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Summary. Let X ={X,} be an L1D. random sequence and Y={Y,} be a
symmetric independent random sequence which is also independent of X.
Then X and X+ Y={X,+Y,} induce probability measures uy and py.y
on the sequence space, respectively. The problem is to characterize the abso-
lute continuity of uy and py .y and give applications to the absolute contin-
uity of stochastic processes; in particular we give a sufficient condition for
the absolute continuity of the sum of Brownian motion and an independent
process with respect to the Brownian motion.

We assume that the distribution of X, is equivalent to the Lebesgue
measure and the density function f satisfies

© L ! fgg

dx< +o0.

Under this condition we shall give some sufficient conditions and neces-

sary conditions for uy~py,y. The critical condition is Y E[|Y|*:| |
k

<é&]?>< + oo for some &>0. In particular in the case where X is Gaussian,
we shall give finer results. Finally we shall compare the condition (C) with
the Shepp’s condition:

(A) L ! f((f)

dx<+o0.

1. Introduction

Let X ={X,} be an LLD. random sequence and Y={Y,} be a random sequence
which is independent of X. Then X and X +Y={X,+ Y} induce probability
measures Uy and uy.y on the sequence space, respectively. The problem is
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to characterize the absolute continuity of uy and uy.y and give applications
to the absolute continuity of stochastic processes.

Throughout the paper we assume that the distribution of X, is mutually
absolutely continuous with respect to the Lebesgue measure and denote the
density function by f.

When Y is a deterministic sequence {y,}, the following theorem due to L.A.
Shepp is wellknown.

Theorem 1 (L.A. Shepp [9]). Let X ={X,} be an LLD. random sequence with
the distribution which is equivalent to the Lebesgue measure and Y=/{y,} be a
deterministic sequence. Then the following statements are equivalent.

{A) fis absolutely continuous with respect to the Lebesgue measure and the Radon-
Nikodym derivative f' satisfies

“}“’ [ x)?
o JX)

dx<+0o0.

(B) py~ uy.y (mutually absolutely continuous) if and only if

YinlP<+o0.
k

As a corollary of Theorem 1, it is easy to prove that if (A) is satisfied and

Y 1% P<+00, as., then we have puy~py,y. But the converse is not true. In
k

fact it is known that if both of X and Y arc centered Gaussian and Y,’s are
independent, then uy ~ uy .,y if and only if

Y1t <+, as, )
k

(Yu.V. Rozanov [5] and X. Fernique [2]), and if X is centered Gaussian and
Y’s are independent and P(Y,=a)=P(Y,=—a)=% where {q,} is a real
sequence, then (1) implies uy~ py .y (H. Sato [7]). Therefore, interesting is the
role of (1) concerning py~ iy 1 y-

In this paper we treat the case where Y={Y;} is an independent random
sequence and assume the symmetry of distributions of Y;’s unless the contrary
is explicitly stated. We consider a condition similar to (A) as follows:

(C) f is differentiable, the derivative f’ is absolutely continuous with respect to
the Lebesgue measure, and the Radon-Nikodym derivative f” satisfies

A
S T

dx<+ 0.
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In Sect. 2, under some additional contitions to (C) we prove that (1) implies
Uy ~ ity +y (Theorem 3), and more generally

YE[Y: | %<6l < +oo 2)

and
Y P(|Y|>e)< +o0, A3)
k

for some £>0, which are slightly weaker than (1), imply gy~ px .y (Theorem 4).
Conversely if f is twice continuously differentiable and

lim Y,=0, as., 4)

k—=+ o

then py ~ piy .y implies (2) for some ¢ >0 (Theorem 5).

Section 3 is devoted to the case where X is standard Gaussian, that is, the
distribution of X, is Gaussian with mean zero and variance 1. In this case
(1) implies py~ px.y (Theorem 7). More generally (2) and (3) for some ¢>0
imply py ~ tiy .y and conversely uy ~ py 4 y implies (2) and

Y P(Y|>e) < + o0, (%)
k

for every ¢>0 (Theorem 9). However neither (2) and (5), nor (2) and (3) are
necessary and sufficient for uy~ puy,y. We shall show two counter examples.
It is remarkable that there exist examples such that uy ~ iy, yand lim | ;| = + oo,
a.s. k

In Sect. 4 we give some applications to the absolute continuity for stochastic
processes. In particular we give a sufficient condition for the absolute continuity
of the sum of the Brownian motion and an independent process (Theorem 11).

