Z. Wahrscheinlichkeitstheorie verw. Gebiete 30, 149 — 165 (1974)
© by Springer-Verlag 1974

Random Ergodic Theorem with Weighted Averages

Takeshi Yoshimoto

1. Introduction

In this paper we shall present some convergence theorems analogous to the
random ergodic theorems, the novelty being that we use a system of weighted
averages.

Suppose there is a measurable space ($, F) consisting of a set ¢ of measurable
point transformations of a o-finite measure space (X, %4, m) into itself and the
g-algebra # of all subsets of .

The random ergodic theorem formulated by Pitt, Ulam, von Neumann and
Kakutani was a statement about the average behaviors of measure preserving
transformations chosen, at random with the same distribution, from the set &.
But the random ergodic theorems concerning non-singular transformations have
not been formulated up to now.

A natural problem is the following. If we choose a sequence of non-singular
transformations from the set @ at random, not necessarily with the same distribu-
tion, but independently, under what conditions do random ergodic theorems
hold almost everywhere or in the L -mean, with probability one?

Révész [17] raised this question in the case where @ consists of measure
preserving transformations and presented a sufficient condition for the validity
of the convergence theorems for a certain class of L,-functions.

For a given sequence {u,, n=1} of probability measures defined on &, we
consider the product measure space (@*, F*, u*):

P*=P XDy x -o, FHF=F,XFHX -, pr=p X, % -,

¢1=¢2="':¢, g’]:&%:...:f
Let H denote the space of all measurable functions f(x) defined on X for which

flf)Pdm<oo, | f(x)dm=0,
X X

and H* the space of bounded measurable functions f(x) defined on X for which

[If)Pdm<oo,  [Ifx)dm<oo, | f(x)dm=0.

Suppose further that the functions f (¢, ... @, x), k= 1,are measurableand integrable
on X x @* for every f(x)eH.

Révész’s result is then stated as follows.
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Theorem R. If for every f(x)eH,

SK-fcf o, iz,
Ly(m) Ly(m)

) f J(@j - @;x)du*
k=0 &+

where K is an arbitrary positive constant and 0<eg<1, then
w* { lim
n— oo

,u*{lim%if((pk...q)lx)=() for aa. x}=1 for f(x)e H*,
n— k=1

1 n
- Y fl@g ... 0, %)
k=1

=0}= 1 for f(x)eH,
La(m)

It should be noticed that in Theorem R, the limit function is zero and does not
depend essentially upon the points (¢*, x).

But it is not required in the Révész’s problem that the limit functions must not
depend on the random parameters.

In §2 we shall first prove some general results which include the ergodic
theorems of Chacon [5] and of Hopf [14]. One of them yields a generalization
of Beck and Schwartz’s theorem [2].

Furthermore, we give a proof of a random ergodic theorem for operators
which are not necessarily positive and which act in spaces of functions which
take their values in an arbitrary reflexive Banach space. An extension of Cairoli’s
theorem [4] is obtained as an application of this proof.

The method of proof we have used seems best adapted to the systematical
study of random ergodic theorems. The results obtained below answer the
questions raised by Révész.

Our problem mentioned above is considered in §3 and several forms of the
convergence theorems are presented for non-singular transformations.

The obtained results generalize and extend the ergodic theorems of Hurewicz
[153, Halmos [12] and Dowker [8].

2. Random Ergodic Theorems Concerning Measure Preserving Transformations

Let (X, #, m) be a o-finite measure space and let X be a Banach space with the
norm || ||. By L,(m, X), 1Sp<oo, we denote, as usual, the Banach space of all
strongly #-measurable X-valued functions f(x) defined on X for which

15 ym = U COP ) < 0.

Similarly, we denote by L (m, X) the Banach space of all strongly #-measurable
X-valued functions f(x) defined on X for which

IS g m, 1y =88 SUP ILf () < 0.

If X is the linear space of real or complex numbers, we shall use the notations
L,(m) and L (m) instead of L,(m, X) and L (m, X) respectively.

We consider the measurable space (N, .o/) obtained by taking N to be the
positive integers and . the g-algebra of all subsets of N. Let {w,, k=1} be a
sequence of non-negative numbers whose sum is one and let {u,, k=0} be the
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sequence defined by
up=1, w=wiu_,+--+weu,, k2l

Then for every k, 0=Su, <1 and
(Zfm)
k=1

0 if ) kwe=o00,

k=1
(cf. Feller [10], Baxter [1]).
The following result plays a fundamental role in this section.

