Zeitschrift flir

Z. Wahrscheinlichkeitstheorie verw. Gebiete Wahrscheinlichkeitstheorie
58, 247-256 (1981) und verwandte Gebiete

© Springer-Verlag 1981

A Non-Uniform Estimate of the Rate of Convergence
in the Central Limit Theorem
for m-Dependent Random Fields

B.L.S. Prakasa Rao
Indian Statistical Institute, 7, S.J.S. Sansanwal Marg, New Delhi 110016, India

Summary. A non-uniform estimate of the rate of convergence in the central
limit theorem for m-dependent random fields is obtained extending the
work of Maejima (1978) for m-dependent random variables.

1. Introduction

Let Z¥={z: 2=(z,, z,, ..., 2,), z,€ Z, the set of integers} and for any ze Z*, de-
fine {|z =max {|z;, | i<k}. For any subsets ¥, and V, in Z*, define d(V,, V)
=inf{||z—w|: zeV,,weV,}. Consider the random field {&(z)} with index
z € Z* Suppose that E[£(z)]=0 and Var[£(z)] <o for all ze Z* Let m(V) be
the smallest g-algebra with respect to which {£(z): ze V} are measurable for
any subset V< Z* The random field {£(z): ze Z*} is said to be m-dependent if
the o-algebras m(V}) and m(V,) are independent whenever d(V,, V,) >m.

Central limit theorems for m-dependent random fields were obtained in Ro-
sen (1969) and Zolotukhina and Chugueva (1973). An estimate of the rate of
convergence in the central limit theorem for m-dependent random fields is ob-
tained by Leonenko (1975). Our aim in this paper is to obtain a nonuniform
estimate for the rate of convergence in the central limit theorem for m-de-
pendent random fields. Recently Maejima (1978) obtained a non-uniform es-
timate in the central limit theorem for m-dependent random variables and
Shergin (1976) obtained a uniform estimate for the same problem.

2. Some Lemmas

Lemma 1. For any two random variables X and Y such that 0<E(X?)< w0,
0<E(X+Y)*< oo, the following inequality holds:

L[ E(?)
E(X+Y)( "

N

(1A

I E(X?)
E(X+Y)Y

Proof. Obvious.

0044-3719/81/0058,/0247/$02.00



248 B.L.S. Prakasa Rao

Lemma 2. If, for a sequence of random variables X, X,, ..., X,, E| X,|*"? < 0,
EX,=0,1<i<k for some § =0, then

k
EIX +. . +X2T°<k' Y E|X [+,
=1

In particular, if sup E|X,|**° <M < co, then
EIX 4.+ X, PP <Mk**°.
Proof. Follows from extension of C,-inequality (cf. Loéve (1963)).

Lemma 3. Let X,,X,, ..., X,, be an m-dependent sequence of random variables
with EX;=0 and E|X,|**°<c0 for some §=0. Then there exists a constant
C;>0 such that

E,Xl+...+X,,'2+6§C5(m+1)1+5/2n5/2 Z Elxj|2+§
j=1

J

for all n. In particular, if supE | X |**° < o0, then
EIX,+...+X,*T°<Cynt o

for all n21.

Proof. Follows from a result in Shergin (1976).

Lemma 4. Let X and Y be random variables and F(x) and H(x) be the distribu-
tion functions of X and X + Y respectively. Let a>0. If

F()— o)
REEE)

where K >0, then for any 0<e<3 and for all x, there exists C>0 such that

H()— 30| £ ?

C
—— _ (K+
T (Ko
where @(+) is the standard normal distribution function.

Proof. See Maejima (1978).

3. Main Theorem

Let {£(z): ze Z*¥} be an m-dependent random field as defined in Sect. 1. Let

Snl,nz,...,nf{lézén’}Zé(Z) (3.0)

1fisk

where {...} denotes that the summation later is carried out over the set of
indices contained in {...}. Note that

E(S =0. (3.1)

'l1,n2.~~-,'lk)
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Define
By m=VAr(S, ) (3.2)
and
Sn 13 n
F, nk(X)—P{———ﬁﬁ__" == éx}. (3.3)
- Bnl,nz,...,nk

Let

4, LX=IF,  .x)-—$Xx) (3.4
and Ai=min(n,, ..., 1)

Theorem 1. Suppose the following conditions are satisfied:

@ El(@)*?<sM<w (3.5)
for some 0<5< 3, and for all ze Z* where &, is the positive root of 6*+26—2
=0. :

(ii) lim inf Buypme >0. (3.6)

fi— o0 100" %

Then there exists a constant C>0 independent of x and n;, 1 <i<k such that

C
4,, nk(x)é(ljlx*!)m {min(n;, 1 Sisk)}™" (3.7)

.....

where
_0(6+2)
TR

Before we give a proof of this theorem, we shall first state and prove an
extension of Lemma 3 to m-dependent random fields.