Concerning the relation between (A) and (C), in Sect. 5 we prove that (C)
implies (A) if f= f(x) is monotone for large | x|.

In the proof of Theorem 1, where Y is deterministic, Shepp made use of
Kakutani’s criterion [4], which is based on the Hellinger integral, for the absolute
continuity of infinite product measures and the Fourier transform. But in our
case, where Y is a random sequence, it is difficult to apply them. We make
use of Sato’s criterion [8] for the absolute continuity of infinite product measures.

2. General Case

Let X ={X,} be an LLD. random sequence with density function f(f >0, a.e.
(dx)), and Y={Y,} be an independent random sequence which is also independent
of X. We assume that the distributions of Y’s are symmetric in this section.
For every k denote the distribution of X, and X, + Y, by m, and v,, respectively.

dv, )

Then v, is absolutely continuous with respect to m; and we have 7
m
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Y
Y,
=HW where IE'[ ] is the expectation with respect to Y. Define for
every k
E'[f (X + Y]
Z(X)=—"——"—1. 6
(=70 ©)

Our starting point is the following theorem.

Theorem 2. In the above situation the following three statements are equivalent.

(Q) pux~px+y-
(S) Y. Z(X,) converges almost surely.
k

K) YE[Z(X): Z(X)=1]< + o0, (K-1)
k
YE[Z(X)* | Z(X)|<1]< + . (K—2)
k

Proof. The equivalence of (Q) and (S) is derived from Theorem 3 of H. Sato
[8], and that of (S) and (K) from Kolmogorov’s three series theorem since
Z(X,)’s are independent, Z(X,})> —1, a.s., and we have

YEZ(X): Z(Xpz1]= - Y E[Z(X): 1 Z(XJI<1]
k k

=Y E[Z(X)):|Z(Xy)|<1]. QED.
k

For every ¢>0 and k, decompose Z(X,) as follows.
Z(Xp)=V(X )+ W,(Xy)
={E"[f(X;+ Y): | %|>el/f (X)) —P(| Y| > &)}
+ELf (X + Y) —f (X0): | Tl S el/f (X ()
Then we have the following lemma.

Lemma L. If (3) is satisfied for some ¢>0, then Z V. (X,) absolutely converges
almost surely.

Proof. Fubini’s theorem implies

IEY[Zle(Xk)I]

=93 I EY[f (x+ Yo IYkl>6]dX+ZlP(iYkl>8)

k —c

<2EY[ [ fec+ %) dx: |m>s]+zIP<|m>a)

— 0

=2 P Y!|>¢),

and (3) proves the lemma. Q.E.D.
Our first result is the following.
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Theorem 3. If f satisfies (C), 3 times differentiable, f® is absolutely continuous
with respect to the Lebesgue measure and the Radon-Nikodym derivative ™
satisfies

+ @

J 1/ ®)ldx< + o, (8)
then (1) implies py~ tix+y.
Proof. (C) implies the integrability of /' as

{ i If”(x)ldx} < jwf}f‘; dx ff(y)dy<+oo

and by Theorem 2 of E.F. Beckenbach and R. Bellman [1], Chap. 5, Sect. 3,
f'1s also integrable and we have

f'(+00)= jwf”(x)dx=0.

On the other hand, by Kolmogorov’s three series theorem, (1) implies (3)
for e=1 and

YER:YS1]<+oo. ©)
k

Then the almost sure convergence of Y. V; (X,) is derived from (3) by Lemma 1.
k

On the other hand, by Taylor expansion, for every k we have

W, (X,) = ﬁlﬁy [f (X0 Yt 3 £ (XD Y241 FOX) B2

+%f(1—5)3f‘4’(Xk+SYk)dS Y l=1] (10)
0

and by the symmetricity of the distributions of Y,’s we have

(X
LACARS IR
! X Y,
+4] (1~s)3dleY[—f (f(;(j)s ) y;;*:|Yk|§1]
=10(X)+§R(Xy).
Since we have for every k

E[Q(X)]=E'[¥*:|%|<1] | f(x)dx=0,

- 0
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and Q(X,)s are independent, in order to show the almost sure convergence

of Y Q(X,), it is enough to show Y IE[Q(X,)*] < + oo. In fact (9) implies
k k

YEQX)IISAY E (R |17
k k

<A?YE' 5| GIS1]< + oo,
k

+w
where A= | |f"(x)|dx.

e )

Finally by Fubini’s theorem we have

E[} IR(X)I]

=9) T) (1—-s)*dsIE*

k —w

<BYE'[%*|%I<1]<+co,
k

X f(4)(Xk+SY;c) 4.
= s

+ oo
where B= [ |f®(x)|dx.
Therefore Y W, (X, )=4%) Q(X)+¢ ) R(X,) converges almost surely so that
k k k

(S) of Theorem 2 is verified. Q.E.D.

