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Pointwise Convergence in Terms
of Expectations

D.G. Austin, G. A. Edgar, A.Ionescu Tulcea

Introduction

This paper is concerned with the connection between almost sure convergence
of a sequence of random variables and convergence of certain related expectations.
Theorems of the kind we are interested in were proved by Meyer [7, p. 232] and
Mertens [6, p.47] in the continuous-parameter case, and by Baxter [1] in the
discrete-parameter case. For example, Baxter’s theorem is the following: Let
(X,)n>1 be a sequence of random variables with values in a compact metric
space S, and let the set I' of bounded stopping times be directed by the obvious
ordering. Then (X,),»; converges almost surely if and only if the generalized
sequence ([ ¢ (X))eer of expectations converges for every real-valued continuous
function ¢ on S.

In the present paper we generalize this theorem in two ways: we replace S
by an arbitrary complete separable metric space, and we use as few test functions ¢
as possible. If § is the real line, the single test function ¢ (x) = x suffices (Theorem 2);
for any complete separable metric space, a countable set of functions suffices
(Theorem 3); and for a separable Banach space, there is a countable set of convex
functions which suffices (Theorem 4). We have included a different proof of the
key step in Baxter’s proof (Corollary 1), in order to make the present paper self-
contained.

We wish to thank T. Figiel for simpler proofs of two of our theorems.

§ 1. Notation and Terminology

Throughout this paper (L, %, P) is a probability space. We recall that a real
random variable is a mapping X : @ — R which is & -measurable. If S is a Polish
space (i.e. S is a complete separable metric space), an S-valued random variable
is a mapping X : Q — S which is measurable as a mapping of (2, #) into (S, 4(S)),
where #(S) is the o-algebra of Borel sets of S.

If (X;)ic; is any family of real (or S-valued) random variables, we denote by
o((X));c;) the smallest sub-g-algebra of # with respect to which every X, iel, is
measurable.

Let (%), be an increasing sequence of sub-g-algebras of # We recall that a
mapping ©: Q->N*U{+ow}={1,2,3,..., + oo} is called a stopping time (with
respect to (%),s,) if {®|t(w)=n}eZ for each neN*.

In what follows, whenever (X,),», is a sequence of real (or S-valued) random
variables, we let Z =0(X|, ..., X,) for each n=1, and we denote by I' the set of
all bounded stopping times (with respect to (%,),»1)-
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§ 2. The Case of Real-Valued Random Variables
We begin with the following elementary but extremely useful result:

Lemmal. Let (X,),>; be a sequence of real random variables. Let 7=
o(Xy, ..., X,) for each integer n=1 and assume that F =o(| ] #). Let Y be a real

nz1
random variable with the following property: For each weQ, Y{w) is a cluster
value of the sequence (X,(»)),s;. Then given any ¢>0, >0 and integer m=1,
there is a bounded stopping time T such that t=m and

P({(’O| ‘Xr(m)(w)—_ Y((D)| > 5})§ E.
Proof. Since # =o(| ] %), there is an integer N 2m and a random variable Z,
nxzl

measurable with respect to %, such that

&

P ({w[lY(w)—Z(w)K%}) >1-2. 1)

But {w Y (w)—Z(w)< %} c {w |1X, (@) —Z ()| <~§— for some n= N}. Thus there

is an integer N'>N such that

o
P({w] 1 X, (w)—Z(w)| <7 for some n with NgngN’}) >1 —%. Define the
bounded stopping time 7 as follows. Given we, if there is an integer n such that
0 . .
N£n<N and | X, (0)—Z (a))i§?, then let 7(w) be the smallest such integer; if

there is no such integer, then let t(w)=N". Thus

P‘({wl 1X 0y (@)= Z () g%}) >1-2, @)

so that, by (1) and (2),
P({o] X (@) — Y()|£8})>1—¢.
Thus Lemma 1 is proved.
From Lemma 1 we easily obtain the following
Theorem 1. Let (X,),>1 be a sequence of real random variables. For each
integer nz1, let #=0(X,, ..., X,) and assume that # =o(| ) %). Let
Y: Q- R=[-00, 0] "

be & -measurable and such that: For each we, Y () is a cluster value of the sequence
(X, (®))yz1 - Then we have:

i) There is a strictly increasing sequence (t(n)),, of bounded stopping times such

that
lim X, ., (w)=Y(w), P-almost surely.

ii) If, in addition, there is a constant C>0 such that [IXJI < C for each bounded
stopping time o, then Y is integrable.
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iii) In particular, if there is a random variable g=0, g integrable such that
| X,|<g for all n, then (X)), converges to Y in the L' -mean and hence (f Xzt
converges to | Y.

