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Summary. Let X,eR? be the solution of the stochastic equation dX,
=b(X,)dt+0o(X,)dW,, where W, denotes a standard Wiener process. The
aim of the paper is to clarify under which conditions the drift term or the
diffusion term is of negligible significance for the long term behaviour of
X,.

I. Introduction

In this paper we present several results which may be useful for judging the
long term behaviour of diffusion processes. The object of this study is some
R‘valued diffusion X, =0, given by the stochastic equation

(1.1) dX,=b(X,)dt+o(X,)dW,,

where W,, t 20, is a standard Wiener process in IR". We assume that the vector
b(x) and the d xn-matrix o(x) are uniformly Lipschitz continuous functions
of xeR% Then, given X, (1.1) has a unique solution in the Ito sense, which
does not explode in finite time. (See Durrett (1984) for the relevant facts about
stochastic integration.)

In order to obtain information on the long term properties of X, one might
think of trying to compare X, with other processes, which possibly are easier
to analyze. An obvious candidate here is the deterministic process x,, t=0,
given by the ordinary differential equation

(1.2) dx,=b(x,)dt.

It would be of great use to know not only, when X, and x, show the same
kind of behaviour, but also, when the properties of both processes differ substan-
tially from each other. Apparently the latter will occur, if the behaviour of
X, is close to that of the diffusion Z,, given by the stochastic equation

(1.3) dZ,=c(Z)dW,.
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Let us introduce the diffusion matrix
a(x)=o(x) a(x)".

It is natural to conjecture that X, and x, have similar properties, if there is
little noise in the system in the sense that a(x) is small (with respect to b(x);
recall that a(x) measures the amount of random oscillation at point x). If on
the other hand a(x) is large, one would expect that X, and Z, are close to
each other. Now the results of this paper suggest that these two domains adjoin
each other. To be more precise let us introduce the extremal eigenvalues of

a(x)

Amax(X)=max {Ta(x) &,
HE!

Fmin()= min £¥a(x) .

(¢ denotes a d-dimensional column vector.) We conjecture that X, and x, have
similar properties, if the low-noise condition

(1.4) Amax (%) =0(1x]-|b(x)]),

as |x| - oo, holds, whereas under the high-noise condition

(1.5) ] [b(0)] = 0 (Amin (X))

we expect that X, and Z, behave similarly. The aim of this paper is to provide
some support for these conjectures.

Of course not every diffusion of interest belongs to the domain, covered
by (1.4) and (1.5). Prominent examples are the solutions of the one-dimensional
linear stochastic equation

dX,=b-X,dt+c-X,dW,

with b, selR. The higher dimensional versions of this equation are fairly difficult
to analyze, both the drift and the diffusion component contribute significantly
to the properties of the corresponding solutions (compare for instance Arnold
et al. (1986)). In the light of our conjecture this is not difficult to understand:
These linear models are located on the border of both domains defined by
(1.4) and (1.5).

The paper is organized as follows: In the next section we prove some results
for certain diffusion models, which belong to the low-noise class (1.4). It turns
out that not only X, and x, possess similar properties but also Y, and x,, where
Y, denotes the Stratonovitch solution of (1.1). This is not surprising. If the noisy
part is on the whole negligible, then it does not matter, how the noise is added
to the system. In Sect. 3 we analyze models which satisfy (1.5). Here our strategy
is as follows: We construct a bijection u: R? »R? such that the drift term
of u(X,) vanishes. More precisely we like to achieve that

(1.6) du(X)=1(X)dw,
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for | X,|= C and a suitable C >0, furthermore
u(x)~x and Du(x)~E,

as |x| — co. Here Du denotes the Jacobian of u and E the identity matrix. From
Ito’s formula t=Du-o. Since by means of the chain rule

du(x,)=Du(x,)-b(x,) dt,

it is fairly obvious in view of (1.6) that in general u(X,) and u(x,) will behave
completely different. Since u(x) ~ x, this translates to X, and x,. Our main conjec-
ture is that just a slight strengthening of (1.5) is sufficient for the existence
of such a mapping u. In Sect. 3, which contains the main results of this paper,
this will be discussed in detail. In the appendix two auxiliary analytical lemmas
are proven.

Notational Conventions. All vectors are column vectors. The transpose of a vector
(or a matrix) & is written as £7. x, y, z always denote elements of R% |- is
the Euklidean norm, <{-, - the ordinary scalar product. Further we denote
d/0x; and 9*/0x;dx; by D; and D;;. — For convenience we sometimes suppress
the index t in stochastic equations. Thus Eq. (1.1) is also written as

dX=b(X)dt+o(X)dW,
or coordinatewise for every 1 <i<d

J=1

II. Some Results for the Low-noise Case

In this section we collect some resnlts supporting our statement that in the
low-loise case the properties of X, are determined mainly by the drift component.
For related results we refer the reader to Clark (1987), Cranston (1983), Keller
et al. (1984) and Pinsky (1987).

A. Fix Points and Stationary Distributions

Let us suppose that
{b(x),x><0 forall x=0.

Then 0 is a stable fix point of the vector field (b(x)). One might believe that
the diffusion X, should therefore have a limiting distribution. In general this
is not the case, however, under the following ‘low-noise type’ condition this
is true:

trace a(x)< —2<{x,b(x)>—¢
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for some ¢>0 and all |x| large enough is sufficient for having a stationary
limit. For the proof notice that

d)X|2=(2{X, b(X)) +trace a(X)) dt +2Y. X, 0, ,(X) dW,.

i,j

By assumption the drift term does not exceed —¢ for large | X|, which is enough
to guarantee the existence of a stationary limit. This is all well-known, so we
do not go further into it but refer the reader to the literature (compare Chapter
III, Th. 7.1 and Chapter IV, Th. 4.1 in Has’minskii (1980)).