Remark. In the above theorem we did not assume the Shepp’s condition (A)
but (C). We shall show by the following example that (C) can not be replaced
by (A).

Let f5(x) be a C*-function on the real line such that

)
sin“ x, X <
NE
2
= X
PO ep| -] 1wiz2,
2
positive, otherwise,

and define f(x)=cf,(x) where c=[{fo(x)dx]*. Then f satisfies (A) but not
(C). Let X ={X,} be an LLD. sequence with the density function f and Y={Y,}
be an independent sequence such that P(Y,=a,)= ]P(Y}‘ —a,)=4% where {a,}
is a sequence of positive numbers such that sup ar<% and Y af < 4+ o0. Then

we have ) | |*< + o0, as. k
k



Absolute Continuity of Infinite Product Measure 615

Assume that X and Y are independent and that uy,y~ puy. Then by Theo-
rem 2,

E'[f(X,+ Y)]
== A
LZX 2{ oAl
v Rt a) +f (Xe—ad]
‘§{ 7% 1}

converges almost surely. Since {Z(X,)} is an independent sequence, by the Kol-
mogorov’s three series theorem, we have

+00>YP(Z(X)[>1)
=Y P(Z(X)>1)
k
2Y PZX)>LIX[=])
k

sin? a,,
k]
142 sin” g,

:ZIP<sin2Xk< |Xk|§1)
k

) P Xl <xa, | X, <1)
k

for some positive constant less than 1 and

Ka,
=Y j"k sin® x dx>const. Y a3.

k —xag k
This is impossible if Y af = + 0.
k

We give another sufficient condition for gy, y~ uy as follows.

Theorem 4. If f satisfies (C) and moreover there exists £>Q such that

D
sup

" d , 11
L lzl<e f(X) X<+ @)

then (2) and (3) for this ¢ are sufficient for py~tix.vy.
Proof. We shall show (S) of Theorem 2.

The almost sure convergence of ) V,(X,) is derived from (3) and Lemma 1.
k

In order to show the almost sure convergence of » W,(X), since IE[W,(X )]
k

=0 for every k and W/(X,)’s are independent, it is sufficient to show
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Y E[W,(X,)*]< + co. In fact, by the symmetry of distributions of ¥;’s, for every
I: we have

W.X)=3E'[f (X~ YD)+ (Xa+| L) =21 (X): | Y| Se]/f (X,
and by Taylor’s expansion

E[W.(X)*]

i fw ELf (= %D+ (c+] %D—2f(x): | Yl sel?/f (x) dx

[eo]

1 1 2
B[4 fsds [ - ts| B de 1% ) o] [ d

+
i
- o -1

<K

+ o0 " 2
<t | sup 0D gxmrpwE v s

Cw lzlze (%)

Therefore (2) implies ) IE[Z,(X;)*] < + oo and the theorem is proved. Q.E.D.
k

Corollary. If f satisfies the hypothesis of Theorem 4, then (1) implies py ~ tx 1 y-

Proof. It is easy to show that (1) implies (2) and (3) for every ¢>0, and Theorem 4
proves the corollary. Q.E.D.

Conversely we give a necessary condition for py ~ iy y.

Theorem 5. If f is twice continuously differentiable and (4) is satisfied, then puy
~ Uy +y implies (2) for some ¢>0.

Proof. Since f” is continuous, f(x)>0, a.e. (dx), and f is integrable, there exists
y>0 such that {x; f"(x) < —y} includes an interval. Define for every h>0

10 ={xi g LA (e h+ = =2 ()< =},

Then, from the continuity of f”, there exist ¢>0, and a compact interval 1
such that I< I'(h) for every 0 < h<¢. Define for every k

Gp={x; E"[f (x+| %)+ (= %D): | Bl sel S2f(x)}.

