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Summary. Let {X,}* , be a sequence of iid. random variables having
continuous distribution F(x) with E|X|"**< oo for some positive integer [
and for some ¢>0. It is shown that for any fixed integer N =0 the sequence
of moments of record values {E(X L(n))’}ff: ~ characterizes F. Furthermore,

this result is applied to the weak convergence of continuous distributions.

1. Introduction

Let {X,};2, be a sequence of independent and identically distributed (i.i.d.)
random variables having continuous distribution F(x). Define the sequence of
record times {L(n)}> , by L(0)=1 and L(n)=min Ul1X;> X1y, J>Ln—1)},
nz1. Then the sequence {X, .} , is called the sequence of record values of
{X,};> . For applications of record values see Glick (1978) and the references
in Gupta (1984).

Recently, Kirmani and Beg (1984) proved that for any fixed integer N =0,
the set of expected record values {EX,}~ , characterizes the continuous
distribution F(x) provided E|X|P< oo for some p>1. In this note, we extend
the result above to the higher-order moment case (Theorem 1), and then study
the relationship between the weak convergence of continuous distributions and
the convergence of moments of record values (Theorems 2 and 3).

2. Lemmas
In order to prove the main results in Sects. 3 and 4, we need the following
lemmas.

Lemma 1. Let X be distributed by a continuous distribution F(x) with E|X|°< w0
Jor some s>0, then E|X,|"<co for all r€(0, s) and n=0.
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Proof. Define the inverse function of a distribution F(x) by F~'(¥)
=inf{x| F(x)=t}, t(0, 1). Since

[ 1y
EIX 0l =7 (1101 (log 1 ) ar

(Nagaraja 1978 or Kirmani and Beg 1984), we show by Hoélder’s inequality
that for all r€(0, s) and n=0,

1 1 n
[IF=Y(@)r (log —) dt
0 1—1¢

1 L ris (1 1 \nsls—r) (s—r)/s
<{fIF- (t)|sdt} j(log 1—_7) dt}
0 0

< (s—r)/s
:(E|X|s)r/s{j' xns/(s—r)e_xdx}

0
:(E|X|S)r/s{[’(ns/(s—r)+1)}(S—r)/s<OO'

For the case s>r=1, Lemma 1 reduces to a result of Nagaraja (1978,

Lemma 1), and for the case r:]/g >1, it reduces to a result of Kirmani and
Beg (1984, p. 464).

Lemma 2. For continuous distributions F and G, F=G iff (F~1(0))=(G (1))
a.e. (almost everywhere) on (0, 1) for some positive integer L.

Progof. Since the necessity is trivial, we only consider the sufficiency. For odd
integer [ the result is also trivial. For even [ the result follows from the crucial
point that the inverse function of a continuous distribution is strictly increasing
and left continuous on (0, 1).

n=0

[N
Lemma 3. For every p>1, the sequence of functions {(log 1—)} is com-
plete in L, (0, 1). Namely, if f€L,(0, 1) satisfies —t

1 1 n
50 (log T—?) dt=0, n=0,1,2, .., ()

then f(t)=0, a.e. on (0, 1).

Proof. It is known that the sequence {x"e *},° , is complete in L,(0, o)
(Goffman 1965, p.193). In fact, by similar argument we can see that the
sequence is complete in L,(0, co) for every p>1, and hence for every 1>0, the
sequence {x"e” "} is also complete in L,(0, cc). Thus if feL,(0, 1) satisfies
(1), then

[ fl—e ™y e P xre=P=D3Pdx=0, n=0,1,2,.... )
[¢]

Let g(x)=f(1—e ") e ™7, xe(0, ). Clearly geL,(0, ) and hence by (2), g
vanishes a.e. on (0, o). Therefore, f(1 —e™*)=0, a.e. on (0, o) or, equivalently,
f(6)=0, a.e. on (0, 1). The proof is complete.
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3. Characterizations of Continuous Distributions
We now extend the result of Kirmani and Beg (1984) to the following

Theorem 1. For any two fixed integers N =0 and [>0, the sequence of moments
of record values {E(X L(n))’},‘f: ~ Characterizes the continuous distribution F(x)
provided E|X|'"¢< oo for some £>0.

