
finite set {F};_ such that {Cp}? | is a cover of C. Set N;=C,.
Thus,

sup (2 (5, 9)dGx, =M+

GeN; [0,11xR \UF,

infsup | () a6z M+

ue¥ GeN; [0, 11 xR

max inf sup | (i) (x,1)dG(x, £ M +e.

12i<n ueU GeNifo,f1xR \U

Since ¢ was arbitrary, this proves Theorem 2.1.
Although we could also obtain a lower estimate, it is easier to directly use
Donsker and Varadhan’s theorem.
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3. Completion of the Proof of Theorem 1

Lemma 3.1. The set of limit points of {L,} as t1 oo contains C.

We will say that a subprobability density g(x, y) is contained in ¢ if I{g)<1,
g has compact support, and if for some partition 0=a, <...<a, =1, g(x,y) is
a constant function of x when a,<x<a,,,. ¢ is clearly dense in C. We will
show that the set of limit points contains .

Considering the definition of 7, it suffices to show for any refinement O
=b,<...<b,. =1 of the previous partition, the set of limit points of
{(Pbr-b2,, [ombm+ 1)} contains (g(by, *), ---, 8(Bps *))-

Our strategy will be to choose a sequence {t,} such that r,, ,/t, suf-
ficiently large, and then use the Borel-Cantelli lemma. Now if the "1 were
independent, we could use estimates of Donsker and Varadhan to approximate
the distribution of (*:?2,... [Pmbm+1) For each i=1,...,n choose a point g; in
the support of g(b, -). Let 1, be the first time greater than b, that B, hits g;.
Also, set b, =¢/2.

Now since Brownian motion has independent increments, it follows that if
7,<b;, , then the [f**+1 =1 ... n are independent. Our aim is to show that
—b, becomes so small as ¢1oo that [%:%+t is a good approximation of Fubt+1,

Assume that all of the functions g(b,, +) are supported in the interval (o, «
+ 4). Clearly, if 7, is the first hitting time of A by B,, then 1, is stochastically
larger than each 7,—b, in the sense that for all >0,

P{t,>¢e}=P{r,—b,>¢}.

Note also that 7, is 1/¢ times the first hitting time by B(t) of

¢ 1/2
A .
(loglogt)

Therefore, as t10, by standard theory,

P{c,>e} =o(t).

Therefore, for any £>0,

P{sup(r;—b)>e} =o(1).

Let 0<a<b=l1, and let E be a set of subprobabilities on R, open in the
vague topology, satisfying
L(R)<b—a if LeE.

Then, by the asymptotics of Donsker and Varadhan,

lim inf log P([%"cE)> — inf I(L). ok
it gt 08 WL "eE) > inf (L) **)

The loglog¢ term appears because we are using B,(s) instead of B(s).
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2\ .
Now fix ¢>0, and let ¢,= (-) Let V; be a vague neighborhood of g(b;, *),
&

and let ¥ be an g-enlargement of V,. That is, replace each equation
M< T h(x)g(h;,,x)dx <N
occurring in the definition of V, by the equation
M—-¢G< Oj? h(x)gb;,x)dx<N+eG

where G =sup |h(x)|. Let A4, be the event

g .
A ={§<rl<e,ti—bi<e fori=2,...,n,

n
and [*P+1eV for i=1,...,n}.

Note that these conditions insure that for points in 4,,
Pobirieye  for i=1,...,n.

Our aim is to show via the Borel-Cantelli lemma that A, occurs infinitely
often, almost surely. The A, are independent, and for n large enough (*¥)

shows that Z ,
- Y Iglby, )
PA)=Clen &

But since I{g)<1, the sum Y P(A,) diverges, and so by the Borel-Cantelli

n=1
lemma, A4, occurs infinitely often. Since ¢ was arbitrary, this shows that in the
vague topology, the set of limit points of {L,} contains C.

Lemma 3.2. In the vague topology, {L} is compact and its limit points as t1oo
are contained in C.

Proof. For ¢>0, let C® be the set of subprobabilities L satisfying
[L)<1+e

Let N, be a neighborhood of €% chosen such that

N N=C.
e>0

This is possible because
N é=¢.
£>0

It sufﬁce§ to show that with probability 1, there exists a time T, such that t>T,
implies L ¢N,.
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Now fix 6>0 and let ¢,=(1+4)". We will show that almost surely, I:tn¢N€
only finitely often. Note that

inf [L)=1+e.
L¢N,

By Theorem 2.1, for n sufficiently large,
P{L, ¢N}sn=+o2,

Since the sum of these probabilities converges, the Borel-Cantelli lemma
assers that L, &N, only finitely often.

