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A Note on Temporal Games

Ez10 MARCHI

Summary. We investigate strategic situations where the zero-sum two-person game in normal
form is composed of a sequence of choices where the players are informed about the past and its
relations between the orders of realizing them. The minimax theorem is improved for games having
cartesian products as strategy sets.

1.

The minimax theorem for a zero-sum two-person game in normal form asserts
that the safety levels of both players coincide. The heuristic interpretation of these
safety levels depends only on the rules of the game.

In the classic case, that is, when both players realize their respective choices
independently upon any information about the opposite’s choice, the safety levels
have a very well known meaning.

Now, one could associate to the maximin and minimax values somewhat
different images as follows: Consider the game played in such a way that the
first player is informed on the choice of the second player. Conversely, one has
the other situation where the second player knows the choice that has been already
made by the first player. In the first case, the minimax value is obviously the
value of the game considered with the new rules. In a similar fashion, in the last
case the value is equal to the maximin value. Thus, now the saddle point concept
can be interpreted as an invariant point with respect to the information on the
knowledge of the behavior of both players.

The motive of this paper is to consider a natural extension of that strategic
situation involved in the previous consideration, when the game is composed by
a sequence of choices over the time of both players knowing the past. As a con-
sequence of the presented results the minimax theorem for games where the
strategy sets are a cartesian product will be improved.

2.

Let Ap={Z},..., 2% 2},...,2%,; A; P} be a zero-sum two-person temporal
game defined by a zero-sum two-person game {X;,2;,; A} where the strategy
sets X, with ke{l,2} are cartesian products over I,={l,...,m} of the non
empty compact and convex subsets Z}‘ in the n, ;-tuple of real numbers R™/, 4
is a continuous real function and P a temporal order. A temporal order P is a
bijective function which assigns to each time te T={1,...,m;+m,} an clement
Pvel,v1i,.

From an intuitive point of view, the set T is regarded as the ordered time on
which the game is played. Thus, a temporal order P determines the strategy set
Zp employed at time te T by the n- P(t)= {k: P(t)el;}-th player knowing every
previous choice 052 g made in the past fe[1,)={1,...,t—1}.
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For the sake of simplicity we are only concerned with monotone temporal
orders, that is, those such that for each ke{1,2} and each /=] in I,: P~}(])=
P~Y(I). This says that the ordering of choosing is realized in a monotone way.
Without any explicit mention, temporal order means monotone too.

Now, we introduce some definitions. Given two temporal orders P and Q, it
is said that P follows Q and we write P=Q, if for each jel,: P~Y(j)SQ1(j).
Similarly, P strictly follows Q, and we write P> if P follows Q and there is an
jel, such that P=1(j)<Q~1(j). B={P!, ..., P} is called a chain if each element is
a temporal order and for each se{l,...,r—1}, P strictly follows P**!. The
chain Q is a refinement of P if it can be obtained from B by inserting some temporal
order in the chain . A chain is said to be maximal if it does not admit any refine-
ment. Given a temporal order P, let us define the ¢-th associated function B:
T-1,ul, with 1=St<m;+m, by P=P-n, where =, is a permutation over T
inverting the elements ¢ and t+ 1. In other words, n,(f)=f if t==1¢, t+1; 7, (t)=1+1
and m,(t+1)=¢t If n-P(t)=n-P(t+1), then P is a temporal order. Indeed, for
ke{1,2} and j, j in I, but different to P(z) and P(t+ 1), we have

B ()=n"- P (=P (2P ()=E ()

when j=j. If j=P(t), then j&P(t+ 1) since n-P(t)+n-P(t+1) and therefore on
the one hand _ ;

P '(j)=t+1=2P Y(j)=B~'(j)
when j>j. On the other hand

B '()=P ()zt+1=E"1())
when j>j, thus, P is a temporal order.

Proposition 1. A chain {Q, P} is maximal if and only if thereisa 1 <t <m;+m,
withn-P(ty=1and n- P(t+1)=2 such that Q=E.