B. Convergence of the Angular Process

Here we discuss a situation, where |x,/— co and x,/|x,| converges. We shall
show that in the low-noise case these statements remain valid for X,. Let us
introduce the decomposition

b(x)="b,(x)+bo(x)

of the drift vector, where b,(x) is the projection of b(x) onto the subspace generat-

ed by the vector x, ie.
X
b,(x)=<{x,b(x)} —7

x>

We assume
(A1) {x, b(x)>>0 forall |x|21,

(A2) there is a non-negative, monotone decreasing function h(t) such that
e}

] h(t)%<oo and, as | x| — oo,
1

Ibo(¥)=h(xDIb(x)  for |x|=1.

In particular |by(x)|=0(b(x)]). It is easy to show that |x,} diverges and x,/|x;|
converges, if | xo| = 1. In fact from d x,=b(x,) dt and the chain rule

(X, b(xD

1]

d
T |x,| = =|b,(x)| ~]b(x)l,

thus |x,| is strictly increasing and going to infinity. Further from (A 2)

d i_lbo(xt)lzo(h(lle) d Ix t)

dt x|l Ixd Ix,| dt

and from (A 2) the convergence of x,/|x,| follows. It turns out that these properties
are preserved, if a small amount of noise in added. We assume the following:
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(A3) As|x|— 0,
Amax () =0 (16 (x)| - |x]- h(|x])),
where h(t) is as in (A2).

Since h(t)=o(1), (A3) is slightly stronger than the low-noise condition (1.4).

For later use we mention that (A 3) implies
trace a(x)=0(|b(x)|-|x|-h(x]).

Proposition 1. Under (A1){A3), as t — o, almost surely |X,|— o0 and X,/|X,|
has a finite limit.

Proof. (i) From (A1) and (A2) {x, b(x)) ~|x|:|b(x)| for |x| = c0. Now |X,| > o0
follows from (A 3) and the well-known recurrence/transience criteria due to Has’-
minskii and Battacharya (compare Battacharya (1978)).

(ii) Define the function

v d
HO= [ he)S 120,
4
where h(s) is as in (A2). As shown in Lemma A1l in the appendix we may

assume without loss of generality that h is differentiable such that A'(t)
=0(t~ ' h(t)). From Ito’s formula

h(X 1 XWX XTa(X)X
dH(|X])=— |g{lj)(<X,b(X)>+2tracea(X) (1—‘—2—' hé’X]';) &(P) )d

_h(xy)

XP 2 ZX, 0,;(X)dW,.

(If H(|x|) is not smooth enough at x=0, modify it suitably in a neighbourhood
of 0. This has no effect on our conclusions.) Since <x, b(x))> ~|x|-|b(x)| for large
|x], from (A 3) with a suitable ¢ >0

H(X, |)<c—— f ROX ) Ib(X Dl 5 |X S

Zc+5;,

where S, denotes a stochastic integral. Now with probability 1 either lim inf S,
= —o0 or S, has a finite limit. (For a proof recall that any stochastic integral
is, up to a change of time, a Brownian motion.) The first alternative is excluded
here in view of the above inequality, since H(|X,])—0 as., as t— co. Thus,
S, has as. a finite limit, and, using the above inequality a second time, we
conclude that

2.1) jh(|X| b Ith<oo as.
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(iii) Let us denote B;(x)=0;;,— i ,xz , where d;; is Kronecker’s symbol. P(x)

=(B;(x)) is the projection matrix onto the subspace of dimension d— 1, which

is perpendicular to the vector x. Some calculations, involving Ito’s formula,
yield

X _ bo(X)
. ="
2.2) dIXI X t+ |X| (X)’dW
X XTa(X)X c(X)
+~2(X13(3“1X(2 tracea(X))dt+2in dt.

Here t(x)=P(x) o(x), c(x) is the vector with components

c(x)=ef a(x) ei+m~(ei+i)2(x (e e ’)

[x(* [x]

and e; is the unit vector (8,5, ..., 8;)7. The i~th component of the stochastic
integral in (2.2) has the quadratic variational process

fau(X)lez,

where d(x)=1(x) 1(x)T = P(x) a(x) P(x)". Since P(x) is a projector, the maximal
eigenvalue - of d(x) is not bigger than that of a(x), therefore, using (A3), d;;(x)
=e! d(x)e; is of order O ((b(x)|-|x[-A(|x])). In view of (2.1)

j Gi(X)——5<oo as.

IX l2

which implies the a.s. convergence of the stochastic integrals in (2.2). Further-
more, using (A2) and (A3), the length of the drift vectors in (2.2) are of order
O()b(x)}-|x|-h{|x])), and, using (2.1) again, we get the a.s. convergence of all
integrals on the right hand side of (2.2). Therefore X,/| X,| converges a.s. [

C. Rate of Divergence

We continue to study (X,) under the assumptions of the last paragraph. At
which rate does | X,| diverge? Let us assume additionally

{A4) There is a positive function f(t), t >0, such that for all |x|=1

<x, b(x) 2 [x[f(1xh>0.

Define the real function u,, t =0, by

du=fw)dt, u,=1.
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From dx,=b(x)dt it follows d|x,|=f(|x,]) dt, consequently, if |xo|=1, |x,|=u,
for all +=0. In the low-noise situation this essentially remains true for X,, too.

Proposition 2. Assume (A1}(A4) and let f(t)/t be ultimately decreasing. Then
with probability 1

lim inf X

t— w0 u,

>0.