Proof. Let Y be distributed by a continuous G with E|Y|'*¢< cc and E(XL(,,))’
=E(Y,,,) for every n= N. Then

0= E(XL(n))l - E(YL(n))l

1 n—N
=4jh (log——t> dt, n=N, N+1, ..., 3)

where h(t)=[(F () — (G~ ()1 (log 1—}_;>N Note that p=(+3e)/l>1 and

that E|X|'** and E|Y["*® are both finite, thus heL,(0, 1) by Hélder inequality.
Therefore, by (3) and Lemma 3, h(t)=0, a.e. on (0,1), and hence (F~1(t))}
=(G~ (1)), a.e. on (0, 1). The desired result follows from Lemma 2.

4. Weak Convergence of Continuous Distributions

In this section, we shall apply Theorem 1 to the weak convergence of con-
tinuous distributions. Let X, XV, X'® ... be a sequence of random variables
having continuous distributions F, F;, F,, ..., respectively. Recall that the

sequence {F,}°_, converges weakly to a continuous F (denoted by ij_w—’;» F)
iff Fm(x)m F{x) for every xe(— oo, c0) (Billingsley (1968)). We first consider
the necessary condition of the weak convergence of {F,}>_, (Theorem 2), and
then the sufficient conditions (Theorem 3).

Theorem 2. If Fmrwoo) F and E|X‘”‘)|’+£——> E|X|"**< o for some positive
integer | and for some >0, then E(Xg'g,)) — E(X ) for all n20.

Proof. Note that Fmrwq; F implies F ! O)—— F~1(t), a.e. on (0, 1) (Serfling
1980, p. 21), and hence by the assumptions,

JIE @) —F = @0)*+ " dt——0 (4)
0

(Royden 1968, p. 118). Now, for all n=0 and for all m sufficiently large,
l (X(L','&))l L(n))l |
1 n
< LI OF = @) (log = | de

H(l+¢€)

g
1 /
én— {j‘ |(F l(t l(t))l|(l+s)/ldt}
T+ + D)0 — >0,
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in which the second inequality follows from H&ider’s inequality, and the last
assertion from (4).

Theorem 3. Assume that {E|X™|'*5}*_, is bounded for some positive integer
I and for some >0, and that E(X(,f’(‘z,))’m u, for all n2N =0, where N is
a fixed integer. In addition, the distributions {F,}%_, are equicontinuous.
Then there exists a random variable X distributed by a continuous F such that
Fm—m—j? F and p,=E(X ) for all n2 N.

Proof. The boundedness of the [+e&-th absolute moments of {X™}*  implies
(Loéve 1977, p.186) that each subsequence {F,} of {F,} contains another
subsequence {F,.} converging weakly to a distribution F, say, obeyed by a
random variable X. Since {F,.} are equicontinuous, F should be also con-
tinuous {see Royden (1968, p. 178)). Further, applying the well-known Moment
Convergence Theorem (Chow and Teicher 1978, p. 254) we know

E'X(m”)ll+s/2 — E|X|l+s/2’

and hence E(X L(n))l: u, for all n=N by Theorem 2. This means that each
converging subsequence of {F,} has the same limiting continuous distribution

F(x) by Theorem 1. Therefore Fan—j? F and E(XL(,,))lz,un for all n=N.

5. Remarks

Let X, ,=X, ,=...£X,, be the order statistics of iid. random variables
{X}»_, from any distribution F(x) with finite mean. It is known (Huang 1975)
that the set of expected maximal order statistics {EX,, , }2, characterizes F if

Y 1/n=c0 and O<n;<n,<... (5)
j=1

It is natural to ask whether the result of Kirmani and Beg (1984) can be
extended to a subsequence {EX, }72 , where {n;}2 , satisfies (5). The answer
is negative due to Lin and Huang (1986). They also point out that the result of
Kirmani and Beg (1984) cannot be extended to a wider class of distributions
containing discrete case.

On the other hand, the set of all even moments of all order statistics

{(E(X, ) Inz1,1<k<n,1=2,4,6,8,...}

cannot characterize distribution F due to the following example: Let P(X=1)
=P(Y=—1)=1, then E(X, ,J=E(Y, )'=1 for all k,n and even I. Hwang and
Lin (1984 a) proved that for any fixed even I, the set

(EX}O{E(X,, ,)}? G

Jj=1

characterizes any distribution F with EX'<oo, where {n}%, satisfies (5).
However, the mean EX in (6) is redundant for characterizing continuous
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distribution. This is a simple application of Lemma 2 and Miintz-Szasz Theo-
rem (Hwang and Lin 1984b).
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