1

if Y kw<oo, gedk:w,>0)=1,
k=1

limu, =

R— 0

Theorem 1. Let X be reflexive and let U be a linear contraction operator on
L, (m, X) as well as on L, (m, X). Then for every feL (m, X) with | Sp<co, there
exists a function f*e L ,(m, X) such that

n—1
lim - (%) ()= e

strongly in X almost everywhere on X and

1 n—1
lim | f*—— " u (U*/) =0, l<p<oo. (2.2)
n— o Ny—o Ly(m, %)
Moreover, if m is a finite measure then
. prt
lim f*—~z u, (U*f) =0. (2.3)
-0 Rro Li(m. %)

If one takes w, =1, w, =0, k=2, then Theorem 1 is reduced to that of Chacon [5].

Proof of Theorem 1. We consider the product measure space (N x X, .o/ x 4B,
A x m), where (N, «, A) is a measure space equipped with the measure given by

A{IN=1, Ak )=1—w; —--—w,_;, k22.
Let {f,, k= 1} be the sequence defined by §, =w, and, for k=2, by
B = w/l—w,——w,_) i w+dw_ <1
o if W+ tw,_ =1.

Itis evident that 0< 8, <1, k= 1. Let Vbe the linear operator on L, (4) such that
Vo =Y Bdyy Vo=(1—PB )0y, k22,
k=1

where 8, (i) stands for the Kronecker delta (cf. Chacon [7]). Then it is easy to verify
that Vis a positive linear contraction on L, (1) as well as on L (4). Taking W to be
the direct product of ¥ and U, it follows that W is a linear contraction operator on
L, (A xm, X) as well as on L_(4xm, X). If for any f eL,(m, X) we write g(i, x)=
6, (i) - f(x), then by iteration,

(Weg) (1, x)=u,- (U*f)(x), k=20

11 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 30



152 T. Yoshimoto

since (V*8,) (1)=u, for all k=0. Therefore we may apply Chacon’s ergodic theorem
[5] to W with the function g(i, x) to obtain (2.1) and (2.2) of the theorem. In parti-
cular, the L,-convergence (2.3) results from (2.2) and the fact that if the measure m
is finite L,(m, X) is dense in L, (m, X). This completes the proof of Theorem 1.

As a corollary, we have the following generalization of Beck and Schwartz’s
random ergodic theorem [2].

Corollary 2. Let X be reflexive and let there be defined on X a strongly %#-
measurable function U_ with values in the Banach space B(X) of bounded linear
operators on X. Suppose that |U|| =1 for all xeX. Let ¢ be a measure preserving
transformation of X into itself. Then for each fe L, (m, X) there exists a function
f*eL,(m, X) such that the strong limit

-
hm_z Uy Ux U(px"' ka‘le(qokx):f*(x)

n-w A k=1
almost everywhere on X and f* is the limit in the mean of order p with 1 <p<oo.
Furthermore, if m is finite then f* is also the limit in the mean of order 1.
We assume in this section that @ is a set of measure preserving transformations
¢ of X into itself. Let us consider the product measure space (X, #F, m¥), L Sr< oo
X=X, x--xX,, BF=PB xxB,, wm=mx--xm,

X ==X=X, Bi=--=B=B, m=--=m=m
and denote by ¢ the one-sided shift transformation on (§*, F*, u*):

U(P*:qo*la q);z=§0n+1’ nz1,
where

O*=(01, Py,...), 0¥ =(01, ¥, ...).

Here, and in what follows, ¢, will denote the n-th coordinate of ¢*.
Throughout this paper we suppose that for any Ec %,

{x,0"): @, ... 0,, xEE}eB X F¥, (2.4

where (n,, ..., n,) is an arbitrary sequence of positive integers with n; <---<ny.
Let {{,.: *€®*} be a family of measure preserving transformations of X* into
itself given by

l//¢*=lp(¢l,m,¢r)=(p1><-‘-X(p,, ¢*6¢*

From the assumption (2.4) it follows that {i/ ,.: p*e®*} is a B} x #*-measurable

family. Thus, setting
S(xf, @)=Y e x, 0 9¥) (2.5)

we obtain the so-called skew product transformation S on (X x @*, #* x F*,
m¥ x u*) (cf. Kin [16]).
From now on, unless otherwise stated, we shall write

ﬁo)(x;")zf(x:‘)’ fik)(x;k)=f(l//((l’k...¢1,..-,¢’r+k—l...(p,-) x;k)’ k; 1
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The following corollary is an answer to the question raised by Révész and
generalizes and extends the usual random ergodic theorems concerned with
measure preserving transformations.

Corollary 3. Let X be reflexive and let f(xF)eL,(m},X) with 1<p<oo. Then
there is a set D* of u*-measure zero such that for any @*e®* —D* there exists a
function fX(x¥)e L, (m}, X) such that

n—1

Iim— ) u x¥)=fE(x*
nowo 1 kgo kﬁk)( r) (p*( r)

strongly in X for almost all x* and

) 1 n-1
lim || fx—— 3 w fu =0, l<p<o,
100 ) Ly(m#, %)
and if further m is finite then
1 n-1
lim |f5 —— " u S =0.
1> 0 Rr=o Li(my, %)

The proof of Corollary 3 is a simple application of Theorem 1 to the transfor-
mation S given by (2.5).

