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0. Introduction

Let XV and X‘® be (discrete time) stochastic processes. By a coupling of X"
and X® we mean a simultaneous realization of these processes on the same
probability space (Q,4%,P). We say that a coupling is successful if the two
processes eventually agree, ie., if

P{X'V=X® for all n sufficiently large} = 1.

Thus, a coupling of X" and X» may be regarded as a joint process X,
=X, X2) where X is a copy of X and X® is a copy on X'?); the
coupling is successful if a.s. X,e D for n sufficiently large, where D is the diagonal
of the range space of X, .

Successful coupling has been useful for proving ergodic theorems for Markov
chains [1-5,7]. In this context, X{" and X‘» represent outcomes of the same
Markov process beginning in two different states, and successful coupling is
achieved by having the processes stay together once the same state (i.e., the
diagonal) is reached. For a countable state space, the classical coupling, dating
back at least to Doeblin [2], has the processes evolving independently until the
diagonal is reached. This coupling is Markovian, but is inefficient because of the
independence. A more efficient Markovian coupling has been used by Vaserstein
[7]. Griffeath [3] has discovered a non-Markovian coupling which is maximal
in the sense that the diagonal is attained as efficiently as possible (see below).

Coupling is also useful in ergodic theory: partitions characteristic of Ber-
noulli processes—called very weak Bernoulli partitions —can be defined using
coupling [6].

In this paper we consider the following general question: When may two
processes (not necessarily Markovian) be successfully coupled? We give neces-
sary and sufficient conditions for this by constructing a maximal coupling for
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any two processes; this coupling will be successful if any successful coupling of
the processes exists, and it brings the processes together as rapidly as possible.
The result obtained also sheds some light on the significance of the tail o-
algebra.

1. Notation and Definitions

We will assume throughout that X®, i=1,2, are stochastic processes taking
values in the same standard Borel space (&, %).! We will also assume that X 0

0 o0
are canonical realizations: Let Q=8"=x& and F =%"= x%. Let P?,

1 1

i=1,2, be two probability measures on (€, %). A point in Q will be denoted by
o=(w,), w,6. Let X, (w)=w,. Then the process X is just X, on (Q, %, PY).

Let D={(x, x)|xe&} <& x & be the diagonal of § x &. Since (&, %) 1s standard
Borel, D is measurable in (& x &, & x %).

Let 3=Qx Q. A point in Q will be denoted by d=(w'", 0?), Q. We
will identify Q with (¢ x &), so that we may write @ =(8,), @,= (0, 0!?)e& x &.
Let =% x &, which may be identified with (% x #)®.

Definition 1.1. A coupling of P*) and P'® is a probability measure P on (3, %)
with

P(- xQ)=P% and PQx-)=P?,
Definition 1.2. Let P be a coupling of P and P®. P is successful if

P{X D for all n sufficiently large} =1.

Let #,=0{X,,,m=n} be the smallest g-algebra for which X X _,,... are
measurable. Let % =% x #=0{X,,m=n}. Let Z = (| Z, be the tail.

n=1
Let u be a finite (signed) measure on the measurable space Z, let u=p* —pu~
be the Jordan decomposition of p, and let |ul=u* +p~. We denote by |u|
=|u|/(Z) the variation norm of w. If v is another finite measure on &, the infimum
v ol uand vis given by

urv=12(u+v—|pg—v|). o

unvz A for any measure A such that A<y and A1=<v. It follows from (1) that if
#=0and v=0,

luAv] =172(llp+v[ = lu—vi).
In particular, if u and v are probability measures,
luAvi=1—172{lu—v]. 2)

Let P9=P9} 7 be the restriction of PP to &, and let PP=PP} Z_. Let 1,
=1/2||PY — PP and let o, = lim o,.
—_—_—— n— o0

