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Summary. Given a stationary, ¢-mixing triangular array of Banach space
valued random vectors whose row sums converge weakly to an infinitely
divisible probability measure, necessary and sufficient conditions for the
validity of the corresponding invariance principle in distribution are given.

1. Introduction

Let {X,;}={X,;:j=1,...,j,, neN} (N is the set of non-zero natural numbers)
be a triangular array of B-valued random vectors (r.v.’s) defined on a common
probability space (2, o7, P); here and throughout the paper, B denotes a real
separable Banach space with norm ||+ and it will be assumed that j, — oo as

k
n—oo. We shall write S, = Y X, ifk=1,...,j,.

=1

Assuming that {X .} is Jstationary and ¢-mixing (see the definitions below)
we give conditions which added to the weak convergence of {Z(S, i3 Gf X is
a random vector, £ (X) denotes its law) to an infinitely divisible probability
measure imply that the corresponding invariance principle in distribution (or
functional central limit theorem) holds; we also show the necessity of those
conditions. This is contained in Theorem 3.2 which gives an extension of a
well-known result for the independent case due to A.V. Skorohod [12, Theo-
rem 2.7]. For the proof of the sufficiency we adapt the method of [4] to the
dependent case; this is carried out by using an appropriate version of an
inequality in [4] (Lemma 2.3 below) and a certain maximal inequality ([7,
(3.5)]; [5, Lemma 3.17) together with some results of [9]; for the converse, we
use an inequality of T.L. Lai [6, (3.28)]. Let us remark that Theorem 3.2 seems
to be new even for the real-valued case; moreover, we give an example which
together with that result contradicts a statement which appears in the literature
(see Remark 3.4.4).

In the Gaussian case, Corollary 3.5 below generalizes both part of [5,
Theorem 2.13] (which deals with sequences of real valued r.v.’s with finite
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variances) and the almost sure invariance principle given in [9]; Corollary 3.7
generalizes Theorem 20.1 of [2]. See [5] and [7] for more information about
the Gaussian - even nonstationary - case; Herrndorfs work provided an
important stimulus for the realization of the present paper.

At the end of the paper we indicate an application of the results given here
and in [9].

Now we recall some definitions. If .#, 4" are two sub-g-algebras of o/ we
will consider the coefficients

P(ENF)

(]f’(.ﬂ, M)ZSUP{W

—P(F)‘: Ec.,Fe P(E)>O}

and
P(ENF)

VA A =sup {Wﬁ

. Eedl,Fe N, P(E)P(F)>0}
Given a triangular array {X,;:j=1, ..., j,, neN} let M) =c({X,;: j=h, ..., k})

for neN and 1=h<k<j, (if Z is a set of .v.’s, 0(#) is the o-algebra generated
by #) and define

¢(k)= sup  max (MY, M), ;) (keN),

nelN, jn>k 1ShSjn—k
Y¥= sup = max (MDY, ;).
neN, ju>1 12hZj,—1
Note that ¢(1)<1, y* < oo and {¢(k)} is non-increasing. It is said that {X,} is
¢-mixing if ¢(k)|0 as k—co; we will say that {X, } is stationary (has stationary
sums) if LXKy X =L X, 15 oo X o) (X, +. +X,0)
=L(X, o1t +X, (), respectively) for 1Sh<j,, 1£k<j, —h, neN. We
have similar definitions for a sequence and for a finite set {X, ..., X,} of r.v.’s;
k

in the last case, we shall write S, = Z X, for k=1,...,nand §,=0.
Jj=1
We denote by —~ the weak convergence of probability measures and by
— the convergence in probability of random vectors. Sometimes we shall write

E(X; A) for the integral of the r.v. X over the event A.

The space of functions from [0, 1] into B which are right-continuous on
[0,1) and have left-hand limits on (0,1] equipped with the Skorohod J,-
topology will be denoted by D=D([0, 1], B) (see [2, Chap. 3], [11]). Given
xeD and ¢ >0 we shall write

A;,(c, x)= sup min {[[x(6) —x ()l [x(2,) —x(O)f}-
t—cSti<t<tz2=t+c
t1,t, t2e[0, 1]

2. Inequalities

We quote two inequalities. The first is a version of the Ottaviani inequality for
the dependent case (see [7, Lemma (3.1)], [5, Lemma 3.1]); the second was
obtained by T.L. Lai ([6, (3.28)]).
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2.1. Lemma. Let {X, ..., X,} be a set of B-valued r.v.’s. Suppose geN, g+1=n
and let a>0. Then

(I —o(g) — maxP(HS Skf|>a))P(maX I1S,1>3a)

g=kzn

< P(IS,1>a)+P((g—1) max | X;|>a)

2.2. Lemma. Let {X,, ..., X,} be a set of B-valued r.v’s such that £{(X )=
=2(X,). Suppose qgeN, g=<n and let £>0. Then

P(max [[X | >0)2(P( max |X,| S0~ ¢(@)[n/a] P(1X,1>¢)

([+] denotes the integer part of a real number).