If f()=0(),
y | X
im inf ——

t— o u,

=1

If we revers the inequality in (A4), the analog results for lim sup|X,|/u, are
valid.

Proof. (i) From Ito’s formula

(2.3) dlog|X|= |Xl2 (X, b(X))dt—i—lXIzZX i 0;(X)dW;
2|)1(| (tracea(X) 2%)61

Now from (A 3)

r ds
X7 000 X ige=0 [ H0X) 0015

(2.1) gives the convergence of the right hand side. The left hand side is the
quadratic variational process of the stochastic integral in (2.3). This integral
is therefore a.s. convergent, as t — co. Similarly from (A3) and (2.1) the last
integral on the right hand side of (2.3) converges a.s., as t— co. Thus from
(2.3)

log|X,|= [ <X, b(X, .
o8l ;=] < D et

where M, is a.s. convergent. Using (A 4), for any s<t¢

Xt X X 3
24) tog 21 _jog %l ;(fl(tX |D (0

)ds+Mt—Ms.

t

(ii) Assume now that lim inf|X,|/u,=0. Then there are numbers s, <t, <s,
< ... going to infinity, such that |X, |/u, <1/2|X, |/u, and |X,|/u,<1 for 5,<t
=<t,. Since f(t)/t is decreasing, we deduce from (2.4)

logi=M, — M .

Letting n — co we see that M, cannot converge at infinity. Thus lim inf| X,|/u, >0
almost surely, which is our first assertion. By the same kind of reasoning one
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can show that lim|X,|/u, exists almost surely on the event {lim inf|X,|/u,<1}.
This is useful for the proof of the second assertion. Thus assume now that
S@®)=o0(t). If lim,|X,|/u,<(1—z) for some £>0, in view of Lemma A2 in the
appendix

F(jﬂ@_f(us))dszoo.

o \ Xl ug

Applying (2.4) with s=0, ¢t = o0, we get

log(l—¢)—log X, 2 }o (f(IXSI) S

d M_—M
IX,| us>s+ Mo

0 0

thus M, — — o for t — co. Consequently the event {lim inf|X,|/u,<1} has zero
probability and the second assertion is proven. []

D. On the Stratonovitch Solution

Here we show that in the low-noise case our results carry over to Stratonovitch
solutions of the equations under consideration. We study processes (Y,) which
satisfy the equation

dY=b(Y)dt+a(Y)-dW,.

The - indicates that we are now considering the symmetric differential. (For
a discussion of the symmetric differential we refer the reader to the monograph
of Ikeda/Watanabe (1981), p. 100.) We need an additional assumption

(A5) Foralli,j, k,as|x|— o

(Ds 0,4 (x)2 =0 (M |b(x>|).

x|
Note that, since 6;,(x)* <a;;(x)=e] a(x)e;, from (A3)
(2.5) 7 1(x)>=0(|b(x)|-h(|x])- | x]),

in fact (2.5) and (A 3) are equivalent. Thus (A 3) and (A 5), though not equivalent,
are related.

Propesition 3. Under (A1)-(A3) and (A5), as t — o0, almost surely |Y,| — oo and
Y,/| Y,| converges to a finite limit.

Proof. This is much along the lines of the proof of Proposition 1.
(i) The equation for ¥, may be rewritten as the Ito equation

dY=b(Y)dt+0(Y)dW+31do(Y)dW
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more precisely

J k.j

In view of (A5) and (2.5) the additional drift term is of order O(h(|y|)-|b(y))),
thus, since h(f)=0(1), of smaller order than the drift vector b(y). Consequently
the transience criterion of Has’minskii and Battacharya applies as in the proof
of Proposition 1, and it follows | Y| - o0 a.s.

(i) Let H(t) as in the proof of Proposition 1. For the symmetric differential
the chain rule holds, therefore

h( Y1)
|Y|*
h(Y])

- __lﬂz_(<Y,b(Y)> di+3, Y;0,;(Y)dW)

(2.6) dH(|Y])=— KX b(Y)) dt+}, Y0,(Y)dW)

i

h
) Dk( “Iyz‘) %0 ,,(y))m o1y (¥)di

l]k

Using /' (t)=0(t~ ' h(t)), (A5) and (2.5) it is not difficult to show that

2y, 0) v 01=0( " ),

while from (A1) and (A2)

h(yD)

RTINS h('y”

Recalling h(t)=o0(1) we see that the additional drift term in (2.6) is small for
large |y| compared to the first term. Now a repetition of the arguments leading
to (2.1) leads to

[b)I.

v dt
Of Ib(Yt)I-h(lel)m< ©  as.

(iii) Using the chain rule we obtain for the angular process

Y by(¥)
dt+-—1(Y)odW,
¥ ”mf()

which for the i-th component translates into the Ito equation

A LS %)
LB Nt L R A Sl VA PO d ) . '

7 and e; are defined as in the proof of Proposition 1. Now it is not difficult
to check, using (A5) and (2.5) that the last term on the right hand side is
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of order h(|Y|)-|b(Y)|-|Y| ™ 'dt. Therefore we may conclude as in the proof of
Proposition 1 that all integrals on the right hand side of the above equation
converge, and Y;/|Y,| ~! converges a.s. Details are left to the reader. []

In much the same way the conclusion of Proposition 2 carries over to Y,
under the assumption of (A 1)+(AS5).

IT1. The High-noise Case

In this section we argue that the drift component has no essential effect on
the behaviour of X,, if there is enough noise in the system. Our approach consists
in the construction of new coordinates deviating insignificantly from the original
ones such that the system has no longer any drift in the new scale. Let us
develop our ideas in the one-dimensional case, which from a mathematical point
of view is pretty trivial.