Proof. First of all, let P(t+1)e1,, then
t=B P+ 1)<P ' (PEt+1)=t+1

implies P> P, since for all the remaining jel,: B~!(j)=P~(j).

Now, suppose that Q strictly follows P, then, there is a jel,: Q ~*(j)<P ().
Let j, be the first je I, with this property. From here, for each ¢ satisfying Q ~(j,) <
t<P~(j,), we have Q(f)= P(t)el,. Indeed, suppose there exists a i such that P(f)
or Q(f) belongs to I,. Then P(7)=Q (&)< P(P~!(j,)), since j, is the first element
with the property just mentioned. But Q(#)>Q(Q ~"(j,))=jo, which is impossible.
Thus, n- P(P~"(jo)—1)=1 and n-P(P~'(j,))=2. This implies that the temporal
order B-1(;,_ strictly follows P. Therefore Q~'(j,)=P~'(j,)— 1 must hold and
Q=D 1(joy_1. Otherwise it would be Q>F-1(;,_; which contradicts the fact that
the chain {Q, P} is maximal. (g.e.d)

The temporal order E can be regarded as forward with respect to P at time t.

Of course, the corresponding backward of P will be the ,P=P-n~' with the

property (,P),=,(B)=P. Then the previous proposition for backward orders says

that {0. P} is maximal if and only if there is a 1 <t <m, +m, with n- Q@+ 1)=1
)(t)=2 such that P= 0.
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Using this fact, we derive the following useful result:

Proposition 2. If Q strictly follows P, then there is a maximal chain 9 relative
to Q and P (i.e. Q and P are the respective first and last elements of ).

«0of. L
Proof. Let S={jel,: Q" (<P}

be a non empty set of indices with first element j, and from here we know that
the chain {F-1;,,_y, P} is maximal, since

n-P(P’I(]'o)-l)=1 and n'P(Pgon)_l)zn‘(]‘o):Z

If 0~(jo)<P~(j,)—1, we repeat the procedure as far as it is obtained a
positive integer k;, such that Q~*(jo)=P~'(jo)—(h;,+1). Thus, the chain

‘13j°:{Pjo=(((1}'1(jo)~1)P“‘uo)—2)---)P*l(jo%hjo’-- B- (jo)» }

is maximal, since each chain composed by two adjacent terms is maximal. There-
fore if 3—1{j,}=0, P°=Q and then we are through. Otherwise, define the sets

T=T—-{1,07"(o)l, 1=L-0Q '[Ljo)nL

Izzlz“[lajo]ZIZ—Q(Qfl[l,J'o])mIz

and

whose numbers of elements are respectively

T =L+ L =|T1=1Q Gl <my +my,  |LISILI-1QQ@ ™ [Lj DN LIS

and - .
=151 —jo <Ll

Then, a temporal order over T induces a temporal order over T, namely: its
natural restriction and as a consequence, the order > for temporal orders on T
also induces an order > on T. Hence, one is allowed to apply the transfinite
induction. Certainly, let P’ and Q be the restrictions over T of P and Q, respec-
tively. Because §—{jo}+9, obviously Q> P% holds true and therefore by well
ordering the cartesian product N x N of the positive integers N by the relation
(u, V)< (W', v') if u<u’ or if u=u', v<v’, one has (I, L)< (L], 1, )). Thus, by the
transfinite induction hypothesis, the existence of a maximal chain B(Q, P)
relative to O and P’ over T is guaranteed. Now for each RG‘B(Q PJ) define the
extension R over T by R(£)=0(t) if t<Q(j,) and R(t)=R () if t> Q" (j,), thus
the extension chain B (0, P®) composed by all the corresponding temporal orders
is clearly maximal over 7. Hence, the chain {(Q, P%), B — {P’°}} is the desired
maximal chain over T relative to Q and P. (g.e.d)

The method of finding the maximal chain just given is constructive, but it is
not unique. In fact, one could make a similar analysis getting another maximal
chain going backward by operating on the last element instead of the first.
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3