We will use the following generalization of Lemma 1, p. 480 of Gihman and
Skorohod [4].

2.3. Lemma. Let {X,,...,X,} be a stationary set of B-valued r.v.s. Suppose
geN,2<qg<n—1 and let £>0. Then

P(_max  min{|S;=S,l, |5, ~S,I} >

Oi<j<k=n

2(g-1)
s(q—1)° ) nP(IX]>e/2(q—1), |X,II>e/2(q — 1)
r=2
(<25(q)+P( max HSkH>8/4))P( max S| >¢/4).

___n __n

Proof. Write Y= max min{|S;—S,/, IS, —S,[} and

O0=Zi<j<k=Zn

z=  max_ min{IS,~ S 18,5,
P
We have [Y >¢e]c[Z>¢2]UY >, Z Z6/2].

Observe that if 0Si<j<k=n, j—igq~1, k—j<q—1, [|S;~S;|>¢/2 and
IS, —S;| >¢/2 then we have || X, ||>&/2(¢—1)) and || X,,|l>¢e/(2(q —1)) for some
i, ¥, which satisfy i+1<r, £j, j+1=Zr,<k and r, —r, =2g—3. Therefore, if
0Zi<j<kZn, j—igq—1,k—j<qg—1 it follows from stationarity that

P(min {|[S; —S,[, S, —S;1} >¢/2)
2g-1)

=(@-1 Z PO X, 1> ¢/(2(q = 1)), [IX,[1 > &/(2(g — 1))

¥F=

Then
n—1
P(Z>¢2)< Y Y P(min {[|S; =S|I, 1S, —S;[I} >¢/2)
i=1 O0=<i<j<k=n
! j~i§f;—1,1k~kf§q—1
2(g—~1)

Salg-1%(g—1) Y P(IXI{>e/2(g D) |1 X,|>e/(2(g - 1))

r=2
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Now define E,=[|S,|>#4], E,=[ max |S<e¢/d, [S,I>¢/4] for r
=2,...,n—q and 1xizr_1

F=[ max |S,-S,, , I>¢4], U=EnF for r=1,....,n—q.
r+g=<k=n

Suppose that Z <e/2 and that 0<i<j<k=n, |S;-S,>¢ and ||S, —S;[ >
By the definition of Z, three cases are possible: (1) j—i=q and k—j=gq, (2) j
—izg and k—j=<q—1, (3) j—i<q—1 and k—j=gq. In any case, one of the
events U, occurs. In order to see this in case (1), observe that since Z<g/2
we have (1—a) |[S;-8;_,,1=<e2 or (1-b) |IS;,, =S;I<e2. If |iS;
=8;_4+1l<¢/2 then |S =S ZIS; =Sl —IS;—=S;_,4 1Il>¢/2 which im-
plies that [|S;|>¢/4 or [|S;_,, ;| >e&/4. Then if 7 is the first r such that ||S, [ >¢/4
we have F<j—q+1=n—q and |S;—S;,,_;[>¢/2 or |S,—S;,,_,]>¢/2 be-
cause |S,—S;|>¢; this shows that U, occurs. In case (1—b), first note that
[S;l>¢/2 or ||S;]|>¢/2; then if 7 is defined as above we have ¥<j. On the other
hand, IS, =S8, ,_ 1 28, =S;| —1IS;,,_ 1 —S;l >¢/2 which implies that |S
=S5, 4 1l>e/4 01 |IS,—S;,, ,]/>¢/4 and then U; occurs.

In the second case, since k—j<q—1 and |S, —S;| >e, from the definition of
Z we conclude that ||S;—S;_,, /| <¢/2 and we can argue as in case (1 —a). The

J
case (3) can be treated in a similar manner.

n—gq
We have proved that [Y>¢ Z<¢/2]< () U,. On the other hand, using
r=1

j—q+1

J+g~1

stationarity, we see that P(F)<P(max |S,|>¢/4) (r=1, ..., n—q). Therefore
1<k=n
n—gq

P(Y>e Ze2)S Y PU)S Y PE)S@)+P(E)

r=

<(0(0)+P(max IS, >5/4) Y. P(E,)

(¢(q)+P(1r§f§ HSkH>8/4))P(IIEI?§ [Sill >e/4). O

IIA

3. Results

Given an infinitely divisible probability measure v on (the Borel o-algebra of)
B, {v':t=0} will denote the associated weakly continuous convolution semi-
group of measures and Q, will be the distribution on (the Borel g-algebra of) D
of a stochastic process &, ={& (¢): te[0, 1]} with stationary independent incre-
ments, £(0)=0 a.s., trajectories in D and Z£(£(1))=v. On the other hand, if
a, ...,a,6B we define p (a;,...,a)eD by p,lay,...,a)t)=aqay, if (I/n)<t=],
=01if 0Zt<1/n ([-] denotes the integer part of a real number).
The following remark will be useful.