Proof. Since ii) follows from i) and Fatou’s lemma, and iii) follows from i) and
the Lebesgue dominated convergence theorem, we need only prove i).

We consider first the case when Y is real-valued, Y: Q— R. In this case the
existence of the sequence (t(n)),», is obtained by applying Lemma 1 inductively.

We pass now to the general case, Y: Q—R. Let f: R—[—1, 1] be the homeo-
morphism given by

X
=——— forxeR, f(—o)=—1, +o0)=1
fO=11 5 f(=o0) S(+ )
and let g be the inverse homeomorphism. We can reduce this case to the previous
case by considering X,=f(X,), and Y'=f(Y)

and then composing back with g. Thus Theorem 1 is proved.

In the case when the function g below reduces to a constant C >0, the result
of Corollary 1 is due to Baxter (see [1]); for the continuous parameter case see [7],
Prop. 6(a), p. 232. -

Corollary 1. Let (X,),>, be a sequence of random variables and suppose there
is an integrable random variable g 20 such that | X,| < g for all n. The following asser-
tions are then equivalent:

1) lim X, (w) exists P-almost surely.

2) The generalized sequence (| X,),y is convergent.
Proof. The implication 1)=2) is trivial (a version of the Lebesgue dominated
convergence theorem).

2)=1). By Theorem I, there exist strictly increasing sequences (t (n)),,; 1 and
(¢(n)),x, of bounded stopping times such that

lim X, (w)=limsup X,(w), P-almost surely,

lim X, (®)=lim inf X, (), ~ P-almost surely.

Then " o ]
[ (lim sup X, —lim inf X,)=1lim { (X,,)=0

so that lim sup X, =lim inf X,,, P-almost surely. Thus the corollary is proved.

Remarks. 1) It is easy to construct an example of a sequence (X,), -, of integrable
random variables such that X, =0, [ X, <1, lim X, (w) exists P-almost surely, and

yet for which the generalized sequence (| X),. fails to converge. (Take for (Q, %, P)
the Lebesgue measure space on [0, 1] and define X, (w)=0 and

2" for we(0,277)

X = .

2n+1(@) {o for ¢(0,2")
2} Let (X,),>, be a sequence of integrable real random variables. It is casily
seen that the generalized sequence ([ X,),., is monotone increasing (that is, the

2%
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relations 7,, 7,€T, 1, 1, imply | X,, <[ X,)) if and only if (X,),»; is a submartin-
gale.

Lemma 2. Let (X,),>, be a sequence of integrable real random variables and

suppose that sup [ X,/ <oo.

Then the following assertions are equivalent:

1) The generalized sequence (§ X.),; converges.
2) The generalized sequences (| X;").er and (§ X[ )er both converge.'

Proof: Since 2)=>1) clearly, we only have to prove the implication 1)=-2).

Assume 1). We divide the proof into parts:
1) We show first that under our assumptions

sup [ X} <o, sup (X7 <oo.

Since the generalized sequence ([ X.)..r converges, it is eventually bounded, and
hence to prove our assertion it is enough to show that ({ X;"), is bounded above.
Let then 7eI'; choose n=1 and define the stopping time o by

t(w) on{X,=0}
n on {X,<0}.

Then X;" < X,+|X,| and so | X;" <{ X, + [|X,|. This proves our assertion.

II) We now show that the generalized sequence (| X;"),.r converges (this of
course will imply that the generalized sequence (f X, ). converges also). The
device used below is borrowed from Baxter’s paper.

