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A Ratio Operator Limit Theorem
By
J. L. Doos

1. Introduction

Let (Xg, o) and (X1, p1) be measure spaces. We omit reference to the classes
of measurable sets, and all sets used below are assumed measurable even when
the assumption is not made explicitly. Let 7' be a linear transformation from
Ly (X, po) into L1 (X1, p1) which is positive (that is, takes positive functions
into positive functions) and has norm =< 1. There is then an adjoint transforma-
tion T'* from Le (X1, p1) into Le(Xo, to), also positive, with Le norm <1,
If y; isnot o-finite, Lo (X3, i) has the usual sSupremum norm but by definition each
of its functions vanishes off a set, depending on the function, which is the union
of countably many sets of finite measure. The adjoint 7'* is determined by

(L.1) §(Tfo) grdus = [ fo T*giduo.
X, X,
It follows that 7*1 < 1 a.e. on X,. In particular, suppose that the measures are
finite and that T'1 =< 1 a.e. The latter condition is equivalent to the condition
that T* does not increase L; norms. It follows that 7* has a unique linear ex-
tension taking Li (X1, y1) into Li(Xo, o) with L1 norm =1. The extended
transformation will also be called 7%, and the relation between 7' and T%* is now
symmetric. Finally, if T'1 = 1 a.e. and if 7*%1 =1 a.e. T will be called ‘bisto-
chastic’ following Rota. [4] (who however assumed that the two measure spaces
were the same). The transformation T is bistochastic if and only if 7'* is.

Throughout this paper, (X, po), (X1, p1),... are measure spaces, Ty is a
positive linear transformation from Li(Xy, 1, yup—1) into L1 (X, uy), of Ly norm
<1, and Tip = Ty ... T1, so that T3, = T ... T,. The following theorem is
due to Rora, aside from certain specializations he made that were not needed
in either his discussion or proof.

Theorem 1.1. If each T, is bistochastic and if fo is a function on X satisfying

X“f0|10g+lfoldﬂo<°°

then lim T3, T4 fo exists a.e. (po) and in the L1 (X, po) topology.
n—>00
BURKHOLDER [2] has given an example showing that the theorem is false if
f is only supposed in Li (Xq, po).
The purpose of this paper is to give a simplified approach to Rota’s method
which makes its relation to standard probability reasoning clearer, and to extend
the theorem to non bistochastic operators. In this extension the theorem becomes

a ratio theorem.
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2. The eonditional expectation technique

Rora’s method and that used in this paper rest on the following simple
remark, and the only question is how to exploit the remark most advantageously.

Let wg, 21, ... be a Markov process on some probability measure space. Then if f
is integrable on the x space and if the usual probability notation is used,
(2.1) E{f(@o)|%n, Xni1,...} = E{f(wo)|xn},

because the reversed x, sequence is also a Markov process. Moreover the condi-
tional expectation is with respect to less and less as » increases, so the sequence
of conditional expectations ordered as n decreases is a martingale. It follows that
the sequence of conditional expectations converges a.e. and in L,

(2.2) lim E{f(zo)|2a} = E{f(x0)| F},

where % is the tail field of the x, sequence. Now it is known [3] that one can
take limits under the conditional expectation symbol to get

(2.3) lim E{E{f (o) |xn}|x0} = E{E{f(w0) |F} |0}
H—>00
a.e. and in the L; topology if the Lebesgue dominated convergence criterion

(2.4) E{sup | E{}(zo)|&n}|} < oo

is satisfied. (Actually the condition is now known to be necessary in general,
according to a theorem of BLACKWELL and Dusixs [7].) Moreover it is known [3]
from martingale theory that (2.4) is true if E{|f(xo)|log*|f(xo)|} < oo. Thus
(2.3) is true under this restriction on f. If the conditional expectation in (2.3)
can be identified with 77, T'1,f, Theorem 1.1 follows. Rora’s theorem will be
proved applying the foregoing remark, and then the generalized ratio limit theorem
for non bistochastic operators will be proved by reducing it to Rora’s theorem.