Theorem 4. Let X be reflexive and let U be in B(X). Suppose that U S L. If
¢(k) is a scalar (real or complex ) valued function defined on N satisfying

Y lgk)fP<oco  forapwith 1Sp<co, (2.6)
k=1

then for such a p and every f(x¥)eL, (m¥, X) there is a set D* of p*-measure zero
such that for any @* € ®* — D* there exists a function G; ,«(x;f)e L, (mf, X) such that

n—1

1 .
lim — 3w g(k+]) Ut fy (0F) = Gy pmy (5F) (2.7)

n-owo N k=0

strongly in X almost everywhere on X¥, for j= 1. Furthermore, for p with 1 <p< oo

and j=1,

i 1 n—1

lim G(j,(p*,—? Y e glk+)) U £y
0

— o0

=0 u*ae. 2.8)
Lp(mt, %)

Proof. Let (N, o7, v) be a o-finite measure space with the measure v defined by
v(A)= #(A) for Ae.of and let ¢ be a permutation of N given by é(n)=n+ 1 which
preserves the measure v. Taking (Q, X, P) to be the direct product of (N, o7, v),
(X¥, B, m¥) and (9*, F*, u*) and T the direct product of £ and S given by the
formula

T(n xt, 0%)=(E0), SCE, @) =(1+ 1, ¥y, py¥h00%),  (29)

it follows that Tis a measure preserving transformation on (@, X, P). By iterations,

Tk(n’ x;k’ (p*):(ﬂ-{— k, w(#’k e @1

11*

X c*e*), k=1 (T°=identity).

s s Prik—1 ... P



154 T. Yoshimoto

Let f(x})eL,(mf, X). According to the hypothesis (2.4), we see that f,,(x¥), k=1,
are strongly £} x # *-measurable and by Fubini’s theorem (cf. Bochner [3]),

I MNP dmf x p* = [ LS GepliP dm < co.
X x p* X3
Also, writing F(n, x¥, o*)=g(n) f (x*) we have, by (2.6) and Fubini’s theorem,

5 WF, xx, o*)I? dv x m¥* x p*
N x X% x @*

= flg@m)? dv { du* § I £ NP dm
N ot Xt

=( 5 800P) [P i <o
n=1 X¥

Define a mapping < from L, (P, X) to itself as follows:
(tH)(n, xF, 9*)=UH(T(n, x}, *), HeL(P,%).
Then 7 is a linear operator on L, (P, X) with

HTHLI(P,%)g 1, HT”LQ(P,X)

Therefore, in view of Theorem 1, there exist a null set D in Q and a function
F*eL (P, X) such that
. 1 n—1
lim — Y u, (T*F)(j, x¥, o*)=F*(j, x*, ¢%) (2.10)
R— 0 k=0
strongly in X for all (j, x¥, ¢*)eQ—D, and if 1 <p< o0,

=1

=0. 2.11)

Lp(P,%)

lim

n— 0

1 n—1
F*—-—h— Y. u, (t*F)
k=0

Noticing that (2.10) holds almost everywhere on X* x &*, for all j=1, in con-
sideration of the definition of v, the pointwise convergence (2.7) follows immediately
from (2.10). To prove (2.8) it is convenient to use the operator V on L, (1) given in
the proof of Theorem 1. Let W be the direct product of ¥ and 7. Then W is a linear
contraction operator on L,(4x P,X) as well as on L_(Ax P, X). By virtue of

Theorem 1, the functions )
17z

- Z (Wkg)(laja x:?: (P*)
N ko

approach a limit in the norm of L,(Ax P,X) as n— oo and are, for k21, all
dominated by a function in L (4 x P, X) (Chacon [5]), where

g(i,j, x:" ¢*)=51 (l) ' F(.]7 x:-k’ (P*)-
Hence, using this fact and (2.11), we get (2.8) and finish the proof of Theorem 4.
Applying Dowker’s ergodic theorem [8] to the transformation T defined by
(2.9), we have

Theorem 5. Let g(k) be an arbitrary real or complex valued function defined on N

with )" |g(k)| <co. Let h(x¥) be a non-negative measurable function defined on X*
k=1
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such that except for a w*-null set,
Z By (x7)= 00
K=0

almost everywhere on X¥. Then for every f(x¥)eL,(m}) there exists a set D* of
u*-measure zero such that for any ¢*e ®* — D* the limits

n—1
Y glk+)) - fo(x¥)

lim %=2 , j=1

n— =
n— a0 1

Z h(k) 5
k=0

exist and are finite for almost all x¥e X}

Application of Baxter’s ergodic theorem [1] to the transformation S defined
by (2.8) gives the following generalization of Hopf’s ratio ergodic theorem [14].

