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Summary. A quantum diffusion (4, 4',) comprises of unital *-algebras A4
and A" and a family of identity preserving *-homomorphisms j=(j,: t =0)
from A4 into A’. Also j satisfies a system of quantum stochastic differential
equations  dj,(x)=j, (t5(x0)) dM{, jo(xo)=xo®I for all x,ed where ui,
14, j= N are maps from A to itself and are known as the structure maps.
In this paper an existence proof is given for a class of quantum diffusions,
for which the structure maps are bounded in the operator norm sense. A
solution to the system of quantum stochastic differential equations is first
produced using a variation of the Picard iteration method. Another applica-
tion of this method shows that the solution is a quantum diffusion.

1. Introduction

In several recent papers (e.g., [ 1, 2]) the concept of a quantum diffusion has
been introduced and many of their algebraic properties investigated. A quantum
diffusion is a quantum stochastic process (4, 4',j), where A, A’ are unital
*-algebras and j is a family of identity preserving *-homomorphisms indexed
by the positive real line. In our case 4 is a *-subalgebra of B(H,) where H,
is a Hilbert space and A'=B(H,® H), where H is the noise space of N dimen-
sional quantum stochastic calculus. In addition j satisfies a stochastic differential
equation of the type

dji(eo)= "3 Ji(i(xo) dM3,

i,j=0

where x, is an arbitrary member of 4, u% are maps from *-algebra to itself
and M{ are families of operators in H which are the integrands of the theory.
The purpose of this paper is to construct a class of diffusions in which the
maps y} are bounded.

In Sect. 2 we introduce relevant definitions and results from quantum sto-
chastic calculus [3]. Section 3 defines quantum diffusions and looks at the prop-
erties of the structure maps. In Sect. 4 we prove the existence of maps j,, by
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methods similar to those of [3] Proposition 7.1. In Sect. 5 these are shown
to have all the properties of a quantum diffusion. Section 6 looks at an example
of a class of diffusions in which the diffusions are given by unitary conjugation.

Inner products are conjugate lincar on the left. Two operators E, F are
mutually adjoint on a domain D if <Eu, v)=<u, Fv) for all u,v in D. The
algebraic tensor product is denoted by ®. For feL*([0, c0)), M, is the operator
on I*([0, o0)) given by (M g)(t)=1(t) g(t) for ge L* ([0, o0)).

2. Quantum Stochastic Calculus

Let 1 be a Hilbert space. Then H=T(h), the Boson Fock Space of h, is the
Hilbert space determined up to unitary equivalence by the total set {y(f): feh}
of exponential vectors where (Y (f), Y(g)) =exp<f, g>. The annihilation a(f),
creation a'(f) and conservation A(T) operators (feh, Te B(h)) are defined on
the span of the exponential vectors by linear extension of

ANV @)={ > ¥(e)
(W@ =1V e+ef)|

d
AT (@)=l

=0

Since the exponential vectors are linearly independent, these operators are well
defined. Also a(f) and a'(f) are mutually adjoint as are A(T*) and A(T).

If h is the direct sum of h, and h, then H is the tensor product of I'(h)
and I'(hy) and if f=f1 @ feh, Y (f)=Y (f) @Y (f2)-

In this paper we are interested in the case h=I?([0, 0); C) where N is
a fixed positive integer.

Let {e}L, and {E}}Y,_, be the canonical bases of €Y, M" respectively.
Thus feh=I%([0, OO))®(DN LeB(h)= B(LZ([O 0))® MY can be written as

N N

=Y fi®e, L= Y LQ®E; Also Lf= Z Lfi®e;.

i=1 i,j=1 i,j=1

Let S be the dense subspace in h of locally bounded functions.

For each t=0, h is the direct sum of h,= L([0, t]; C") and h'=L((t, 0); C),
so H the Boson Fock space of h, is the tensor product of H,=I'(h,) and H'=I'(K).
Denote by ¢, &, and & the span of the exponential vectors ¥ (f), ¥(f) and ¥(f7)
(f=f,@®f"in H, H, and H* respectively.

Let G, G, and G' be the dense subspaces of H, H, and H' spanned by the
exponential vectors Y (f), ¢ (f)) and ¥ (f7) (f—f ®f'es).