Then for every x€ll and every 0<h=¢ we have [f(x+h)+f(x—h)—-2f(x)]<
—yh? so that EY[f(x+| Y )+ f(x—|%|): | Y| <e]<2f(x). Therefore we have

xeG; for every k and I () G,.
k

Let Z(X)=V,(X,)+ W,(X,) be the decomposition in (7). Then (4) implies
(3) for the ¢ and by Lemma 1, ) V,(X,) converges almost surely. On the other
k
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hand by Theorem 2, jiy ~ piy 4y implies the almost sure convergence of Y Z(X,)
k

so that )’ W,(X,)=Y Z(X,;)— ). V,(X,) converges almost surely.
k k k
Since E[W,(X,)]=0 and W,(X,)> —1, a.s.,, Theorem 2, (K) is applicable to

{W,(X)} and by {|W(X)IS1}={W,(X)e@,} for every k, by Kolmogorov’s
three series theorem we have

+ 00> Y E[W,(X)*: | W(Xy)| =1]
k

d
=Y | IEY[f(x+|Yk|>+f(x—|m>~2f(x):m|gs]2ﬁ§)
k Gy
G+ YD+ = %D =21() o 5. 2 dx
22| P e
gmf“]{)%ml’[lnﬁ;nfkléda

xel

where 1 is the Lebesgue measure, and this proves the theorem. Q.E.D.
Combining Theorems 4 and 5, we have the following theorem.

Theorem 6. Assume that f is twice continuously differentiable, satisfies (C) and
(11) for some £>0, and assume (4) for Y={Y,}. Then (2) for the ¢ is a necessary
and sufficient condition for pux~ iy, y.

3. Gaussian Case

Let X={X,} be a standard Gaussian sequence, that is, an LLD. random
2

sequence with density function g(x)=]/2n" ! exp[—%], —owo<x<+00, and

Y ={Y;} be an independent (not necessarily symmetric) random sequence which
is also independent of X. Then g satisfies (C), (8) and (11) so that all the above
results are applicable. Furthermore, since we know the explicit form of the
density function g, we have the following theorems.

Theorem 7. Let X ={X,} be a standard Gaussian sequence and Y={Y,} be an
independent (not necessary symmetric) random sequence which is also independent
of X, and satisfies

YEY: | Yse)’ < + oo, (13)
k

for some £>0. Then (1) implies puy~ tx+y-
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Proof. Since g satisfies (8), the arguments in the proof of Theorem 3 are applicable
and we have only to show the almost sure convergence of

Zmﬁy[g'(karlYkléd,

and

E gD (X) Y| Yl e,

L

(X )

in the Taylor expansion (10) where “| Y| <1 " is replaced by “| ¥,|<¢”. In fact
for every k we have g'(X,)/g(X)=—X, and g (X)/g(X)=3X,— X3, which
form mean zero, square integrable independent sequences. Then it is enough
to show the convergences of the sums of the square of coefficients of them.
Since (1) implies (9), where “| Y, |<1" is replaced by “|Y,|<e”, we have by
Hoélder’s inequality 3
YETR: %I <o STETRS Kl <o)

<{Z]EY[Y4 Yl <eT) < + oo,

and (9) and (13) proves the theorem. Q.E.D.
In the same idea with that of Theorem 7, we can prove:

Theorem 8. Let X ={X,} be a standard Gaussian sequence and Y={Y,} be an
independent (not necessary symmetric) random sequence which is also independent
of X, and satisfies
YE[Yeexp(—$ ¥)]* < + 0. (14)
k

Then (1) implies py~ iy +y-
Proof. The Taylor expansion

2
Z(X,)= IEY[exp(—i Yﬁ){exp(Xk ¥)—exp L} Y= 1]
17"2
[exp(—lYk S AR

eXP(th Y)di(X, Yk)4

+1 8
0
(%)

—jl(l—t)exp(tzzki>dt |Yk|<1]

and the similar estimations in the proofs of Theorems 3 and 7 prove the theor-
em. Q.ED.
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Theorem 9. Let X ={X,} be a standard Gaussian sequence and Y ={Y,} be an
independent symmetric random sequence which is also independent of X. Then
(2) and (3) for some £>0 imply uy~ py.y. Conversely puy~ uy..y implies (2) and
(5) for every £>0.