3. A representation theorem

The following remarks are not original, but there seems to be no single place
in the literature where they are readily available.

Let X be a totally disconnected Hausdorff space, that is, it is supposed that
the class of clopen (simultaneously closed and open) sets is a base for the topology
of the space. Let G be the Borel field of sets generated by the clopen sets. We
suppose from now on that X is compact. The indicator function of a clopen set
is eontinuous. The class of uniform limits of finite linear combinations of indicator
functions of clopen sets is a closed (supremum norm) algebra of continuous funec-
tions including the constant functions and separating the points of X. The class
is therefore C'(X), the class of continuous functions on X, according to the Stone-
Weierstrass theorem. The sets in @ will be called the Baire sets.

Let X be a space on a Borel field of whose subsets a finite-valued measure i
is defined. The Boolean algebra of measurable subsets of X, modulo sets of
measure 0, is isomorphic to the algebra of clopen sets of a totally disconnected
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compact Hausdorff space X, according to the Stone representation theorem. The
measure 4 is transformed into a positive finitely additive function jt of clopen sets.
If the algebra of X subsets modulo sets of measure 0 and the algebra of clopen
subsets of X are metrized as usual (the distance between two sets is the measure
of their symmetric difference), the first metric space is complete, so the second
one is also.

Since a clopen set can be expressed as a countable union of disjunct clopen
sets only if all but a finite number of the summands are empty, z is countably
additive. Hence 4 can be extended to a measure (also denoted by 1) of Baire sets.
A non-empty open Baire set has strictly positive measure. Because of the com-
pleteness remark at the end of the preceding paragraph, if 4 is a Baire set there
is a unique clopen set at zero distance from 4. More generally, to any bounded
function measurable with respect to the Baire sets corresponds a continuous
function equal to it almost everywhere.

We have thus obtained a 1—1 measure preserving correspondence between
subsets of X and Baire subsets of X, modulo sets of measure 0, preserving the
Boolean operations, in which we can take a clopen set as representative of any
Baire set. If f is a function on X, taking only finitely many values, f =Zj a; L 45
where 4 is the indicator function of the set 4, define f as the corresponding sum
in which A4; is replaced by its image clopen set. Then [ is continuous. If f is a
bounded function on X it is the uniform limit of a sequence of functions of this
type, and proceeding in this way we obtain a 1—1 correspondence between
Lo (X, p) and C(X) or, and this amounts to the same thing in the present case,
between Lo (X, u) and Lo (X, fi). Moreover the respective norms are preserved.
1f f; is bounded and has tmage F;, 1 <j < n, and if D is a bounded continuous
function from Buclidean n-space to the reals, then @ (f1, ..., fx) has image @ (J1,
ey ), and the composite function has the same integral as its image. These facts
are true for f; taking only finitely many values and therefore as stated. We con-
clude that f1, ..., fx and its image n-tuple have the same joint distribution.

In the map from Lo, (X, ) onto Le (X, i) Ly norms are preserved. Hence the
map can be extended to one from Li(X, u) onto Ly (X, zi). As such it preserves
L; norms and the above italicized statement remains true for f; e L1 (X, u).

4. Proof of Rota’s theorem

Under the hypotheses of Theorem 1.1, u(X;) does not change with j and is
finite, so we can normalize the measures to make them all 1. In proving the theorem
suppose first that 7T is determined by a stochastic transition function. That is,
suppose that there is a function @, of £ in X, 1 and A4 c X, with the following
properties: Qn(., 4) is measurable for fixed 4; @, (&, .) is a probability measure
for each &;

(4.1) (T 1) (€) = [1(n) Qu (&, dn) a.e. (pn-1).

Xn

Let 2 = Xo X X1 X --- and let 2, be the nth coordinate function on the product
space. Define measure on the product space to make the z, sequence a Markov
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process with initial measure wo and transition measures @1, ¢z, ..., so that

42) E{P(xo,...,%n }ﬁf,uo d&o) le(fo,d& f@n 1(En-2, dén-1)
[ (fl;-v-, n)Qn(fn—l,dSn)

X

(See [3].) Then applying (4.1) it is trivial that if ¢ is a bounded function on X,
(4.3) (T1n9) (o) = B{g (wn) | 2o} acc.