We are interested in the Hilbert space H=H,® H where H, is a Hilbert
space known as the initial space.

Definition. A family of operators E=(E(t): t=0) in H is an adapted process
if for all ¢ the domain of E(t) contains Ho® G,® H' and its restriction to
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H,® G, ® H' is the algebraic ampliation of an operator in H, ® H, with domain
H,®G,.

An adapted process is respectively simple, continuous, square integrable,
bounded if it is piecewise constant, the map ¢t > E(t)u ® y(f) is strongly continu-
ous for all ueH, feS, the map t>E({)u®@y(f) is strongly measurable and

[ IEs)u®y(f)*ds< oo for all t>0ueH, feS, each E(t)is a bounded operator
0

on FI
The basic processes of the theory are M;0<i, j<N where

A(M,, ®F) 15ij<N
a(X[o,t]®ei) 15i=N,j=0
a*(t0,n®e)) 1<j<N,i=0
tl i=0=j.

These are all continuous adapted processes and will be the integrators of the
t

N

theory. The stochastic integral M ()= { Y F/dM{ is first defined for simple
0 i,j=0

adapted processes Ff 0<i, j< N such that for u, veH,, geS, feh

U@y (), Mt)v®y(g))
=[ Y A0g6<u@(f), vy (g))ds (2.1)

0 i,j=0

t N
where fi=f" 1<i<N, g°=1=f,. If also M'()={ > F}dM] then for
u,veH,, f, geS 0 =0

M Ou® (), MO @Y (@)
t N
=[ Y OO M Su@U(). Fsr @)
o]

i, j=0

+F (s u@y(f), M) v @y (g)>

+ Z CEru@y(f), FFo@y(9)}ds. (2.2)

k=1

Putting M =M’, u=v and f=g in (2.2) produces the following inequality:

IMOu@Y(NHI?S@N?+3N+D)(T)? [ Y [Fou®y(f)l*ds (2:3)
0 j=

0

tJ

where 0=t < T, o(T)=max {1, sup{|| f(s)|*: 0<s<T}}.



476 M.P. Evans

Using this estimate it is possible to extend stochastic integration to M(t)
t N

=[ Y F/dM} where F} are square integrable adapted processes. This is done
0 i,j=0
in such a way that (2.1), (2.2) and (2.3) remain true. Also M will be a continuous
adapted process and thus square integrable.
If 2 stochastic integrals M, M’ are such that for all >0

sup {IM )], IM'G$)ll, IFF®)], IF'6)]:0=i,jSN,0Sssth<oo  (24)
then from (2.2) one obtains:
AdM M)=E@MYM+M dM+dM'-dM (2.5

where d M’ commutes with adapted processes and the Ito correction dM'-dM
is evaluated by linear extrapolation of the following formula

dM:-dMf=0o7 dMY (2.6)
;1 if i=1%0
o) =

where 0} {0 otherwise.

Remark. If M(2) is constant for all ¢ then dM(t)=0 a.e. t, and since integrands
are independent this implies F}(t)=0 a.e. t 0=<i,j<N; in particular if they are
continuous this will be true for all t=0.

3. Quantum Diffusions

Let A be a unital *-subalgebra of B(H,).

Definition. A quantum diffusion on A is a family j=(j,; t=0) of identity preserving
*-homomorphisms from A into B(H) such that for all x,e4:

(D) jo(xg)=xo®I...(3.1)

(2) x=(x(t)=j,(x,); t=0) is an adapted process.

(3) there exist maps ui: A — A4, 0=<i, j < N such that x(¢) satisfies the stochastic
differential equation

N
dji(xo)= 3. Jiluj(xo))dM] (3.2)

i,j=0

w; will be referred to as the structure maps.