1 For example, R? or Z*
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We denote by S,c@Q the event “success occurs by time n” Thus, §
={wef|X (@)D for mzn}. It is easy to see that for any coupling P,

n

PS,)£1—a, 3
(Let Py =P(-()S,). Then P <P, so Ps(- xQ=P(- xQ)=PY and B (Q
X - )<P(Q><- =P But B (- xQ)Z,=P Qx ) Z,=F .7 Thus P <P”
and Py <P?®. Therefore P;H§P‘“/\P‘2’ Thus §)=HP~ | < [IPDA P‘Z’H

—,.)
Definition 1.3. A coupling P is called maximal if

PS)=1—a, (4)

2. Main Result

Theorem 2.1. The following are equivalent:

(i) There exists a successful coupling P.

(i) PV =P (agreement on tail)

(iii) o, =0(= lim (P —P)} |
Proof. We will prove (i) = (ii) = (iii) = (i). We will here prove (i) =(ii), which is
easy. (iii) = (i) follows from the general existence of a maximal coupling, which
will be constructed in the next section. (i1) =(iii) will be dealt with in Section 4.

We will actually prove that (i) = (iii) = (ii). (iii) = (ii) follows from the obser-
vation

20, = (P = POV Z|| 2 | (PP = PP} 7, | =P — P2 (1)

That (i) = (iii) can be seen by noting that (i)<>P(S) -1 as n —owo=0n, —0 as
n —o0 (by Eq.(3)).

Before proving (iii) = (i) we present a heuristic argument for (ii) = (i) contain-
ing the main ideas of the rigorous argument.

Imagine that &, partitions Q2 into fibers Q). () should be thought of as
the collection of all @'eQ which end the same way as w: w'eQ(w)<>w,=w, for n
sufficiently large. Imagine also that the regular conditional probabilities P, for
any probability measure P given %, are concentrated on Q(w): P (Qw))=1.
Then, if PP=PP =P, we may define P on F_ xZ_ by lifting P, to the
diagonal of Q. P on #_ x %, could then be regarded as a measure on the set of
fibers (Q(w), Aw’) (of € induced by #,x %) concentrated on the diagonal
—{(Qw), Q))lweR}. The extension P to & could then be obtained by requir-
ing that % x Q and Q x % be conditionally independent given %, x %, . Thus on
the fiber (Q(w), Aw)) we would put the (conditional) probability d1str1but1on P
x P, For P thus constructed, Qo) =Q(w®) for P a.e. d=(0, 0?), ie., o
and ©® end the same way a.s.

The difficulty with the above argument stems from the fact that %, is not
(strictly) countably generated, so that, in particular, regular conditional proba-

2 This is the definition of Py
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bilities B, will not necessarily be concentrated on Q(w). For example, if P has
trivial tail, P,=P for all o, but in general, P will not be concentrated on any
Q).

3. A Maximal Coupling

The maximal coupling P will _be constructed by piecing together a sequence of
pos1t1ve measures R, on #. R, will be a measure for which “success begins at
time n.”

A basic element in the construction is the observation

(P(l) /\P(Z) )F <P(1) AP(Z) (1)

(Pf: (P, /\P,,(i)l)P F <P M F =PV and similarly, (PY, A PP )} Z <P?) We
thus define @, on %, as follows

Q,=PW A P@

0,=PYAPH)— (PO APP)V &  for n>1.

n

By (1), for all n
0,20. 2)

Q, will be the main ingredient in R,. We construct from @, a measure 0, on
(Q, &) by “lifting Q, to the diagonal”: For A=A x APe%

0,(4)=0,(4" 4®). (3)
Clearly,

0,20, 4
and

0,(2-5,)=0. . &)

(This is perhaps most easily seen by noting that @, is induced from Q, by the
map

$: Q-8
o (0, w);
{0eQ|p(@)eQ—S,}=¢)
To construct R, out of §, we will use a sequence of kernels K¥: & | — %3,
i=1,2.

