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The Distribution of Majority Times in a Ballot 
By 

LAaOS TAKACS 

1. Introduction 

Suppose tha t  in a ballot candidate A scores a votes and candidate B scores b 

votes and tha t  all the possible "--(a:b)" vot ing records equally probable. a r e  
/ 

Denote by  ~r and fir the number  of votes registered for A and B respectively among 
the first r votes recorded. Let  c and / z  be nonnegative integers. Denote by/)3" the 
probabil i ty t ha t  the inequali ty ~r > # fir holds for exactly j values among r = 1, 
2 . . . . .  a + b, and by  Pj  the probabil i ty t ha t  the inequali ty gr > /Z/~r - -  C holds 
for exactly j values among r = 1, 2 . . . . .  a + b. 

I n  1887/~. BAtCBIEI~ [3] found tha t  

(1) Pa+b - -  a -- #b  
a d - b  

if a ~ #b  and this was proved by  A. AE~PH [1] in 1924. t Iowever,  it is of some 
interest to  find the complete distribution {P~}. I n  this paper we shall prove the 
following theorems : 

Theorem 1. I / a  > # b -]- 1, then 

(a -- b # - -  1) s# + 1 
(2) PJ= (~ T- ~(~T~-  1) ~ (~+b-2  l 

a + b - J ~ s < b  
~,+~ - \ s(tz + 1) ) 

/or j = O, 1, . .. , a + b - -  1, and i / a  = /zb + 1, then 

1 
(3) PJ --  (a + b) 

]or j =  l , 2  . . . . .  a - ~  b. 

Theorem 2. I / a  > # b - -  c, then 

a + c - - b #  (4) P* a+b z 1 - -  " 
a q - b  ? +b: 1/" 

t ~ + i =  = \ s t #  t i )  - -  c /  

The proofs are based on two combinatorial  theorems which have special 
interest in fluctuation theory,  in order statistics and in the theory  of queues. 

2. Two combinatorial theorems 

Let  vl, v 2 , . . . ,  vn be interchangeable random variables tha t  assume non- 
negative integer values. Define Nr  = vl -[- "'" @ Vr for r = 1, ... , n. Denote by  
Ar  the number  of  subscripts i = 1 . . . . .  r for which the inequali ty 2r < i holds. 
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I n  [6] we p roved  t h a t  
k 

(5) P { A n  = n [ N n  = !c} = 1 - -  

for k = O, 1 . . . . .  n, p rov ided  t h a t  the  left  hand  side is defined. F u r t h e r  we have  
1 

(6) P { A n  = j I N , ~  = n - 1 }  = 

for j = 1, 2 . . . . .  n, p rov ided  t h a t  the  left  hand  side is defined. The l a t t e r  follows 
i m m e d i a t e l y  f rom Theorem 1 of [7]* or can be deduced  f rom Theorem 3 of 
E. SeAI~I~E ANDERSE~ [2] or f rom Theorem 2.1 of F.  SPITZER [5]. 

The  following two theorems  can easily be p roved  b y  using (5) and  (6). 

Theorem 3. I /  ~ < n - -  1, then we have 

1 -  ~ i/ j ,~ 
n 

k~l (,~__]g__ ] ) p { ~ v / :  i _  ll~gn :1~} 
(7) P { A ~  = j I N ~  = ~} = ~=n-j+* ~(n7-7) 

i /  j = n - - k  . . . . .  n - - l ,  

0 i] j = O ,  1 , . . . , n - - k - - 1 .  

Proo/.  W i t h o u t  loss of genera l i ty  we m a y  suppose t h a t  Nn : / c  is fixed. I f  
A n = j < n - -  l a n d N n  ~ n - -  1, t hen  there  exists  a n r s u c h t h a t N r = r - -  1. 
Denote  b y  r = - i  (i = 1 . . . . .  k q - l )  the  grea tes t  r wi th  th is  p roper ty .  Then 
N ~ = i - - 1  a n d N r - - N ~ < r - - i  for r = i q - 1 7 . . . , n .  Thus 

k+l 
(8) P { A n = j } = ~ P { N , = i - - 1 } P { A i = i q - j - - n ] N ~ = i - - 1 } •  

i=1 
• P { A , ~ - -  A~ = n - -  i[N~ = i - -  1}. 

B y  (6) P { A a  = i q - j  - -  nlNi = i - 1} = 1/i for n - j  < i =< n, and  0 other-  
wise. B y  (5) 

P { A n  - -  A i  = n - -  i [N~ = i - -  1} = P { A n  - -  d~ = n - -  i ] N n  - -  N~ = lc - -  i -~ 1} 

=- (n - -  / c - - 1 ) / ( n  - -  i) for i = l  . . . . .  / c - k l .  

This  proves (7) f o r j  = n - -  k, . . . ,  n - -  1. I f j  = n, then  (7) reduces to (5). The  
case j < n - - / c  is obvious.  