A. The One-dimensional Case

Let us give an instance where the drift term has negligible influence. Consider
the real-valued diffusion (Z,) given by

(3.1 ’ dZ,=1(Z)dW,.

Let g(z) be some smooth increasing function such that
g(z)—1, as|z|->c0.

Then X,=g(Z,) obeys the equation

dX=b(X)dt+o(X)dW,
where
b(g(2)=4g"(z) t(2)%

a(g(2)=g'(2) =(2).

Since g(z)~z for large |z|, the long-term behaviour of X, and Z, are very much
alike. On the other hand b(x) depends highly on the local properties of g(x)
via its second derivative. Thus the drift term contains no relevant information
about the behaviour of X,. For instance, it makes little sense to try to compare
X, with the solution of the equation dx,=b(x,) dt, as we did in the low-noise
case.

Which are the diffusions X, which can be obtained from (3.1) by means
of a transformation g(z) as above? Note that, since g'(z) — 1, typically g"(z)
=o0(|z] "), as |z| = co. Then, letting x =g(z),

b(x)=o(z| "2 (@) =o0(lg(2)| "' o?(x))=0(x| "' a(x)),
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which means that we are just in the high-noise case. Not every diffusion belong-
ing to the high-noise class can be obtained from a diffusion of form (3.1) in
the described manner, however, we have the following result.

Proposition 3.1. Suppose that j b ()
e 0(x)
entiable function u(x) such that

1) u/(x)—+ 1, as |x| - 0,

i) for Z,=u(X,)

dx < 0. Then there is a monotone, differ-

dZ,=<(Z)aw, ifZ,1z1,

where t(u(x))=u'(x) o(x).

For the proof choose any function u(x) such that

u’(>c)=exp(}0 2ab(§;);) dy), if x=1,
u’(x)=exp(— [ 2—:(%)dy>, if x£-—-1.

Remarks
1) We can work out our argument further by adding a time change to
the scale change. Let

t 0.2(2)
= s d
pt 6“ Tz(Zs) Sa
Z,=Z,,

where Z, and t(x) are as in the above proposition. Then
dZ,=o(Z)dB,, if|Z,|=1,

where B, is a suitable standard Wiener process. If Z, has a stationary limiting
distribution then by the ergodic theorem almost surely

pe/t— j %g%

-

Y (x)dx,

where  denotes the stationary density. To treat the remaining case let us assume
that

o(x . X

L——>1 if |x|,]y|— o0 such that u—> 1.

a(y) %
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From the definition of t(x) we obtain o(x)/t(x)— 1, as x| — co. Furthermore
almost surely

VA B
Of 2(z,) Hlsn ds=o(t)

for any y>0, since we are in the case where Z, has no limiting distribution.
It follows p,~t a.s. Such a time change obviously has a negligible influence
on the behaviour of Z,. Altogether, by minor changes of time and space we
have achieved that the drift coefficient vanishes outside of a compact set, while
the diffusion term remains unchanged.

2) It is well-known that for any one-dimensional diffusion X, there is a
monotone function u(x) such that u(X,) has no drift component. Just define

b
W (x)=c exp( g a(S;) y)

Of course u(x) and x, ¢'(x) and 1 may be far apart from each other so that
our argumentation is not valid in general. — Note that v'(x)— 1, as x —» + o0,

can only be achieved, if | (b(y)/a(y))dy=0. Only in this case we can attain
that the stochastic equation formulated in Proposition 3.1 holds on the whole
real line.

3) For the (Stratonovitch) solution Y, of the equation

dY=b(Y)dt+0(Y)odW

Proposition 3.1 is not valid. Introduce the function

1= 10
0
and assume H(o0)= oo, H(— 00)= — 0. By means of the chain rule
b(Y)

dH(Y)=—"24d W,

(Y) (%) t+dw,
or, letting U,=H (Y), c(H(;Q):M,
a(x)

dU =c(U)dt+dW.

For this equation the Stratonovitch- and Ito-equation coincide. By a substitution

[ el dx= J 'b(x;'
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Thus, if {|b(x)] a(x)"! dx< oo, we may apply the conclusion of Proposition 3.1
to U=H(Y,). Again the drift component in the equation for U, is negligible
and, since H(x) depends only on ¢(x), this is true for the drift term in the
above Stratonovitch equation, too. The conclusion is similar as for the Ito equa-
tion, however, unlike circumstances in the low-noise case, the Stratonovitch
and Ito solutions in general behave differently.

B. The Higher-dimensional Case

We extend the type of result given in Proposition 3.1. Our main additional
assumption is the following uniform ellipticity property of the diffusion matrix:

(3.2) A=1lim sup A, (X)) Amin (x) < 00.

[x] = o

We are looking for a bijection u = u(x) of the R? onto itself such that the diffusion
u(X,) has no drift term outside some compact set. Let

L=1%Y a;;(x) D;;+ Y bi(x) D,
ij i

and denote by Du(x) the Jacobian of u at point x. Then from Ito’s formula
du(X)=Lu(X)dt+Du(X)-a(X)dW,

(the dot denotes matrix multiplication). We are thus loocking for bijections
u: R?— R such that

) @) lulx)—x[=o(|x]) and [Du(x)—E|=o0(1), as |x| - oo,
(E denotes the identity matrix),
(ii) There is a C>0 such that

Lu(x)=0, if |x|=C.
We conjecture that in the high-noise case such a transformation of the coordi-
nates can mostly be found.

Conjecture. If there is an £>0 such that
|x1* *#1b(x)| = O (Agmin (%))

(and if a(x) and b(x) are sufficiently smooth), then there exists a bijection u such
that (S) is satisfied.