3.1. Lemma. Let v be an infinitely divisible probability measure on B and let u
be its Lévy measure. Then for every £>0 such that p({xeB: || x| =¢&})=0 we have

lim - Q ({xeD: sup [x(s) —x(0)| ze}h)=u({xeB: x| ze}) < co.

t1o t O<s<t
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Proof. Observe that the set {xeD: sup |x(s)—x(0)|=¢} is J,-closed. The

O<s=t

result follows from the Ottaviani inequality and the well-known fact that
lim (1/t) v'({xeB: | x| =6} =u({xeB: | x| =6})<oo for every §>0 such that
t,0

u({xeB: x| =6})=0. O

3.2. Theorem. Let {X, ;:1=<j<j,, neN} be a stationary, ¢-mixing triangular
array; write &, =p; (S S,.)- Let v be a probability measure on B. Then

wi> oo S
assertions (1) to (I11) below are equivalent.

(I)  The following conditions hold:
@ Z(S,;,) =,
(b) {X,;} satisfies

(=) {r}eN,r,sj.r/j,~0=8, 0,
(c) for every e>0, sup j, P(|X,,] >¢) <o,
(d) for each integer r =22 and every ¢>0, lim j, P(|| X, | >¢, | X,/ >¢)=0.

(IL) v is infinitely divisible and £ (£,)—~ Q, in D.
(IID) {£(&,)} is relatively compact in D and £ (&, (1))— v.

Proof. (III)=-(II). First we show that (%) is satisfied. Let {r,} =N such that
r,=j, and r,/j, —0. Suppose that Z(¢, )~ @ in D for some sequence {n,} =N
and let ¢>0. For each te€(0, 1], since F, ,={xeD: sup [[x(s) —x(0)|=e} is J;-

O<sst

e I >) Slim P(E, €F, )<Q(F, ); but lim Q(F, )=0
i k ’ ’ 10 ’

(x(04)=x(0) for each xeD). Then S,

compact we can deduce that S,, —>0.
Now observe that v is infinitely divisible by [9, Proposition 3.1]. If

0=, <t,=1 we have that L(& (1,) —&,(t) =~ v~ " ([9, Theorem 3.3]) and

arguing as in the proof of [9, Proposition 3.1] we can prove that

FLEL 1), E ) =& (8, - E, () =&t D)=~ VIRYETH .. @Vt

(product measure) if 0=<¢, <t,<...<t,<1. From this we conclude that the
finite-dimensional distributions of &, converge weakly to that of &,. This,
together with the relative compactness of {#(£,)}, shows that #(&,)— 0,.

(IT)=-(I). Assume (II) holds. For each ¢>0 and te(0, 1] we have

closed, we have EP(HS
k

—> 0. Since {Z(¢,)} is relatively

ks Pruge

hm P( max \|Snkﬂ>8)<hm P eF, )=Q(F, ),

1=kEtjn

F, , being the closed subset of D defined above. Then, by the preceding lemma,
we have

R I
(3.1) for every >0, lim —lim P( max |S,,[>g <.
tjo b oa 1<k <tjn
This implies that {X,;} satisfies (). To prove (c), fix ¢>0 and observe that

from (3.1) we obtain that hm (1/1) hm P( max ][X J>e¢)<oo. Then we can
15j=
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find ¢, >0 and n,eN such that sup P( max |[X,;|>¢)=1/2; now choose geN
nZny 1=2jStjn

such that ¢(g)<1/4 and apply Lemma 2.2 to obtain
122 P( max | X,[l>e=1/4)[[t,j,1/a] PI1X, ] >e)

1Sj<tjn
if n=n,. This implies (c).
Now we will prove the following claim:

(3.2) for every integer r=2 and each &>0, lim j,,P(Han\|>s,
=0. "

o

Since Z(¢,)—— @, in D we have that for every ¢>0, lim HP(AJI(C, &)>e)=0
cl0 =n

(argue as in [2, Chap. 3]; see [11, Theorem 3.2.2]). Fix an integer r=2 and
&> 0. The previous relation implies

2 X
j=2

IimP( max min{|X,l,[S

n 1EjSjn-rt1
Write Y, =min {| X [, S, ;1,_1—S,;l} for j=1,...,j,—r+1 and observe that
the triangular array {Y,;} is also ¢-mixing and stationary. By applying Lemma
2.2 to {Y,;}, we deduce that lim j, P(Y,, >¢)=0 which proves (3.2). But (d)

—=8,;1}>¢=0.

n j+r—1

follows from that claim, since for every r=3 and every >0 we have

P X, >e [ X, | >e) =PI X, | >6 1 X0+ + X, [ >6/2)
+PIX 1> [ X, >6 1X, 4. + X, [ S€/2)

and the last term is bounded by P(| X ;| >e, [ X, +... + X, , ;[ >¢/2).

() =(11I). Assume (I) holds. Using (a) and (b) and arguing as in the proof of the
implication (III)=>(II) we can conclude that the finite-dimensional distributions
of &, converge weakly to that of & .