Lemma 5. Let {{(z): ze Z*} be an m-dependent random field as defined above
and S,=S, . be given by (3.0). Suppose that (3.5) holds for some 6=0. Then
there exists constant C;>0 such that

14 2+95
E|S,,|2+5§c5(]‘[n,.> Ea (3.8)

i=1
Proof. We shall prove the lemma in case k=2. The general proof is similar.
Let ky>m. Applying Lemma 3, we can find a constant B>0 such that
E|S, > °<B(n ny)t*%2 (3.9)

for all n, =1 and n,<2%. Suppose that (3.9) holds for some n,>2%. We shall
show that it holds for 2n,. Let

Tl Sm,"z’
T2:Sn1,2nz+ko_Sn1,nz+ko’
R, :Sm,n2+ko_‘sn1,nz=
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and

R,=S, ,, —S

ni,2n; ny,2n2+ko"

Then S, ,,, =T+ T,+R;+R,. Hence, by Lemma 2,

E(Sn1’2n2l2+‘5§4”5{E{T1|2+"+EIT2|2+"+E|R1(2+‘5+E|R2l“‘5}. (3.10)

In view of (3.9) and the fact that k, <2* and n, = 2%, it follows that

EIR1,2+6§B(n1kO)1+5/2’
E|R2|2+5§B(nl ko)l +5/2,
E|T1|2+5 éB(l’lll’lz)l +5/2,
and
EIT212+6§B(”1”2)1+§/2-
Hence

EIS |2+6§B*(n1(21’12))1+5/2.

ny,2n2

Thus, (3.9) holds for all n,>1 and all n, of the form 2’, 1<r<co. The general
result follows now by writing n, as sums of powers of 2 and applying Lem-
ma 2.

Remark. The argument given above is akin to the proof of a similar lemma in
Deo (1975).

4. Proof of Theorem 1

We shall now prove the main theorem in case k=2. The general proof is simi-
lar but more complex in notation.
Let k;=[nf], 0<a<3, j=1,2. Define h; and r; by the relations n;=k;h;

+r;, 0<r;<k;, j=1,2. Let

A(f’z{z.'(ij—l)kj—l—lgzjgijkj—m}, 1=ighy, j=1,2,

AU) {Z (jkj—m—l_lézjgijkj}; léijghjzjzlaza
and

A,(,’)Hz{zj: kjhj+1:_<_zj§kjhj+rj}, j=12.

For large n=(n,, n,), define

11 12_{2 EAij)a.]'_la 2}Z€(Z)a (41)
Wi, ={z,e 4, 2, A7} ) {(n), (4.2)
W)= (2, A0, 2,6 A7) Y. &G, (43)
W, ={z;e 4P, j=1,2} 3} {(a), (4.4)

for 1<i,<h,, 1<i,<h, and

b= (3 3 W) @5)

i1=1 iz=1
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hy P2

1
X, .= Y .. (4.6)
hy, ho /bh1 hz ilgl izgl 1,02

hy

hy
’7%:11) hz—l/——v z Z Z VV;(xj)lz (47)

ii=1 ia=1 j=1

ny,n2
) - 4.8)
My ohy = == (Sm,nz thknhzkz) (
B"lv”Z
and
{3) ! ! i hf: (4.9)
7 = - Y, i .
ot VB,, ., Vby 4 ii=1i2=1
Let
Mg iy = Mo iy TSy 15 1,y (4.10)

Observe that
1

/ S"unz:th,hz_i-”huhz'
Bn
1,02

Let Uy, ,,(x) be the distribution function of X, , . By a theorem of Bikelis
(1966),
hy hy
2 Z ElYiuile—Hs

Cl ij=1iz=1
thl,hz(x)“@(x)'.S_(l+lxD2+6 (bhl,h2)1+5/2 (411)

where C, is a constant independent of x, h, and h, since Y, ;,, 1<i; <h, and
14, _h are independent random Vanables for large n, and n,. Let

L= W W LW (4.12)

l1si2

By independence of W,
it follows that

1§i1§h1, 1<i,<h, and the fact that E(W, ,)=0,

11 i2?