In this section we develop two results in this direction. Note that, if we
multiply both a(x) and b(x) with some positive scalar ¢(x), then the high-noise
condition formulated in our conjecture is not affected. Also the problem (S)
is not changed since the operator L just turns into c¢(x)L. (Probabilistically
this corresponds to a random time change of X,.) In particular, choosing for
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instance 1/c(x)=A,;,(x) and recalling (3.2) we see that it is no loss of generality
to require strong ellipticity of L:

(3.3) There are numbers 0 < c, <c, < oo such that for all x
Cl é ’1min (X) é lmax (X) é cZ .
We need a certain amount of smoothness of the coefficients of L.

la;;(y)—a;;(2)| + | b;(y) — b;(2)] _

(34) Asr— o sup o(1).
Iyl Iz 2 ly—2|
Theorem 3.2. Let (3.3) and (3.4) be satisfied. Let
=2, if A<d—1,

a=14+Ai(d-1), if A=d—1.
If for some ¢>0,

(3.5) 1bOe)=0(x]~*7%),
as |x| — co, then there is a bijection u such that (S) holds.

In this theorem always a> 1. Since 412> 1, always o= 2, if the dimension d = 2.
The next result shows that it is not too much to hope that the conclusion
of the theorem above remains valid if (3.5) holds just for a=1.

Theorem 3.3. Let (3.3) be satisfied. Assume that there is a positive definite matrix
(a;j(0)) and some &> 0 such that

(3.6) bl =0(x|"179,
(3.7 la;;(x)—a;;(o0)| = O (x| %),

as | x| — co. Also assume that, as r — oo,

b;(y)—bi(2)]

(3.8) =0(rh2_8),
' bhizlzr Y2l
|la;;(y) —a;;(2)| .
(3.9) sup —H——L2=0@F"179.
bz Y—Zl

Then there is a bijection u such that (S) holds.

In the sequel we always assume d =2, the case d=1 being treated in Proposi-
tions 3.1. In the proof of these theorems we are mainly concerned with the
function v(x)=u(x)— x. Note that (S) translates into
() () lvx)=o(x]) and |Dv(x)|=0(1), as |x| - co.

(ii) Lo(x)=—b(x), if |x|=C>0.
The following lemmas deal with the solvability of this kind of Dirichlet-problem.
We start with an auxiliary result.
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Lemma 3.4. Let 0 < C <s and define
ty=inf{t: | X,|=C or | X,|=s}.

Under the assumptions of Theorem 3.2, if C is large enough, there is a D>0
such that for all s>C, C<|x|<s

E, [ |X,|7*7*dt<D,
0

where o is as in Theorem 3.2.

Proof. For every s> C let f(t)=f,(t), t=C, be the function given by
(3.10) fE)=f(C)=0

and
a\Ae—D+1-a-z2
1—(=
t

g\d—1)ji+1—-a—322
1—(=
t

where C <a<s is uniquely determined by (3.10). Note that f(t) attains its maxi-
mum in a. Now

S0xD 7
2]x|?

ttee , if C<t<a,

=

—tTemE , if a<t,

S'(xD
21x|

We estimate this function from above. To this end note that

Lf(|x))=

a(x)x+

(trace a(x)—|x| ~2xTa(x)x +2{x, b(x))).

trace a(x) Z(d—1) Ay (x)+]x] 2 xTa(x)x,

since Apin (%) <|[x| "2 xTa(x)x. In view of (3.3) |x] "*xTa(x)x=c,, thus from (3.2)
and (3.5), if C is large enough

trace a(x)—|x| "2x"a(x)x +2<{x, b(x)><(/1(d D+ )|x|’2xTa(x)x,
if |x|=C.

If C £{x| L a, this entails

Lf(lxl)< IxI” ZxTa(x)x<f"(|x|)+a(d_1)+ 2L (|x|))

|x]

1
< 56 [Ad—1)+1—o—gf2]-|x|7* 7"

Similarly check that for |x|=a

trace a(x)—|x| "2 xTa(x)x +2<{x, b(x)> Z((d—1)/A—¢&/2)|x| " *xTa(x)x,
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therefore we obtain for |x|= a the estimate

Lf(lxl)éé lxl_ZxTa(x)x(f”(lx’)+((d_1)//1_8/2)f’(|xl))

Ix]
1

< — S eulld—1/A+1—a=30/2] x| 77"

Altogether, if ¢>0 is so small that the factors on the right hand side in both
estimates of Lf(|x|) do not vanish there is a ¢>0 such that

|x|7*7* < —cLf(Ix), if |[x[=C.
By means of Ito’s formula

df | X)=Lf(X|)dt+d(martingale),

and from the optional sampling theorem and (3.10), if C<|x| <5,
E, f [ X | *7*dt< —cE, jl Lf(IX,|)dt
0 0

=cE,(f(Xo)—S(X.D)
=cf(Ix)=cf (a).
For the proof of our assertion it remains to show that f(a) is bounded uniformly

in s. If now a=1+A(d—1), we obtain by means of a partial integration and
(3.10)

fla)= jaf’(t)dt= j A=) E2 (e g me2)
_ g/2
CAd—1)—14¢/2

1
Ad—1)—1+¢2

a
j‘ (C—).(d~1)—s/2+1_t—/l(d~1)—s/2+1) t—l—s/ldt
C

—Ad=1)=g2+1, 82

IA

If on the other hand A<d—1, =2 and ¢>0 is so small that (d—1)/A+1—«
—3¢/2>0, then in view of (3.10)

f(a): - ffl(t)dtéftl—a_sdté j‘o t‘l*adt,
a a ¢

and the lemma is proven. []

Lemma 3.5. Let g: R > IR be such that for some £>0

g(x)=0(x|~*7),
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as | x| — oo, where o is as in Theorem3.2, and

lg()—g (@)l —o(1)
lizzr Y=
as r— 0. Then, under the assumptions of Theorem 3.2, if C>0 is large enough,
there is a function @ such that

1) Lo(x)=—g(x),if |x|=C,
i) [p(x)|=C, if |x]=C,
iil) for all 1Zi<d |D; o(x)|=0(1), as |x| - 0.