Given a temporal order P, let us define recursively an operator

SUEP . REP[I, 1] __)REP[I, t—-1] (IE T),

max A(Gpp, — 17> Sp() if n-P@t)=1

My, (4) (@pp, ) =1 7O
p,i(4) (Opp, ) lmin A pp,. 175 Spey) if n-P(t)=2
PG

where R? indicates the space of continuous real functions on 2. Thus, introducing
the operator
i]ﬁ}t’ = 1—[ g‘RP,r:iInP,t SUEP,H—I e gJ‘RP,m1+mz—1 th,ml—i—mz s

rt

the natural value vy (A) of the temporal game A played with respect to the temporal
order P, is the number
vp=vp(A)=M}(4).

Of course, this quantity determines the safety levels for both players when the
game / is played as indicated by P.

Proposition 3. If Q follows P, then vy 2 vp.

Proof. For a maximal chain {E, P} consider for fixed opjy,_1;€Zpy,._q5 the
continuous function

5m53+2 (4) (O'P[l,z_u, Op@s UP(z+1))

defined on Xpy) X Zp;, ). Then the inequality between the minimax and the
maximin values asserts:

Empt, t i]ﬁPt, re1 Em?f 2 (4) (UP[L - 1]) = SmP, ¢ Emp, t+1 W™ > (4) (Upu, - 1]) )
which implies vp, 2 vp.

Now, by iteration of this result to every maximal subchain of two elements
of the maximal chain {Q, ..., P}, one obtains vy >vp. (q.e.d)

For example, if P/ and P’ are the final and the initial temporal orders respec-
tively given by P/[1, |I,{1=1, and P'[1, |I;[1=1,, then for every temporal order P,
we have that

vps=min max A(sy,, S;,) = vp=max min A(sy,, 5;,)= Up:,
1, i o FR P
holds true and therefore if the minimax theorem is satisfied for the game {X;,
X A}
2 } UVpr=Up="0Upi.

This equality expresses the fact that the game is invariant with respect to each
temporal form of playing.

From here, a natural question arises: whether the corresponding values for
two different temporal orders coincide or not. Indeed, in general this problem
could be quite involved. Nevertheless it is certainly an application of the next
result.
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Given the set
U}.={0P(T)3 iéA(O'P(T))}

of strategies in X, ,;, with the oppy-section
Uilop)=1{0pa-1)" Opn)€E Ul<sZpr_1
for any subset T T, let us define recursively the upper strategy set

P(T P(Tuit . P(T .
Ul( =N Uz( U{l})(SP(tl))CZP(T)’ UA( ):Ul,
SP(ty)

where t, is the first element of T— T, and the symbol (\J represents the union U
if n-P(t;)=1 and the intersection N when n-P(t;)=2. In a similar manner,

considering the set
L;={0pay Az Alop)}

and introducing the symbol | /) which means intersection if n- P(t;)=1 and union
if n- P(t,)=2, we can well define the lower sets

P(T) P(T . P(T) _
=N LY U{“»(SP(;,)), N=L,.

Sp(t1)

Directly from the definition of the section for upper sets, one obtains that if
t=+1 are elements of T, then

P(T : : P(T
op€U; ( )(JP(T—{t})’ Op@p) if and only if opeelU ( )(O-P(T—{?})9 UP(:))

and consequently the induction principle guarantees the following equality:

Uf“"“](aPu,t—ua GP(t+1))={0P(z): EthJrZ(A)(GPu,t+11)§/l}czp(r)-

Analogously, for the lower sets, we have
Pl t+1 _ . 2
Lz[ i ](GP[l,z_n,O'P(r))—{(fp(r+1)' Em? (A)(Gpn,:+1])§/1}CZP«+1)-

Now, the next result which is nothing more that the minimax property for the
game {Zp, Zps1); W2 (A)} remains clear:

Proposition 4. Given a maximal chain {F, P}, if for fixed oppy,,_1), Opq and
Op 1) the upper and lower sets

P[1,t+1 PI1,t+11
U; : ](O'Pu, t—11> O'P(t+1))CZP(z)7 LA[ (O'P[x,z—l]a O'P(r))CZP(zH)

are convex for all the A, then the values vy, and vp coincide.