Given ¢>0, choose an integer n, such that the relations cel’, tel’, 62ny,

olw)=

=n, impl
TR P 1§ X, = X|<e. M
Next choose 1€, 1o 21, such that for any oel’, ¢ =7, we have
JXF<fX5+e @)

Let now gel’, 6 =1, and define the new stopping time o, by
>
o (0) = olw) on{X, =0}
To(®) on{X, <0}
Then, on the one hand by (1) we have

lj Xdl—j Xrol §85
and on the other hand

[Xo= | X3+ | X,

Koz 0) {Xo<0)
§Xo= | X+ | X,
X2 0) {Xop<0)

! Lemma 2 and Theorem 2 remain valid if for instance we replace the condition
sup [1X,| <o
n

by the condition sup | X3 <co.
n
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We deduce
fXr< | X,+es{X}+e 3)
{Xooz 0}

Combining (2} and (3) we obtain for any oel’, 6 = 14:
If X5 -fXH|se
and thus Lemma 2 is proved.
We may now state our main theorem in the real-valued case:

Theorem 2. Let (X,),», be a sequence of integrable real random variables.
Suppose that
sup f|X,| < oco.

Consider the following assertions:

1) The generalized sequence ([ X,),. converges.
2) The sequence (X,),», converges P-almost surely.

Then 1)=>2).

Proof. We assume that 1) holds. By Lemma 2, it follows that the generalized
sequences

(j‘ Xr+)rel‘5 (jl Xz:_)rel"

converge. Hence in proving the implication 1)=-2) of our theorem we may assume
without loss of generality that X, =0 for all n.

We now prove the implication 1)=>2) by proving the contrapositive. Suppose
then that the sequence (X,),; does not converge P-almost surely. There are then
real numbers o < f§ such that P(4)>0, where

A={ow|lim inf X, () <o < f<lim sup X, ()}
We will show that the generalized sequence (f X.)eer 18 not Cauchy. For
_B-a)P4)
2
we show that given any integer M =1 there exist bounded stopping times 7, = M,
,2M with [ X, — [ X, 2.
Let 6=¢/2p and let M =1 be any integer. There exists a set B and an integer

N zM such that Be %y and P(A4 B)<4. There exist integers N >N'>N such
that if:

Qo= {wlNéi:l;N'X,,(a)) <a<f< sup X,(w)}

N SnZN”
then P(A4 —Q,)< 9. Define now
C, = {a)eB[NélgN,Xn(a))<oc},

C,={weC, IN,EuBN”X,,(a))> B}.
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Then
Cleg';vl, CZEQ‘TNH, C2CC1CB

P(Cy)2P(4)—25, P(C,~C,)<25. @

Define now stopping times 1,, 7, by:

71 (W)= N w¢ Cy
1 inf {n| NSnsN', X,(w<a} weC,

N wéC,
7,{w)=¢ N” weC;—C,
inf {n| N'<n<N", X, (0)>p} weC,.

Then M<N <1, <7, and by (1) we have

j‘szﬁthlzj'(sz_Xn): I (XTZ—XTI)

Cy

= y (sz_X11)+ J. sz_ j X"-'l
Cy

€1y ¢,
Z(f—a) P(C;)+0—aP(C; —Cy)
2(B—a)(P(4)—20)~26u
=(f—a)P(A)—256f=2¢e—¢c=c.

This completes the proof of Theorem 2.

Corollary 2 (Submartingale Convergence Theorem, see [2, p. 324], [8, p. 131],
or [4, p. 146]). Let (X,),»; be a sequence of integrable random variables such that :

1) E(X, 1 |#)2X, forallnzl,
ii) sup f|X,|<co.

Then (X,),»; converges to a limit P-almost surely.

Proof. Since the generalized sequence (j X.).er is monotone increasing and
bounded, this is an immediate application of Theorem 2.

Remarks. 1) The proof of Theorem 2 is completely elementary and makes use
only of Lemma 2.

2) The implication 2)=>1) in Theorem 2 is in general false, as Remark 1) at
the end of Corollary 1 shows.

3) Without the assumption of I'-boundedness on the sequence (X,),=1,
Theorem 2 is in general false, as the following simple example illustrates: Let
(#,),>1 be a sequence of independent identically distributed random variables
with u,=1 or —1 with probability 1/2 and set X,=u, +--- +u,, for each n=1.
This seems to contradict Remark 2) on p. 50 of [6].
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§ 3. The Case of Abstract-Valued Random Variables

In this section § is a Polish space (that is, a complete separable metric space)
and we consider S-valued random variables. We denote by Cg(S) the set of all
real-valued continuous functions on S.