Definition 3.1. Let (¥, #) be a standard Borel space and let ¥ 2#. Let 120 be
a finite measure on (¥, #). We denote by K(#,%9,1)=K: Z x # —[0,1] the
kernel giving the regular conditional probabilities for 4 given ¢ *. This is defined
by the following conditions:

&, will denote the set of bounded % measurable functions as well as the s-algebra
4 The fact that this is defined only 4 a.e. presents no difficulty
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(i) For xe%, K(x, -) is a probability measure on 7.
(1) For Ae#, K(-,A)e%.
(iii) For hes# and ge¥

fdigh={digKh
where,

(Kh)(x)= ] K(x,dy) h(y).

The following few statements refer to Definition 3.1: For any finite measure p
on 4, we denote by K the measure on J# given by

[(duK) f=[du(Kf)

for any fe#.?
We note that

(K =1lp], (6)
and that

pz0=pK=0. (N
Furthermore,

ge¥=Kg=¢ @®)

u a.e., provided p<A|%. In what follows, the measures y with respect to which
we would like (8) to hold a.e. will have the requisite absolute continuity.
Moreover, it will be possible to choose a version of K for which (8) strictly
holds. This is because of the product ¢-algebra structure and the fact that the &,
are strictly countably generated. Thus, we might as well, and will, assume that
the kernels K which we next define have this property.

We will denote K(Z,, % ;, PO~ P APP) by KO Z > Z |, i=1,2. Let

H=K® KO KPKDS: F -7 9)
and let

A= KX AP F > F,. (10)
A, is defined by the condition

A (DX fP) = A O(f D) x AP fP),
where f(i) Xf‘z’(cb) =f(1)(~co(1’)f<2)(a)(2)), f(i)egr.

We may now define R, by

R,=0,1, (11)
and RY by

RO=0, 4, (12)

5 If u<AlG, then K is independent of the choice of a version for K

5 For n=1, this product should be interpreted as the identity operator
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R, is a finite measure on %, while R is a finite measure on %, i=1,2.
Furthermore, we easily have

Lemma 3.2.
(i) R,z0
(i) RY=0
(i) R,(+ x Q)=R{"
(iv) R,(2x -)=RP
) RO Z=0, % for k2],
(vi) ZR(i’rﬂz(Rj”‘/\&”)P%‘, for k=zm.
(vii) Z iI=1=ay; YR|=|Y RY|=1~a,.
j= =1 j=1
Proof.

(i) follows from (11), (7), and (4).
(ii) follows from (12), (7), and (2).
(iii) and (iv) follow from (11), (10), and the fact that (- x2)=0 (2 x *)
=Q,, which follows from (3).
(v) follows from (12) and (8).
(vi) follows from (v) and the computation

i Ot F=(PYAPWT 4PV AP F—(POAPDVF ]+ -
+ LB A BN Z,—(BD, ABO )N F] = (B A B 7,
(vii) follows from (vi) and (iii):

Rj =_Z Z m
j=1 i=

n

b

j=1

=P AR (@)= [PV AP =1~1,
The last equality follows from (1.2).

(o8]

It follows from 3.2 vii that if a,, =0, ) ﬁj is a probability measure. For the
general case, we proceed as follows: j=1

Let RO=PY— Y R®, and let R =o' RY xRP for ¢, >0 and R =0 for
=1

=
oo, =0. Then we define
P= Y R+R,. (13)
n=1

Theorem 3.3. P, defined in Equation (13), is a maximal coupling of PV and P®,

Proof. We must show several things: (a) that P is a probability measure, (b) that
P has the right marginals, and (c) that P is maximal. All of these follow from
the next lemma.
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Lemma 34. ) RY<PY,

j=1
Proof. It suffices to show that ' R$’< P® for all n.
=1

By Lemma 3.2 vi,

n
Y RPNF,=BOARPSEO=PY} 7,
j=1

Suppose that

Z RP} 7, <POt 7,  for some m=n.