Now it is sufficient to show that

(3.3) for every >0, lifn lim P(4; (¢, &,)>¢)=0,
cl0 n

by an application of [2, Theorem 15.4] since Q,({xeD: x(1)+x(1 —)})=0 (we
remark that the result remains valid when we replace in the definition of D the
real line by a complete separable metric space (X, d) - see [11, Theorem 3.2.1
and 2.7.3]. A slight modification of the compactness argument in its proof is
needed: first we can prove that for every #>0 and every jeN there exists a
compact set K;cX such that sup P(&,(t)¢K7* for some £)<y/2/ - here K*

={xeX:inf{d(x, k): keK} <e} if K=X and &>0; this implies that for every
n>0 there exists a compact set K< X such that sup P(¢,(1)¢K for some 1)<y

and then we use appropriate versions of Theorems 15.3, 14.4 and 14.3 of [2]).
Fix ¢>0. Consider ce(0, 1/2) and write r for the integer part of 1/c, I,
=[ke,(k+3)c] for k=0,1,...,r~3 and I,_,=[(r—2)c, 1]. Note that if xeD
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4;,(c,x)s max  sup min {[x(6) =x(z,)ll, [x(t5) =x(D)I]}
O0=kZr-2 t1,t, taelx
ti<t<iy

and that if j,>2/c and k=0, 1, ..., —2 then, by stationarity,

P( sup min {[{,(t) =&, ), 1,() =01} >¢)

<P( max min{|S,;—S,l, IS, —5S,l}>2
O=Zi<j<k=Zdcjn
(where S,,=0); thus, using Lemma 2.3, we conclude that if geN, g=2,
ce(0, 1/2) and n is sufficiently large

(3.4 P(4;/(c &) >8)§% P(  max min {||S,; =Sl 1S, —S,;1}>¢)

0Zi<j<kZdcjn
2(g—-1)

=(q@-1° Y 4, PUX,1>e2(q—1), | X,,]>e2(q—1)

1
+H(@l@+P( max |IS,,[|>¢/4) - P( max 1S, > &/4)

1=5k=Z4cj, 2k=4cjn

=Aq, u +Bq’ en (say).

Now we claim that

(3.5) MﬁﬂlﬂP( max |8, | >¢&/4)< co.

clo € n 1=k 4cj,

To prove this, take ge N such that ¢(g)<1 and take xe(¢(g), 1). By hypothesis
(b), there exists ¢,>0 such that for all sufficiently large n we have
max  P(|S,./l>¢/12) =1 —u« and then, by Lemma 2.1, if ce(0, ¢,/4)

1skZcojn

P( max [|iS,,[>e/4)

1sks4cjn
(@ =0(@) " H{PUS,, taejal > /12 +P((g 1) | max [ X, >&/12)}

for those n; hence, by [9, Theorem 3.3],

lim P( max |[|S,,}>&/4)

" 15kg4cj,

S(e—d(@)~H{v*({xeB: x| z¢/12})+4esup j, P((g — DX, | >¢/12)}

for each «¢e(0,c,/4). By hypothesis (¢) and the fact that
lim (1/¢) v¥¢({xeB: |x|| Z¢/12})< o (see the proof of Lemma 3.1) we conclude
clO
that (3.5) holds. o

But (3.5) implies that lim lim P( max |S,,||>¢/4)=0. Then for every g =2

c]l0 =n 12k=4cj,

we have lifr‘)l li"m B, . .=®(q9) M and, by hypothesis (d), Iiin A4, ,=0 which im-

ply, by (3.4), that
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lim lim P(4,,(c, £,)>2) S $(g) M

c|0 n
for each integer ¢ 22. Now the ¢-mixing condition implies (3.3). [

3.3. Corollary. Let {X,}, £,. v be as in Theorem 3.2.

() If ¥* < co then assertion (1) can be replaced by
I {X,;} satisfies (a), (b), (c).

(1) If ¢(1)<1 then assertion (I) can be replaced by
(") {X,;} satisfies (a), (b), (d).

() If y* < oo and ¢p(1)<1 then assertion (1) can be replaced by
(") {X,;} satisfies (a) and (b).

Proof. () If y* < o0, (c¢) implies (d). (ii) See the proof of claim (3.5) or note that
in this case, by [9, Theorem 3.4], (a) and (b) imply (c). [

Condition (x) was considered in [9] (see Sect. 3 there) and [10]. We do not
know if it can be omitted in Theorem 3.2; when {X,;} is obtained from a
single stationary sequence by normalization, condition (%) is related with varia-
tion properties of the sequence of norming constants (see Remark 3.4.3.1
below). We do not know if condition (c) can be omitted, but (a) and (b)
together do not imply (c) (sec the example in Remark 3.6.5). The example in
Remark 3.4.4 shows that (d) can not be removed from (I) of Theorem 3.2.