If such a j exists, since j,(x,) is a stochastic integral it is a continuous adapted
process and therefore square integrable. Also by the remark at the end of Sect. 2
and (3.1), the structure maps inherit the following properties from j. They are
linear in x,€4, vanish on the identity, and pi(xo)* = uf(x¥)...(3.3).
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If in addition for each xoeA;sup {||j;(xo)|: 0<s=t} < oo, for all >0, then
(2.5) is applicable to j,(xo)j,(¥o)(=Jj.(xo ¥o)) and by equating coefficients we obtain
the following structural equations:

N
15(x0) Yo+ Xo p5(¥o) + Y i (x0) 15 (yo) = 15 (%0 o). (3.4)

k=1
This will be true in particular if cach j, is contractive, for example if A4 is closed

under holomorphic functional calculus.
Define c: A AR My, 0: A ARCY and 1: A—A4 by

N

6(xo)= Z (ﬂi'(xo)—éj'xo)@E;, a(xe)= Z (xo Re;, t(x0)= ﬂo(xo)

ij=1 i=

From (3.3) and (3.4) we find that ¢ is a *-homomorphism, a(x,y,)=x(xX) Vo
+ 0 (xq)a(yo) (where multiplication in the first term is “scalar” and in the second
is “matrix™), and t(xq yo)=1(xq) Vo + X0 T(¥o) +a' (xo) x(y,). These equations and
their cohomological properties were investigated in [1,2]. They will play no
part in the existence proof, we only assume properties of the structure maps
already stated and the additional assumption that the structure maps are
bounded, in the sense that there exists an M such that for all x,eAd, 04,
SN Il SM (Xl -.. (3.5).

4. Existence of j

j is constructed by the Picard iteration method, imitating Proposition 7.1 of
[3].
Proposition 4.1. For all x €4, there exist adapted processes x™ (t)=(j™(x,): t=0)
satisfying

xO)=jx)=xo®I for n=1

t N
PO =j" () =xo @I+ | Y j" V(uj(xo)dN (4.1)
0 i,j=0
such that for ueHg, feS, T=0and 0<t<T

20— <D @u@p(nPser 11 PO

where B(T)=(N+1)>(2N2+ 3N+ 1) a(T)*> TM>.

Proof. Clearly x'© is a square integrable adapted process for all x,€A4, assume
that x®~ Y is also, then

%01 lall* 4.2)

I Z 178D (xo) u @ Y ()| >ds < 00

0 i,j=0

since pi(xo)eA for all 0<i, j<N.
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Hence x™ is well defined and as it is stochastic integral it will be a square
integrable adapted process. By induction, there exist adapted processes x™ sat-
isfying (4.1) for all x,eA4, n=0. And

t N
X —x""DO=§ X P —i" P ((xo)) dMY.
0 i,j=0

So for ueHy, feS by (2.3)
1™ @) =x""P@)u@ Y (f)?

SN’ 43N+ DT [ Y G5 D (xo) =782 (i(xo)) u @ ¥ (f)l| *dss
0 i,j=0

|4
S(N+1?2N*+3N+ e a(T)? | e~ max {[j&" ™V (uj(xo))
0

—JT P u@ Y () 0<i, jSN}ds
from which (4.2) follows by induction. []

Corollary 4.2. For each x,€A there exists an adapted process x=(x(t): t 2 0) such
that x(t) is the strong limit of x™(t) for all t=0. Furthermore defining maps
ji, t=0 from A to B(H) by j,(xo) = x(t) for xo€A, we have that j=(j,: t >0) satisfies
the system of stochastic differential equations (3.2).

Proof. From (4.2) for ueH,, feS and T =0

lxou @y ()l + ‘; sup {[| (" (xo) ="~ P (xo)) u ® ¥ (f); 0=t < T}

n=1

) © Tn/2
§e1/2(T+JIfH )“on ||u|] z %

n=1

=M rlxoll ull <o (4.3)

where M f,T~(e[1, o)) does not depend on x or u. Therefore x™ () u® ¥ (f) con-
verges in H uniformly in each finite interval [0,T] to say x()u® ¥ (f)-x(¢)
will be linear in ueH,, and so defines an operator with domain Hy,® G-x
being the strong limit of adapted processes will itself be an adapted process.
Letting j,(xo)=x(f) for x,€4, using uniformity of convergence (in x as well
as in t) and (2.3), take strong limits on both sides of (4.1) to conclude that
j satisfies (3.2). [J

5. Multiplicativity and Other Properties of j

The following properties of j are all derived from induction on j® and properties
of the structure maps;