Proof. Without loss of generality let g(x)=0 for all x. Let 0 <C<s and 1, as
in Lemma 3.4. As is well-known

@s(x)=E, | g(X,)dt
0
solves the equation

(3.11) Log(x)=—g(x)

on the domain C<|xj<s. In view of (3.5) and Lemma 3.4 ¢,(x) is uniformly
bounded in s> C and C £|x|Zs. Furthermore, since g(x) =0, ¢,(x) is increasing
in s. Thus, letting s— 00, @ x)]@(x), where ¢(x) is a bounded function on
the domain |x|= C. Tt is well-known that ¢ solves (3.11), too. For the reader’s
convenience we give a short probabilistic proof. Choose x such that |x|>C
and define A,={y: |y—x|<|x|—C}. Let ¢ be the unique continuous function
on A, udA, such that

Lp(y)=—g(y) forall yed,

and #=¢ on 0A,. Then L(p,—®)=0 on A,. Letting p=inf{t: X,€04,}, for
any ye A,

If s —» o0, the right hand side converges to zero, thus ¢ =¢ on A, and assertion
i) of the lemma follows, whereas ii) is valid by construction. In order to prove
iii) we utilize Schauder’s a priori bounds for partial differential equations. Let
0<r(1)<t/2 be some function going to infinity and let B, be the ball of radius
r(Ix|) around x. Using the notation of Theorem 6.2, p. 85 Gilbarg/Trudinger
(1977), in view of (3.4)

a; —a.(z
@16 ;5. <7 (x]) sup a,0) ~ a;,(2)
¥,2€Byx | - |

=o(1),
as |x| — oo, if only r(f) goes to infinity slowly enough. Similarly

b.()—b.
bl Sr(x)? sup BN

o y,z€Bx l - |

=o(1).
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Therefore the a priori bound given in the cited theorem (with a=1, Q=B,)
holds uniformly over all balls B, such that |x|=1. In particular there is a ¢>0,
such that for |x|=1

Ig(y)—g(Z)I).

r(|x)\D; go(x)léc(sup lo)+r(Ix])? sup |g)|+7(x)* sup .

yeBx yeBy V,2€Bx '

By the assumptions of the lemma and since ¢ is bounded, the right hand side
is a bounded function of x, if #(¢) is going to infinity slowly enough, and assertion
iil) is proven. []

Next we treat the case of the Laplacian.

Lemma 3.6. Let g: R - IR be Lipschitz such that for some 0<g<1, as |x| — o,
(3.12) gx)=0(x| 79

and, as r — o0,

(3.13) sup lg(y)—g(2)]

=0(r"?79.
bhizzr V2

Let w, denote the volume of the unit ball in R? and define for x, yeR?

Ix, y)= —(4m)~ ! (log|y — x| —log| y|), if d=2,
’ Qdd—Dw) (y—x|>"*—|yl*?79, if d=3.
Then
o(x)= | I'x,y)g(»dy
R4
is well-defined. Furthermore
i) dp=—g,
ii) @()=0(x'"%,
iii) D; p(x)=0(x| ),
iv) Dy o(x)=0(x|"'79,
v) sup \Dij(P(y)—Dijqo(z)l:O(r—2—s)‘
bl fzlzr ly—z|

Proof. Let B,={yeR?: |y|<}|x|}, C.={y: ly—x|<3}|x|}. If y¢B,LC,, some
simple geometric considerations yield |y|/3<|y—x|=<3|y|. By the mean value
theorem
lly—x|>~4=y|> 9= (d—2) 3 x||y|* ¢
and
llog|y — x| —log|yll = 3{x||yl.
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Thus for suitable c;, ¢, >0, by means of (3.12)

[es]

j. IF(x=y)g(y)|dy§01|XI I ly|_d_sdy=czlx| j t“l—sdt

Ré—-B,uCy Rd—-B, 1xl/2
=0(x|' 7).
Next, since 0 <e< 1, by means of (3.12)
x|
Fly—=x>"=yI> Y gldysce, | 1yPgWldyse, | t75dt=0(x|"7%).
4]

x By

In the case d=2, since |y| < |y—x|Z2|x| for yeB,,

J Wogly—x|—logh gl dy= | log Y - X 20)l dy

Bx

2{x| i |x|

= j Iy|7! *log = 7l dy=c, j t ElOg dt=0(x|' 7).

Similarly one estimates { |I'(x, y) g(y)| dy. Altogether
Cx

§IT(x, ») g dy< oo,

thus ¢(x) is well-defined. Also ii) follows from our estimates. Next define

@s(x)= | T'(x,y)g(y)dy.

Bx

fd=3
P(x)=2dd—1)wy) ™" [ ly—x*>"*g(y)dy+Ds;,
B

where D, is a constant depending only on s. By classical results from potential
theory (Lemma 4.2 in Gilbarg/Trudinger (1977)) 4 ¢ (x)= —g(x) for all xeB;,
further from the estimates above

o) =@ | 1My g0)dy=clx| 171 *de.