By the deﬁmtlon of L,, we see that we can find neighborhoods N(e, 8) of N,
such that if L, eN, then for all ¢, , <t<t,, L,eN(g, d), and also that

() N o)=C.
gd>1
But by the previous result, we see that L,¢N(e,6) only finitely often. Since ¢
and & were arbitrary, this proves the theorem.

4. The Topology 7

To finish the proof of Theorem 1, we must show

Lemma 4.1. {L} has the same limit points in both the vague topology and the
topology I

Proof. Since the vague topology is weaker than 7, it suffices to show that if L
is a limit point in the vague topology, then it is also a limit point in .

Suppose that L, _—L vaguely. Tt suffices to show that in J, L, has a
convergent subsequence We need a theorem of Donsker and Varadhan ([31,
Theorem 3.8).

Theorem 4.2. (Donsker and Varadhan). For each a>0, there exists 6>0 such

that )
Pllimsup sup [L(yy)~(y;) =4} =0
t1o  |yi—y2| S8
Let 0=a,<...<a,,,=1 be a partition of [0,1]. Then, as a corollary of
Theorem 4.2, we have that for each a>0, there exists a 6 >0 such that

Plimsup sup sup [ i(y,)— Boai(y,) za} =0, *)
tteo  1Sisn|yi—y2|sé
Since I depends on compact subsets of [0,1]xIR, we need only consider
L x> that is L restricted to a compact subset K. In this setting condition (*)
and Ascoli’s theorem imply that L, g has a convergent subsequence. Since this
is true for all K, the proof of Lemma 4.2 is complete.
For certain applications, we need the following theorem. Suppose that g, h
are continuous functions on [0, 1] such that g(0)<0<h(0) and h(x)—g(x)>0
for all xe[0,1]. Also assume that Le C and that for all 0=t, <t, <1,

| Ldxdy=t,—1t,

ty<t<ty xeR
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Let
R={(t,x)e[0,1] xR g(t) <x <h(t)}
and
Re={(t,x)e[0,1] xR: g{t) —e<x <h(t) +¢}.

With these definitions, we have

Theorem 4.3. With LeC as above, if L is supported in R, then for almost all o
there is a sequence t, such that

(1) I::,, is supported in R?,
(i) L, —L in the topology 7.

Proof. It suffices to consider the following case. Let 0=a,<...<qa,,;=1be a
partition, and let g<h be discontinuous functions on [0,1] such that
2(0)<0<h(0), and g,h are constant on each interval [a;,q, ;). Also assume
that the intervals (g(a,), h(a,)) and (g(a;, ,), h(a;, ,)) are not disjoint for any i.
Let LeC satisfy
| L(dxdr)=dt for all te[0,1],

xelR

and let L have supported contained in
R={(t,x)e[0,1] xR: g(t)<x<h(t)},

-~ 1 2] .
and suppose that —I(L)<5, for some §>1. Let ¢, =2", and fix 6>0. Now let

Ty=t,_4/t,, and for i=1,...,n let 7; be the first time s> g, such that B, (s) hits

ha,, )—gla,
ﬁ’i%—g(w, gla)—2¢  or h(a)+2e
If none of these points have been hit before time g, {, set 1,=a Let A4 be

a weak neighborhood of L supported in S, such that

i+1°

sup — I(N) <%.

Ne#
Let A, be the event that

(i) For O<s<1y, g(0)—e<B,(s)<h(0)+e.

(1) For 1,<s<a; q, gla)—e<Bs)<h(a)+e i=1,...,n
h(a;, ) —gla;, 1)

(iii) B,(c)= 5

,i=2,...,n
(iv) Le s

Let E, be the event that condition (1) is satisfied. Using the same argument
as in the proof of Theorem 1.1, we see that

P{sqp('ci —a;) >0} =o(t).
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Also, by the definition of ,,

ha,. )—gla,
P{Bt(ri):ﬁiizi(aﬁl—),i=2,...,n}>C>o.

We now need a theorem of Donsker and Varadhan ([3], Lemma 2.12).

Lemma 44. Suppose that f is a probability measure supported in an interval
(a,b), and that A is a weak neighborhood of B. If T is the first exit time s of B,(s)
from (a—¢,b+¢) then

liminflog inf P.{L,e A,t>t}=— inf I(N).

t1oo xe(a, b) Ned

Using these two facts and the strong Markov property, we see that for n
large enough, there exists C >0 such that
# sup —I(N)
P{AJE}=Cnmr .

This diverges, and we wish to show that A, occurs infinitely often. The
following conditional Borel-Cantelli lemma is used in Donsker and Varadhan

[31.

Lemma 4.5. Suppose that §, is an increasing sequence of o-fields with A,€¥,,
and that for almost all w,

i P{An+ 1|$n} = o0.

Then A, occurs infinitely often, almost surely.