Proof. The properties imply the quasi-concavity of the function M2 (A4) with
respect to op(, and the quasi-convexity in Gp¢ . 1)- Thus, by virtue of the minimax
theorem,

My, , E)ﬁl’t.z+l EIR},;LZ(A) (orp, 1_1])=5m1>, Mp i1 m}”(/‘l)(o’?[m-u)

and therefore vp=1vp. (g.e.d.)
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4.

Let us consider some interesting applications of the above fundamental
proposition for temporal games. First of all, we present this very simple example:
|T}=3, |I;|=1 and |I,|=2, where the only three possible temporal orders are
P'>~PBi>P/ =P, defined respectively as

P()=1el;,, P'(2)=1el, and P'(3)=2¢el,,
B()=1el,, B'(2)=1el, and B((3)=2¢el,,
P/Q)=1el,, P/(Q)=2el, and P/(3)=l¢€l,.

By iteration of the previous result we will get sufficient requirements for the
validity of the equality vpi=uvp;=vp,. In the first place the quasi-concavity in
opi(1) and the quasi-convexity in op:(;y of the payoff function 4 for fixed op:
by virtue of the minimax theorem assures the second relation vpi=uvp,. On the
other hand, since

ED’EI%" (A)(': ')= min A(" s SPi(3))a

SPi(3)

then by virtue of the quasi-convexity of A, the upper set

i1, — . 4
Uf [ 2](Upi(2))— {O-Pi(l)' Smll‘l A(Gpi(l), O-Pi(2)7 Spi(3))§;\,}
Pi(3)

= [} {opi1y: AlGpigy), Opi(2), Spi3)) 2 A}
Spi(3)

is convex and the lower set has the following expression:

LI;[I' 2 (0pi(1) = {Tpi2): Smin A(Opi1), Opica), Spia) S A}
Pi(3)

Now, the convexity of the lower set, that is, the quasi-concavity of the minimum
function is assured by the following condition: given ¢p:;, for each real ue[0, 1],
A and each pair 6pipy, 33 and Gpipy, 3y Such that

AlOpirys Opipz, 3)=A,  AGpigy), Tpigy, 3) S 4
there is an 53, satisfying
A(Gpi1ys HOpiay+(1—p) Gpiay Thiz) 4.

In fact, taking for a fixed op:(;) those strategies opi3, and pi(3, where the
minimum of the function oVer op:(,, and 6p:(,) is respectively reached, that condi-
tion immediately implies the convexity of the lower set.

With the above conditions for the payoff function the previous result guaran-
tees the equality vp: =vp,. It follows at once from both equalities an improvement
of the minimax theorem for the game {Zp:(,, Zpi(2) X Zpi(3); A}. Indeed, the very
well know minimax theorem for this kind of game is obtained directly by checking
that the quasi-convexity of the payoff function with respect to the variable
(0pi(2)> Opi(3)), implies the condition given above, that is the quasi-convexity of the
minimum function. An tj 3, satisfying that requirement is o pi 3+ (1— 1) Gpi3).
8 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 12
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A further condition less restrictive than the last one which implies the con-
vexity of the minimum function is the following: given op:(q, for each ue[0,1],
/. and each pair opi,, 37, Opipa, 37 there is an 143, such that

A(O'Pi(n, M0P1(2)+(1 ) Gpi2)s '#i(s))
SpA(Opiy, Opiga)s JPi(3))+(1 _M)A(O-Pi(l): Opi(2)s Tpi(3))-

As a second llustration, this example can be easily extended to a wider kind
of temporal games, where |T|=m,+1, |I;|=1 and |I,|=m,. Here we have only
m,+ 1 possible temporal orders, which are of the form P* defined by P*(r)=tel,
when t<i, P(t)=1€l, and finally P'(t)=t—1el, for t>7. We have P*>P" if
t>f and P72t =P/ Pl =P