Theorem 6. Let h(x*) be a non-negative measurable function defined on X}
such that excepting a pu*-null set in ®*, i gy (xF)=co for almost all x}*. Then for
each f(x¥)eL,(m¥) there is a set D;‘c:v(::ith u¥-measure zero such that for any
@*e®@* —D* the limit .

2 Jao (x5

k=0
n—1

Z L h(k)(x;k)
k=0

lim

n-—= 0

exists and is finite almost everywhere on X},

In what follows, we assume that (X, 4, m) is a probability measure space. Let
(Y, €, 1) be a o-finite measure space on which a measure preserving transformation
y is given.

Theorem 7. Let X be reflexive and let there be defined on X} a strongly #*-
measurable L, (1, X)-operator valued function U(x}¥). Denote

U0, xf)=U(xy),

(2.12)
Ulk, /)= U(x) . Ul ... ..

k=1.

%
G Prrk—1. Q) Xy )’

Suppose that | U 1, 5SS L N1 UHI L, 5 =1 for all x} and that the operators

U(‘p(ka-.wl,-.-,¢r+k-—l.--(pr)xr*)’ k;]'

are strongly BF x #*-measurable. Then for every f(x}F,y)eL,(m}¥ x u, X) with
1= p< o, there is a p*-null set. D¥ in @* such that for any ¢*ec ®* — D* there exist
a function G ,.(x}, y)e L, (m¥ x u, X) and a set D} with m}-measure zero such that for
all x¥e X¥ — D¥,

1

n

.1
lim — % w, U(k, X}) fu (¥, 9)=G pu(xF, y)

no0 N 7
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strongly in X almost everywhere on Y, and if 1 <p< oo,

. it

lim |G . (xy, *)—— Z w, Uk, xF) f (XF, +) =0,

n— o n k=0 Lp(u,i)
and if furthermore p is finite

. 1 n—1

lm G (o, -} =— 3wy Ulk, xF) fo(xF, *) =0.

e -0 Li(w. )

Here
f;o)(xfa Y)=f(x:ka y)a

SO =T Wi oprpriicr o0 X0 n‘y), k2l
Proof. If we let

(2.13)

W, (¥, p*)=identity, V(x¥, o*)=U(x}),
W, (x¥, %)=V (x¥, o*) ... V(S" 1 (x¥, o*), n=1,
we observe that

(i) for every n21, W,(x}, ¢*) is a strongly %y x #*-measurable L, (u, X)-
operator valued function defined on X} x &%,

(i) IW, 0k, @) Ly ux=1 and (W0, 0*)l, 0 =1
for all (x¥, p*)and n=1,
@) WO ") =W, ") W, (S"(c, 0),  mon21.

With S and #, define
AxE, 0%, y)=(S(F, 0*), n(y).
At this point, we require the following
Lemma 8. There exists a semigroup {W.*, n=0} of contraction linear operators
on L, (mF x y* x y, X) as well as on L (m}¥ x p* x u, X), such that for any
F(xf, %, y)eL,(m} x p* x u, X)
there is a null set E* in X* x ®* such that for any (x¥, ¢*)e(X* x ¢*)—E*,
(W F)(xF, 0%, »)=W,(xF, *) F(4"(x}, 0%, y)

holds for all points y of Y with the exception of a null set.

Proof. First we note that for every k and F(x}, ¢*, y) in L, (mf x p* x u, %),
the function W, (x}, *) F(4*(x¥, ¢*, -)) is strongly £ x #*-measurable as an
L, (u, X)-operator valued function defined on X* x #*. On account of the strong
2} x #*-measurability of the function, there exist countably L, (u, X)-valued
B* x F*-measurable functions g (x*, p*, +), i=1, defined on X* x ®* and a
negligible set E in X* x @* such that '

lim | W (xF, %) F(4* (Y, 0%, <) =80 (<F, 0% ) 1,0, =0 (2.14)
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holds uniformly on {(X* x *)— E, wherefore

lim [gf(xf, 0%, )= g}, 0% )1, 0 =0

ij
uniformly on (X* x ¢*)—E (Hille and Phillips [13]).
Indeed W, (x}, ¢*) F(4*(x}, ¢*, y)) may not be #* X F* x fg-measurable, but

gf")( x¥, @*, y), 121, are B} x F* x ¢¥-measurable and belong to L, (m}* x u* x p, X)
since the functions are countably L (u, ¥)-valued and &} x #* measurable Thus

k k
hm Hg( )~ ( )”Lp(m"‘xu*xu E 0

so that there exists a function G*(x¥, ¢*, y)e L, (m} x p* x y, X) satisfying

. & k
ili‘?o 1257 = G Lo x o x =0

Hence, by choosing a subsequence of {g®, i=1} if necessary, we may assume that
there is a set Df of m* x y*-measure zero such that