To apply the lemma, it suffices to show that E occurs only finitely often,
where E¢ is the complement of E,. But for some C>0,

P{E}<P{ sup |B,(5)>C}

O<s<tp—iftn

1/2
gP{ sup |B(s)|>C(t b ) (loglog tn)l/z}

O<s<1 n—1
(,,_1)9—1
<P{sup |[B(s)>C2 2 }
O<s<1
(nAl)Bfl

SCexp(—C2 2 )

The sum over n converges, so this completes the chain of reasoning involved in
the proof of Theorem 4.3.

5. Applications

(1) Chung’s Theorem and Wichura’s Law

These theorems were stated in the introduction. We will prove Wichura’s law,
which implies Chung’s theorem. We need a lemma.
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Lemma 5.1. Let ¢ be a probability density supported in the interval [a,b]. Then

o
(b—a)?V/8

and equality is attained for some density i, ,.

()P

Donsker and Varadhan [3] show the result for b—a=1. Lemma5.1l is
established by considering the density

gy)=(b-ao(b-a)y)

which is supported on an interval of length 1. Indeed,

Ho)= 5 1(g).

1
(b—a)

This proves the lemma, Now we turn to Wichura’s theorem, which was
stated in the introduction.

Theorem 5.2. (Wichura) Let G and W/(x) be as in the introduction. With probabil-
ity 1, the set of limit points of {W} in the weak topology, as t /' o, is G.

Proof. Suppose g(x) is a nonnegative nondecreasing function on [0, 1]. Apply-
ing lemma 5.1 to the density

l/;(ta X) = l// —g(), g(t)(x)
where (£, x)e[0,1] xR, we see that
2

B 1

)=

Now suppose that geG, and that g is continuous; such functions are dense
in G under the weak topology. We will show that g is a limit point of {W}.
Fix ¢>0, and let L be the measure with density (¢, x) =y _ 20,20 %) whicp has
support on R={(t,x)e[0,1]xR: |x|Zg()}. By Theorem 4.3, since ueC, we
may choose a sequence ﬁtn tending to L in the topology 7, such that ﬁ,n is
supported on

={(t,x)e[0,1] xR: |x] S g(t) +&}.
Thus, sup [B, ()] =g(x)+e.

.‘S X

To show that g is a weak limit point, it suffices to show that for all N >0,
and all k=1,..., N, that if n is large enough,

k
up 1B, (9128 ()~

kst

so that I:t is supported on R*={(t,x)e[0,1] xR:|x|<g(t)+e}. Thus,
P 1B, (9 =g(x)+e.
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To show that g is a weak limit point, it suffices to show that for all N>0,
and all k=1, ..., N, that if n is large enough,

k—1

k—1
up 1B, (91 zg () o

N ==y
k-1 k k-1 k
But this follows because LY 'V tends to L¥ "N in the topology of uniform

k—1 k
convergence on compact intervals, and because the support of L ¥ "N contains

the interval (— g (k——l> g (—k _ 1))
N/ N /)

Now we will show that if g¢G, then g is not a weak limit point. This is
obvious if g fails to be nonnegative or nondecreasing, so we may assume that

1

08)?

Suppose that W, tends weakly to g. By Theorem 1.1, we may choose a
subsequence £, such that L, tends to a limit L in the topology 7, and such
that I[(L)<1. Slnce W, tends to g, L must have mass 1. Now by Lemma 5.1
and the definition of I, "this implies that L is not supported on

Re={(t, x)e[0, 1] x R: [x| Sg(t) + &}

for some ¢>0. Thus, for n large enough, I::n is not supported on R¥, but this
contradicts the fact that W, converges weakly to g.

(2) Functionals

Let V{x, y) be continuous on [0,1] xR and assume V(x,y)Tcoas |(x, y)|Too. If L
is a subprobability, let

H(L)y= [ V(xy)dL(x,)

[0, 1] xR
We wish to show that if % is the set of probabilities in C, then

Theorem 5.5.
lim inf @(Lt)— 1nf &(L).

ttoo

Proof. Let #¢ be the set of probabilities in & with compact support. Then, by
Theorem 4.3,

liminf&(L)< inf B(L)
tToo Le%c

and since .#° is dense in %,

liminf &(L,) < 1nf &(L).

t1eo
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To prove the reverse inequality, let ﬂ,n be a sequence such that q'J(Et") tends
to its infimum. Choose a convergent subsequence J, converging to L. If Le &,
then the reverse inequality is immediate, so assume that L has mass 1—4.
However, for all N>0,

lim®(J)=6 inf V(x,y)

t1o [, 9| >N
Too  as Ntoo.

This proves Theorem 5.5.
Donsker and Varadhan [3] showed that

loglogt !
lim info’gt# (1BGs)2ds=1 as.
tto 0

Theorem 5.5 implies that

loglogt *
liminf- 2" [ s|B(s)2 ds =2.
tto z g

Thus, we can handle fanctionals which do not depend only on local time.
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