3.4. Remarks. 3.4.1. As a consequence of Theorem 3.2, we can obtain a version
for the dependent case of the arc-sine law in [1, Theorem 5.17. On the other
hand, we have not been able to obtain a version for the dependent case of the
invariance principle in probability given in that article.

3.4.2. There are in [9] sufficient (and also necessary) conditions for some
stationary mixing triangular arrays {X, ;} of B-valued r.v.’s under which (I"") of
Corollary 3.3 holds (see, for example, [9, Corollary 6.5] and its proof). For the
case where {X,;} arises from a single sequence {X ;# by normalization, sece
Corollaries 5.9; 5.10 of [9] and [3], which contains sufficient conditions for
convergence under weaker assumptions when the X /s are real valued; we note
that (I) is fulfilled by sequences which satisfy the hypotheses of Theorems 2 or
3 of [3] (see 3.4.3.1).

3431 Let {X;:jeN} be a stationary, ¢-mixing sequence of B-valued r.v’s,
{a(n)} =(0, 00) such that a(n)— oo and {b(n)} = B. Assume that ¥ (a(n)~ (X, +...
+X,—nb(n)—~v, a non degenerate probability measure, and write X,
:a(n)“l(Xj—b(n)) for j=1,...,n, neN. Then v is stable and, if «€(0,2] is the
index of v, {X,;} satisfies (*) if and only if

(3.6) for some slowly varying function L: (0, 00)—(0, o), integrable over finite
intervals, a(n)=n* L(n)

and

37 {r}eN, r,=n r/mn->0=am 'r(b(r,)—bn)—-0 in B.

! This remark is related to Remark 1 in [9, p. 395], where Theorem 2 of {8] was used. We give
the present statement since we are aware that there is a forthcoming correction to [8]
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On the other hand, {X,;} satisfies (*) if (3.6) holds, sup nP(]| X, | >a(n)) <o
and "

(3.8) {na(n)~*(b(n)—E(X; | X,| £a(n)} is bounded in B.

Proof. First we show that v is stable. Fix peN. Take {d,} — N such that d, — oo,
d,=n—1 for all sufficiently large n and 4, cla(n)~ ' X,)—0, where o(X)
=E(|X||(1+|X|)~") if X is a random vector. Define S® = Y X;
and ¥ = y X, fork=1,...,p. We have (k=D 1 =j=kn

(k—1n+1=j=kn—d,

)4
(3.9) kzla(n)‘ Y(S¥ —nb(n) =a, ,a(np)~ (S —npb(np))+b, ,
where a, ,=a(n)”'a(np) and b, ,=a(n)~" np(b(np)—b(n). By the choice of
{d,} we have that 1, =% (a(n)~ () —nb(n))) -~ v and arguing similarly as in
the proof of [9, Proposition 3.1] we can conclude that the law of the left
member of (3.9) converges to v*. Take feB’ such that vef~! is non degenerate
(this is possible since v is non degenerate). Now, applying f to both members of
(3.9), by the convergence of types theorem, we deduce that there exists
lima, ,>0, because Z(a(np)”'(S{)) —npb(np))) v, and then that {b, } is

relatively compact in B. Hence v and v are of the same type for each peN,
which shows that v is stable.

Suppose that {X,;} satisfies (*). We prove (3.6) in a way analogous to that
of [5, proof of Remark 2.3]. Define L(t)=¢~"*q([t]) for t>0 (put a(0)=1). Fix
te(0,1] and write S, =a(® " "a((nt]) Sy, wa+C., Where ¢, €B. Since
LS, my) >V by [9, Theorem 3.3] we conclude from the convergence of
types theorem that there exists lima(n)~'a([nt])>0 (v is non degenerate);

looking at the Lévy-Khintchine representation of v we have that that limit
must be /% On the other hand, we have S,,, ,.,=a(m+1)"'a®)Ss, ,+d,
+a(n+1)~'X,,, with d,eB and the third term tends to zero in probability
because a(n)— co. Hence lima(n+1)"'a(m=1 and lim L(s)~* L(ts)=1. Then

(3.6) holds. Now take {r,} as in (3.7) and write

55— o0

(3.10) Swr.=am~"a(r,)Ss, , +alm)~"r,(b(r,) —b(n).

By using the Karamata representation of slowly varying functions we obtain
that a(n)~! a(r,) - 0; this, together with S,. .. —0 in probability, implies that the
last term in (3.10) tends to zero in B. Thus we have proved that if (x) is fulfilled
then (3.6) and (3.7) hold. The proof of the converse is now clear.

Assume that M =supnP (|| X ]| >a(n))< oo and that (3.6), (3.8) both hoid. We

will prove (3.7). Note that it is sufficient to prove that statement with 5'(n)
=E(X ;1 Xl £a{n) in place of b(n) (if {c(n)} is the sequence in (3.8), write

a(m)”'r,b(r) —bm)=a() " a(r,) c(r)—n~'r, c)+am " r, b (r,) —b'(n).
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For this, take {r,} as in (3.7) and observe that for all sufficiently large n

o § o xZ(X 1 1)dx)

(a(ry), a(n)]

la(m) =t r, (' (r,) =b' )| Sa(m)~*

a(n)
a(m~ta(r)r, PUX,I>a(r)+am = r, | POIX,]>x)dx
a(ry)

=u,+v, (say).