Proof. Since the Gaussian density function g satisfies (C) and (11) for every
¢>0, the first part of the theorem is derived immediately from Theorem 4.

We shall prove the remaining part of the theorem. In fact by the symmetry
of the distributions of Y;’s, for every k we have

Z(X)=E"[exp(—} ¥?) cosh(X, | ¥, )] 1.

Assume py~ iy +y. Then by Theorem 2 two series {K — 1) and (K —2) converge.
For every k, since the function

Vi) =IE"[exp(—3 ¥¢) cosh (u| %))] (15)

is continuous, strictly increasing for 0=Zu<+o0, 0Zy (1) §1/;< 2 and
lim i, (u)= + oo, there exists unique o, > 1 such that ¥, (o) =2.

u—>+ow

On the other hand, since we have for every 0Su <4 and 05t< + 0

1 —exp(—4r*)coshiuzs{l—exp(—3t%)} =0,
(K —2) implies

+00>Y E[Z(X)*:|Z(X,)|<1]
k

=Y E[E" [exp(—$ ¥) cosh (X, | Yi[) —11%: [ X, | S o],
k

and since o, > 1,

IV

2y

© ey

E"[exp(—1 ¥*) cosh(t| %) —11* g (1) dt

IV

D)
k

CYE'[1—exp(—3 %)),
k

E'[1—exp(—4 ¥)]* () dt

O ey e

Il

where C is a constant independent of Y and k. Therefore we have

YIE'[1—exp(—4 YA)]*< +© (16)
X

and it is easy to show that this implies (2) and (5) for every ¢>0. Q.E.D.
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In the above theorem neither (2) and (3) are necessary nor (2) and (5) are
sufficient for py~ uy.y. Furthermore it is interesting that (4) is not necessary.
We shall give illuminating examples as follows.

Let X ={X,} be a standard Gaussian sequence and Y=/{Y,} be an indepen-
dent symmetric random sequence, which is also independent of X, with the
distribution

P(Y,=a)=P(Y,= —a)=1ps,

P(Y,=0)=1—p,, (17)

for every k, where {a,} and {p,} are sequences of positive numbers such that
lim a, = + o0 and
k

Yp=+00, and Y pi<+c0. (18)
k k

Then Y satisfies (2) and (5) but not (3) and (4), and we have

Yi(w)=IE" [exp(—% ¥?) cosh (u| %)]
= prexp(—3 ag) cosh(a,u) +(1—py).

The root a; of the equation ¥, (1) =2 is given by

1 1 1 2 3
cxk=~—log{~(—~—:Lk) exp(: a,f)+(( —;fk) exp(a?)— 1) }
k

ay k

Define

1 1
n—yloa{2 P exp (o]

k k

=ilog{zg+—pkl}+%ak‘

ay, 47

Then simple estimations show |y, — o | < p? exp(—a?). By reformulating Theo-
rem 2, it is not difficult to show the following lemma.

Lemma 2. In the above situation, ux~ix.y if and only if the following two
series are convergent.

Tk

Yo | exp(—3uP)du<+oo. (G-1)
k Vi~ G

Tie— 24
Yo | explai—%uP)du< +o0. (G-2)
k —2ay
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Proof. We have Z(X,)=p.{exp(—2La})coshia,u)—1} and, using |y,—ol
<p?exp(—a?), (K-1) and (K-2) of Theorem 2 are reformulated as

+
Y. § pifexp(—}aP)cosh(a,u)— 1} exp(—}ud)du< +o0,  (K-1)

kv
Yx
Y | p?{exp(—%a?)cosh(au)— 1} exp(—Lu?)du< +oo. (K'-2)
k O
Then we have

+
[ {exp(—%a?)cosh(a,u)—1} exp(—1u?)du
Tk

=%< Jrfw + +§w -2 +j(}o}exp(—%tﬂ)du

k™ G tag Vi

Yk Yie Ty
=%{ [ }exp(—%uz)du.
¥

%~ Ak 23
On the other hand we have

ke
{ {exp(—%a}) cosh(au)— 1} exp(—3u*) du
0

Tie— 2ax et 2a,

=Zexp(af){ [+ fk}exp(—%uz)du

~2a 2y

Y&~ 8k Vit aE Ve
+{ [+ }exp(—%uz)du-i-{l+exp(—a,f)} | exp(—3u?) du.
ay 4]

—ax

Using these estimations, it is not difficult to show that (K’-1) and (K'-2)
are equivalent to (G-1) and (G-2) under the condition (18). Q.E.D.