We are interested to examine the equalities among the values corresponding
to the different temporal orders. For this reason, consider a t<m,+1. If the
payoff function A is quasi-concave with respect to Gpiqy=0p, for the fixed
remaining strategies, then the upper set

Pl t+1 __ .
yrt ](Ulmu,z_ua‘J'I”(H-i))~ ﬂ ﬂ {O-P’(t)' A(O'Pr{i,z+1]aspt[z+2, mz+1])§-/1}

Spte+1)  SPt(ma+1) .
is convex. On the other hand, under the following modification of the property
just used: given gpy 4, for each real p,e[0,1], 4 and each pair opej; 1, m, 4115
Gpifr41, my+17 Such that

A(Upt[mp O—Pf[t+1,m2+1])§}"s A(O-P‘[I,t]a 5P‘[t+1,mz+1])§)"
there is an thiy, . ;. m, 413 Satisfying

A(GP‘[l, A My Opeey 1) (L= 1) Tpers 1y Thir4 2, m2+1])§la

the convexity of the lower set

LIJ)t[l‘t+1](GP‘[1,1-1]7UPf(t)):{O-P‘(t—}—l): min A(O-Pf[l,H—l]’SP‘[t+l,mz+1])§l}>
SPrit+1, my+1]
is assured. Thus, under such conditions, by virtue of Proposition 4, the equality
vpe=vp: holds. We remark that for t=m, it is exactly the definition of the quasi-
CONVEXILY il O pe(y,,)-
Now, if the last modified condition is satisfied for every ¢t <m,+ 1, then

Vp1=Up2= "‘ZUPmZZUPm2+1

is valid, and again the minimax theorem for the game {Zpiq), []  Zpiys 4}
has been improved. lstsmy+1

Again, when the payoff function is quasi-concave in the joint variable o pi2 1, + 19
then the modified condition is fulfilled for every t<m,+1, as one can see im-
mediately.

This example can also be used for temporal games having |T|=m, + 1, |I;|=m,
and |I,[=1. In fact, changing the roles of both players and considering the payoff
function — A4 in the case just considered, one obtains under the condition: given
Ogeps, o for each real y,e[0, 17, 4 and each pair G geg 1, my 417> Torpe+1, mg + 13 SUCh that

A(O'Qtu,zp O'Qt[r+1,m,+1])§/1a A(GQt[Lt]a 5Qt[z+1,7m+1])_2_}L
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there exists an tff, . 1, - 1y With the property

A0, 00 1y Gy + (1= 1) Tty Thepis 1, my17) 22

where the temporal order is given by Q'(f)=tel, when t<f, Q'(f)=1¢l, and
finally Q'(t)=t—1€l, if t>7; and under the quasi-convexity in Ogi(1)=0Ogeqry Of
the payoff function, that v, =v,;. Thus, if the property just explained is satisfied
for every t <my + 1, then, the respective values of all the temporal orders coincide.

After dealing with these simple cases, finally we are concerned with a very
general case based on those examples, because of its own interest.

Let us consider a general temporal game with |T|=m,;+m,, |I;|=m, and
|| =m;.

We wish to see that under the following conditions of minimum-convexity and
maximum-concavity all the values coincide.

The temporal game satisfies the maximum-concavity condition if for all the
my SL<my +my, given apsy 4, for each real €10, 1], 2 and each pair 6 pry, ;1 m, 1+ moy»
O prir1,m +my) SUCh that

A(an[l, 1> OPIt+1, m1+m2]) =2, A(Upfn, 1> O Pt 1, mg +m2]) ZA

there exists an %y, 5 n, .+ m, With the property

A(UPf[L s U Oprygany T+ (1—p,) Tpega1)s f;[f[z+2,m1+m2]) 2.