(1) j, is linear in xo€A (1}(x,) is linear).
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(2) jo(xo)=xo® I
(3) ju(D)=1I for all ¢ (ui(I)=0)
@) jo(x§)=Ji(x0)t (1i(x0)* = i (x¥), M{' = M),

All that remains to be shown is multiplicativity of j and that j,(x,)e B(H) for
all x,eA. Before proving that j is multiplicative note that from (4.3) have that

sup {{lj.(xo) u @Y (N)*: 0t ST} <My 7|1l u]. (5-1)

As j,(x,) is not necessarily bounded, j,(x,)j.(yo) is not defined, so we look at

GexeBu @Y (f),J:(vo) v @Y (8)> —u @Y (f), ju(x0 o) v @ Y (2)).
Proposition 5.1. For all u,veH,, f, geS, n=0

<GB u @Y (S, ji(y) v @ Y (8)) = @Y (f), (X0 yo) v @ Y (8)]

oy

=17 Mygrlxol Iyol lul livl (5.2)

where 6(T)=(N +1)*(2+ N) Tmax{M?>, 1} sup{|| f () g(s)[, | f )], I g(s)[, 1} and
Mf,g,T=(Mf,T+e”f”2/2)Mg,T-

Proof. By (2.1) and (2.2)
G u @Y (), ji(yo) v @ Y () —u @Y (f), jilxo Vo) v @ Y (g))
t N
=§ Y LOZO{GED)u@Y (), s 1i(yo) v @ Y (g))

0 i,j=0

+ s N u @Y (1), js(yo) v @ Y (2)
+ kil Gl BN u @Y (f), Jo (1 (o) v ®@ Y (2))
—<u®Y(f), js(Wixo o) v @Y ()} ds

=ft % Ji(8) g {s(xB) u @Y (f), jo(1i(vo) v @ Y (2))

—u® Y (f), js(xo /‘3‘()’0) V@Y (g)y
+ (15 (x0)*) u @ Y (f), js(¥0) b @ Y (8)> — u @ Y (), s (Wilx0) yo) v ® W (2)>

N
+ 2 sl u @Y (), jsli (o) v ® ¥ (2)>

k=1

—u @Y (f), jo (i (x0) 15 (o) v ® Y ()} ds.

The right hand side is made up of (N+1)*(2+ N) pairs each of which is of
the form

UsWH)u@Y (), Js(2) v @Y (8)) —u @y (f), js(wz) v ® ¥ (g)>
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where w, zeA. In modulus each term is less than or equal to

Y(T) max {| s (v(xo)*) u @ Y (), js(v (o) v @ ¥ ()
—u @Y (f), js(vi(x0) vi(yo) v @Y (g)>]: 0=, jS(N +1)%}

where
Vo(xo)=%o and v;(xg)=pi N+ V¥(x)) (N+Dk<iS(N+1)(k+1),0£k<N
and

y(T)=sup{| f&I g, I/ &), lgs)l, 1;0Ss< T}

Therefore
[<G: () u @Y (f) je(yo) v @Y (8)) — U @Y (f), ju(xoV0) v® Y ()|
S(N+1)?@N+1)9(T) § max {[<jy(v;(xo)) u @ ¥ (f), js(v;(yo) v @ ¥ (2)>
[}

—u® Y () js(ilxo) vi(yo) v @Y (@)D]; 0=4, jS(N+1)*} ds
SN+ 12QN+ )T [ ooe | max{G O, ... i, (xo))
0 1]
: u®‘//(f)ajr,.("jn---le(yo))v®‘p(g)>
“<u®l/’(f);jt,.("i,. "'vi1(x0)vjn ---le(yo))
o@Y(@D): 0=, f S(N+1)%, 0Sk<n}dt,...dt

S(N+1*QN+D)p(T)" ... nj_lmax{”]},,(vi,. oo Vi, (%))
0 0
U @Y () e, vy, - v, (YD v @Y (gl
+u@ YN e, Vs, -+~ Viy (X0} v, -+ 5, (¥0))
0@y @) i, Kk S(IN+1)?, 05k<n}de" ... dt,