We begin by introducing the following

Definition. We say that an at most countable set {¢;|jeJ}, where ¢;e Cx(S)
for each jeJ, 1s a determining set for S if:

The mapping ®: x — (§;(x));e; of S into R'=[] R; is a homeomorphism of S
onto a closed subset of RY. jeJ

Remarks. 1) Let 4 < Cg(S) be an at most countable set. It is easily seen that
the following are equivalent assertions: i) /¢ is a determining set for S; ii) when-
ever (x,),=; is a sequence of points in S such that lim ¢(x,) exists, for each ¢e .1,
then there is xS such that lim x,= x. "

n

2) For S=R the following are examples of determining sets:

a) {¢}, where ¢ (x)=x for xeR;
b) {¢,, ¢,}, where ¢, (x)=x1, ¢, (x)=x" for xeR;
) {¥y, ¥}, where ¥, (x)=|x]|, 5 (x)=|x+1] for xeR.

3) Suppose that S is a Polish space and that £ < Cg(S) is a determining set
for S. Then the set

{Igllpet}uilo+1|Ipet}

is a determining set < Cg (S).

4) Let S be compact metric. Let 27" < Cg(S) be any (at most) countable set
separating points of S. Then 4" is a determining set for S.

We now establish the existence of a determining set for an arbitrary Polish
space:

Theorem 3. Let S be an arbitrary Polish space. There exists then a determining
set for S.

Proof. We are indebted to T. Figiel for the proof below, which is much simpler
than our original proof.

The existence of a determining set follows from the following classical facts
of topology (for these we refer the interested reader to [5]):

I) There is a homeomorphic embedding ¢: S—R" (here N={0, 1,2, ...}).

II) S is an absolute G;, therefore RYN — ¢ (S)= U E,, where each F, is a closed
subset of RY. neN

I1I) The mapping

"*(‘l’ 09 (;;t—(—;m))

is a homeomorphic embedding of S onto a closed subset of RN x RY.
This completes the proof of Theorem 3.
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We next show how to construct “nice” determining sets in separable Banach
spaces. The construction below was shown to us by Figiel. It considerably simpli-
fies and generalizes our original construction. The construction is based on the
following Lemma:

Lemma 3. Let X be a separable Banach space. Let f_ : X -10, + o] be a convex
function, finite on a dense subset of X and such that f*([0, a]) is compact for all
acR* =[0, + ). For each integer n>1 define

f,,(X)=inf{f(y)l Ily—XIlé%}, for xeX;

then f,, is finite-valued, continuous and convex.

Proof. Since f'is finite on a dense subset of X, it is clear that f,(x)< co for each
xeX.

To prove continuity of £, it is enough to establish that FH(IO, a)) is closed for
all aeR*, and £} ([0, a)) is open for all ae R*. The first assertion follows from the
identity:

i _ 1
1 (10, a])=1([0, a])+§ZGXl HZHé;}
which represents £, ([0, a]) as the algebraic sum of a compact set and a closed set.
To prove the second assertion we note first that, since f is convex, we also
have:

JZ(X)=inf{f(Y)(Hy~x{l<%}, for xe X.

\

It follows that we have the representation

S0, a))=/([0, @) + ;fzexiuzn<%}

and thus £;!([0, a)) is open. Hence the continuity of £, is proved.
We next turn to the proof of convexity. Let xe X, yeX, aeR with 0=a=1
and let z=a x+(1—a)y. Let £¢>0. Choose.x'€ X, y'eX such that
x'—x[ =

» S L) +e,

s~ x|~

[y —=yls—, fOISLO)+e.

Let z’=o x'+(1 ~a)y. Then we have:

1
12—zl = e (x'= %)+ (1 =) (¢ =y S |x' = x| + A =) [y =yl = -

and hence

L@E @) Eaf(X)+(1—a) f(V)
Za(f,()+e)+1—a)(f(0)+¢)
=af,(x)+(1—a) (N +e.
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Since £>0 was arbitrary, the convexity of f, is proved. This completes the proof
of Lemma 3.
The following remark will be used in the proof of Theorem 4 below:

Remark. Let X be a Banach space, E< X. Suppose that for each n=1 there is a
compact set K, =X with the property

1
xeE = d(x K)S--.

Then E is (strongly) relatively compact.

Theorem 4. Let X be an arbitrary separable Banach space. There exists then a
determining set for X consisting of convex functions.