For all those ¢ this condition implies the convexity of the upper set

PI1, 1 — .
U; thes ](Upfu, z])— {O_Pf(H—l)' max A(O-Pf[l,t—f—l] > SPf[t+2,m1+mz]); )v} .
SPF{t+ 2, my+m3)
The minimum-concavity condition is the following: for all the m, <t <m;+m,,
given apipy 5, for each real g, [0, 1], 2 and each pair Gpiy, 1 my4mal> Opifis 1 my+mol
such that

A(O'Piu,:]a O-Pi[t+1,m1+mz])§/LJ A(Upi[mp 6Pi[t+1,m1+m2])§;v

there is an thiy ;5. m, +my Satisfying

A(an[l,r]: Hy GPi(t+1)+(1 _':ut) &Pf(t+1)a Tgti[z+2,m1+m2])§)w

Under such a condition the convexity of the lower set for all the m, <t <m,+m,,

Pifl,r+1] _ . : / B
L; (Opis,n)= {JPi(r+1) : min A(Opigy, e 11> SPifes 2, my s ma) = /v}
SPift+2,my+m;]
is guaranteed.

Consider the chain {P} , P'}. On one hand, by virtue of the minimum convexity
property, taking t=m,, we find that the respective lower set of Proposition 4 is
convex. On the other hand, the respective upper set is convex since the payoff
function has the maximum-convexity property for t=m, +m,—1, that is, the
quasi-concavity with respect t0 6ps g, 1 my = pi(m,)» and because the minimum of
quasi-concave functions is quasi-concave. Thus, Upy,, = Upt-

g
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Now, let us examine the chain {(P: " _,, P! }. By virtue of the previous example,
1 my y p . p

my/my—

for each joint strategy opijy, > W€ have

my+ 1 _ 3 .
Wip), " (A) @y, 1,mp) = mAX min A(G b, 11,mi35 SPh s +1, my-4m21)
Pln, (my+1) “Phy [my+2, my-+ms]

= min max Ao Pin, [1,mi] SPi,.l[ml—i-l,MH—mz])
Pl 1+ 2, my+mzl 5Py (m1+1)

and therefore because of the minimum-convexity property, the minimum is quasi-
convex and its maximum maintains this property, the function 9]3?3:1 (A4) is quasi-
convex in O Pl () = O Pimy 41)- Similarly, by an analogous argument using the
second term of the last expression, we obtain the quasi-concavity with respect to
O by (m—1)= O pi(my —1y Of the function M} Tl(A), so that vy, _,=0p;, -

Now, using the induction hypothesis, we admit the minimax theorem:

'Iy:rlnl, my —1(A) (O.Pml, my— 111, my — 1])

=, max . min AO Py g1~ 115 SPr s, 1+ m21)
Prayomy —1lmymi+ 1] "Peny,m —10mi+ 2, my+m2]

=s min max A(O-Pml,ml -1{t,m—1]> SPml,m1 —x[ml.m1+m2])
Prn,m - 1lmi+ 2, mi+-ma] stl,mrl[ml,mi-&-l]
for fixed op,, . i m-1, Where P, . indicates (...(Bi)m_1).- )} With m<m,.
Again, the minimum of the first term is quasi-convex in o, m, ~1(m3) = TPy 1)
which implies the same property for the function 93! m—1(A)- On the other hand,
m ,ml
the maximun in the second term is quasi-concave in O Py, - 1(ms 1) = O Pigmy 1) A0
hence Wt7:  (A4)istoo. Therefore Proposition 4 assures the validity of v =
Prrjymy -1 Prmgmy -2

val, my -1

By iteration of this procedure, we obtain the equalities
UPmi,I e = val,mj—l - UPmi = UPi .

Finally, using again the minimax theorem as induction hypothesis for the
function ‘JJE},MP ,(A) it is guaranteed Upy, = Upss and so we have the desired result.

The well known minimax theorem for games having both strategy sets as
cartesian products is derived from the previous improvement recalling that the
quasi-convexity property in the joint variable of the second player implies the
minimum-convexity property described above and similarly the quasi-concavity
in the joint variable of the first player satisfies the maximum-concavity condition.
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