By definition, the distribution of xg is ug. It follows from (4.3) that the distribution
of zy is py, because if g = 14 is the indicator function of a set 4 c X,,, and if we
use P for measure on the product space,

(4.4) P{xy(w)e A} :;Y_fE{IA ()| o} AP :Xj 1o Laduo =

Then more generally, we conclude that if g € Ll(Xn, ), B{g(xa)} = J'g duq is
finite and (4.3) is true. Finally if fe L; (Xo, po) and if 4 c X,

(4.5)  E{f(xo) La(n)} = E{E{f(x0) La(xn)|xo}} :Af]‘ %, L duo :Af Tinfdun

= E{(Tln 1) (%n) IA(xn)}

so that, by definition of conditional expectation,
(4.6) (T1af) (@) = E{f(x0)| za} ae.

Thus Theorem 1.1 can be deduced as in Section 2: the desired limit relation has
been reduced to (2.3).

We must still show that the hypothesis that 7 is given by a stochastic
transition function can be eliminated. Map functions on X, into functions on
a Hausdorff space as described in Section 3. We define 7', and 7 for the new
spaces, defining the latter transformation first, as follows. If the clopen subset 4
of X, is the image of the subset 4 of X, and if I is the indicator function of 4,
define (., A) as the unique continuous image of 77 I4. Then {,(£,.) is an
additive function of elopen sets and can be extended to be a measure of Baire
sets. If @n(4) =0, Qu(., A) = 0 a.e. on X,_1 because for every ¢ >0 4 can
be covered by a union U Ay, of clopen sets with z/m Ay < g, and if A c Xpa
is the image of 4z, *

[@n(& A) pnr(dE) =23 [ Qn(E, Ax) s d§)~§ T3 Ly g1 (dE)

Xn— k Xn 1 Xp—1
= 2 pn(Ar) = 3 fin(ds) < &
Define Ty f for fin Li(Xn, fin) by
(+7) T f= T n) Qu(é. dn).
Xn
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In justification of this definition first note that if the integral is well-defined for
almost all &, for two integrands which are equal a.e. then the integrals are them-
selves equal a.e., according to the property of (), just proved. Hence the proper
measure 0 ambiguities are preserved. Furthermore if f is the image of f and
(T%f)" that of Thf then Tif = (T;f)” when f is the indicator function of a
clopen set and therefore successively when f is continuous, bounded, in the class
Li(Xn, fin). The transformation 7} is bistochastic. Let 7', be its adjoint and
Pin="Tn...T1. Then P,f= (Txf)", and the sequences {75, T1,f, n=1},
{P7.T1a], n = 1} correspond to each other in the mapping. Hence these se-
quences have the same joint distributions. Thus instead of proving convergence
of the first sequence it is sufficient to prove convergence of the second, and this
is the case already treated, in which the w-operators are given by transition func-
tions.

5. The case 7,1 =1, Th1 <1

In this section we suppose, as a first step towards our final generalization of
Rora’s theorem, that p,(Xy) < oo for all », that T, is a positive linear trans-
formation from Li(Xg—1, pn—1) into Li(Xy, ug) and that 71 =1, Thl <1
a.e. (See the discussion in Section 1.) Under these hypotheses, and making the
extensions described in Section 1, 7' as a transformation of L; spaces is integral
preserving and so has norm 1.

We shall use the inequalities
(1) Til=TF, 1Til1 < T 1l ae., pn(Xa) = [Ty (1dun—1 = pn-1(Xa).