Given se€(0, 1) take {r/} =N such that r, <n and r,/n—s; again by the theorem
of Karamata, we have a(n)~'a(r,)—>0 and a(n)~'a(r))—s'*. Then, breaking
the integral involved in v, at a(r,) we see that, for all sufficiently large n,

v,S(am" a(r) —am) ™" a@r,) r, P(1X | >a(r,)
+(1=a(m) ™" a()r,/r) r, P(I1X ]| > a(r)

which shows that lim v, <s'/* M. This implies v, - 0; also u,—0. Then (3.7) is
proved and () holds. []

34.3.2. Let {X,;} be a ¢-mixing triangular array with stationary sums such that
L(S,;) > V- Then {X,;} satisfies (x) if and only if X, —> 0 and for every £>0
there exists a>0 such that

lim max P(|S,,[|>¢&<1.

n 1=kZaj,

Proof. We prove the “if” part. Let {r,} be as in () and fix £>0. By hypothesis,
we can find geN, «ae(@(g),l), p,eN and n,eN such that

max P(|S,ll>e)=1—a if n2n,. Given peN, p=p, let n,eN, n, =Zn, such
L2k=jn/po
that r,+q<j,/p if n2ny; for such w’s write U»= Y X, VP=S,
FntqSJjSjnlp
+U®. By [9, Proposition 3.1] and since Y, X,;—0 in probability (be-
rn<j<rn+g

cause X,, ~0 in probability), we have % (V(P’)~—> v, On the other hand, if
n=n, itholdsthat(x—¢(q)) P(IS,, | >2&) S P(|S,, [ > 26, | UP| &) S P(|V,P] >¢).

Then Lim P(||S,, || >28) <(x—¢(g)~ ' v*?({x: |x|=e}) for every p=p,. This im-
plies im P(||S,, [|>2¢)=0. O

nrn‘
3.44. Fix ae(0,2). Let Y;, jeN, n;, j=0 be independent identically distributed
real random varlables with Q(Y)(dx) Ly 1z 150 @/2) | x|~ I~agdx. Then
P(|Y,|>x)=x""if x21. Define X;=Y,+n;~n,_, for jeN and X ,=n""*X,
for j=1,...,n, neN; then {X j} is stationary and l-dependent. Since
LY (Y, +...+Y))—~ v, a stable measure of index o, (a) of (I) of Theorem
3.2 holds with this v. Remark 3.4.3.1 (or, by symmetry, Remark 2 on p. 395 of
[9]) shows that {X, ;} satisfies (¥). Also (¢) is fulfilled: given &>0,
nP(X,,|>&<3nP(Y,|>(s/3)n"*)=3(e/3)~% But {X,;} does not satisfy (d):
given ¢>0, for all sufficiently large n
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nP( X, 1>¢1X,,/>¢
21’1P(|7]1' >28n1/a’ |Y1| =(g/2) I’ll/a’ In0|§(8/2) nl/a, Y, <(/2) niie |’72| <(¢/2) ]11/,a)
=P, > 2en ) (P(1Y, | S (6/2) 0t
=(26)"*(1—(¢/2)~*n=1)*

which goes to (2¢)~* as n > co. Hence (d) can not be omitted in Theorem 3.2.

Now we point out another feature of this example. Let reN, r=2 and
consider the subsequence {X,,:jeN}; we have ¢(r)=0 and L(n~"*(X,+X,,
+...4+X,,))—> v which has the same index « (note that Y,+ Y, +...+7,,, 7,
+u,,+...+n, and g, +1,,_,+... 4+, are independent for each n). Here
(4.2) of Theorem 4 of [8] is satisfied, even with the same norming constants
than those for the whole sequence, but the conclusion there can not hold
because it would imply assertion (II) of Theorem 3.2. (For the Gaussian case,
see Remark 3.6.5.)

Now we turn to the Gaussian case. Our next result generalizes Theorem 4.8
and Corollaries 4.9 and 4.10 of [9] (see Remark 3.6.1 and, concerning to
hypotheses (1) and (2) of [9, Theorem 4.8], Remark 34.3.2) and part of
Theorem 2.13 of [5] (see Remark 3.4.3.1 and [5, Lemma 3.3]).

Recall that if y is a Gaussian probability measure on B then the process £,
can be taken with trajectories in C, the Banach space of continuous functions
from [0, 1] into B endowed with the supremum norm. We will denote by @,
the distribution of £, on (the Borel g-algebra of) C. If ay, ..., a,eB we define
pyay, ..., a,)eC by pilay, ..., a )=ty +nt —[nt]apq. 1 —ag) for 1[0, 1]
(with the convention a,=0).