lim [ g{0(ct, 9%, )= G (xF, 0%, )1, =0 (2.15)

for all (x}, p*)e(X* x ®*)— D}. Inserting (2.15) into (2.14), we see that for any
£ o*)eXr x o*)—(Eu | DY),

kz0
W xF, @*) F(A5(xF, 0%, y) =GR (x}, 0%, y), k20

almost everywhere on Y. It is now easy to verify that such a function G* is uniquely
determined except on a set of m* x u* x y-measure zero.
For every n, we define the mapping W* from L, (m* x u* x u, X) to itself as

follows:
SO WERC, =G, ) FelLy(mf x et x %),
Then W* turns out to be a linear contraction operator on L, (m¥ x u* x u, X) as
well as on L (m}xp*xu X). Let H(x} o* y)eL, (m*x u* x u, X). Then for
almost all (x¥, p*),
(Wm* H)(x;ka QD*, ')2 Wm(x;ka (P*) H(Am(x:ka (P*’ .))5
(W WEH)(xE, ¥, <) =W, (x}, o*) (WX H)(4" (x}, 9*, *)
=W, (x}, %) W,(S"(x}, o) H(4™ " (x}, 9%, *)),

WG, 0%, ) =W, . (cF, o*) H(A™ ™ (x}, ¢¥, +))
and so

W H)(XF, @, ) =(W* WX H)(x}, ¢*, -)
in L, (u, X). Consequently, in L, (m* x u* x u, X)

W H)C, o ) =(WEWEH)(-, -, -),

ntm

which implies that {W*, n=0} is a semigroup. This proves the lemma.

We are now in a position to prove Theorem 7. If in Lemma 8, we write
F(xF, %, y)=f(x}, y)then F(x}, o*, y)e L, (m} x p* x y, X). Taken with Theorem 1,
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we can conclude that there exists a function F*(x}, ¢*, y)eL,(mf x u* x p, X)
such that the strong limit

. 1 n—1
lim — Z uk(VVk*F)(x;k’ 90*: y)zF*(x;k: (P*, y)
nso 0 7q
except on a null set in X} x @* x Y. In addition, the function F* is the limit in the
mean of order p with 1 <p< co and if u is finite then F* is also the limit in the mean
of order 1. Noticing that for almost all (x*, ¢*),

(W F)(xy, 0%, y)=Ulk, x7) fuy (5, )

almost everywhere on Y, the conclusion of the theorem ensues from the facts
observed above. The proof of Theorem 7 is herewith completed.

As an application of Lemma 8, we have the following generalization of Cairoli’s
ratio random ergodic theorem [4].

Theorem 9. Let there be defined on X* a strongly 8*-measurable L, (u)-operator
valued function U(x¥). Let U(x¥) be positive and || U(x*)II Lw=1 for all x}. Assume -
that Uy ,,. corenotonXr) k21, are strongly &B¥xF *-measurable If
Sxk¥, »eL, (m* X ,u) and lf h(x¥, y)e L, (m} x p) is non-negative then there exists a
set D* of m¥ x u*-measure zero such that for any (x¥, p*)e(X* x &*)— D*, the limit

kZ uy Uk, X7) fo (X5 )

Z, L Ulk, x¥ (k) (x5, y)

lim

n— o

exists and is finite almost everywhere on the set

{J’-' Z w, Uk, x}) hy (x5, Y)>0}-
k=0

Proof. As in the proof of Theorem 7, we construct the semigroup {W;*, n20}
of linear contraction operators on L, (m} x u* x u). It is quite clear that for each n,
W* is positive. In order to substantiate the assertion of the theorem, we may
therefore apply Baxter’s ratio ergodic theorem [1] (cf. Chacon [7]) to {W;*,n20}.
Hence Theorem 7 follows.

Remark 10. Let & be a set of measure preserving transformations on a proba-
bility measure space (X, 8, m) such that

@1 % X Q,, (pjeQ 15jsr

are ergodic. For example, one may take ¢ to be a set of weakly mixing transfor-
mations on X. Then the family {y .. p*e®*} is ergodic. (If all ¢ in @ are weakly
mixing, the family is weakly mixing) Thus, by Gladysz’s theorems [11], S is
ergodic. (If all ¢ in @ are weakly mixing then S is weakly mixing). In this case,
Révész’s theorem mentioned in the introduction remains true without the
assumption stated in the theorem. More generally, if we take w; =1, w, =0, k=2,
then for almost all (x*, p*), the limit function in Corollary 3 is constant and equal
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to [ f(x¥)dm* and the limit function in Theorem 6 is constant and equal to

X
(§ f(x¥)dm®)/( | h(x¥) dm¥) of which the denominator is positive.
X pc

3. Random Ergodic Theorems Concerning Non-singualar Transformations

In the sequel, (X, %, m) will denote a o-finite measure space. A bimeasurable
transformation ¢ of X onto itself is called positively non-singular if ¢ transforms
sets of measure zero into sets of measure zero. It will be assumed in the following
that ¢ is bimeasurable and positively non-singular.