#—1
Adjoin a new element g, to X, for n = 0. The measurable subsets of the enlarged
space X, are to be the measurable subsets of X, with or without g, and we
define uy{ga) = po(Xo) — thn(Xy). Define Sy, Sy by

Spf=Tnf on Xy
(1 — TR f dpn-1+ flon-1) [0{Xo} — pn-1(Xn-1)]

. Xn—l
(5.2) = Fo(Xo) = inlXn) at gn

where fe Li(X,_1, fin-1),
Stg=glon) (L —TE)+ Thg on X,
= g{(0n) at  gp—1

Here T,f and T, g mean the application of the indicated transformations to the

restrictions of f and g to the unenlarged spaces. If the denominator in the second

line of (5.2) vanishes, the line may be omitted, because g, then has measure 0.

The transformations S, and S; are bistochastic and adjoint to each other. We
write Si, for 8y ...S1 and find that
XI (A —=TH1)fdue

23 e

64 SunSinf =730 = )

where the first term on the right is omitted if the denominator vanishes. By
Rora’s theorem the left side of (5.4) converges almost everywhere and in the L

(5.3) feLo(Xn, ttn).

(1 — T%,1) -+ T%, Tiuf on Xo,
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topology when n — co. In view of (5.1), the first term on the right in (5.4) con-
verges in the same way. Hence we have obtained the following useful but rather
trivial extension of RoTaA’s theorem, which we shall use in the next section.

Theorem 5.1. Theorem 1.1 remains true if Ty, is not necessarily bistochastic, but
tf Ty is positive-linear from Ly (Xy_1, pn-1) indo L1 (X, ), of norm <1 and with
T,1=1 a.e.

6. The general theorem: the case T:f 11

In this section we no longer suppose that uy, is a finite measure. We assume
that T, is a positive linear operator from L;(X,_;, pn-1) into L1 (X, py) of
norm =1, that is with 751 < 1 a.e. Let & = 0 be a function in L1(Xg, uo) and
define hy = T'1ph, d,un = hy dyn The relation

(6.1) J.(T 1) hn—1dun- 1~ffknd/ln; fe€Ln(Xy, tin)

Xn—1

shows that, in terms of the primed measures, 7T} preserves integrals. It follows
that 7'y f =0 a.e. (u,,_4) if f vanishes on the set where h,, is strictly posmve That
is, T deﬁnes a positive linear transformation 7, from Le (X, m,) into Le
(Xn—1s fin_1) by the rule 77 f=Trf; the measure zero ambiguities match as
they should. Define

(fn-1)

, T - .
(6.2) Tnfz—”v", fELl(Xn~1,,un—1)a hOZh;

where the quotient is defined arbitrarily on the set where the denominator vanishes.
Note that 7'y (fhn-1) vanishes a.e. (uy) where b, = 0. This fact is obviously true
if f = 1, and is therefore true if f is bounded, and hence if fhy, 1 € L1(Xp-1, tin-1),
that is if fe Iy (Xn 1, pin-1). The transformation 77, is linear, positive, of L;
norm <1, and 7,1 = 1 a.e. Moreover the adjoint transformation is 7, = T} .
The transformation 75, = T, ... T is well-defined, and T1, f is determined by
the restriction of f to the set of strlct positivity of h. Moreover T3 ,,f = [T 14 (fh))/hn
so that

(6.3) T e T (T”‘(fﬁ).

bn

An application of Theorem 5.1 now yields the main theorem of this paper.

Theorem 6.1. Let (Xo, po), (X1, p1), ... be measure spaces and let h e L (X, o),
h =0. Let Ty, be a positive linear tmnsformatwn from Ly (Xy -1, un-1) tnto L1(X,,
tin) of norm =1, that is with Tyl < 1 a.e. Then if Ay = Tinh Ay, ond if f is a
function on Xy satisfying

[1#]108* | 1] b djio < oo,
it follows that Lo
. s T1n(fR)

exists a.e. (o) where h > 0 and also in the L1 (Xo, b dup) topology. Here T is the
linear extension of Ly morm <1 of T%, to Li(Xn, uy).
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We note that the numerator in (6.4) vanishes a.e. where the denominator
does, and the values on this set do not affect 7'7%. In particular, if » = 1 and
T,1 =1 a.e. the theorem reduces to Theorem 5.1.
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