B(Y Sw.)=3 3Emm.)

i1=1 i3=1 i1=1 iz=1
hy hy
§3Z§ZZMW%V
i1=1i=1 j=1
by Lemma 2. But
EWSL? < Colky —mym,  E(WCL)? < Cym(k,—m)
and
EWE) =Com?
for some constant C,>0 by Lemma 5 (note that the lemma holds for §=0).
Hence
E(WD, )< Cymax(ky,ky), 1=j=3 (4.13)

iy,iz
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for sufficiently large n, and n,. In view of Lemma 5 and condition (i)

ElY,

2 1442
i1, 12, +6§-C3(k1k2) ol
uniformly in i, and i, where C, is a positive constant. Therefore

Coh b,k k) 432
+‘xl)2+6(bhx h2)1+5/2

]Um az(x) D(x )I*(I

where C, is independent of x, hy, h,, k, and k, by (4.11). Now

By ke 2
bht,m:E[ hikyhoks Z Z it ;Z:l

i1= 1 lz_.

L En

=Bh1k1,h2k2 [1 +0 ({ (lzﬁ 1is=1

Bh1k1,h2k2

)

by Lemma 1. Condition (ii) implies that
B, , =a*n;n, forsome a>0

Hy,12

for sufficiently large n, and n,. Therefore, by (4.13), it follows that

hlhzma‘x(klskZ) g
bhl,hz—BhkLhzkz [1 +0 ( hihzklk ) ]

=B, 1.1k [1 +0 (m)] .

Hence, there exists a constant C>0 such that
by, 4,2 Cshik hyk,

for sufficiently large n, and n,. Clearly

By k2 2
E(ﬁglllzhz)zzB ( Z Z iy, lz)

ny,nz =1 iz=1

<o utamaxtinks) 0 419) and @13)

nyn,
max(k,, k)

SComp

6 kl kl
and
E(nﬁ},hz)zz E(Sng,nz *Shikiehlkl)z

Ry.n2

and the last term is bounded by

(4.14)

(4.15)

(4.16)

(4.16a)

4.17)

(4.18)

4.19)

(4.20)

4.21)
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for some constant C,>0 by Lemma 5 and (4.16a). This can be seen by the
following argument. Note that

where Snims ™ Shassshara = A1+ 4,
and Ay ={1isn,jedd) }3.E0))
Th Ay={iedy) , 1SjShyk,} Y EGL).
en
E(Spyn, = Stk hars)” S2(EAT +EAY).

Since £(z) is an m-dependent random field, Lemma 5 implies that

EA}<Cynr,£Cyn k,
and
EASSCyrihyky, < Cgkyn,.

Combining these inequalities with (4.16a), we obtain the bound given in (4.21).
Note that

Bh1k1,h2k2:E ( th'lz __n(Z) )2
B hi,h2

1.2 ny,n2

S
=1+E@®?,)?—2E (n:— Mhrons)
112 B 1s
ny,ny

=1+E@#P,) +0(EMP,)*1%)

k, Vk
=14+ Cymax (1/_1, [5) (4.22)
Vi Vi,
by (4.21) for some constant Cg4>0. Therefore
b ky Vi ( C
M§(1+C9max<v_l,ﬁ)) (H- : L0 _)
B,y n, ny m mln(]/E,l/h)
§1+—_—C—£—: (4.23)
mmﬂ/kla]/kz)
by (4.17) and (4.22) for some constant C,, >0 since 0<a<1.
In view of (4.15) and (4.18), it follows that
C hyhy(k, k)t o2
U — & < 12 171201 %y
N R NN
Cia ! (4.24)

T ()
By Lemma 4, for every 0<e<1,

Sn n C E, 1 2‘2+5
iP{#—éx}~d>(x) émﬁs—m{cu(hlhz)~"/2+a+~ﬁzz—’ﬁa~ . (425)

ni,R2
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We shall now estimate E |, , |**° It is clear that