Let m,(A)=m(¢p" A) for Ac% and n=0. Then m, is easily seen to be a measure
defined on 4. Since, for all n=0, ¢" is bimeasurable and positively non-singular,
there exist measurable functions «,(x), =0, positive almost everywhere such that

m(A)= [o,(x)dm, AecB, n=0
A

in accordance with Radon-Nikodym’s theorem. It is not difficult to see that o, (x),
n2 1, satisfy the following equations:
t,(X)=0(p" ' x)a,_,(x) m-ae, n=1,

where a(x)=a, (x), and

| fxydm={f(o"x)o,(x)dm, AecB, n=0

for every f(x)eL, (m). There is no loss of generality in supposing that for all x,
%(x)>0, ay(x)=1 and a,(x)=0(¢" "' x) ,_, (x), n21; then «,(x)>0 everywhere
on X forn=1.

For every measurable function f(x), define

U (UN)x)=f(@x)- a(x)

which is positive and linear. An easy calculation shows that for feL, (m),
IU S £yomy= Il f I L, gmy Which implies that L, (m) is invariant under U. Thus U is a
positive linear contraction operator on L, (m). Moreover,

U Nx)=1(@"x) o,(x), nz0.

The following result extends the ergodic theorem of Dowker [8] who gener-
alizes that of Hurewicz [15] and Halmos [12].

Theorem 11. Let h(x) be a non-negative measurable function defined on X.
Then for any f(x)eL, (m),

n—1

2 e f (9" x) o (x)

=0
-1

kzouk h{(g*x) o (x)

Bk

lim

n— o0

exists and is finite almost everywhere on {x: Y u h(o*x) o (x)>0}.~
k=0
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Proof. Let {p,(x), k=0} be the sequence of non-negative measurable functions
defined by
PoX)=h(x), p(X)=(Up,_1)(x), k1.

Then |(U&)(x)| < p,, 1 (x) almost everywhere whenever |£(x)|= p, (x) almost every-
where and £(x)eL, (m). As in the proof of Theorem 1, we utilize the direct product
W of U with V given in that of Theorem 1. In this case, we know that

(W*e) (1, x)=u (U*/)(x), k=20,
where g(i, x)=9, (i) - f (x). If we write

¥ (i, x)=(V*8,)(0) - i (x),
then

[(WE)(@, )| (W pf) (i, x)=(V (V*3)) () - (U py) (x)
=(V**1 3)(0) Pey 1 (¥)=pf, 1 (%)
almost everywhere on N x X whenever |[£* (i, x)| < p§ (i, x) almost everywhere on
N x X and &*(i, x)e L, (A x m). Hence application of Chacon’s ergodic theorem [6]
to W leads us to the conclusion of the theorem.

Theorem 11 obtained above allows, for example, the consideration of ratios
of the forms

n-1 n—1
k‘;ouk exp(ik ) f (9" x) 04 (x) kzoexp(i kB) f (¢*x) o4 (x)

4 n—1

n—1
Z Uy - o, (x) Z o (x)
k=0

k=0
Now let us take @ to be a set of one-to-one bimeasurable positively non-singular
transformations of X onto itself. Let {u,, — 00 <n< co} be asequence of probability
measures defined on (@, &) and let (§*, F*, u*) be the two-sided product measure
space:
@*:...XQS_quSOlex...’ f*:...%lx%ng;x...’

PE=e X g X o Xy X o, ?,=0, #=%  —co<n<w,

on which the two-sided shift transformation ¢ is given.

It follows then by the assumption (2.4) that the functions f(¢, ... ¢,x), k=1,
are # x F *-measurable if f(x) is #-measurable. Since for any @*e®* and every
k=1, the successive transformation ¢, ... ¢, is positively non-singular, it follows
from Radon-Nikodym’s theorem that there exists a family {f, ,(x),k=1} of
non-negative measurable functions such that for any E€4,

m(@y ... (plE)=I§ Buo.ow(x)dm, k1. (3.1)

Without loss of generality, we may assume that every function §, » (x) is positive
everywhere on X. Considering approximating sums to the integrals in question,
it is easily seen that

)_gf(x) dm:éf(q’k'“(!’l x)ﬁ(k,(p*)(x) dm
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for k=1 and fe L,(m). From (3.1) we have
Biixs,on ) =Bii. aign (@5 - ©1%) B(j, o0 (X) (3.2)

almost everywhere on X, for all i, j=1, and it can be supposed with no loss of
generality that the Eq. (3.2) holds everywhere on X.