Rd - B s/2

Letting s —» 00, @, — ¢ pointwise, uniformly on compact sets. A theorem of Har-
nack (Theorem 2.9 in Gilbarg/Trudinger (1977)) implies that 4@ = —g, and i)
follows. The case d=2 is treated similarly. To prove iii}-v) we use again Theo-
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rem 6.2 of Gilbarg/Trudinger (1977) (with 2=C, and a=1). In particular we
obtain from (3.12) and (3.13)

D..o(W—D..
xIIDs @0l + 1P 1Dy o +1x? sup  (Pu®W)=Dy ()

Iy = xl, 12— x| < |xI/4 ly—z]

gc(sup 0O+ 1x[% sup [g0)] + |x sup |~g(y)—_g‘(i)')=0(|xtl—8),

yeCx yely y,26Cy [ - I

and iii}-v) follows. [

Lemma 3.7. Let (3.6)3.9) be satisfied for some ¢ >0, also (3.12) and (3.13), where
g(x) is as in Lemma 3.6. Then there is a C>0 and a function ¢ such that

i) Lo(x)=—g(x), if [x|=C,
i) ¢(x)=o(x]),
iii) D, ¢(x)=o0(1).

Proof. Without loss let 0<e<1. Applying a linear transformation to IRY, we
may assume that a;;(c0)=0;; in (3.7) (6;; is Kronecker’s symbol). Let ¢; be
the solution of the equation $ 4 ¢, = —g, as given by Lemma 3.6 and let

g1(x)=%) (a;;(x)— ;) D;; ¢, (X) 4 bi(x) D; ¢4 (x).

L i
In view of Lemma 3.6 iii}-v) and (3.6)+3.9)

g1(x)=0(lx|~' ),

1g:(y)— 8. ()] —0(22
bhizizr  1y—2 ’

as well as
p(x)=o(x])y D;pi(x)=0(1).

Iterating this procedure we define ¢, and g, such that

FA0=—gr-1,
g=(L—%4) ¢y,

with g, =g, thus

Loy=gr—gk-1,
g (x)=0(|x| "1 7** e,

sup |22 () — g (2)l =0(r—2—(k+1)s)’

phizizr 1y —2l

pe(x)=o(x)),  D;@(x)=o0(1).
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In view of Lemma 3.6 we can continue this construction as long as 1<k<n,
where n is such that ne<1<(n+1)e. (By choosing an irrational ¢ we exclude
the possibility ne=1.) In particular

gn(x)=0(x]"*79)

where é=(n+1)e—1>0. Now note that, since g;;(o0)=4;;, 4, as given in (3.2),
is equal to 1. Applying Lemma 3.5 with a=2 we sece that there is a function
¥n+ 1 such that

Los1(X)= —gulx)  for |[x[2C>0,
|@us 1 (N=C,  Di@uy1(x)=0(1).
Now define p=¢,+ ... + ¢, 1. Then for |x|=C
Lo(x)= 3. (gc—8k-1)(x)—gn(x)= —g(x).
k=1
By construction ¢ (x)=o0(x|) and D; p(x)=0(1). ]
Lemma 3.8. Let ¢(x), |x| =1, be a realvalued C*-function such that
p(x)=o(x)), D;p(x)=o0(1),

as |x| - oo, and let >0. Then there exists a c=1 and a C*-function : R - R
such that

yx)=o(x), i |x|zc,
ID; (%) 26, forall x.

Proof. We construct ¢ by mollifying ¢. Define ¢(x)=0 for all |x|< 1. Choose
a C2-function M (x) such that M (x)=0 for all |x|>1/4 and

[M(x)dx=1.
Let p: [0, 1] [0, 1] be a C*-function such that
p()=1 forall 0=t=<1/2,
0<p()<1 forall 12<1<1,
p()=p'(1)=p"(1)=0.
Let ¢ >4. Now define
Yyx)=[ex—cyp(x|/c) M(y)dy

=p(|x|/c)“’jqo(cz)M(:{lcxl—/j))dz, if |x]<e,

y(¥)=ox), if [x]2c.
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If now x, — x, |x,| <c, |x|=c, then

Y (x,) = [ox) M(y)dy=o@(x),

since p(1)=0. Consequently y is continuous everywhere. From the second inte-
gral representation it is clear that y(x) is a C>-function in the domain |x|<c.
Let us estimate the partial derivatives. First we consider the case |x|<c¢/2. Then
p(|x|/c)= 1, therefore from the second integral representation

1
Dy (x)=f " o(cz) D, M(x/c—z)dz.
Taking absolute values we obtain

|D; W(x)|<sup;l<p(y)l supID M@yl | dz

[vise lzl=1/4
Since by assumption ¢(x)=o(|x|),
[D;y(x)=é forall |x|=¢/2,

if only c is large enough.
If ¢/2 <|x| <c, we utilize the first integral representation for . Since |y|<1/4
entails |[x—cp(|x|/c)y| = ¢/4>1, we obtain

Dy () sz(y)Dkqo(x—cyp(|x|/c»( W= el lyk)dy,

consequently

sup |D;y(x)|=d sup IDx ()] sup (1+|p'(@®)) fM(y)dy =0,

/2= x| <c 0st=1
IyI>C/4

if ¢ is large enough, since D, ¢(y)=o0(1) by assumption. Also, if x, is a sequence
such that x, - x, |x,| <c¢, |x|=c, then, since p(1)=p'(1)=0

D, '//(xu)—’ZjM(J’) Dy ¢(x) 6, dy=D; ¢(x).
k

Thus D, is continuous in the whole Euclidean space. Also it is clear by construc-
tion that sup|D;y| <4, if only ¢ was chosen large enough. It remains to show
that D;;y(x,) = D;; ¢(x), where x,—x as above. The proof is along the same
lines, differentiating the first integral representation of ¥ and using
p(1)=p'(1)=p"(1)=0. We lecave the details to the reader. It follows that D;;y
is continuous everywhere, thus i is a C*>-function. []J
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Proof of Theorem 3.2 and 3.3. In view of Lemma 3.5, 3.7 and 3.8 there is for
any 6>0a C>0and a C>mapping v=(v,, ..., v,): R? >R such that

Lo(x)=—b(x), if |x|=C,

lv(x)] = o(|x]),
D;vi(x)=o0(1),

|D;v;(x)|<é forall x.