Proof. Let (y,),> be a sequence of points in X such that lim ||y, | =0 and such

that the linear space spanned by A={y,, y,,.--» Vs, ...} is dense in X. The set
A {0} is compact. Let K be the closed convex symmetric hull of AU {0}; then K
is also compact. Let f be the gauge function of K:

inf (;Lu>o,iel<}, if this set is non-void
fe=1"1 7

+ oo otherwise.
It is clear that f: X — [0, 4+ oo and that (see for instance [3], p. 411):
flax)=af(x), for xeX, aeR™,
Sx+y)=fx)+f(y), forany xeX, yeX.

Furthermore, it is easily seen that f*([0, a])=a K for every ac R*. Thus f satisfies
the assumptions of Lemma 3. For each integer n=1 let f, be defined from f as in
Lemma 3.

Let X' be the dual of the Banach space X and let {x{, x5,...,x,,...;cX bea
countable total set (see [3, p. 418]); this means that the relations xe X and x,,(x)=0
for all n=1, imply x=0.

We now define " as follows:

A ={f1,foseis Sy U{xt, X0, o, X0, .0 )

We show that " is a determining set for X. It is enough to show that if (x,)>,

is any sequence of points in X such that Iikm ¢ (x,) exists for each ¢pe .7, then likm Xy

exists (strongly). For each n=1, let a,eR such that a,>sup f,(x,), and let K,=
k

FUI0, a,]). Then K, is compact and it is easily seen that:
For each

1
k2l d(w,K)s—

By the Remark preceding Theorem 4, we deduce that the set {x;, x,,..., X, ...}

is (strongly) relatively compact. Let (x,),>: be a convergent subsequence of

(Xz1 and let x=1lim x;,,. We show that (x,), >, itself must converge to x. In fact,
z ; z
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otherwise there would exist another subsequence of (x> converging to some
element y+ x. Since li£n x;,(x,) exists, we deduce x, (x)= x.(y), for each n=>1. Since

{x,x5,...,x;,...} is total, it follows that x=y. Hence lim x, = x and Theorem 4 is
proved. k

Remarks. 1) Let (S, d) be a Polish space. Let A=S be a countable dense set
and for each aeA, let

d.(x)=d(x,a), for xeS§.

We have:
i) The mapping @: X — (¢4 (x))ae 4 Of (S, d) into R*= [ [ R, is a homeomorphism
of (S, d) onto ®(S)c= R4, acd

ii) Suppose the distance d is bounded. Then {¢,|ac A} is a determining set for
(S, d) if and only if (S, d) is compact.

2) Let X be a separable infinite-dimensional Banach space, let A<X be a
countable dense set and for each ae A, let

$.()=|x—al, for xeX.

Then {¢,|ac A} is not a determining set for X.
We may now state the abstract version of Theorem 2:

Theorem 5. Let S be a Polish space and let (X,),>, be a sequence of S-valued
random variables. Suppose there is A < Cg(S), a determining set for S, with the
following property: For each ¢pe#, we have:

i) Sl:pfl¢(Xn)l<oo;

ii) The generalized sequence ({ ¢(X,)),cr converges.
Then the sequence (X,),>; converges to a limit P-almost surely.

References

. Baxter, J.R.: Pointwise in terms of weak convergence (preprint)

. Doob, J.L.: Stochastic processes. New York: Wiley 1953

. Dunford, N., Schwartz, J.T.: Linear operators, Part I. New York: Interscience 1957

. Krickeberg, K.: Probability theory. Reading, Massachusetts: Addison-Wesley 1965

. Kuratowski, C.: Topologie, vol. I, 4th ed. Warsaw: Panstwowe Wyclawnictwo Naukowe 1958

. Mertens, J.F.: Theorie des processus stochastiques généraux applications aux surmartingales. Z.
Wahrscheinlichkeitstheorie verw. Gebiete 22, 45-68 (1972)

7. Meyer, P.A.: Le retournement du temps, d’aprés Chung et Walsh. In: Séminaire de Probabilités V,

Lecture Notes in Math. 191. Berlin-Heidelberg-New York: Springer 1971
8. Neveu, J.: Bases mathématiques du calcul des probabilités. Paris: Masson 1970

[ Y R o S

D.G. Austin, G.A.Edgar and
A. Ionescu Tulcea
Department of Mathematics
Northwestern University
Evanston, Illinois 60201
USA

( Received January 15, 1974 ; in revised form February 27, 1974)