Now we shall show the examples.

Example 1. In (17) define a,=]/logk and p,=(3 k—1)~ ! for k=5. Then we have

yk=%l/ logka

Tk 9

Yoo | exp(—3u?)dus6) k 3)/logk<+o0,
k Vi =@k k
and
Y 24 9
Ypi | explai—4u?)dus54Y k™ 8)/logk< + 0.
k —2ay k

Therefore by Lemma 2 we have uy ~ iy y but Y does not satisfy (3).
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Example 2. In (17) define a,=]/logk and p,=(3k**°—1)"" for some fixed >0
where k= 16. Then we have y,=(1+9)|/logk, and using the inequality

e+l
t

1
] exp(—%uz)dugz—t exp(—4t?)
t

for t=1, we have

exp(—1 62 logk)

T 1
P exp(—3u?)duzd k™G0 —
2 "y,{—jak ’ 2 (1+0))/logk

:Zk—%(wé)z___l_: + o0,
logk

for 5§[/§—1. Therefore Y satisfies (2) and (5) but by Lemma 2 uy and uy .y
are singular.

4. Applications to Stochastic Processes

Let X={X (0)};er and Y ={Y(t)},.r be mutually independent stochastic pro-
cesses, and Py and Px .y be probability measures on the function space induced
by X and X+Y ={X(t)+ Y(t)},cr, respectively. In the information theory they
treat the absolute continuity of Py, y with respect to P (denoted by Py, y < Px)
and the estimation of the entropy

P
Huxwu@=mrm“YMgdxw}

dPyx dPy

where IE[ ] is the expectation with respect to Px (S. Thara [3]). However, unless
both of X and Y are Gaussian, there are few tools in analysing them.

On the other hand, let & and % be Polish spaces (i.e. complete separable
metric spaces), u and v be probability measures on %, and ¢ be an injective
map of & into % defined p-almost surely. Then v<yu implies ¢(v)<@(u) and

d
the Radon-Nikodym derivative is given by 7 (P((;)) ﬁ ¢~ ', o(p)-a.s. Converse-
ly, let P be a probabﬂlty measure on % such that P<¢@(u). Then we have
‘1(P) dp
~1(P)<pand de 0@, U-a.s.
( an_doG

The typical examples of the above scheme are stochastic processes given
by random Fourier series. In particular we define a class of stochastic processes
which have similar properties with Gaussian processes (H. Sato [6]) as follows.

Let #° be the Banach space of all continuous functions on [0, 1] which
vanish at 0, P a probability measure on #". We call a stochastic process X
={X()}1c10,1; an &-process if there exist a sequence {x;} in #" and a sequence
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{&} in #7*, the topological dual space of #7, such that {(x;,¢>=0,;, k,j
=1,2,3, ..., and for which

X(O=)<x &0 x (1), te[0,1] (19)

converges uniformly P-almost surely. Then the random sequence X = {<{x, &>}
on (¥, P) induces a probability measure py on the sequence space. On the
other hand let Q be another probability measure on ¥#". Then the random
sequence Z={<{x, £, >} on (#°, Q) induces a probability measure u; and we
have the following theorem.

Theorem 10. In the above situation, we have Q<P if and only if uz<uy and
the Radon-Nikodym derivative is given by

1Y _ dug
ir (x)_d—,ux ({<{x,&0}), P-as. (20)

The most illuminating example of the above theorem is the Brownian motion.
Example 3. Let Py be the Wiener measure on #  and define @q,(t)=1, ¢(t)

t
=)/2cosmkt, k=1,2,3, ..., x,(t)= | @i(s)ds, k=0, 1,2, ..., and a sequence of
0

Radon measure on (0, 1] by d&,(t)=904, dik(t)=]ﬁn ksinznkt dt+ﬂ(— 1%68,,
k=1,2,3,..., where 6, is the Dirac measure concentrated on t=1. Then the
Brownian motion B={B(t)},.o.1; is expanded in an almost surely uniformly
convergent sequence

B(t)= 3, <x, & xi (o), 21

k=0

where (x,&>= [ x(s)d&(s) is also written as the stochastic integral
(0,1]