Define u(x)=x+4uv(x). Then u(x) satisfies (S). It remains to show that u is a
bijection. From the mean value theorem, if § >0 is small enough

lp(x)—v()I= ) sup|D; v;(2)lIx—y|Sd?d]x—y| <|x—yl.

ij 7

Consequently u(x)+u(y) for all x=y such that u is injectiv. Next choose >0
so small that det(Du(x))=det(E+ Dv(x)=%0 for all x. Then u is a regular function
at any point x, consequently u is an open mapping. In particular, range(u) is
open. Next let yerange (u), y,erange(u) such that y, — y, and x, such thatu(x,)=y,.
The sequence (x,) has to be bounded since otherwise |y,| — oo along some subse-
quence. Without loss x,—x. Since u is continuous, y=u(x), ie. yerange(u).
We have shown that range(u) is both open and closed in IRY consequently
range(u) =IR" The proof is finished. [

Appendix

We prove two auxiliary results.
Lemma A1l. Let h(t), t=0, be a non-negative decreasing function such that

* dt
f h(t) T< 00. Then there exists a function k(t) such that
1

i) k(¢) is non-negative and decreasing,
i) k()= h(t) for all t =0,

iii) | k(t)%f< w0,
1
iv) k(t) is continuously differentiable and k'(t)=0(t™ ' k(t)), as t — o0.

t

Proof. Define j(f)=t"" | h(s)ds, t>0. Since h(¢) is decreasing, also j(¢) is decreas-
0

ing and j(t) = h(t). By a partial integration

T.od ° d
50 =) =i(e0)+ | b <o,
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t
Now define k(t)=1"1! j j(s)ds. By repeating our arguments we see that i)ii)
0

are satisfied. Moreover, j(t) is continuous, thus k() is continuously differentiable,
and, since j(t) £ k(t)

O JO_KO oo
tr Tt
Thus iv) holds. [J

Lemma A2. Let f(t), t=1, be a positive function such that f(t}=o0(t) and f(t)/t
is decreasing. Let u,, t 20, be the solution of the equation

du,=f(u)dt, up=1.

(f((l —u) [ (ut)) die oo

(1 - 8) U, U,

Let £>0. Then

Ol——;g

Proof. Define g(s)=e°f (¢*). Substituting u,= ¢’ in the above integral, we realize
that our assertion is equivalent to

gls—o) _
@b §( 56 I)d“’o

where ¢= —log(1—¢)>0. Note that g(s) is decreasing and going to zero by
assumption. We distinguish two cases:

1) Since g(s)=o0(1),

;o g(S( 869 4 I log g(s)ds— lim "fclogg@ds—
0

If now g(s—c/2)/g(s) — 1, as s > o0, consequently g(s—c)/g(s)— 1, (4.1) follows.

ii) Now assume that there are numbers ¢, <t, < ... going to infinity such
that g(t,—c¢/2)/g(t,)=1+J for some 6>0. Since g(s) is decreasing, g(s—c)/g(s)
=146 for t,<s=t,+c¢/2, and (4.1) is trivially satisfied. [

Acknowledgements. A major part of this paper emerged during a stay of the author at the University
of Wisconsin, Madison. The author likes to express his gratitude to Peter Ney and Tom Kurtz
for their great hospitality. — This project was partly supported by the DFG.

References

1. Arnold, L., Oeljeklaus, E., Paradoux, E.: Almost sure and moment stability for linear Ito equations.
Lect. Notes Math. vol. 1186, Berlin Heidelberg New York: Springer 1986

2. Bhattacharya, R.N.: Criteria for recurrence and existence of invariant measures for multidimen-
sional diffusions. Ann. Probab. 6, 541-553 (1978)

3. Clark, C.R.: Asymptotic properties of some multidimensional diffusions. Ann. Probab. 15, 985—
1008 (1987)



Asymptotic Properties of Solutions 211

4, Cranston, M.: Invariant o-Fields for a class of diffusions. Z. Wahrscheinlichkeitstheor. Verw.
Geb. 65, 161-180 (1983)

5. Durrett, R.: Brownian motion and martingales in analysis. Belmont: Wadsworth 1984

6. Gilbarg, D., Trudinger, N.S.: Elliptic partial differential equations of second order. Berlin Heidel-
berg New York: Springer 1977

7. Has’'minskii, R.Z.: Stochastic stability of differential equations. Rockviile: Alphen 1980

8. Ikeda, N., Watanabe, S.: Stochastic differential equations and diffusion processes. Amsterdam:
North Holland 1981

9. Keller, G., Kersting, G., Rosler, U.: On the asymptotic behaviour of solutions of stochastic differen-
tial equations. Z. Wahrscheinlichkeitstheor. Verw. Geb. 68, 163-189 (1984)

10. Pinsky, R.: Recurrence, transience and bounded harmonic functions for diffusions in the plane.

Ann. Probab. 15, 954-984 (1987)

Received June 14, 1988; in revised form March 3, 1989