E'”hl h2|2+6<31+5 Z E|77(]) l2+é (426)

hi,h2
j=

by the C,-inequality (Lemma 2). Now

2+ hy

(h hz)éz Z ZZIE| 11 12,24—5

=1 ix=1

3 2
Elﬂf,lf;,zl S

1 1
B ! B"l:"Z y bhlyhz

2+0

(hy hz)a/z(klkz)1+é/2h1h2 (by (4.14))

=

(by the Marcinkiewicz-Zygmund inequality)
Ciy ] /bhl,hz -1
hiha 5 | Bnl,nz
Css

b 2449
{ }24—5
(h hoky k) min( 1/k1,1/kz)

lIA

(hl h2)1+6/2(k1 kz)l +6/2

<Cy (4.27)

240
{mina/E,WcZ)} '

On the other hand

2 240 __ 2+9
Eln§l13hzl " EIS"x,nz_thklahzkzl

B(2+6)/2

ni.n2
2+9

<c {m (’L "_2)}”‘”<c {——IG} (4.28)
P Nen ) T /e VR |

by arguments similar to those given in deriving (4.21) since 0<a<3. Further
more

hy h
Y. X Z Wi,
i1=1i=1 j=1

hy h2

St Y ¥ S R,

i1=1i=1 j=1

2+

1
B, = s E

ny.no

(by the Marcinkiewicz-Zygmund inequality and Lemma 2). (4.29)

But, by Lemma 5,
ElW(l) |2+5§ CZO[(kl ﬂm)m]l +é/2’

E'VV;(121)2’2+6§ C21[m(k2_m)]1+5/2
and
'W(3) ]2+6S sz(mZ)l +4/2
1,02 = -
Hence
c,
E‘n;izh2|2+5<(_?1w(h I’l )1+6/2[max(k kz)]1+5/2

<C

2+9
S
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Combining the above inequalities, we have

1 1+98/2
reig I 4.30
Efy 4, TS Cys (min(kl,kz)) .
Therefore
’P (iﬂ_§x)—@(x)
c 1
<_ 726 hy)—9?
_(1+|x‘)2+5{(h1 ) +8+82+6(min(k1:kz))1+6/2} (4.31)

for some constant C,>0 by (4.25). Since k,~n?, it follows that h,~n!~* and
the right hand side of (4.31) is of the order

(nlnz)—5/2(1f4)+8+8—(2+6) 1

¢ [min(n,,n,)]1 2"
I
6> +35 1 2 o)
_ A d =p2\0*+48+2) = p-v
o 14542 where oc<2 and e=17 iy,
then
S Cse 1
P Mﬁx)—cbx e — 4.32
‘. ( ny,ny B ( )--(1+le)2+5 [mln(nlﬂnz)]v ( )
where v= 0% +25
C2(6*+46+2)

Remarks. The rate obtained above may not be the best as for as the power v is
concerned. However, it is not possible in general to replace min(n,,n,) by
n,n,. This was pointed out by a referee of this paper. Leonenko (1975) proved
that

supA,,bnz(x)§C(n1n2)‘"’
for some y>0 under some conditions. It is not clear whether the rate obtained
by Leonenko (1975) is valid or not as he did not provide the proof in detail.
The following example, due to the referee, raises doubt regarding the validity
of the estimate obtained in Leonenko (1975).

Let {£(i,)),i,j=1,2,...} be a random-field such that {£(i,j),i=1,2,...} be a
sequence of independent random variables for each j=1,2,... and {&(,}j),j
=1,2,...} be l-dependent sequence of random-variables for each i=1,2,....
Suppose E&(i, ))=0 and E&(, j)*=1. Then the random field £(i,j), i,j=1,2,... is
1-dependent. It can be shown that

C
E(”Iﬁ,),hz)2 ?_k‘
2
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for some constant C>0 where 75, is as defined by (4.7) by using the argu-
ments given above for m=1. The above inequality invalidates the relation

1
E01,*=0 ()
172

used by Leonenko (1975) (cf. the relation after inequality (4) in Leonenko
(1975)) which is crucial in the derivation of his results on the rate. In the light
of this discussion, it is conjectured that the best rate of convergence for the

) but of the order O <‘—1——)
min(n,,n,)

random fields is not of the order O (
nh,
both in the uniform as well as non-uniform cases.
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