1
[ @u(s)dB(s), k=0,1,2, ... .
0

On the other hand, let Y={Y} be a symmetric independent random
sequence which is also independent of IB and satisfy (2) and (3) for some &>0.
Then by Theorem 7

+

Y()= 2 ¥, x(2), (22)

k=0

converges uniformly almost surely, B+Y = {B(t)+ Y (t)},c10,1; induces a proba-
bility measure P,y < Fg, and the Radon-Nikodym derivative is given by

dPp,y
dPBy

(=TT B Texp(—3 2+ %iCn 60)], Pras. )
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or equally

APy, v

B TTE" [exp(—% Y2+ Ykg" 0, (5) dB(s))], Pp-as. (24)

k=0

In particular, let {a,} be a sequence of numbers such that ) af < + oo and
k

assume that IP(Y, =q,)=IP(Y,= —a,)=1 for every k. Then, using the inequality
log(cosht)< % t? for t 20, we have

H(Ppiy|Po)S%) ap< +o0.
?

We formulate the above example as a theorem.

Theorem 11. Let Y = {Y;} be an independent symmetric random sequence indepen-
dent of a Brownian motion B={B(t)}.c(0.1; and satisfy (2) and (3) for some &> 0.
+w

Then Y(t)= Y Y x,(t), 0=t <1, uniformly converges almost surely and B+Y
k=0

={B(t)+ Y(t)}1c10,1; induces a probability measure Py,y <Py on W with the

Radon-Nikodym derivative (24).

5. Does (C) Imply (A)?

The aim of this section is to study the relation between the condition (C) and
(A) and prove the following theorem.

Theorem 12. If f satisfies (C) and is monotone for large |x|, then f satisfies
(A).

Proof. Assume that f satisfies (C). Then, since f is continuously differentiable
and monotone for large |x|, there are real numbers S, T(— o0 <SZT< + )
and sequences of disjoint open finite intervals {(a,, b,)} and {(c,, d,)} such that

‘97+={x:f(x)>0}={U(an:bn)}u(_oo>s),

F_ = {x: £(9 <0} ={{ (c0s d)} U (T, + ),

and
f@)=1"b)=f"(c)=S"d)=f"(S)=f"(T)=0,
for every n.
On every (a,, b,), we have

g, x|,
NN ffu>ff””y
: o,
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and, since f = f(z) is monotone increasing in (a,, b,),

- f"(y)2
éu{ (x—a,,)dxa{ 7o )
1 (x)?
g\ {27
=(b,—a,) a{ 70 dx
a2 )
<(T-S) a{ 70 dx.

In a similar manner on every (c,, d,) we have

f(x)z d, dy, ” 2
[y =Tl oo
b dx % AT
yf f )d,! f)

and, since f = f(z) is monotone decreasing in (c,, d,,),

é(T——S)Z j'n ;(X)z

On the other hand, define A= f"—f. Then as a solution of the differential
equation with the boundary condition f(+c0)=0, f is expressed in the form

f(x)=——{ o f eh(y)dy+e* j e yh(y)dy} —0<x<+ 0.

—

Evidently we have f—}?< + 00, and ff7,2< + oo if either j(f+ff,)2 <+00 or
I(f—ff')2<+oo

On (— o0, 8), f=f(y) is monotone increasing and we have
PSS (x) . dx

AER WA L (V. et

R T R N 1

IS 709 jx e *f(z)dz fwe” x}}((y))z

Ler{f e ate

x 2
e | eyh(y)dyi

o0

H/\

IIA
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and by partial integration
: h(x)* | h(x)
= —e 8 + } dx
—{o { S f(x)
< N h (x)z
o J)

dx< + 0.

Similarly on (7T, + o), f=f(x) is monotone decreasing and we have

U @R, e dx

T fx) S /&
é +jf:0 h(x)z
r S

+

2
e | e h(y)dy

X

dx <+ 0.

Summing up the above estimations we have
+oo g 2 ’ 2
f'x)? J (X) ')
dx= dx+
L7 = e o e

[ (x)? AN
_ZJ (X) _L f()

n j"f(x A S

dx

n e r flx )
iy UG (e
~ ga{ o 4 1 T
2 ( ) " (x)*
+(T—S) Tj 70 dx

fu(x)z f//(x)Z
<1 —8)? d d
=L+ S)]{A 7o ) T "}

<[1+(T=571 | fE;

dx<+w. QED.
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