Then, we claim that
(14)

3 RONE, (SPONE,

J
by (reverse) induction, the lemma follows. To establish the claim {14) we observe

that
Y RV Z, <PV},
j=1
32 RO} 7, By Z =(PO=ED AB2)NE,  (15)

] m

(from Lemma 3.2 vi).
It follows from the definition of the kernels K%' that
-

[(PO—PD ARP N FEIKY  =(PU—BY APPO,
=BY B AR2,.
It follows from (12) that

(Z R, )Km =2 Rt 7, o

j=m j=m
since, for m<j,

R(l)]\./’ Q K(l) L K9

Therefore, multiplying the LHS and the RHS of (15) on the right by K% | we
obtain (bearing in mind (7))

(1) (2) — p() (
_Brz~1APrrz~)1’Pl Z Rl)
j=1

n
[N~ (i
Z le r/m—lépmlll

(from Lemma 3.2 vi).
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Thus, it follows that
Z Rgi)rfm—lépn(till :P(i)[‘f -
j=1

and the proof of the lemma is complete.

It follows from Lemma 3.4 that R >0. Thus P=0. To establish (a) and (b)
consider separately the cases a =0 and o >0. First suppose o =0. Then by
Lemma 3.2 vii,

| 7 R
j=1
This, together with Lemma 3.4, implies that

L2 (Bex@), i=1
pO— S R >
j; 7 {P(Q x ),  i=2

OZO: R(l)

Suppose next that ¢ >0. Then, since by Lemma 3.4,

R

j=1

IRQI =PV - =l-(l-a,)=a,,

we have

Q+R_ (- xQ)

=
[

o
X
2
I
1 M 8
>

RY +a* RO (+)RZ(Q)

D8 115

R o=t (P‘“— i R;”) oy,

n=1

3
|
JuN

T

and similarly,
P(Qx -)=pP?.

This establishes that P is a probability measure with the right marginals.
P is maximal because,

Il\/

Q (S,

|1'M=

“~

ZHQH—ZHRH—

Here, we have used (8), (11), (5), (6), and Lemma 3.2vii, as well as the fact that
S, eF for j<n. In particular, the step R (S )= Q (S,) follows from the fact that

f=1-a, (16)

_i RS

RN =0, 30 7= 0,1 F,
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which need only be checked for product functions: For feZ; and fPeZ,,
§dQ; AL x fP)=[dQ (AT D) x AP (fP)
=[dQ,(f P xfP)  (=[dQ,fP[2).
This completes the proof of Theorem 3.3.

Remark 3.5. The maximal coupling P depends only upon P’ and P‘®, not upon
the versions of the kernels K®. This may easily be seen by applying R, to
product functions, using the fact, refering to Definition 3.1, that K is well defined
and version independent on functions mod 4 (i.e., as a map from #(mod /) to
%(mod /)).

Remark 3.6. Let S be the event “success occurs.” Then
$=J5,.

and ) R, is “supported” by §:
j=1

R(Q-8)=0.

IA
s

Y, R@-5)
j=1

1

J

Moreover, R,, is “supported” by Q—S: Since P(S)=1-a,=Y RS, (by
Eq.(16)), we have that R _(S)=1lim R_(S,)=0. =

n— o0

Remark 3.7. Suppose P is any maximal coupling. Then

P(S)=1im P(S)=1lim (1 —o)=1—a,.

n— o n— o

In particular, if a , =0, P(§)=1 and P is successful. Thus (iii) = (i) of Theorem 2.1
follows from Theorem 3.3.