3.5. Corollary. Let {X,;: 1<j<j,, neN} be a stationary, ¢-mixing triangular
array; write &,=p; (S, ---,S,;) and &,=p; (S, ..., S,;). Let y be a probability
measure on B. Then the following statements are equivalent :
() Z(S,;)—~~ v X, satisfies (x) and for every >0, limj, P(|X,,| >¢)
=0 n
2) y is Gaussian and Z(E,)—~ Q. in D.
3) v is Gaussian and L (&)~ Q) in C.
4 { L (L)} is relatively compact in C and £(E,(1)) = 7.

(5) y is Gaussian and there exist a triangular array {X,;} and a stochastic
process £ ={&(t): te[0, 11} with trajectories in C defined on a common probabili-
ty space which satisfy

(@ L(X,,.... X, )=ZL(X,,, ..., X,,;) for each neN,

(
(
(

by £(5)=0),
(¢} max |IS,, —¢(k/j )l =0 as. as n— oo,
12kZjn

x
a r ’
where S, =Y X
i1

Proof. That (1) implies (2) follows from [10, Proposition 2.4] and Theorem 3.2.
In order to prove the equivalence of (2) and (3) see [2,§18] and [5, Proof of
Remark 2.117. It it easy to deduce (3) from (5).
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(@)= (1). As in the proof of the implication (ITI)=>(II) of Theorem 3.2 we can
show that {X,;} satisfies () (F, ,n C is a closed subset of C). Arguing as in [5,
Proof of Remark 23] (given 6>0 and £>0, {xeC:sup{|x(s)
—x()||:s,te[0, 1], [s—t|£8}=¢} is a closed subset of C) we can prove that if
{£(,)} converges weakly in C for some sequence {n}j<N then

maxllX l—>0; this implies that max|X,|—->0. By Lemma 22,

n, Jj R
iZin

P(HX,,lH >¢)— 0 for every ¢>0.

(3) = (5). Suppose that (3) holds. By applying a well-known result of Skorohod
[11, 3.1.1] we obtain C-valued r.v.’s &,, &, ... (defined on some probability
space) such that Z(&)=0/, Z(£,)=Z(&) if neN and {, - ¢, as.

Define S,=C, S,=B™ for n=1,2,...,T,=C for n=0,1,... and let §
=18, T=]] T, (with the product o-algebras). Define x,: S, — T, by x,=id,

nz0 nz0 . .
k,=pjoh; if n=1,2,... where h;:B"—>B" is defined by #h; (x;,..., ;)
=(X{, X +X,, ...,x1+...+xjn). Consider the probability measures p,=Q’ on
Sor y=F X1, .-, X,;) on S, (n=1,2,..)) and Ai=2L({{},5,) on T. Now,

letting ¢ be the canomcal projection from S onto S, and (X,;, ..., X,; ) that of
S onto S, we have, by an application of [1, Theorem A.1], that there exists a
probablhty measure ¢ on § such that &£ (X,,,.... X;)=pu, if n=1,2,... and

L&Ak, (Xp1s -5 X0 s 1)=4 Then (a) and (b) of (5) are satisfied and (c)
also holds since 3({?133 IS0 — &R}z )= 3({maX 10k l) —Eo ki3 1)

and £ »&, (in C) as. O

3.6. Remarks. 3.6.1. The hypothesis of stationarity in Corollary 3.5 can be
replaced by the assumption that {X,;} has stationary sums; we now sketch a
direct proof of (1)=-(2) for this case. Assume (1) holds. By [10, Proposition
2.4], y is Gaussian. The convergence of the finite-dimensional distributions can
be treated as in the proof of Theorem 3.2; by [2, Theorem 15.5] it is sufficient
to show that o

lim lim P( sup 1€.(8) = ¢, (D) >8)=0

cl0 =n |s—t|Z¢; s, te[0, 1]
for every £¢>0. Fix ¢>0. Let ¢>0, write r for the integer part of l/c, I, =[(k
—1)c, ke) for k=1,...,r and I, ,=[rc, 1]. Arguing as in [2, p.56] and by
stationarity we have

P( sup [I€,(s) =<, (D] >¢)

[s—t|=c
<'z Plsup 6,0, (k= 1)1 >/
=((1/C)+1)P( max S, >e&/3).

1=k<cjn+1

Now the proof is concluded through an argument similar to that which led to
(3.5), using Lemma 2.1 and the fact that 11m (1/e)y y*({x: |x|| =&/9})=0 since y is
Gaussian.
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3.6.2. A.de Acosta called our attention to the fact that in the Gaussian case, in
contrast to the general one, the invariance principle in probability is a direct
consequence of the invariance principle in distribution; the above proof of
(3)=(5) follows his suggestion.