Lemma 12. There exists a sequence {Bi(x, ¢*), k=1} of # x F*-measurable
versions of B, ,+(X), k21 such that excepting a set of p*-measure zero,

ﬁl? (x’ (p*):ﬂ(k, (p*)(x)9 kzl
almost everywhere on X.
Proof. Define
S (X, 0*)=(py ... 91 %, 0%), k=21

Evidently S, is a one-to-one bimeasurable positively non-singular transformation
of X x @¢* onto itself. Because of Radon-Nikodym'’s theorem there exists a sequence
{BF(x, 0*), k=1} of positive B x F*-measurable functions defined on X x ¢*
such that for any Ae % x F*,

mx p* (SeA)=[{ B (x, @¥) dmx ¥, k1.
A

So, for any 44 and for any Be #*,

mX ¥ (S(Ax B)= [ du* | BE(x, ¢*) dm,
B 4
and also
mx p*(S(Ax B))= [ m(g, ... p, A) du*.
B
Accordingly
Mm@y ... o, A)= [ pE(x, *)dm, k=1 (3.3)
A

for almost all p*e®*. Hence the comparison of (3.3) with (3.1) proves the lemma.

Theorem 13. Let g(n) be an arbitrary function defined on the set Z of all integers

by the requirement that ) |g(n)<oo. Let h(x) be an arbitrary non-negative

h= -

function measurable in X. Then for all f(x)eL,(m) there exists a set D* with y*-
measure zero such that for any @*e®* — D*, the limits

u gk+) @y ... ¢, x) ﬁ(k,;o*)(x)
lim £=1 . , JjeZ
k21uk oy ... @4 x) ,B(k, o%) (x)

exist and are finite almost everywhere on the set

{x: k;u"h(q’k e Py ) ﬁ(k,¢*)(x)>0}.



162 T. Yoshimoto

Proof. Let o/ denote the g-algebra of all subsets of Z, v the measure on .o/
given by v(4)=4#(4) for Aes/ and T the transformation of (Zx X x &*,
oA X B X F*, vxmxu*) onto itself, defined by the formula

T(n, x, ¢*)=(n+1, ¢, X, 0 ¢¥)

which will be of x # x #*-measurable and positively non-singular with respect
to vxmx p* Then Radon-Nikodym’s theorem guarantees that there exists a
sequence {0y (n, X, ¢*),k=1} of positive measurable functions defined on
Z x X x @* such that forany I'e o/ x # x F*,

vxmx u¥(TED)=[{{ o (n, x, p*) dvxmx p*, k21,
r
so that, using this, we get '
ai+j(n9 X, (p*)Z“i(Tj(n’ X, (P*)) aj(na X, (P*) (34)

almost everywhere on Z x X x @*, for all i,j=1. There is no loss of generality
in supposing that (3.4) holds everywhere on Z x X x @*. With the functions g(n)
and h(x) described in the theorem, we write

F(n,x,0*)=gn) f(x), H(n,x, ¢*)=h(x)

for f(x)e L, (m). Obviously F (n, x, ¢*) is integrable with respect to vx m x y* and
H(n, x, o*) is non-negative. Thus, by Theorem 11, the average

k;ukF (T*G, x, 0*) o, x, @*)

(3.5)

2 wH(T*:x, ") o0 x, ¢%)
approaches a finite limit (as n — c0) almost everywhere on the set
{(i, x, %) Y, u H(T*(, x, 0*)) o4 G, x, <p*)>0}-
k=1

However, from the definition of the measure v, we can infer that the limit of (3.5)
exists for all jeZ. Let I'eof x # x #*. Then by Lemma 12,

vxmxp*(TN= [ m({T*] (n, *))dvx p* 1

ZxP*

=, Jug”m(% e @ [T (n—k, 67 @*) dvx u*

=Zj£dv><#*[ﬂ( kj K )Bf(X,U—k(P*)dm
x P* n—k,o k¥

= g{ﬂ Ar(n—k,x,0 7% @*) BE(x,0 *@*) dvx mx p* 2
x X x ©*

= IT 1 x, %) BE (x, 0*) dvx mx pu*

ZxXx@*

=er B (x, 0*) dv x m x p*.