S(N+1?*QN+D)y(M)Y [ ... | max{M, v ... v, (x0)l
0 0

: ”u“Mg,T”Vj,.---le()’0)|| o]
+||u®‘//(f)||Mg,T”Vi,.---Vil(xo)"j,.--~Vj1(J’0)||3
0=, hS(N+1)%,0Zk<n} de, ... dt,
S(N+1?@N+1)y(T)(max {1, M?})

2 Tn
xoll Tull Iyoll ol (Mm+e“f” " Mg,r nz)' =

Letting n — oo in (5.2) the r.h.s. tends to zero and so

G uRY (), je(yo) v @Y (8)> =<u @Y (), ji(Xo o) v® Y (2)>
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and so by linearity for any h,, h,e Hy,® G

X8 by, ji(yo) ha = <hys ji(Xo Vo) B (5.3)

L
For an arbitrary non-zero element h= ) u;®y/(f) of H,® G we have that

for0=Zt=sT =t

e (x0) 1 2= Ge(x0) h, jo(x0) B
=<h, ji(x§ x0) B
< [l lje(xE xo)

SRV (g x0)>" RIHZT

L 1/2n
< k)1 ( S ik xo)™) uiw(fi)u)

i=1

L 1727
<[k (z M, 7 ] ux:';xo||2)

i=1

L 1/2n
— 1 ol 3 M)

i=1

Letting n— o0, the rhs. converges to [Bl% %02, therefore ||j,(xo)ll < 1xoll K-
As Ho®G is dense in H, this implies that j,(x,) can be uniquely extended
to a bounded operator on H with bound less than or equal to |x,}. From
(5.3) and continuity of inner products, we deduce that j, is multiplicative.

We now have all the information required and state it as a theorem.
Theorem. Given structure maps yi: A —A, 01, j< N satisfying

(1) Linearity

(2) 1 (xE)* = pi(xo)

(3) H1)=0 .

(@) B (xoyo)=rilxo) Yo+ XoHi(yo)+ 3 Hil(xo) H5 (Vo)

k=1

(5) lujxo)l <M x|
there exists a unique family j=(j;t20) of identity preserving contractive *-
homorphisms from A to B(H) such that:

(1) Jolxo)=xo® 1
(2) x=(x(t)=j.(xo) is an adapted process
(3) j satisfies the stochastic differential equation

djo(x) = (1 (x0)) AM]
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Proof of Uniqueness. If j/ is another such family then as in Proposition 4.1

1Ge(xo) —js(xo) u @ Y (NI

S(N+1P(N*+3N+ Do) | ... [ max{[[j,(u ... wir(xo))

0 ]

—j;(uj.:...uj-;(xo))u®|//(f)||2:OSik,jk<N1SkSn}dt ..dty

SN+ 1*(N*+3N+1)a(T)*'e r L 2M2"on|l lu®y(NI?

as n— o r.hs. -0 80 j,(x0) =j;(x,) this is true for all x, and ¢, so j is unique. []

6. Unitary Diffusions

Let o, «, 7 defined in Sect. 3 be given by

o (xo)
=Wxo@IW* a(xq)=Lxo— WxoW*L, t1(x¢)= — (L' Lxo — 2L Wx W*L)

+i[H, x,4]
where W is a unitary member of A® My, LeA® €V with L' being the corre-
spondmg element of A®(EN * and H a self-adjoint ¢lement of 4. Writing W

Z L;®E{and L= Z L ®e; define L; by

i,j=1 ) i=1
Wi—6i1 1<i,jEN
L 1<i<N,j=0
N
i — i pix <j<N.i=
LJ: IEIWIL 1:J=Nal 0
N
lH—%Z J*Lj l:O:J
i=1

These satisfy the following equations
. . N
L+ ¥+ Y I*Ik=0
k=1

N
L L+ Y L =0,

k=1
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These are an N-dimensional generalisation of the unitarity conditions given
in Sect. 7 of [3]. Similarly the stochastic differential equation

N
dU:U( 5 Lide{), U©)=I

i,j=0

will have a unique unitary solution. From which we can describe the diffusion
j with ¢, o and 7 as above by

Ji(xo)=U(6) xo U*{t),
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