3.63. In (1) of Corollary 3.5 the condition limj, P(| X, | >&=0 for every >0

can be replaced by max |X
15j%in

364. If ¢(1)<1 and y is Gaussian then statement (1) in Corollary 3.5 can be
replaced by

(1 ZL(S,;) >y and {X,;} satisfies ().

ajll =5 0 (Lemma 2.2).

(See the proof above or use [9, Theorem 4.17).

3.6.5. We do not know if condition () can be removed from (1) of Corollary
3.5. The following example shows that the condition limj, P(} X ,;||>¢=0 for

every ¢>0 can not be omitted. Let Y, jeN, n;, j20, be independent symmetric
real random variables such that Y, jeN, are identically distributed with E (Y2
=1 and #;, j=0, are identically distributed with £ (y,)(dx)=1,, Iylgl}(x)2[x|‘3
log|x|dx. Then P(jn,|>x)=x"%(1+2logx) if x=1. Define X;=Y+n—n_,
for jeN and X,;=n""2X, for j=1,...,n, neN; then {X,} is stationary and 1-
dependent. We have that £(S,,)—> N(0, 1) and {X,;} satisfies (x) but, given
£>0, for all sufficiently large n

nP(X,;|>e)2(2e)” (1 +2log(2en') P(Y,| £(¢/2) n''*) P(ino| £(¢/2) n''?)

which goes to oo as n— oo (incidentally, this example shows that the hypothesis
¢(1)<1 can not be omitted in two results of [9] ~ Theorem 3.4 and “only if”
part of Theorem 4.1; see [10]). Now let reN, r=2 and consider the sub-
sequence {X,:jeN}; we have ¢(r)=0 and Flam) Y X, +X,,+...+X,)
—> N(0, 1) where a(n)=n'?logn. Here the norming constants for such sub-
sequences are larger than those for the whole sequence. This example shows
that condition (4.2) in Theorem 4 of [8] must be modified (in the Gaussian
case); the following holds: let {X;: jeN} be a stationary, ¢-mixing sequence of
B-valued rv.s, {a(n)}<=(0, ), {b(n)}<B such that {X,}={a(n)~"(X;—b(n))}
satisfies (x), {L(a(m)~ (X, +...+ X, —nb(n))} converges weakly to a probability
measure y and, for some integer r=1 with ¢(r)<1, La(m) (X, +X,,+...+X,,
—nb(n)) =~ v, for some Gaussian law y,; then (5) of Corollary 3.5 holds (since
(1) is satisfied as an application of [9, Theorem 4.1] shows).

As proved in [10], the hypothesis ¢(1)<1 can be removed from Theorem
44 of [9] and its corollaries and, moreover, (1) of Corollary 3.5 above is
satisfied (look at the proofs in [97); the same holds for the results in [10]. Thus
we have a functional central limit theorem in such cases. We write out the one
obtained from [10, Corollary 3.4].

We will assume that B is a separable Hilbert space and we shall write 4, (x)
=inf{||x —y||: yeF}, F, being the subspace spanned by {e,,...,e,}, where
{e;:ieN} is a fixed (but arbitrary) orthonormal basis of B, when B is infinite-
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dimensional; if the dimension of B is finite we have an orthonormal basis
{e ,....,e,} (neN) and we put d,=0 for kzn If y is a centered Gaussian
measure on B, @ denotes its covariance. For a r.v. X and feB’ (the topological
dual of B) we write
Ef(X))*
X x-w E(X)% X[ £x) - 2
0 if E||X|?*=c0.

if O<E|X||*<

3.7. Corollary. Suppose that B is a Hilbert space. Let {X ;: je N} be a stationary,
$-mixing sequence with Y. $'*(j)<oo. Assume that E(| X |[*)e(0, o] and
j=1
- 2P(|IX, >
@ fm O PUX=D
x> © E(HX1H 5 HX1H <x)

(i) there exists a sequentially w*-dense subset W of B’ such that for every

feW and each jeN the limit

(X)X X, S, 1] <)
PO =1 J J
i ()=lm E(IX 1% X, 12

exists,

(i) lim Tim D60 X010
o sw EIX 51X, 15%)

Then E|| X | < o0, the sum

o(f)=(@V(f) —my,(f)) +ZZ(¢‘°)(f —mz, (f))

converges for every feW and there exist a sequence {a,} with a,>0, a,— o0 and
a centered Gaussian measure y such that @ (f, f)=®(f) for each feW and
Z(&,) =~ Q, in D where &, (t)=a; ! Y (X;—EX,)if0=st=1.
1<)l

Note. Let Q=irrational numbers in (0, 1), o =Borel subsets of @, P defined by
P(dw)=(log2) *(1+w) 'dow  (Gauss  measure); given weQ, let
(a,(w), ay(w), ...) be the sequence of partial quotients of the continued fraction
expansion of w. For each neN let h, be a function from N into B and define

ni=ha(@) if j=1,...,n, neN. Then {X,;} is stationary and satisfies all the
dependence assumpt1ons here (in partlcular those of Corollary 3.3(iii)) and in
[9]. Something about this will appear elsewhere.
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