1 [I'](n, ¢*) stands for the (n, p*)-section of the set I'.
2 yr(n, x, p*) denotes the indicator function of the set I'.
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Consequent!
auenty a(n,x, p%)=BE(x, 0%, neZ, k21 (3.6)
almost everywhere on X x &*. Therefore, inserting (3.6) into (3.5) and considering
Lemma 12, we come up to the conclusion of Theorem 13.
Note that in Theorem 13, g(n) cannot be replaced by a constant. But if we use
the transformation S on X x &* given by

S(x, o*)=(¢, x, 0 9*), 3.7
then, by the same way as that of the proof of Theorem 13, we can prove

Theorem 14. Let h(x) be as in Theorem 13 and f(x)e L, (m). Then, excepting a

u*-null set in ¢*, u

Z U S (@ - 01%) By, (%)

lim kjl
kzl U@y - 01%) By, o (X)

e8]
exists and is finite almost everywhere on <x: Y w h(@, ... @5 X) By, oo)(X)>07.
k=1

This theorem is an extension of the ergodic theorem of Hurewicz and Halmos
(cf. Theorem 11).

In what follows, we mention a few special cases of Theorem 13 and Theorem 14.
Let (Y, %, ) be a probability measure space on which an automorphism # is given.
Let {i,: ye Y} be a € x #-measurable family of one-to-one bimeasurable positively
non-singular transformations of X onto itself. It follows then by Radon-Nikodym’s
theorem that there exist positive measurable functions £ ,(x), k=1 such that

for any A€ 4,
MW -1y Yy 0, A)= jﬂ(k,y)(x)dm, k=1.
Let us set 4
O*={p*=(...,¥y-1,, ¥, ¥,,,...): ye Y}

and define a mapping H of Y onto ¢* by

H(y)=(P*’ qo*=("'7(p-—15(p0’¢17"‘)5
@p=Yym,, —0<n<0.
Taking
F*={B: H'Be¥}, u*(B)=u(H 'B), BeZF*
we obtain a probability measure space (@*, #*, u*). Then the two-sided shift

transformation ¢ on @* is #*-measurable and preserves the measure u*.
Considering this situation, Theorem 13 entails

Corollary 15. Let g(n) and h(x) be as in Theorem 13. Then for every f(x)€ L, (m)
there is a null set D in Y such that for any ye Y—D,

Z ukg(k +j)f(l//nk‘1y l//ﬂylpyx) ﬂ(k, y)(x)

Jim =2

T L b Yy, ) B ()

, JeZ
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exist and are finite almost everywhere on the set E(y), where

E(y)={x: k;ukh(l//,,k-ly Y U, X) ﬁ(k,y)(x)>0}.

Theorem 14 yields

Corollary 16. Let h(x) be as in Theorem 14 and f(x)€ L, (m). Then there is a set D
with pi-measure zero such that for any yeY — D,

kzlukf((pnk_iy lﬁ,,yl//yx) B(k,y)(x)
lim =

kzlukh(wn"" ty-- !ﬁ,”,lﬁyX) Bty ()

exists and is finite almost everywhere on the set E(y).

Remark 17.1f y is an endomorphism of Yand {¥,: ye Y} is a ¥ x #-measurable
family of endomorphisms of X, we take * = {o*=(y,, ¥, ,, ...): yeY} and 6 to be
the one-sided shift transformation on @*. Such a dynamical system (9*, F*, u*, o)
displays great efficacy in reproducing the usual forms of random ergodic theorems
concerning measure preserving transformations through the results obtained in § 2.

In the rest of this section, we assume that ¢ is a set of measurable non-singular
transformations ¢ of a finite measure space (X, %, m) into itself, where ¢ is not
necessarily one-to-one and its inverse mapping ¢! is not necessarily measurable.

As in § 2, we consider the one-sided product measure space ($*, F*, u*) and
the one-sided shift transformation ¢ on the space

Theorem 18. Suppose there exists a positive constant K such that
m(er' ... ot A)SK -m(4), k=1
for all * € ®* and for any A€ %, where K is independent of points @* € &* and measur-
able sets Ac 2. Then for every f(x)e L, (m) there is a p*-null set D* such that for any
@*ed* —D*, there exists a function G ,.(x)e L, (m) such that
.1

lim — 3" f(g, ... 91 x)=G (x)

noo Dy
almost everywhere on X.

Proof. Let S be the skew product transformation defined on X x &* by (3.7).
It is quite clear that S is & x #*-measurable and non-singular with respect to
mx p*. By assumption,
1 R 1 n
— Y mx (ST A=Y [m([S™A4](p") du*
k=1

ny1 o

— LS (m(ort ... o5 ' [A] % 0") du*

Ng=10n

<55 [ma160") au*

=1 o+

B S [m(ta10%) due

k=1 @®*

=K -mxpu*(A), nzl
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for every Ae B x F*. Define F(x, ¢*)= f(x). Then F(x, *)eL,(mx u*), so that
by Dunford and Miller’s theorem [9], there exists a function G(x, ¢*)e L, (m x u*)

such that

lim > F($"(x, %) = G(x, 0%)
moo Rg=1

for almost all (x, p*)e X x @*. The desired conclusion follows from this by Fubini’s
theorem.
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