4. Tail Agreement

We consider the implication (ii) = (iii) of Theorem 2.1. For any n, there exists a
set A,€#, such that

|PO(A,) - PPAA,) z e,
Without loss of generality we may, by passing to a subsequence, assume that
PW(A,)—P(4,) 2, (1)

for all n.
Let $=IXQ, F, PV 4 P2,

Since the sequence X, =1, (I, is the indicator function of the set 4: I ,(w)=1 if
weA and =0 otherwise) is norm-bounded in §, it has a weakly convergent
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subsequence

X, s X,

Let  E9(f)=[fdP® for fe$. Since [EO(f)SE(f)<(IfIdPY
+P)<Y2 )£, EPeH*. Thus,

ED(X')~ED(X',)=lim (P14, )~ P(4, ) 2«

j—a

0

Since subspaces are weakly closed, X/, , and we are done.”
In fact, we have that 0= X <1 so that

0, =1/2(PY = PONF 20,

Since, by Equation (2.1), « we have proven the following:

oo— )

Proposition 4.1. [(PY) —~ P\ Z ||=lim |(P"'— P\ Z|.

n—= o

5. Additional Remarks

(1) Let T, be the event “success begins at time n,” i.c.,

T;,=Sn—'S~n_1
Let P=Y R,+R_ be as in Section3. Then R, is “supported” by T, (since, by
(16), n=1
n—l n s
l—o, ;= éZ _)SPS,_)=1—0,_y,
j:l j=

so that R,(S,_,)=0).

(2) Suppose PV and P represent the same Markov chain (with countable
state space) starting in different states, say 1 and 2. Then the maximal coupling
P constructed in Section 3 has the following 2 properties: Let 7, be the hitting
time of the diagonal:

t,=min {n|X ,eD}.

(If X,e@—D for all n, , is defined to be o0.) Then,
(a) §,={t,<n}(mod P), ie.,

X,eD for n=t, P almost surely,

and (b) @', n<1, and w!?,n<1, are conditionally independent given 7, and
X, . Also, (¢) [P —PP | =||P!.—F; |, where P is the transition matrix. ((c)

7 1 am grateful to S. Varadhan for bringing this argument to my attention
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follows easily from the Markov property. (a) follows from (c) and the maximality
of P, and (b) follows from (a), remark (1), and the Markov property). In fact, P in
this case turns out to be precisely the coupling of Griffeath [3], a result strongly
suggested by the proposition of the next remark.

(3) The coupling P has the property that
() #xQ and QxF are conditionally independent on Q—S,_, given Z

x Q, and given @ x %; and F x Q and Q x F are independent on Q—S. In fact,
for AeF

P{AxQO-S, ;o

m

=AMV, 4) for P ae d=(0",0?)

mzn; 0P, m=1}

We will say that a coupling satisfying (I) is conditionally independent. It is not
difficult to see that P is characterized by conditional independence and maxi-
mality:

Proposition. P is the unique maximal conditionally independent coupling of P™
and P,

(4) Griffeath [3] raises the following question: If & is an abstract space, and
P and P® are two measures on Q=4&%, determine u=(u,),.n, Where

,=inf P{®,eQ—D},
P

P a coupling of P and P@,
It is easy to see, at least if & is a standard Borel space, by using the version of
(2.3) appropriate to the present context, that

= 1/2[(PH =P B, |,

where #,=c¢{X,}c#, and that, in fact, u, is realized for some coupling P,
which may be constructed using the method of Section 3.

(5) Theorem?2.1 provides a precise formulation of the notion that tail
information tells us how a process ends, that two processes agree on the tail if
and only if they “end the same way.”

(6) Suppose PV= P2, 1t is perhaps worthwhile to indicate what goes wrong
if one tries to construct a successful coupling beginning with the tail: Let O,
=PW A PP =PV =p2) Lifting Q_ to the diagonal we obtain §_ on &, x 7.
Let A=A (F,F,,PY), and let #, =41 x ¥ Finally, let P=0 7.

The difficulty is that &, x &, *()%,; in fact, S¢.F, x Z,. Thus, it is not

true that @ _(S)=1. (If § were 7, X #,, measurable, it would follow, just as for
the corresponding result for @, that §_(S)=1.)
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