Theorem 4. For  a fixed c >= 0 denote by A* the number o/ subscripts r = 1, 
2 . . . .  , n / o r  which N r  ~ r -[- e holds. We have 

/::( (9) p { ~ : = ~ I N ~ = k } = ~ -  !~ +--~ = P { N ~ = ~ + c l N ~ = ~  } n - - i  

/or c < / c < n + e .  P { A * ~ = n l N ~ = k } =  1 i/ k < c ,  and 0 i / k > n + c .  
P r o @  L e t  N~ = / c  be f ixed and  c < / ~  < n @ c. Then 

(10) 1 - - P { A * = n } =  ~ P { N ~ = i - k c } P { A n - - A i = n - - i l N i = i - k c } .  
i=1 

* I should like to note here that when I proved Theorem 1 of [7], it escaped my attention 
that it can be deduced from Theorem 2.1 of F. SPITz~g [5]. 

9* 
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The left hand  side is the probabil i ty tha t  at  least one of the inequalities Nr  < r ~ c, 
r = l , . . . , n ,  is violated. I f  r = i ,  i = l  . . . . .  n ,  is the  greatest  r for which 
2V r < r § C is violated, then necessarily N / =  i § c and N r  - -  N i  < r - -  i for 
r = i § 1 . . . .  , n. Thus we get the r ight  hand  side of  (10). By  (5) 

P { A n  - -  A i  = n - -  i l N~ = i § c} = P { z l n  - -  A i  = n - -  i l N n  - -  N i  = k - -  c - -  i }  

= ( n + c - - k ) / ( n - - i )  if O ~ i ~ _ k - - c ,  

and  0 otherwise. This proves (9). The cases k ~ c and ]c ~ n ~- c are obvious. 

I f  c = 0 ,  then (9 ) reduces  to (1  - - ~ ) .  

3. Proof of the ballot theorems 

Define Vr, r = 1 . . . .  , a § b, as follows: rr --~ 0 if the r-th vote is cast for A 
a n d  ~r ~ (~t § ] )  if the  r-th vote is cast for B. Now r l ,  v2 . . . .  , Va+o are inter- 
changeable random variables tha t  assume nonnegative integer values and 

~'1 § "'" § ~+b = b (# § 1). 

Since Vl § "'" § Vr = (/Z -~ 1)/~r and r : o~r § f i r ,  the inequali ty O~r > btf lr  holds 
if and only if vl § "'" § vr < r, and 7r  > fZflr - -  c holds ff and only if vl + "'" 
+ < r + T h u s  P j  = =jIN  = a n d  = =jIN  = 

where n = a § b, k = (# § 1) b and obviously 

f f j  ---- s(/~ § 1), and 0 otherwise. Formulas  (1), (2), (3), and (4) can be obtained 
f rom (5), (7), (6), and (9) respectively. If, in particular, c = 0, then 

P a + b  ~-- P a + o  ----- (a - -  # b ) / ( a  § b ) ,  

a n d f f # z l  and c > 0 ,  then 

P~+b = 1 
( a + b ) a  

which can be proved directly. 
Final ly we note t ha t  K. L. CHUNG and W. FELLER [4] found the distribution 

of the number  of subscripts for which either 

c~r>fi r  or ~ r = f i r  but  ~ r - l > f i r - 1 ,  r = l , 2  . . . . .  a + b .  

4. Further generalizations 

Theorems 3 and 4 can be further  generalized for stochastic processes. Suppose 
tha t  (z(t), 0 ~ t < c~} is a separable stochastic process with nonnegative,  sta- 
t ionary,  independent  increments, X(t) is increasing only in jumps and Z(0) --~ 0. 
Denote by ~ (t) the measure of the set {u : Z(U) < u, 0 --~ u ~ t}. 

I f  in (6), (7), and (9) we write 

r r ~  ~ Za - - Z a  , r = l , 2 , . . . , n ,  
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where Za (t) is the  t o t a l  a m o u n t  of  j umps  of m a g n i t u d e  ~ a > 0 occurr ing in 
the  in te rva l  (0, t) in the  process {Z (t), 0 =< t < c~}, and  i f  we let  n -~  oo and  
a --> 0, t hen  we ge t  the  following resul ts  : B y  (6) 

(12) P{o( t )  < x [ z ( t  ) = t } - -  x 
t 

if  0 < x ~ t .  B y  (7) 

(13) P{9(t) g x ] z ( t ) = y } =  u ~ Z = u @  Z = 
t<=u+v 

u ~ y , v < = x  

i f 0 = < y = < t  and  t --y<=x<=t,  and  

(14) P{e(t)=t I z ( t )=y}= l  Y 
t 

if  0 = < y = < t .  B y  (9) 

(15) P { z ( u ) < u + x  for O ~ u ~ t [ z ( t ) = y  } 
y--X 

=1--./(t4--x-~ylP{u-}-x<Z(u)<u+x'du]Z(t)\ t - - u  / = =Y}  
0 

if  x < y < t + x .  
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